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YAK 52 + 53

Kunra nocssimeHa HOBOMY MOAXOAY K TEOPHH OTHOCHTEIbHOCTH
U ee aCTPOHOMHYECKHM IMPHJOKElHAM, OCHOBAHHOMY HA HCIIOJb30Ba-
HHH METOJO0B COBpeMeHHOli auddepeHunanbHoil reomerpuu. [pume-
HeHHe UX 0Ka3aJoCh HCKJIOUHTEJIBHO HJIOJOTBOPHBIM MpPH HCC/IEA0BA-
HHH CBOHCTB NpPOCTpPAHCTBA-BPEMEHH B OCOGHIX YCJOBHSIX, a HMEHHO
npo6.JeM CHHIYJSIPHOCTH B KOCMOJOTHH, UEPHBIX AHIP H T. M.

ABTOpbl paccMOTpesay poJb T[PABHTALHM, MeTOAH Auddepen-
NHAaJbHOH TeOMEeTPHH H OOLIYI0 OTHOCHTEJLHOCTb, (PH3HYECKHH CMBIC]
KDPHBH3HBl NPOCTPAHCTBA-BPeMelH, TOYHBE pelileHusi W 3ajgauy Kowwu
B OOlllell TeOPHH OTHOCHTEJIBbHOCTH, NpOGJEMY CHHI'YJADHOCTH H ee
TIPHJOKEHHS K BBEIICHEHHIO TNPHPOALI YEPHBIX HBIP U pas3JHyHBIX
9TANoB pacliupeHus BceaeHHOI.

Kunra paccuntana Ha WIMPOKHe KPYr¥ (H3UKOB, MaTeMATHKCB
M aCTPOHOMOB, HHTEPeCYIOWHXCs npobieMaMH peJIITHBH3Ma, H MOXKET
CAYXKHUTb Y4eOHBIM NOCOOHeM A1 CTYLEHTOB.

Pedaryusa kocmudeckux uccaedosanut, acTporomuu u 2eopusuxy
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[penucioBre K PyCCKOMY H3IaHHIO

Bxuure C. Xokunra u JIx. daauca obuiast Te0pHsl OTHOCHTEb-
HOCTH H3J0XKeHa Kax MareMaTHueckas TeopHs TeOMeTPHH NpPOCTpaH-
cTBa-BpeMeHn. 3ajlaya aBTOPOB —— ONHCATh HA COBPEMEHHOM Mare-
MATHUECKOM sI3bIKe CBOMCTBA pelICHUI ypaBHeHUH IAHIITeHHA.
SI3BIK, KOTOPBIM TOJB3YIOTCS aBTOPLI, IOKA MaJi0 MPUBBIUEH AJs hH-
3UKOB M MOKET II0Ka3aThCAd MHOTHM CHHIIKOM af6cTpakTHbIM. Ho
pasBuUTHE HAayKH BCerja NPHBOAHT K H3MEHEHHIO ee A3bIKa. JTO NpO-
HCXOAUT TOTZa, KOTZa HOBblE 3aJaud OKa3blBAlOTCS C/AHIIKOM 3ally-
TAHHBIMH, €CJIH HX NBITATHCS HCCJIEAOBATH, NPUMEHSA JHUIIb CTAPLIH
OpPUBBIYHBIN annapar.

Korna B KHHTAaxX 1o 3JjexrpofiuHaMuke B 30-X IT. NOSBHANCH
($OpMy/Ibl BEKTOPHOTO aHaJIH34a, TO TOBOPH/K O MOTEPE HArJASAHOCTH
u (uznueckoro cmuicaa ¢opmyd. CToab Ke HENpHBbIUEH H TPYAEH
GBI anmapar KBAHTOBOI MeXaHUKH. FICHO, UTO AJS pPellleHHs CTapbixX
3ajay, TakKuX Kak JIByKeHue nepurenus Meprypus, crapble METOABI
npowe ¥ HarasiaHee. HoBwll s3bIK monazobuicsa Torpaa, xoria ¢H-
3HKH OT IIOMCKOB KOHKPETHBIX pelleHHH ypaBHeHHI DHHIITeHHa me-
pelnIn K KaYeCTBEHHOMY HCC/AEAOBAHUIO 3THX YPaBHEHHH.

Ocofenno «TsKeN0i» OKa3aJduch npoOJeMbl CHHIYJISPHOCTEH,
WId «ocofeHHocTel». Besikoe M pelileHHe ypaBHeHHst JHHIITeliHa
MMeeT MCTHHHYIO (He YCTpaHUMYI0 KOODJAHHATHHIM InpeoOpasosa-
HHueM) ocobeHHocTh niau Het? Ilocie mHOrHMX paboT, cpelu KOTOPHIX
HaJ0 OTMETHTb QyHIaMeHTa/ bHble paboThl JIndmnna, XaaaTHHKO-
Ba, BeauHCKOro, HCC/AEeL0BaBIINX NOBEAEHHe pelleHU#t BOIL3H 0CO-
6eHHOCTH (CTapbiMu MeTOoxaMM), HeoOXOINMOCTb HOBOH TOUKH 3pe-
HHUS Ha BCIO TIpobJeMy cTaja OYeBHLHOM.

HoByio TOuKy 3peHHs — 10 CyLIecTBY HOBOE HanpasjieHHe -— OT-
Kpoliin pabortsl Ilenpoysa, a Beaen 3a Humu paborsr XOKuHra.
Umendo 370 Hanpas/jeHue — OT OCHOB A0 TPYIAHBIX 0600IIaOMINX
TEOpEeM — H3JIOXKEHH B NpelsaraeMoll KHHre INOCTeA0BATEAbHO H
OUeHb ueTKo. UuTaTenb, NMpeoJoJeBlini TPYAHOCTH OCBOEHHS SI3BIKA
coBpemenHoli nuddepennnanpHofl reoMeTpuy, OyAeT BO3HATpakIeH
TOH KpacoToll, KoTopas OTKPOETCS B MOCAeAYIOWUX TJaBax, KOraa
peub mofifeT yKe O KOHKPETHBIX THIAX NPOCTPAHCTBA-BPeMeHH,
NpeAcCTaBIEHHBIX B BHAE KapT M aTjacoB, H YBHIAHT, KaK JaJeKo
MOXHO YHTH OT KJIaCCHUECKUX MOJemed.

Kuura moctpoeHa Tak, 4To B Hell H3/J0XKeH BeCchb HeOOXOAUMBI
Martemartnueckud MartepuaJd. OfHako HekoTopas oflias NOArOTOBKa
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ygTaTe/]sl, B paMKax 3JeMEHTapHBIX KypCOB TOMOJIOIHH, BCE Ke He-
ob6xoauMa. V3yueHue KHUTH yOGAUT UHTATeds B TOM, YTO HOBHIE Ma-
TeMaTHYeCKHEe CPEJACTBA, BBOAMMBIE aBTOPAMHU B OOLIYIO TEOPHUIO OT-
HOCHTEJbHOCTH, HeoOblYaliHO CHJbHBI U HEOOXOAMMBbl A8 JaJbliel-
1Ilero pasBUTHS TEOPHH.

B nepeBozsie KHUTH MBl CTapaJuch c/el0BATh yCTaHOBHBHIEHCS
PYCCKOH MaTeMaTHYeCKOH TepMHHOJOTHH, HO HHOTHA MPHXOIHJIOCH
u306peratb W HOBBIE TEPMHUHBI, AJsi 0GBACHEHHS HX M0Je3HO IT0Jb-
30BaTbCsl CJOBAPHKOM-YKa3aTeseM B KOHIIE KHHTH.

S. Cnopodurckuil



Hocsauwjnerca H. [Hane

IIpeaucnosue

[TpeaMeT 3TOfl KHUTH — CTPYKTYPA MPOCTPAHCTBA-BPeMeHu B
macmTabax AJMH OT pajuyca 3jeMeHTapHoH wactuubl ( ~ [0~13 cum)
no panuyca Bcenennoit (~ 10% cM). Ilo nmpuumuHaM, yKa3aHHBIM B
ra. 1 1 3, Halll IOAXOM OCHOBAH Ha oOIied TEOPHH OTHOCHTENLHOCTH
dhHwTefiHa. DTa TeopHus BEIET K ABYM CAELAYIOIUM NpeAcKazaHHIM
OTHOCHTENBbHO BcesieHHOH: BO-NEPBLIX, KOHEYHOH yuacTbld MaCCHB-
HOM 3Be3Abl fABJSETCH KOJJIANC 34 TOPHU3OHT COOBLITHH; NPH 3ITOM
o6pasyercsl «gepHasa AbIpa», BHYTPH KOTOPOH 3ak/aIioueHa CHHIYJsp-
HOCTb; BO-BTOPBIX, B HALIEM IPOLIIOM CYIIECTBYET CHHIYJASAPHOCTD,
KoTopasi npeJcTaBiaseT co60H B HEKOTOPOM CMbIc/Je HayaJdo Hab.aio-
naemoit Becenennofi. Haule u3noxkeHne B OCHOBHOM HampaBJIeHO HA
o6ocHOBaHHe JNBYX YKAa3aHHBIX Bhlllle DE3YJIbTATOB. JDTO CBA3aHO
npexae BCero ¢ JAByMs ofJiacTaMU HCCJAENOBAHHUA: ¢ TEOpHel nose-
HEHHUS] ceMelCTB BPeMEHUNOAOGHBIX M M30TPOMHBLIX KPHBLIX B NpO-
CTPAHCTBE-BDeMeHH M C H3yUeHHEM XapakTepa Pas/JuuHBIX OTHOIUe-
HHH NPUYUHHOCTH B NpOCTpaHcTBe-BpeMenH. Mul noapoduo obcyanm
51H npobaeMbl. Kpome TOro, B XHUr'e 13J1araercs TEOPUS Pa3BUTHS
BO BpeMeHH pellleHull ypaBHeHuH DiHmTellHa ¢ 3aJaHHBHIMH HadaJb-
HBIMH HaHHbIMU. [lapannenbHo MBl HecaeAyeM 1vio6anbHble CBONHCTBA
pasHoo6pasHbIX TOUHBIX pelIeHHH ypaBHeHHH moas JIfHIITEHHA,
MHOTHE 13 KOTOPBIX 00HAPYKHUBAIOT HeOXKUAAaHHBIE CBOHCTRA.

YacTHyHO 3Ta KHHrA OCHOBBIBAeTCS HA 0630pHOM JAOKJ4ne, Npef-
CTaBJEeHHOM B CBf3WM ¢ HarpaxuaenneMm oxuoro u3 Hac (C. X.) mpe-
muelt Anamca. MHorue u3 uieH, u3/J0XKeHHbIX 3/eCh, NPUHALMEKAT
P. Ilenpoysy u P. I'epoxy; Mbl GrarogapuM HX 3a NOMOLIb M PEKO-
MeHAyeM uHTaTeldsIM HX 0630pHble cTathu [58, 59, 128, 131} Bo.as-
UIYIO 1O/IB3Y Mbl M3BJIEKJAH H3 AUCKYCCHH CO MHOTHMHM HAUIMMH KOJ-
aeramu, oco6enHo ¢ B. Kaprepom u . Ulamofi. Mm mb Takxke
NPHHOCHM BJ1aroapHOCTb.

Kem6pnx C. Xokune
SuBaps 1973

. Faauc
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Poab Ttarorenus

CorsiacHo 001IETPUHATOMY B COBDEMEHHON (H3UKe B3rJsny, u3y-
yenye BcedeHHOH MOXHO pas3feauTb Ha ABe yactu. Ilepmas — 3to
yCTAHOBJIEHHE JOKAJIbHBIX 3aKOHOB, KOTOPBHIM YAOBJETBOPSIOT pas-
JaugHble (QuU3HUecKne noJs. DTU 3aKOHHI 0OBIYHO QOPMYJINPYIOTCS B
Buje AuQepeHnHaabHbIX YpaBHeHHHA. BTODPyl0 uacTh COCTaBJIAIOT
npoGaeMa rpaBuuHbIX YCAOBHH [JIsl 3THX YpaBHEHHI H rJoGalbHbie
cBofictBa ux pewenufi. OHAa B TOM W/JIH MHOM CMBIC/JAE COLEPHKHUT B
ce6e M O Kpae MPOCTpPaHCTBa-BpeMeHH. ITH JBe UacTH He 00si3a-
TeNbHO He3aBHCHMBI. JLeHCTBUTENBHO, YiKe Obl1a BbICKA3aHa MbIC/b,
YTO JIOKAJIbHbIE 3aKOHBI ONPEHEssIOTCsl KPYINHOMACIITa0HON CTPYK-
Typoil Beenennofl. DTy TOUKY 3peHUs OOBIYHO CBA3BIBAIOT C UMEHEM
Maxa, a B MeHee OTZaNeHHOM IpoliioM ee pasBuBaau [upax [41],
Ilama [155)], Aurke [39], Xo#ia u Hapaukap [82] u ap. Msl He Oyznem
NPUAEPKUBATLCS CTOJNb BO3BBIHIEHHON TOYKH 3DEHHS: MBI IPOCTO
HAUHEM C JIOKAJbHBIX (DU3HYECKHX 3aKOHOB, YCTAHOBJEHHBIX 3KCIe-
PUMEHTAJbHO, H IIOCMOTPUM, K KAKHM BBIBOAAM OTHOCHTENBHO KPYI-
HoMacuITaGHOl CTPYKTYpHl BcemeHHOH OHM MOTYT TIPHBECTH.

KoneuHo, npeanosnoxeHie o ToM, 4T0 QH3HYECKHE 3aKOHDI, yCTa-
HOBJeHHbe B naabopaTopuy, NPHMEHHMBI BO BCEX JAPYrHX TOuKax
NPOCTPAHCTBA-BPEMEHH, TAe yCJAOBHSI MOIYT OBITh COBCEM HHBIMH —
5TO JasJeKo HAyWlas 3KCTpanonsuus. Eciad 9TH 3aKOHBI mepecTaHyT
BBINOJIHSATLCS, MbI CKaXKeM, YTO MMeeTcs elle Kakoe-TO MoJe, KOTo-
poe TMOBAMSJIO HA JIOKaJbHble 3aKOHBI, OJHAKO CYLIECTBOBAHUE €ro
0 cux nmop He Obo OOHApYXKEHO B HAIUMX 3KCNEPHMEHTax H3-3a
TOT'0, YTC OHO MaJo MeHsieTCA B npeaenax Taxol obaacrty, xak Cou-
Heunasa cucteMa. Ha camom pese GOibInas wacTh HALIMX pe3yJb-
TaToB He OyHeT 3aBUCETh OT KOHKPETHOTO XapakTepa paccMaTpu-
BaeMbIX (U3UUECKHX 3aKOHOB: OHHM OKaXKYTCA CBSI3aHHBIMH JHILb C
onpefeneHHbIMU OCUIMMH CBOHCTBAMH, TAKHMH, KaK OMHCAHHE MPO-
CTPAHCTBA-BPEMEHH INOCPEACTBOM TICEBJAOPHMAHOBOH TeOMETPHH H
HOJIOKHTeNbHAs ONpelesieHHOCTb IVIOTHOCTH dHEPTHH.

DyngaMenTaabHbie B3aUMOIENCTBYS, H3BeCTHBIE cefiuac B (H3U-
K€, MOXKHO TOAPA3AeIUTh HAa 4YeThHpe KJjacca: CHUJIbHble H ciaabble
silepHble B3aMMOJEHCTBUS, 37JeKTpoMarHeTuam u Ttarotenue. Cpean
nepeuncaeHHBIX TATOTEHHE HAMHOro ciabee ocranbubix: Gm?/e?) or-
HOUIeHHE CHJBI TATOTEHHS MEXAY JBYMS 3JEeKTPOHAMH K CHJIe HX
SJIEKTPOCTATHYECKOTO B3aNMOJAEHCTBHA, 1O MNOPAAKY BEJHUHHbBI
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pasuo 10~%. Tem He MeHee TAroTeHHEe UTpaeT AOMHHHPYIOLLIYIO POJb
B (hOpMHPOBaHHH KpynHoMacmTabHOl cTpyKTypnl Bceaennoil. Idrto
IPOMCXOJHT H3-3a TOTO, UTO CHJBHOE H c/1ab0e B3auMOAelCTBUA 00-
JAafaloT BecbMa KOPOTKHUM paxuycoM gmedctsis (~ 10712 cm u Mme-
Hee), a JeKTPOMArHEeTH3M XOTS U SABJSETCS 0aJbHOICHCTBYIOLIUM
B3aHMOJEHCTBHEM, HO IS TeJ MAKPOCKOIMMYECKHX Pa3MepoB OTTaj-
KHBaHHUe OJHOHMEHHBIX 3apPSA0B IOUTH MOJHOCTBIO KOMIIEHCHPYETCs
NPUTSKEHHEM pasHOoMMeHHbIX. HanporTus, Tdrorenue, no-BuauMoMy,
Bcerja spJjsiercs cuiaoil npursiKenud. CiaegoBarebHo, rpaBHTALHOH-
HbIE TMOJs BCeX YaCTHI[ Tesa CK/IAALIBAIOTCA H CO3AAIOT 10Je, KOTO-
poe AJs AOCTAaTOYHO GOJBMIMX Tesd npeob/agaeT HaL BCeMH APYTHMH
CHJIaMH.

TsiroreHre He TOJbKO AOMHHHPYET HA GOJABUIHX PACCTOAHUAX, HO
H IBJSI€TCS CHJOMH, KOTopas OAHHAKOBLIM 00pa3oM AeHCTBYET Ha Bce
yacTHUbl. DTy YHUBEPCAJbHOCTb TATOTEHHS BrepBble BoISBUA [anau-
JeHl, KoTopell 06HApyXuJ, 4To ABa JMIOOBIX TeJa najgamT ¢ OJHHA-
KOBOIl ckopocTblio. [lo3aHee 310 ObIIO HPOBEPEHO ¢ OueHb GOJBIIOH
TOYHOCTBIO omblTaMu DtBewla u Jlukke ¢ corpyanukamu [39]. Bouio
0o6HApYKEHO TaKkKe, YTO CBET OTKJOHSETCA I'DaBUTALlMOHHBIMH IIO-
asamu. ITockoIbKy mpuHHMAaeTcs, YTO HET CUTHAJO0B, pacnpocTpaHsio-
IHXCsT OBICTPEE CBETAa, 3TO 03HAYAET, 4TO HMEHHO TATOTEHHE Olipe-
Jenser NPUUYHHHYIO CTPYKTYpPY BceseHHOHN, T. e. onpenessier, Kakie
COOBITHA NPOCTPAHCTBA-BPEMEHH MOrYT ObITh NPHUHHHO CBSI3aHBI
IpYr ¢ APYroM.

OTH CBOHCTBA TATOTEHHS CJAYKAT HCTOUYHHKOM CEPbE3HBIX TPYH-
HocTell: ecid Obl B HEKOTOPOH 06JaCTH CKOHIIEHTPUPOBAJOCH HOCTAa-
TOYHO 60JIbLIOE KOJHYECTBO BEIIECTBA, TO [OCJAeNHee MOTJI0 Obl OT-
KJOHUTb CBET, HCNOYCKaeMBIll H3 3TOH 06,acCTH, HACTO.IbKO, UTO CBET
6611 Gbl BTAHYT 06paTHO B 3Ty 06/acTh. JTa BO3MOXKHOCTh Gblja
ocosHana B 1798 r. JlanmacoM, KOTOPBIf OTMETHJI, UTO TEJO TAKOM
xKe miotHoctH, Kak u CosHue, Ho ¢ paauycoM B 250 pas 6OMblunM
co3ano Obl CTOJb CHJABHOE FPABHTALMOHHOE I0Je, YTO CBET He MOT
Obl VATH C €ro moBepXHOCTH. TOT (akT, 4yTo 3T0 GHLIO NpeAcKa3aHo
TaK INaBHO, HACTOJbKO MOPa3uTeIeH, YTO Mbl NPHBOAUM B MPHJIOKE-
HUH mepeBo] cTaThi Jla.lnaca.

BTArupanyue CBeTOBBLIX Jyuell MAaCcCHBHEIM TeJ0M MOXKHO Ipeacra-
BHUTb 0oJ/Iee TOYHO, HCNOAB3Ys HAelo [leHpoysa o 3aMKHYTBEIX JOBY-
LIeYHBIX NIOBEPXHOCTAX. PaceMoTpum chepy 7, OKPYKAIOMYIO HEKO-
Topoe Tteqo. ITycTb B KaKoii-T0 MOMEHT OT & HCXOAUT MMIIYJILC CBE-
Ta. B HEKOTODHIH nocnefyouyii MoMeHT { GpPOHTH CXOIAIUXCS H
pacxogsamuxca or 9 BoaH o6pa3yT chepsl T4 U T 2 COOTBET-
cTBeHHO. B HOpMasbHBIX ycloBHAX maomanb 7 ¢ (MOCKOIbKY OHA
npeicTaBasaeT co60H cXomsiuiics cBer) OyAer MeHblIe, a MJIONIAAb
> (MOCKOJIBKY OHA IpejcTaB/IsieT co0of pacxousiuiicst cBet) (cM.
puc. 1)— Goabuie, yem miomans J . OQHAKO ecaw BHyTpu I 3a-
K/I0YEHO JOCTATOYHO MHOrO BEIeCTBa, TO H IWoWaAb J j, U IIO-
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wany 2 OyAYT menpuwie njowaan 7. B srom cayuae nosepx-
HocTh I HA3BIBAIOT 3aMKHYTOH JIOByLIEUHOH moBepxHocThbio. [lo
Mepe BO3pacTanus BpeMeHn ¢ miomaib 7z GyleT CTAHOBUTHCS BCe
MeHblle H MeHblle (IpPH YCJAOBMH, YTO TATOTEHHE OCTAeTCd CHJIOH
NPUTSAKEHHS, T. €. IIPH YCIOBHIH, YTO IVIOTHOCTH YHEPTHH HE CTaHeT
orpunareboit). ITockoabky BEILECTBO BHYTPH chepsl I He MOKeT
HMeTb CKOPOCTH, NMPeBbILIaoilell CBETOBY1O, OHO OKaXKeTCs 3anepThiM

AT

Puc. 1. B uHexoropmil MoMenT BpeMenn cdepa I H3AydYaeT BCIHIUKY CBETA.

B Gouee nmosguuii MOMEHT CBeT, H3JyUeHHHH B TOUke p, oBpasyer ctepy & Bo-

KPYr p, u orubawuiine noBepxHocTH 7 | u 7 00pas3ylOT COOTBETCTBEHHO GPOHTH

CXOAAIUXCH H pacxoAsmiuxcs Boau. Ecanm miomadn obeux moBepxHOCTeH T i H

I meHblle mIowagu 7, o J  npelcraBiseT coGOH 3aMKHYTYIO JOBYLIEUHYIO
IOBEPXHOCT.

%

B o0sacTn, TPaHuL@ KOTODOH CTATMBAETCH K HYJIO 33 KOHEUHBLIH
NIPOMEXKYTOK BpeMeHH. DTO HAaBOAHT Ha MBIC/Ib, 4TO Halla MOJeJb B
4yeM-TO OlIMGOYHA.

Onnako MBI HOKaxKeM, YTO NPH BHIIOJHEHHHM HEKOTOPBIX pasyM-
HBIX YCJIOBHH 3/€Chb HA caMOM jeJle BO3HHKAeT CHHLYJSIPHOCTb IPO-
cTpaHcTBa-BpeMeHH. MOXKHO IyMaTh, YTO CHHTYJISPHOCTb — 3TO Me-
CTO, rje HLIHC H3BECTHble HaM (H3WYeCKHe 3aKOHBl HapyIIaKTCH.
B kauectBe asbTepHATHBBl MOXHO CUMTATB, YTO CHHTYJSIPHOCTb
npejcras/iseT 4acTh TPAHUIEI IPOCTPAHCTBA-BPEMEHH, KOTopas, OA-
Haxo, HAXOAUTCA HE HA BECKOHEUHOCTH, a8 Ha KOHEYHOM PacCTOSHHH.
Torga cuHryISpHOCTH MepecTaiT GBIThb YEM-TO MODOUHBIM C TOYKH
Spenusi GU3UKH; HO U IIPH TAKOM B3IVIsifle HAa BELH HAM ellle OCTaeT-
Csl pelIuTb npo6/eMy IpPaHHYHBIX ycaoBui. Jpyrumu cioBaMH, HaM
He H3BECTHO, YTO HMEHHO BEIXOJHUT M3 CHHIYJ/ISPHOCTH,
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[Mpexnosaraercs, 4To B ABYX CJyuasxX KOHLEHTPAUHA MaTepuu
Gyaer JOCTaTOYHO HJ5 BOHHKHOBEHMS 3aMKHYTHIX JIOBYLICUHBIX I10-
pepxnocrefl. IlepBwil ciayuall — rpaBUTAlHOHHBIH KOJJIanc 3Be3A C
maccoil Goapiie AByX macc Coauna; stoT c/iydail J0JKeH HMeThb
MeCTO MOC/Je BBbITOPAHHs SIAEPHOro ropioyero 3mesfanl. IIpu 3ToMm
3Be3ja, KaK CUMTAIOT, KOAJANCHPYET K CHHIYJASAPHOCTH, KOTOpas He-
BUAMMa AJs BHelUHUX Habuarojgareneil. Bropol cayuait — sto cama
Bcenennasa kark wvenoe. HemaBHue HabJaI0AEHHS MHKPOBOJHOBOTO
(hOHOBOrO H3JyueHHsl CBHAETEIbCTBYIOT, yTo BeeseHHas codepxuT
NOCTATOYHOE KOJWYECTBO MaTepHU [J/151 BO3HHKHOBEHHS 3aMKHYTOH
JOBYLIEYHOH [OBEPXHOCTH NMpu oOpalleHHH BpeMeHH. JTO 03HAUAET,
YTO B MPOLLIOM, B HauaJe HbIHEUIHeH S5I0XH paciuupeHus Bcenew-
HOH, CyleCTBOBANA CHHTYASPHOCTb. DTy CHHTYJASPHOCTb Mbl MOXKeM
B NpHHLHKINE HAO/aI0JaTh, U €e MOXKHO Obl10 Gbl HHTEPHPETHPOBATh
KaK HawdaJgo BcesaenHof.

B nanHoit kHure MBI paccMaTpHBaeM KpylnHOMAcIITaGHYIO CTPYK-
TYPy NMPOCTPaHCTBA-BPeMeHH Ha OCHOBe OOLIeH TEOPHH OTHOCHTEJb-
HOCTH DHHLITeHHA. BbiBOAB U3 3TOH TeOpUM HAXOAATCA B COTJIACHH
CO BCEMH BBIIOJHEHHBIMH MO CHX 1op 3kcnepumenramu. Onuako
Halla TpakTOBKa npeamera OyAeT AOCTaTOYHO oOIled H AJd TOTO,
yTOObl OXBATHTh TaKHe MOAUGHKALNKM TeopHH DHHIITEHA, KaK Teo-
pus Bpanca — Jlukke.

XoTs MBI OXHA2eM, uTo GOJBIIMHCTBO HALIUX uyHTaTesaell 3HAKO-
MBI ¢ 06I1ell TeopHedl OTHOCHTENbHOCTH, Mbl BCE K€ MBITaJHCh HAllH-
caTb KHHT'Y Tak, 4ToObl OT YuTaTeds He TpeGOBa0Ch MHBIX 3HAHHH,
KpOMe MaTeMaTHYecKoro aHa/jn3a, a/are6pel H TOMOJOTHH TOYEUYHBIX
MHOXKecTB. BoT noueMmy Mmbl mocsmiaeM ri. 2 AubdepeHnHa bHON
reoMerpuy. Ham nojgxon siBasieTcss B pasyMHoOll Mepe COBpeMeHHBIM
B TOM OTHOIUEHHH, YTO MBl JaeM Halliu onpejeneHHs B QopMe, He
3aBucsllell IBHO OT KoopauHaT. OQHakKo Ajag yAo0CTBa BBIYUCAEHHI
BpeMeHaMH Mbl N0Jb3yeMcsl HHAeKcaMy; OOJblUel YacTbio Mbl u3be-
rajud Takxe ynotpeGJeHHSI pacCJAOCHHBIX npocTpaHcTs. Unrtareds,
HeMHOro 3Hawlull AuddepeHIHaNbHYIO T€OMETPHIO, MOXKET NPH XKe-
JaHHU TIPOITYCTHTD 3Ty IVaBY.

B ra1. 3 mana ¢dopMmynupoBxka oOuieff TeOpHH OTHOCHTENBHOCTH
B BHAE TpeX INOCTYJAaTOB MaTeMaTH4ecKOH MOJeNH [IpOCTpaHCTBa-
BpeMEHH. DTa MOJe/b NpelacTaB/sier codoli MHoroobpasue A BMecTe
C MeTDHKOH g JlIopeHUeBOl cHrHATyphl. PusnuuecKuil cMbICT METPHKH
pacKpBIBAETCsl B MEPBBIX ABYX MOCTYAATax — JOKaJbHOH NPHUHUHHO-
CTH ¥ JIOKAJBHOTO COXPaHEHWS SHEPrHH-UMIYJbCa. DTH NOCTYJIATHI
oblLiye AJS CllenHaJabHON W ofLlell TeOpHH OTHOCHTEIbHOCTH, H, CJe-
J0BATE/IbHO, OCHOBAHHEM JJI8 HHX MOXKeT CJAYKHTb 5KCIePHMEHTalb-
HOoe NOATBep:KJACHHe TepBOH H3 3THX Teopui. Tperuir nocrysaar —
noJieBble yDaBHEHUA MU METPUKH g — KCIEepHMeHTaabHO 000CHO-
BaH He cro/qb Xopouo. OfHako GOJBIIMHCTBO HAIUX pe3yJabTaToB
OyZeT 3aBHCETb JIMIIb OT TOTO CJAEACTBHS ypaBHEHHH MOJd, 4TO A4
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HOJIO}KHTeHbHOﬁ TI.)'IOTHOCTHU MaTepHH TAIOTEHHE fABJIACTCA CHA0H
MpHUTANKEHHS. K 3Tomy cBOfiCTBY TAroTeHHs MNPHBOAAT Kak o0ulas
TeopHA OTHOCHTEILHOCTH, TaK H HEKOTOPbIe ee MOAN(HKALIH, HA-
npumep Teopusa bpanca — Jlukke. .

B . 4 ycTaHaBIuBaeTCs (H3HYECKMH CMBICA KPHBH3HBL, /4
gero Mbl H3yuaeMm ee BJHSHHE Ha CeMEHCTBA BPEMEHHIOLOONLIX H
HN30TPONMHBIX reoJie3an4eCKux. YKazaHHble JHHUH NPpeACTaBJIAT NYTH
MaJiblX YacTHIU M CBETOBLIE JyUU COOTBETCTBEHHO. KpHBH3Hy MOZKHO
HHTEPNPETHPOBATL KAaK INPHJIHBHYIO CHJIY, KOTOpas BbI3biBaA€T OTHO-
cUTE/bHbIE YCKODEHHA MEXKIy «COCeLHUMH» reOAe3nuecKuMu. Ecau

Puec. 2. Jlunua pr He moxeT OBITL Kpardaiiumed nuHuedl ot p A0 ¥, TOCKOJABKY
MeXAYy p u r umeercss QokasabHas Touka ¢. Ha camom Zesne xparuafimeidl guHHell
oT p Ao & OyAeT px uau py.

TEH30pP 3HEPrUH-UMIYJbCA YIOBJIETBOPSET YCJAOBHAM IIOJOKHTEb-
HOH OIpelNe]eHHOCTH, TO pe3yJbTHpYyIOLlee JAefCTBHE MPUJIMBHON
CHJIBl Ha HEBpAllaOINHecs CeMelCcTBa Teofle3uueckKuxX BCEria OKasbl-
Baercsl cobupareabHbM. Mcenons3ysa ypasrenne Paliuayaxypd (4.26),
MOXKHO N0Ka3aTbh, YTO 3TO DPHBOAUT K CYLIECTBOBaHHIO (DOKAJJIBHBLIX
HJH COTPSKEHHBIX TOUEK, B KOTOPBIX COCEJHHE Ie0/le3uUecKHe nepe-
cexalorcs.

Uto6b! BEIIBUTE POJIb ITHX (HOKAIBHBIX TOUEK, PACCMOTPUM OJHO-
MEpPHYI0 NOBEPXHOCTb & B JBYMePHOM €BKJIHJOBOM NPOCTPAHCTBE
(puc. 2). ITycts p — Touka, He Jaexamasn na &. Torma mafimercs
KpuBas, coefunsawomas ¥ u p, kKotopas 6yner kopoue (414 He AJIHUH-
Hee) mo6olt Apyro# Kpusolt ot & 1o p. dcwo, uTo 31a KpuBasn GyHer

TeOJle3nUeCcKOl, T. . NpsAMoil nuHuelr H 6yleT nepecekats ¥ OpPTOro-
HajabHo. Ha camom gene, B curyaunu, n3o0pazKeHHON Ha puc. 2,
UMeeTcsl TPH TeOJe3HueCKHe, OPTOTOHAJbHble K & H NPOXOAALIHE
uepes p. I'eomesnueckasi, npoxoAsllas yepe3 TOUKY 7, OUEBHIAHO, HE
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ectb Kpatuafimas auuus o1 & 40 p. B stom mMoxno ydeantbes {103],
HanpuMmep, 3aMeTHB, YTO COCEJHHE IeOoJe3HYECKHe, OPTOrOHaJ/bHbIE
K & B TOYKaX 4 U U, IepeceKkaloT reole3nueckylo, IPOBeAeHHYIO U3 7,
B (hoKaapHOIl TOuKe ¢, JexKalled mexay & u p. Torjaa, npucoeauHss
K OTPE3KY 4§ OTPE3OK gp, Mbl IOJIYYHM KPHBYIO OT & 1d0 p, AJIHHA
KOTOpOIl Takasi XKe, Kak y npsaMmo#i rp. Ho mockoabky ugp He ecrtb
npaMasi JIMHAS,, MOXKHO OBLIO Obl cpe3aTb yroJl y TOYKH § H TOJYy-
YuTh KPUBYIO Kopoue, uem rp. Orclojga BHAHO, YTO rp He eCTb Kpar-
yaiimas kpupast o7 ¥ 0o p. 3HAUNT, KpaTyallled Kpusoh OYAYyT HJIH
xp, U4 Yp.

Itu coobpakeHHs MOXKHO NMEPEHECTH Ha CAYy4al 4eThPeXMepHOTO
IIPOCTPAHCTBEHHO-BPEMEHHOr0 MHoroo6pasusi A ¢ JOPEHLEeBOH MeT-
pruko#l g. BMecTo npsamblX JuHUH TOTLA Hy2KHO DPacCMaTpUBATL Ieo-
Jle3anueckue, a BMeCTO Kpardyaifiliell KpHBON HCKATh BpPeMeHHNoA00-
HYIO KDHBYIO HauOOJblLIeH MJIHHB MeXAYy TOYKOH p W IPOCTPaH-
CTBEHHOMOJOOHOH MOBEpXHOCTbIO & (BBUAY JODEHLEBOH CHUTHATYDHI
METPHKHU 37ech He OyAeT Kparyalimeil BpeMeHUII0A00HOH KPUBOH, HO,
BO3MOXKHO, Halllerca Takasg KpuBag HamOOJbIIEH ANHUHB)., DTa KPH-
Basi 0oJ:KHa OBbITh e0fe3HyecKoll, nepecexaiollel & OPTOroHaNbHO,
H MeXay ¥ U p He MOXeT ObTh KaKoH-Ju60 (HoKaIbHOH TOUKH Ieo-
Je3HYECKUX, OPTOTOHAMBHBIX K &. AHa/OrnuHble Pe3yabTaThl MOKHO
MOJNYUHTb AJs1 H30TPONHBIX TeOAE3HUECKHX. DTH Pe3y/bTaThl HCIOJb-
3y10TCSl B IVl 8 JJISI [10Ka3aTelbCTBa CYLIECTBOBAHHS CHHIYJSPHO-
¢Tedl Ipu onpefeseHHbIX YCIOBUSX.

B ra. 5 Mbl omucbiBaeM psiL TOYHBIX pellleHWH ypaBHeHHI DiiH-
wrefia. DTU pelieHHsl He SABJSIOTCS PEajuCTHUECKUMH B TOM CMbIC-
Jle, 4To BCe OHHM 00/1a7al0T TOUHBIMH cHMMeTpusiMu. OJHAKO OHH
CyXKAT TOJE3HBIMU NPHMepaMu AJIg MOCJHeAYIOMUX [AaB U HJJIO-
CTPUPYIOT pa3jfuYHble BO3MOXKHBlE MOBeJeHHs pelleHud. B uacTHO-
CTH, KOCMOJIOTHYECKHE MOJeNH, of/1alatoluine BEICOKOH CUMMeTpHel,
[OYTH BCE MMEIOT INPOCTPAHCTBEHHO-BPEMEHHble CHHI'YJASAPHOCTH.
Homaroe Bpemsi AymaJu, 4TO 3TH CHHTYJISIPHOCTH, BO3MOXKHO, ofyc-
JIOBJIEHBl MMEHHO BBLICOKOH CTENEeHbI0 CHMMETPUU M OHH OYyAyT OT-
CYTCTBOBAThb B 00Jee peanucTHUecKHX Mognensx. ITokasarb, 4To 3TO
Ha caMOM [le/le He TaK — OJHa M3 OCHOBHBIX HALIHX LieJeH.

B ra. 6 MB HCcCaefyeM NPUYHHHYIO CTPYKTYPY HpOCTpaHCTBa-
BpeMeHU. B uacTHOH Teopun OTHOCUTENBLHOCTH Te COOBITHS, KOTOPhIE
MOTYT TNPHYMHHO BJHATb Ha HEKOTOpoe HaHHOe cOObITHE, H Te, Ha
KOTOpble 3TO cOOBITHE CaMO MOXKET [IPHUHHHO BJAHATb, 00pa3yloT
BHYTPEHHHE YaCTH CBETOBLIX KOHYCOB IIPOIUJIOrQ H GYLYIIETO COOT-
BeTCTBeHHO (puc. 3). B ofuielt Teopun OTHOCHUTENBHOCTH METPHKA g,
KOTODasl 3ajJaeT CBETOBBIE KOHYCH, BOOOINE TrOBOPS, MEHSETCH OT
TOYKH K TOYKE, a TOMOJIOTHS HPOCTPaHCTBEHHO-BPEMEHHOI'0 MHOIO-
ob6pasus S He 00s13aTeJbHO COBMajaeT ¢ TONOJOTHEH eBKAHAOBA
npocrpancrsa R4 Jto nmpuBoAMT K G0JblIEMY pa3HOOGpasHio BO3-
MoxHocTeld. K npuMepy, MOKHO 6bIIO OTOXKAECTBHTL COOTBETCTBYIO-
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e TOUKH Ha NOBEpXHOCTAX &1 H &> HA DHC. 3, 4TOOBI MOJYUHTH
NpOCTPaHCTBO-BPEMS C tonosoruelt R3 X St B Hem ecTb 3aMKHYTHIE
ppeMeHnnofo0Hbe KpuBbie. ONHAKO CYLIECTBOBAHNE TAKHX KPHBBIX

Csermosod Kotye
. Hgyuezo
Sygyyee

A /e

Boera

fpacmparticmso .
pacmp Ceemosod Kowye

[POUL1020

N

flpoemparcmeso

llpowsioe

Puc. 3. B creunanbuoll TEOPHH OTHOCHTENBHOCTH CBETOBOH KOHYC COGHITHS p

SIBJISIETCS MHOXKECTBOM BCeX Jyueil cBera, Npoxoldsimux uepe3 p. Ilpousoe colwl-

THE p — 3TO BHYTPEHHOCTL CBETOBOTO KOHyca npoutoro, a Gyayuiee coOniTHe
p — BHYTPEHHOCTb CBETOBOI'O KOHyca OyAyulero.

npuBesio Obl K HAPYLUIEHHIO IPHUHHHOCTU: MOXKHO ObIIO OBl mMyTellle-
CTBOBaTb B COOCTBEHHOe NpOUINOE. DoJbllefl 4acrtblo Mbl OTpaHH-
YHMCSl paCCMOTPEHHEM NPOCTPAHCTBEHHO-BpEMEHHBIX MHOroo0pasuH,
B KOTODPBIX TAKOTO poOjJa HapymeHdus MPHYMHHOCTH HCKJIIOUEHBI.
Torza B npoctpancTBe-BpeMeHH AJst MI060I NaHHON NPOCTPAHCTBEH-
HONoJoOHOH NOBEpPXHOCTH & CyllecTByeT MaxchuMa/dbHasa 00/acTh
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npocTpancTBa-BpeMens — HasoseM ee o6aactbio Komn (Cauchy de-
velopment *)), — B KoTOpOll MOXKHO AenaThb NpeicKa3aHHd MO H3-
BECTHHIM HauaJAbHbIM AaHHBIM Ha &. O6aacte Kown o6nanaer
TeM cBoHCTBOM («rjo6asbHasi TUNepGONHYHOCTBY»), UTO IMpPH HaJH-
UMK B Hell ABYX TOUEK, KOTOPble MOXKHO COEZHHUTbL BpPeMEHHNOZ00-
HOH KPUBOHM, MEXKAY HHMH CYILECTBYeT Takas KpHBas HauOoJbliel
IJIHHBL; oHa OyJeT reoe3ndeckoi.

[MpuumHHAs CTPYKTypa NPOCTPAHCTBA-BPEMEHH MOXKET ObITb HC-
noJb30BaHa AJs onpejieseHHsl TDAHUOBl WJIH Kpasg MPOCTPAHCTBA-
BpeMeHH. JTa rpaHuna BKAUaeT B ce0s Kak GECKOHEYHOCTb, TaK U
T€ YacTH Kpas NPOCTPAHCTBA-BPeMEHH, KOTODblE HAXOAATCA Ha KO-
HEYHOM PAaCCTOSIHUHU, T. €. CHHTYJASIpHBIE TOYKH.

B ra. 7. mbt paccmartpuBaeM 3anauy Kowwu naas ofliefi Teopuu
oTHocuTeJbHOCTH. Byner mokasaHo, 4To Haua/bHble JaHHbBIE HA NPO-
CTPAHCTBEHHOMOLOOHOH INOBEPXHOCTH ONPEJENSIOT pelleHHne OJHO-
s3HauHo B ofJjactd Komu AJas 5TOH MNOBEPXHOCTH W YTO B HEKOTO-
pOM CMBIC/Ie 3TO PellieHHe 3aBHCHT HENpPEepbIBHO OT HAYadbHBIX HaH-
HBIX. DTa IJlaBa BKJOYAeTCs AJ5 TOJHOTL H3JI0XKEHHS, a Takxke
NOTOMY, YTO B HeH HCMOJb3yercs pPAA Pe3y/abTaToB Mpeablaylied
[J1aBBl, HO UTeHHE ee He 003aTebHO U TOHUMAaHHS NOC/eLyIOIHX
I71aB.

B ra. 8 o6cyxaaercsa onpeleneHde NPOCTPAaHCTBEHHO-BPEMEHHBIX
CUHTYJSPHOCTEH. DTO TNPeACTABIACT H3BECTHYIO TPYAHOCTb, TO-
CKOJIbKY HET BO3MOXKHOCTH PaccMaTPHUBATh CHHTYJSPHBIE TOUKH Kak
4acTb NPOCTPAHCTBEHHO-BPEMEHHOro MHOrooOpasus J.

3ateM MBIl JOKa3biBaeM UETHIPE TEOPEMBl, KOTOpBle yCTaHaBJH-
BAIOT HaJWYHe CHHTYJISPHOCTENl MPU ONpeeseHHBX YCAOBHAX. DTH
YCJIOBHSL pacrmajaioTcss Ha TPH KaTeropuu. Bo-mepswix, TpeGyercs
YTOGB TATOTEHHE OBUIO CHJION NPUTANKEHHS; 3TO MOXKeT ObTb BHI-
paKeHO B BHJE HEKOTOPOTO HePaBEHCTBA /s TEH30pa 3HEPrHH-HM-
nysabca. Bo-BTopblx Tpebyercst, 4yToOnl KOJHYECTBA MaTEPHH, COHEP-
}Kalerocss B HeKOTopoil of6sacTH, Oblo OBl JOCTATOYHO MJis TOTO,
yTo6Hl HUUTO HE MOIVIO MOKHHYTb 3Ty 006JacTb. DTO INPOH30MIET,
eCJM HMeeTcsl 3aMKHyTasi JIOBylIeuHas [OBEPXHOCTb HJH eCJH BCA
BcesnenHasi caMa IIPOCTPAHCTBEHHO 3aMKHyTa. Tperbe TpeGoBaHHe
COCTOMT B TOM, 4TOGH He ObIIO HUKAKHX HAPYLIEHHH NPHYHHHOCTH.
OpHako B 0JHOH M3 A0KA3biBaeMbIX TeOopeM 3TO TpeGOBaHHE He fB-
Jagercs HeobxoaumbeiM. OCHOBHas HAess [0Ka3aTeJbCTBA COCTOHUT B
TOM, 4TOGBI ¢ NOMOIIBLIO Pe3yIbTATOB IMI. 6 MOKa3aTh, 4TO MEXAY
onpeneseHHBIMH NapaMu TOYeK AOJKHBI CyLIeCTBOBATH BPEMEHHUIIO-
JoOHBIe KpHBble HanGoJblIell NJIHHBL. Toraa MOXKINIO JO0Ka3aTh, YTO
eci 6Ll CHHTYJSIPHOCTH OTCYTCTBOBaJ/IH, TO Oblin Obl (pOKaAbHBIE

*) B nawefi autepatype tepmun «Cauchy development» uHOTAa mepeBOAsT
KaK «00aacTbh 3aBHCHMOCTH». — [Ipum. nepes,



T'a 1. Poas racorexus 17

TOYKH, @, C/eloBaTeabHO, He ObI0 6Bl KPUBOH HauboJblIel AMHHDBL
MeXAy 3THMH MapaMu TOUex.

TTocse 3T0r0 MBI jaeM omucaHue npeanoxenuoit llmuarom mpo-
eflypbl MOCTPOGHUS TPAHHMLbl IIPOCTPAHCTBA-BPEMEHHU, 0TOOpaKalo-
el ero CHHTYJASpPHBIE TOUKH. JTa TPAaBUIA MOXKET OTJHYaThes OT
TOM uYacTH TNPUUHHHON TrpaHuLB (ee ompeleseHHe AaHO B rJa. 6),
KOTOPAst COOTBETCTBYET CHHIYJISIPHOCTSIM.

B ra. 9 nokasaHo, uTo BTOPOE YCJIOBHE TeOpeMbl 2 TI'Vl. 8 JOMKHO
BHINONHATLCS BOAM3N 3Be3h ¢ maccoll 1,5 maccel CosHila Ha KoHey-
HBIX CTAafHAX HX 3BOJOUMH. CHHIY/JAAPHOCTH, KOTOPHle BO3HHKAIOT
NPH 35TOM, BEPOSATHO, HAXOAATCA 3a TOPH30HTOM COOBLITHA H HeHa-
6aonaeMsl u3BHe. Tawm, rie Korma-To Obla 3Be3fa, BHEUIHHH Ha-
GaofaTeNb BUANT «4ePHYI0 AbIpy». Mbl paccMOoTpHM cBo#iCTBA 3THX
yepHBIX ABIP U TOKaxkeM, UTO BEPOATHBLIM HTOrOM mpolecca o6paso-
BAHHS UX SIBJISETCS YCTAaHOBJEHHE B MPOCTPAHCTBE-BPeMEHU METPHKHU
u3 cemefictea pemenunit Keppa. B npeanonoxennu, 4to Tak Ha ca-
MOM JieJie ¥ MPOWCXOIUT, MOKHO HAJOKHUTh OlNpelpeseHHble OrpaHu-
yeHusa CBEPXY Ha KOJIMYECTBO IHEPTHH, KOTOPOE MOMKHO H3BJEUb H3
gepuo# AwIpl. B ra. 10 nokasano, 4to BTOpOe ycaoBue TeopeM 2 u 3
ra. 8 BLINOJHEHO NpH oOpallleHHy 3Haka BpPeMeHH AJas BceeseHuoi
B IesoM. B 3TOM cayyae CHHryJsSpHOCTH OBITH B MPOULIOM N0 OTHO-
[MIEHHIO K HaM U TPEACTaBAAIOT cobofl HavasJo DasBRUTHSA BCell Ha-
6monaemoil BecenleHHOH MM ee YacTH.

CymiecTBeHHas 4aCTh BBOJHOTO MaTepHaja CONEp:KHTCA B pas-
nenax 3.1, 3.2 u 3.4. Uurarento, xkenalolleMy MOHSTh JHIIL TEO-
peMBbl, TpeJCcKas3bIBAONINE CYIeCTBOBAHHE CHHTYJISAPHOCTeH Bo Bcee-
JIEHHO, TOCTATOYHO 3aTeM NPOUHTATh TOJBLKO I'M. 4 u pasn. 6.2—6.7,
8.1, 8.2. TlpuMeHeHHe 3THX TeOpeM K KOJJIANCHPYIOUIHM 3Be3faM
xauo B pasf. 9.1 (rhe HCrOJB3YIOTCA TaKXKe De3ysabTaThl MpUJIoKe-
uust B); B pasza. 10.1 3Ti TeopeMBl Ha OCHOBE HEKOTOPOIO HCTOJKO-
BaHus Mogneneit PoGepTcoHa — Yokepa mpuMeHsIOTCS K BceseHHOk
B mesom. OO6cyKAeHHe XapakTepa CHHTYJ/SDHOCTEH CONEPKUTCS B
pasn. 8.1, 8.3—8.5 u 10.2; BaxHYI0 poab NPU 3TOM HIPAeT NPHMEp
npocrpancrea Tay6a — HYT (pasnm. 5.8). Omnpenenenuniii uuTEpec
npefcTaBaseT Takxe MoJAendb Beenennod tuna I Buanku (pasn. 5.4).

UyraTento, KeaaoleMy 03HaKOMHTbCS JHIIb ¢ BOTIPOCOM O uep-
HBEIX JBIpaX, HeoOXoauMo mpouutath ra. 4 u pasa. 6.2—6.6, 6.9,
9.1—9.3. 31ech Mbl OCHOBBIBaEMCS Ha OINpefeNeHHOH UHTepIpeTalii
pemrenus Isapumuasna (pasn. 5.5) u pewenns Keppa (pasn. 5.6).

Haxkowerl, yutatenap, KOTOPHIH B MEPBYIO OUepeldb HHTEPECYETCS
CBOMCTBaMH 3BOJIONNHM BO BPEMEHH ypaBHeHHH DiHuUITeHHA, MOKeT
OrpaHUYHThCS uTeHueM pasi. 6.2—6.6 u ra. 7. [lag Hero okamyrcs
HHTEDECHBIMH TPHMepH], NpuBelledHble B pasd. 5.1, 5.2 n 5.5.

Mrl crapaiuch caenaTh yKasaTelb MOJE3HbIM MYyTeBOJUTENEM M0
BCEM BBEJEHHBIM ONpefe/eHHsIM U CBA3AM MeXK/y HHMH.
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HduddepenunanbHas reoMeTpus

CrpykTypa nNpOCTPAaHCTBA-BPEMEHH, O KOTOPO# noiigeT peys B
clenywlled rjiaBe W KOTopas fABJAETCS OCHOBHOW JIJsI H3JIOMKEHHUS
BO BCeH OCTaJbHOH HYaCTH KHHTH, — 3TO CTPYKTYpa MHOrooGpasus,
HaJleJIeHHOro JOPEHUEBOH MEeTPHKOH M ompeaenaseMoil e ad¢uH-
HOH CBSI3HOCTBIO.

B nacrosme#t riase, B pasx. 2.1, MBI BBEIEM MOHATHE MHOro-
obpasus, a B pasl. 2.2 — BEKTOPbl U TEH30DHI,. ABJISIOLIHECH ecTe-
CTBEHHBIMH TEOMeTpPHUECKHUMH OOBLEeKTaMH, oOnpeleisieMHIMd Ha
MHorooGpasun. B pasn. 2.3 6yayT paccMOTpeHBl 0TOGpaKeHHsT MHO-
roo6pasuil, 4To NpuBENEeT HAaC K NOHSATHSAM NOAMHOroo6pasuit ¥ HH-
JIyLUupoBaHHLIX oro6paxeHuii TeH3opoB. IlponsBomgnasi HHAYIHPO-
BaHHOrC oTOGpaKeHMsl, ONPENENsIEeMOr0 BEKTODHBIM [OJEeM, HAaeT
npon3BofHywo JIu; oHa BBomuTcA B pasia. 2.4. Tam ke MH Haem
onpejeneHne BHellHero AudepeHuupoBaHus — Apyroit aubdepen-
IHaJbHON ONepaLHy, 3aBUCAILEH TOJNBKO OT CTPYKTypBl MHOrooGpa-
3us. Jta omepaunus BcTpeuaercd B o6oOuieHHON thopMe TEOPEMH
Crokca.

B paszx. 2.5 BBOANTCS AOMOJHHTEIbHASI CTPYKTYPa — CBSI3HOCTD;
9TO NO3BOJISIET BBECTH KOBAPHAHTHYIO NIPOU3BOJIHYIO H TEH30P KDH-
Bu3Hbl, B pasa. 2.6 paccMOTpPeHO COOTHOLIEHHE MeXAy MeTPHKOMH
M CBSI3HOCTBIO U JAHO BBEIpaXKeHHe AJIS TeH30pa KPHBH3HHI Yepe3 TeH-
30p Beits u Tensop Puuuu, KOTOphle CBA3aHBl MeX Ay cO60OH TOXKIE-
crBaMu Brankwu.

B ocrasiuefics yacTu riaBsl Mbl OGCYAHM PAX JAPYTHX BONPOCOB
nudbeperunansuoil reoMerpud. B pasn. 2.7 paccMorpens mMeTpuKa
M CBSI3HOCTb, MHAYUHPOBAHHBIE HA T'HIEPHOBEPXHOCTH, H BhIBENEHBI
ypaBHenus ['aycca — Kogaumnu. B pasn. 2.8 BBomurcs 3ajgaBaeMbiit
METPHKOH 3JeMeHT o6beMa, KOTOPHIH 3aTeM HCHOJb3yeTca AAs N0Ka-
3artenbcTBa TeopeMmnl 'aycca. Haxkowen, B pasa. 2.8 Mbl BKpaTie
OCTAHOBHMCSI HAa PAaCCIOEHHBIX NPOCTPAHCTBAX, YA 0co00e BHH-
MaHHe KacaTeJbHBLIM W DENepHBIM paccaoeHHsM. DTO IO3BOJNT Iepe-
¢$hopMyJIHPOBATh MHOTHE M3 BBEJEHHLIX pPaHee MOHATHIA HAa KPACUBOM
reoMmerpuueckoM sisbike. CBefienus u3 pasn. 2.7 u 2.9 B nasnbHefieM
HCIOJB3YIOTCA TOJBKO B OJHOM WJH ABYX MECTaX H HeCyleCTBEHHH
I/Isl NOHUMAHHA OCHOBHOIO COJAEPIKAHUSA KHUTH,
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2.1. MHorooGpasua

[lo cywecTBy MHOroo6pasue eCTb NMPOCTPaHCTBO, JOKaJAbHO MO-
7106HOe €BKJHIOBY HPOCTPAHCTBY B TOM CMbIC/IE, UTQ OHO MOMKET
OLITh NMOKDBITO KyCKaMH KOOpAHMHATHBIX cereil. Takas cTpykTypa
no3BoJsieT BBeCTH IuddepeHUHPOBAHHE, HO He [O3BOJSET pasJu-
yuTh BHYTPEHHUM 00pasom pasHble KoopauHaTHble chHctembl. Cie-
0BaTeNbHO, CTPYKTYPOH MHOroo06pasua ONpPeNeJsIOTCs TakHe Io-
HTHS, KOTOpble He 3aBHCAT OT BhIOOpa CHCTEMBI KOODAHHAT. Ml
nafguM TouHylo (GOpMYJMHDOBKY NOHATHR MHOroo0pasus, BBes
npeABapHTebHO HEKOTOPbIE ONpe/e/IeHusl.

O6o3HauuM 4epes R™ e8KAUJOB0 NpOCTPAHCTE0 N U3MEpPeHuL,
T. €. MHOXKECTBO BCEBO3MOXKHBIX Habopos n uucen (x!, x2, ...,xn),
(—o0 << xi<Coo) ¢ OOBLIYHOH TOMOJNOTHEH (OTKPBITble H 3aMKHY-

ThHle MHOXECTBA OmpejeseHbl, kak o6bslyHO). IlycTh -Q—R” O3Hauaer

«HHXKHIOW MOJOBHHY» R™, T.e. obaactb R*, B xoTopo#l x! << 0. Oro-
Opaxkenne ¢ OTKPHITOrO MHOXectBa (' C R™ (COOTBETCTBEHHO

1
’5 R”) Ha OTKpPHITOE MHOXKecTBo O’ < Rn (COOTBETCTBEHHO 3 R”)

HaseiBaercs orobpaxenuem knaacca C', mid, xopoue, Cr-otoGpaxe-
HHEM, ecsiH KoopauHaThl (x\, x'2, ..., x’™) Touxku ¢(p) B O’, aB-
asioliteficss 06pa3oM TOYKH p B O, €CTh 7-KPAaTHO HEmpepbiBHO Au-
tbepennupyemble QyHKUHH (T. €. HUX r-€ IPOU3BOJHEIE CYIIECTBYIOT
¥ HeNpephiBHB) KOOpAHHAT (X', x%, ..., x*) touxu p. Eciu otobpa-
KeHHe gBigeTcs oTobpaxenneMm Kaacca C7 mas mioGoro r = 0, To
rOBOPAT, 4TO 3TO OToOpaxeHue kiaacca C®, uan C®-oToGpaxene.
[Ton C%otofpakeHneM Mbl NOAPAa3yMeBaeM HempepuisHoe otobpa-
XKeHue,

Fosopsar, uto ¢ynxuus f Ha OTKpHITOM MHOKecTBe O = R™ Jio-
KaJIbHO yJOBJIETBOPSieT YCJAOBHIO JIMIIIKLA, eclaH IS KaXKAOTo OT-
KPBITOro MHOXecTBa 26 — O ¢ KOMIIAKTHBIM 3aMblKaHHEM Cyule-
CTByeT nocTosiHHasa K, takasd, 4ro Nas Jwoboll napel Touexk p, ¢ & 2.
[F(p)—f(9) | < K[p—gq|, rae |p| o3nauaer

ERN ) L R N (7)) S SN B £ (7)) KN

Orofpazkenue ¢ GyseM Ha3bIBATH yIOBJETBOPAIONIAM JOKAJILHO yC-
JoButo Jlunmuua v o6o3nauyath 310 Kak C'=, eclH KOOpPAHHATH
TOUKH ¢ (p) Kak QYHKIHH KOOPAHHAT TOUKH p JIOKAJbHO YIAOBJETBO-
pstor ycaosuio Jlummuua. AHajdorudso, GygeM TOBOPUTh, 4TO ¢
ecte  Cr-oToGpaxkeHue, ecidH OHO Kkaacca C” H  IPOH3BOJHBIE
(r—1)-ro nopsiaka KoopauHat ¢ (p) ABAAOTCA GYHKIHAMH KOOD-
AMHAT p, JIOKa/JbHO YAOBJIETBOPSIOLIMMH YCJI0BHIO JIMUIIHLA.
B naspnefimieM Mbl 06bluHo paccmaTpusaeM (GYHKUMH Kaacca C,
HO ana/IorMuHble ONpele/eHHs M pe3yJbTaThl CIpaBed/IMBEl H /s
byrkuui kaacca C—,
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[TycTb & ecTb [POU3BONBHOE MHOKECTBO B R™ (COOTBETCTBEHHO B
1
E-R") ; Torfa otobpaxeHue ¢ U3 &P B HEKOTOPOE MHOKeCTBO P R™

1
(COOTBeTCTBeHHo T R™) mnasviBaercsa Cr-orobparkenuen, ecau ¢ a8-

aserca cyxeHueM Ha @ n P’ C-otoGpaKeHUuss HEKOTOPOLO OTKPHI-
TOro MHoxKectBa (, cojepxKauiero %, Ha HeKOTOPOe OTKPBITOE MHO-
xkectBo O, comepxaliee &’

n-Meproe mrocoo6pasue M xnacca C’, nau C’-muorooGpasue,
ecTh MHOKecTBO A BMecTe ¢ araacom {U,, ¢,} Kaacca C', T, e,
¢ nHaGopoMm KapT {%,, $,}, rae U, — noamuoxecrsa A, a ¢, —
B3aHMHO-O/[HO3HAUHbIE OTOOPAXKEHUsl COOTBETCTBYIOIUUX @4, Ha Takue

OTKpHITHIE MHOXKecTBa B R”, uro
1) @, oGpasyior nokpuitue A, T. €. J{=U%a
o

2) ecan U, U, He mycro, To oToGpaNKeHHe
qsao sbt;l:#)ﬁ (%a N %B) > 4)& (%a N %5)

ectb Cr-oToOpaxKeHHe HEKOTOPOrO OTKPBITOTO NOAMHOXECTBa R™ Ha
OTKPBITOE TIOAMHOXKeCTBO R™ (puc. 4).

Kaxnoe 2{, ecTb JOKaJbHO-KOOPAHHATHAA OKPECTHOCTH B TOM
CMBIC/Ie, YTO B Hell onpelefeHbl JOKaJbHble KOOPAMHATH X%, @ ==
=1, ..., n, 3afaHnbe oToOpaxeHuem ¢, [T. e. ecan p = U,, TO
KOOPAMHATAMH TOYKH p SIBASIIOTCA KOOPAMHATHL TOYKH Py (p) e R

Ycaosue (2) tpebyer, uToOBl B epecedeHHH ABYX KOOPJIHHATHBIX
OKpeCTHOCTeHl KOOpPAUHATHI OHHOH OKPecTHOCTH OBLIM (YHKUHAMH
kaacca C7 KOOpAKHAT APYTOH OKPECTHOCTH, # Ha060pOT.

Kakofi-nu6o npyroli at/iac Ha3BIBAGTCH COBMECTHbLM C TaHHBIM
Cr-atjiacoM, ecau X oObefUHEHHE eCThb aTaac kjaacca C7 fas Bcero
MHOroo6pasust . Ariac, cOCTOSIIIMA H3 BCEX aT/1acoB, COBMECTHHIX
C JIaHHBIM, Ha3bIBAETCH NOAHLIM ATAQCOM MHOroo6pasust. Takum o6-
pasoM, TOJHBIH aT/aac ecTb MHOXKECTBO BCEX BO3MOXKHBIX CHCTEM
KoopauHar, nokpeiBalouux . Tononorus B J onpelensiercs Tpe-
GoBaHUEM, UTOOBI BCE OTKPBIThIE MHOXKeCTBA J COCTOSLTH M3 00benu-
HeHHII MHOXKecTBa Buaa %U,, NpuHALJCKALIMX IOJHOMY araacy.
B rtakoii TomoJorun Kaxkjgoe oroGpaxkeHue ¢, CTAHOBHTCS TOMeO-
MOP(hH3MOM.

Oupenenenue auddepeHunpyemoro muoecobpasua raacca Cr

¢ kpaem 1olydaercs saMeHoidl «R"» Ha <« R"». Toraa xpait muo-

roobpasus A, o6o3navaeMblfi 0.4, onpelensieTcss Kak MHOXKECTBO
BCeX TOYEK MHOT006pasus A, 06pasbl KOTOPBIX NPy 0TOGpaKeHUH Py

nexkar Ha rpannue obnactu + R B R". 0M mupencrasaser coGo

(n — 1)-mepHoe MHOroo6pasue 6e3 Kpas.
IT1u onpeleseHHsT MOTYT [OKAa3aTbCs H3JAUIIHE CIOKHBIMH, OA-
HAKO DPOCTLIE MPHMEPLl MOKA3bIBAIOT, UTO ONHCAHHE NPOCTPAHCTBA
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eAMHCTBEHHON KOOPJAMHATHON OKPeCTHOCTBIO, BOOOILEe rOBOPS, HEBO3-
moxHOo. OueBUIHO, 08yMepHas e8KAu00Ba NAOCKOCTb, R?, apiaserca
muoroo6pasuem. IlekapToBnl xoopauHaTtht {X, y; -—oo < X < oo,
—o0 << Y <C 00) TOKPBIBAICT BCIO IJIOCKOCTb KAaK OAHY KOOPIAHHAT-
HYI0 OKPeCTHOCTb, B KOTOPOH ¢ sBJAETCS TOMACTBEHHLIM 0TOOpa-
skeHueM. Ilosspuble KoopauHaThl 7, 6 NOKPBHIBAKT KOOPIHHATHYIO
okpecTHOCTb (r = 0, 0 << 0 <C 2m); HyKHU 10 MeHbUleH Mepe ABC
TaKkne KOOPAHHATHLIE OKPECTHOCTH, YTOOB NOKPHITh R [eymepHoil

A" Foe (Uoy 17 U g)

Puc. 4. Tam, rie KooOpAHHATHHE OKpecTHOCTH g n g NepeceKarnTcs, KOop-
IuHaTH cBAsand CT-oTofpameHueM ¢>ao¢ﬁ“.

yuaundp C? npexpcrasasier cofoli MHoroo6pasne, moayuaouleecs u3
R? oroxpecriaenveM touek (X, y) u {x 4+ 2m, y). Torna (x, y) as-
JSIIOTCSl KOOpAHHATaMK B oKpecTHOCTH (0 <<x<< 2;; —oo<Cy<C o),
H, 400l NMOKPHITL C2, HyXXHHl [Be TaKHe KOOPAHHATHBIE OKPeCTHO-
cru. Jucr Mébuyca siBnsercst MHOrooGpasneM, KOTopoe IoJaydaercs
NOJOGHBIM  Ke 00pasoM: OTOXKJIECTBJASIOTCS TOUYKM (X, y) H
(x+2m7, —y). deymepnyro chepy (2-cdhepy) S% envHHUHOTO paguyca
MOXKHO OTIPeJeqNTh KaK NOBEPXHOCTL B R¥, 3a71aBaeMylo ypaBHeHHEM
(x1)2 4 (x?)24-(x%)2 = [. Torna
X, 18 —1l<iE<], —I<8<],

O6yAyT KOOpPAHHATAMH B Kaxjo# u3 obaacrtein x! > 0, x! <C 0, u no-
Hajo0uTcs IIecTh TAKHX KOOPAMHATHBIX OKpecTHocTeil, 4ToGbl IO-
KpeITb Bcio cthepy. B mefictButenbHocTH S? Booflie HEBO3IMOXKHO
NOKPBITh TOJbKO OAHON KOOPAHHATHOH OKPECTHOCTHIO. AHAJOrHYHO,
n-MepHyio chepy (n-chepy) S™ MOKHO ONPEAEJHTh KaK MHOXKECTBO

TOUEK
W+ @ L e =1

B Rn+l.



22 Ta. 2. Lugpepenyuasrbran zeomerpus

Muoroobpasue Ha3bIBACTCA OPUEHTUPYEMbIM, €CJAH B [I0IHOM at-
Jace ecTb taxoit araac {2y, Pq}, UTO B KamJOM HEIyCTOM mepece-
yeHnu Uq (1 Uy saxobuan |0x1/0x’I|, roe x, ..., " ux't, .., x¥'" —
COOTBETCTBEHHO KOOpAHHATH B %, u 2, nonoxurenes. I[lpnyepoy
HEOPHEHTHPYEMOTro MHOTOOGpasus aBasiercsd auct Mébuyca.

[Toka Mbl maau camoe obliee onpeaesenye MaorooGpasus. B 60b-
IIHHCTBE CAyYaeB MOJE€3HO HAJNOXKHTH ellle ABa YCJIOBHS, & HMEHHO,
uro A xaycaopdoBO W IapPAKOMIAKTHO. ITO TrapaHTUpPVeT HaM
0ObIYHEIE JIOKaJbHble CBOHCTBA.

Tomosornyeckoe npoCTPaHCTBO HA3BIBALTCS XAy COOPPOBbLIM, €CIH
OHO YIOBJAETBODPSET aKcHOMe pasfeneHus Xaycfgopda: Aad J100bIX
IBYX PasJUuHbIX TOUEK p, ¢ & J CYLIECTBYIOT HelepeceKaloluecs
OTKPBITHIE MHOXKecTBa U, 7’ < M, Takue, uto p=U, ¢&7.

b a
-9 —— 244
(1’:1”6) (x-=0)
b a’
- *— Y
(Y=¥) y=0)

Puc. 5. Ilpumep Hexaycmopdosa MHOTO0Gpa3us. ITH ABe JHHHH OTOXKIECTRJIEHH
mpu x = y < 0. Onnako Toukn a {x =0) u 2’ (y = 0) He OTOKZECTBJEHHL

Henb3s cuutaTh, UTO BCSIKOE MHOTOOOpDa3ue — HelpeMeHHO Xayclop-
doso. PacemoTpuM, HanmpuMep, CHTyanuio, H306paxeHHyo Ha puc. 5.
Ha aByX nmpsiMBIX OTOXKJECTBHM T€ W TOJbKO Te TOUKH b u b’, nnig
KOTOphIX X, ==Yy, < 0. Torma mo6as TOUKa COAECPKHUTCSH B HEKOTO-

poli (KOOpPIAMHATHONH) OKPECTHOCTH, rOMEOMOP(QHOR OTKPLITOMY MOJA-
MHOXecTBY B R! OpfHako He CyIIeCTBYyeT HellepeceKalolHXcs OT-
KPBITHIX OKpecTHOCTell %4, 7°, yIOBJAETBOPAIOIIUX YCIOBHIO a & U,
o’ =7, rnea—Touka x = 0 u o’ — touka y = 0.

Arnac {2,, ¢4} HA3BIBAIOT AOKAALHO-KOHEUHOIM, €C/IU IS JIKO-
6oi1 Touku p & A naliercs OTKpbITash OKPECTHOCTb, KOTOpas nepe-
cexaercs JHUIIb ¢ KOHEUHBIM YHMCJIOM MHOXKeCTB 2{,. [ HasbBaioT
NAPAKOMNAKTHOIM, eClH Ans Aw6oro ariaca {%g, ¢o) cyuiecTsyer
JIOKa/IbHO-KOHeuHL.fI atamac {7°g, $p}, Kaxaoe 7°, KOTOPOro codep-
KUTCA B HexoTopoM 2/,. CBssHoe xaycnopdoBo MHoroofpasue na-
pPaKOMIIAKTHO TOTAAa H TOJAbKO TOTJA, KOTJa OoHO 06/aadaeT CYeTHHIM
6a3ucoM, T. €. CYIIeCTByeT TaKasl CYeTHasl CHUCTeMAa OTKPLITbIX MHO-
JKECTB, 4TO J000€ OTKPBITOE MHOMXKECTBO MOXKHO TNpeACTaBHTb Kak
o0benHeHe MHOXKECTB 13 310l cuctembl ([91], p. 271).

Ecnu He oroBapuBaeTcs HHOe, 8ce paccmaTpusaemvle daree MHO-
2006pasus npednoaaeaioTca NapaKoMnaKTHoIMIL CBABHOIMU XAycOOp-
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ogvimL mroeoobpazuamu kracca C® 6ea kpas. Tlosnxee Mbl yBH-
[UM, 4TO TpH Hajenenun ./ NONMOJHUTEJbHOH cTpyKTypoh (0 cylme-
crBoBaHuH aQQUHHON CBA3HOCTH cM. pasi. 2.4) tpeboBaHue mapa-
KOMTIAKTHOCTH BbLITIOJHAETCA aBTOMATHUYECKH B CUJIy MPCUUX Orpa-
HUYEHNH.

dynxyus [ na Ck-muOroo6pasuu A ecTb oToOpaxeHue us J
s R!. TopopsaT, uto oHa kaacca CT (r << k) B Touke p = A, ecau ee

-1 o o
npeicTaB/eHne fO$, B HEKOTOpPOH JIOKaJbHO-KOOPAHHATHOI

okpectHocTH 2, ectb (yHkuus kaacca C7 (CT-GyHKuus) JoKajib-
HBIX KOOPAMHAT TOUKH p; [ HasbiBaercs CT-¢hynkyueil Ha MHONKeCTBe
¥ < M, ecau | ectb C7-DyHKUHUA B KAKACH TOUKE p = 7.

B paabHefilleM MBI BOCIOJIb3yeMCsl CJIEAYIOIIMM CBOHCTBOM na-
paKoMIaKTHHIX MHoroo6pasuit (cM. [91], p. 272). Tlycrs {2, ¢} —
n060l J0oKalbHO-KOHEUHBI atiac Ha napakoMnaktHoMm CR-mHoro-
ofpasuu; BCeria MOXKHO HafiTh cucteMy OGyHKHHH g, Kiaacca C#,
TaKHX, YTO

1) 0<< g, <1 Ha A npu awboM a;

2) HOCHUTENb g,, T. €. 3aMBIKaHue MHOXKecTBa {p & Mg, (p) 7
== 0}, COLEPKHUTCSH B COOTBETCTBYIOUIEM Z,;

3) Y. g, () =1 n1s Beex p e M.
a

Takywo cucreMy QyHKIuH OyAeM Ha3blBaTb pasaosceHuem edu-
HUuybl. DTOT pe3yabTaT CNpPaBelJuB, B YACTHOCTH, M7 GYHKUHA
kjaacca C®, HO OH, OUEBHJIHO, He HMEET MecTa AJs aHAJHUTHYECKHX
byukiuit (aHaIuTHYECKYI0 (QYHKLUHIO MOXKHO NPeICTABUTL B BHIE
CXOAAIErocsl CTENEeHHOr0 psila B HEKOTOPOH OKPECTHOCTH KaXK/JIOH
TOUKH p € J, IPAUEM eC/H OHAa PaBHA HYJIO B HEKOTOPOH OTKPHITOH
OKPECTHOCTH, TO OHAa paBHa HYJIO BCIOAY).

Haxonen, npamoe npoussenenue ¢ X % MuHoroo6pasuit £, B
ecTb MHoroo6pasue co CTPYKTYpOH, KOTOpash €CTEeCTBEHHBIM 00pa3oM
onpefessieTcss CTPYKTYpol ¢ u % AJs NPOH3BOMBHBEIX TOYEK pESF,
g & % cyumecTBYIOT KOOPAUHATHbBIE OKPECTHOCTH 2, 77, colepIKaliie
COOTBETCTBEHHO p H ¢, Takue, uTo Touka (p,g)e & X B conep-
KUTCH B KOODAHHATHOH oKpecTHOCTH U X7V’ < & X % u nmeer
B Helt koopanuaThl (X%, y9), THe x! — KoopAuHATH p B 2 U yI — Ko-
OpAHHATHI § B 7°.

2.2. BeKTOpbl U TEH30PhI

TenszopHbie 1noAs mpeAcTasdstioT co6Oil MHOMKECTBO reoMeTpuye-
CKHX OGDBEKTOB Ha MHOTOO0pa3wH, KOTODPble ONpefa/sloTCs ecTe-
CTBEeHHBIM 006pa3oM CTPYyKTypol MHorooGpasus. TeH3opHoe moJse
9KBUBAJEHTHO 3aJaHHIO TeH30pa B KaXKAOH TOYKe MHOroobpasus.
[Moatomy B mepBy1o 0Uepenp Mbl ONPEAESHM TEH30DHl B TOUKE MHOTO:
o6pasus, a HaYHeM ¢ OCHOBHOIO IIOHSITHSI BEKTOpa B TOUKE,
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Kpusas A(f) knacca CR, unim, kopoue, Ch-xpumas na J, ecTb
otoGpaxenune kaacca C* HEKOTOPOro HHTEpBaJa BEL(ECTBEHHOH Mpsi-
Moit R! B J. Bexrop (xourpaBapuantbiét Bexktop) (9/0f), 1, , xaca-
TeabHbiil K Cl-kpuBo#t A(f) B Touxe A(fy), ecTb omepaTop, KOTOPLI
cTaBUT B cooTsBerTcTBHe Kaxaoi Cl-pyuruuu [ B A(f) uuciao
(0f[08)y, ;- Vnaue rosops, (0f/0t)» ecTb npoussogHas [ B HanpasJie-

unu A(f) mo mapamerpy &
(5).1 = lim SO+ —F 0. @.1)

Cam mapameTp f BAOJb KPHUBOH, OUEBHIHO, YIAOBJAETBOPSET COOTHO-
wenno (0/0t)xt = 1.

Iyers (x', ..., X")— JoKanAbHbBIE KOOPAHHATH B HEKOTOPOH
OKPECTHOCTH TOYKM p; TOTAA

(i) ' ___i dxj(_k(f))‘ o
61‘ A fo f’=1 dt‘ t‘—‘-to ax/

(31€ech ¥ TOBCIOLY B KHHTE MBl NOJB3YEMCS NPABUAOM CYMMUPOBQ-
MU, COTJIACHO KOTOPOMY NO NOBTOPAIONIEMYCS MHAEKCY moApasymMe-
BaeTCAd CYMMHpOBaHHE TO BCeM 3HaYEHHAM ITOTO HHAeKkca.) Takum
o6pasoM, JOOOH KacaTe/LHLINI BEKTOP B TOUKe p MOXKHO HpejcTa-
BHThb B Bijie JHHelHOH KOMOHHALMN NPOU3BOAHBIX MO KOOPAHHATAM.
OGparHo, nycTb fana aunednas komGunaius Vi(9/0x9) | p, rae Vi —
KaKHe-TO uhc/ia; pacCMOTPUM KpHBYIO A(f), ompenessieMyio ypaBHe-
upeM xI(M(f))= xi(p)-+tVi nna { u3 HeKOTOPOro HHTEpBaJa
[—e, £]; Torna KacaTeJbHBIM BEKTODOM B 3TOH KDHBOH TOuKe p sB-
aserca Vi(0/0xi)p. CaemoBaTtenpHO, KacaTesbHble BEKTOPH B p 006-
pasyioT BEKTOPHOE NMpoCTpaHcTBO Hal R!, HaTAHyTOe HA KOOpPAMHAT-
Hble TIPOM3BOAHbE (3/0x7)|p; CTPYKTYpA BEKTOPHOTO MPOCTPAHCTBA
3aJlaHa COOTHOLUEHHEM

(@X + BY) f =a (Xf) + B (Y),

cnpaBefuBEIM 105 Beex Bektopos X, Y, uncel «, B u dyHKUHH f.
Bektopsl (d/0x7), nuueiino HesaBucumbl. ([onyctuM, uTo oHm 3a-
BUCHUMBI, T. €. CYLLIECTBYIOT yucia Vi, He Bce paBHBle HYJIO, TakHe,
yto Vi(d/0xi)|, = 0; Torza, npuMeHUB 3TO COOTHOIUEHHE K KaxAoii
KQOpAHHATE, Mbl NOJYYHM PaBEHCTBO

_dsl o

A (t) at oxl |y (to)

p1 o _yE—o
ol

T. e. npoTuBopeune.) TakuM o6pas3oM, MPOCTPAHCTBO BCEX KACATelNb-
HBIX K J B TOUKE p) BEKTOPOB, o6o3Hauyaemoe Tp (M) nau npocto T,

ecTb 7-MepHOe BEKTOPHOE MPOCTPAHCTBO. DTO NMPOCTPAHCTBO, MPe-
cTasJasionlee co60il MHOXKECTBO BCeX HanpaBJeHHH B p, Ha3blBAeTCH
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cacatenvtoin K M BeKTOpHoim npocTpascTéon B p. MoxHO mnpea-
TaBJAThL cebe BekTOp V & Tp B BUAE CTPEJKM B p, HANPABIIEHHOH
3/10Jb KpuBO# A(Z), T. e. BAOIb KacareabHOTO BekTopa V B TO uKe p;
1pH 3TOM «JJIMHa» V 3aBUCHT OT BeIGOpA napamerpa ! BIOTHG KpH-
30ft 1 onpefenaserca coornouwennem V(f) == 1. DKupupiv mwpmdrom
JTMeueHo, uto V — onepaTtop; ero koMnoseutsl Vi u V(f)— presyub-
rat geiictBisl V Ha QYHKUHIO f, — SIBJAAKOTCA YHCAAMH M J1€4aT-alTCs
KypCcUBOM.]

[ycrs {Es} (@ =1, ..., n)— kagag-1u60 COBOKYIHOCTH AN JH-
1ef{HO HE3aBUCHMBIX BEKTOPOB B TOUKe p. Toria JA000H ®BEKTOp
VT, moxno 3anucats B Buge V = VeE,, rage uncaa {V2} cyts
kKoMmoHeHTH V oTHocutenbho 6asuca {E.} sexrtopos B p. (B u acrHO-
oti, B KauectBe {E,} MoxHO BRIGpaTh KOOPAHHATHBI 6a3uc (ONOXE) p;
roria KommnoHentaMu Vi == V(xi)==(dxi/dt) |, GyayT nponsssonble
KOOPAMHAT X! B HampasJeHUu V.)

Junednan gopma *) (KOBApHAHTHBL BEKTOP) @ B p €CTh Belle-
CTBEHHAs JUHefiHas GyHKUHst Ha npoctpaHcrBe Tp. Uucdao, KeoTopoe
NUHEMHAs (popMa @ CTAaBUT B COOTBETCTBHME BeKTOpPYy X B TOouke p,
6ynem sanucehiBath B Bufe (@, X); TOrga u3 JUHEHHOCTH CJTIEAVET,
4To npu BeeX o, p &= Rt u X, Y & T, BoINOJAHSETCS PABEHCTBO

(0, oX 4 BY) = a (0, X)+ B (o, Y).

IMoanpocrpancreo B T'p, onpelleseMoe NpH 3aJaHHOR JIHBHEHHOH
dopme » ypasrenuem (@, X) = const, aunefino. ITosromy .auuei-
Hyo GopmMy B TOYKE p MOXKHO [PEACTaB/IATh cefe KaK napy mIocKo-
creit B Tp, TakuxX, uto BekTOop X JIEKHT B OZHOH MJIOCKOCTK, €C/IH
(o, X) = 0, u Kacaercsl KOHIOM Apyrof, ecan (o, X) = L.

ITyers nauw 6asuc {E;} BeKTOpOB B p; TOrja MOMKHO NOC:TPOHTH
Takyio elHHCTBeHHYI0 cucteMy {E%} u3 n nuHelinblX ¢dopMm, HTO JH-
Heiinass dopma E? orobpaxaer mwo6oii BekTop X B umcao X¢ (i-i0
komnionenty X oTtHocutesnpHo Oasnca {E.}). Ilpu s3ToMm, B yactrHOCTH,
(E¢, Ep) = 8%. Onpenenus auHeliHble KOMOHHAUNY JHHEHHDL X HOpM

paBeHCTBOM
(vo + pn, X)=0a(o, X)+ M, X)

aas mo6blXx JHHEHRHBIX (OpM ®, 1) M NPOU3BOJBHBIX a, B R,
X T, moxuo paccmarpusath {E?} kax Oasuc mas JuBHEHHBIX
dopm, ubo awby0 JauHedHyw GOPMY MOKHO 3anucaTtb B BHIE
o = o;E, rae o; = (o, E;). Takum o6pa3oM, MHOKECTBO B(ZeX JH-
Hefinbix GopM B TOUKe p 00pa3syer f-MepHOe BEKTOPHOe npoCTpaH-
crgo T*p, Oyasbroe KacaTeJbHOMY IPOCTPAHCTBY. Dasuc JHIHEHHBIX

*) B opurumase «one-form» (1-dopma). Msl noabsyemcst 3jgeck Goljee mpH-
BEIYHBIM TepMHHOM «IHHefiHasi (popMa», HO nocae BBejlenns Ha cTp. 30 Tepmuua
«p-hopma», Mpl ToXe OyaeM HA3pBaTh JauHeHHyw Gopmy 1-dopmoit. — pus.
nepes.
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dopm {E?} ectb 6asuc, dyaasroud Gasucy BekropoB {E,}. as Jmo-
ooix @ =7%, X& T, yncao (®, X) MOKHO BBIPA3HTb U€Pe3 KOMIIO-

HeHTH w; 1 X' B Ayaavubix 6asucax {E?}, {E,}:
(@, X)=(o;E}, X'E)) =0, X".

Jlw6as yukuna [ #a A oupepenser B p auHeinyio dopmy df
10 TMpaBUJY: AJs MPOH3BOJBHOrO Bekropa X

(df, X)=XJ.
df naswiBaerca Jugpgeperyuaton f. Iycts x1, ..., ¥® — NoKaJdbHbIE
KOODJAMHATH, COBOKYyNHOCTb Anbdepennuanos (dxt, dx?, ..., dx7)

B TOuKe p o6pa3yer Ga3uc JHHEHHBIX (OPM, Nya/bHBIA 6asuCcy Bek-
TopoB (0/0x!, d[0x?, ..., 0[0x™) B p, MOCKO/IBKY

. K i :
(dxt, 9fox’y = 3% =&

Hudpdepenunan df nponssoibHolt GYHKIUM [ 3anuceiBaercs B 9TOM
fasnuce B BHAE

df =L 4y,
oxt

Ecau df == 0, nosepxuocti [ = const ssasioress (1 — 1)-MepHBIMH
MHOrooGpasusiMu. MHOKeCTBO BCeX BEKTOPOB X, s KOTOPbIX
(df, X) = 0, ofpasyer mHOAMpOCTpPaHCTBO Tp, COCTOALLEE H3 BCeX
BEKTOPOB, KOTOpble KacaTeJbHbl B TOUYKE p K KPHBBIM, JEKaUHMM Ha
nosepxHoctu [ = const. CiexoBate/bHo, df MOXKHO paccMaTpHUBaTh
KaK HopMaJnb K HoBepxHocTH [ == const B p. Eciu a = 0, to ad?
TakKe OyfeT HOPMaJbio K 3TOH NMOBEPXHOCTH.

s npocrpancrBa T'p BEKTOPOB B p M mpocTpaHcrsa 1™y Jnneh-
HbIX QopM B p MBI MoXXeM 06pa3oBaTh NPAMOE NPOU3BeJenHe

ni=T*p><T*,,>_§_... XT o XTpXTpX .. XT,,

r COMHOXKHUTeJeH S COMHOMKHUTeJeH

T. ©. YIOPSANLOYEeHHOE MHOMKECTBO BEKTOPOB H JHHEHHHIX (GopM
@, ..., W, Y, ..., Yy, rae Y — NPOH3BOJIbHBIH BEKTOP, 7 — IpO-
H3BOJIbHAS JiHHeHHas QopMma.

Tensop tuna (r, s) B TOuKe p eCcTh QYHKUUS Ha I1;, nuHefiHAs
no Kaxpomy us aprymenton. Ilycrs T — Tensop tuma (r, s) B p;
OH CTaBHT B COOTBeTCTBMe ajementy (', ..., W, Y, ..., Y,) mpo-
crpancrea II; unc/Io, KOTOpOe 3aluilieM B Buje

T(TII’ LR | nr’ Yl’ A | YS)'
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—

Torpa JIMHEHHOCTh O3HAYaeT, YTO

7MY, s M, aX+BY, Yy, ..., Y)=
=05'T(“ll, ceey ﬂr, X, Y2, ceey Ys)+
+B'T(n17 veey 7]’, Y» Y2, Levy Ys)

npu JOOKIX a, peR u X, YT,
TIpocTpaHCTBO BCeX TAKHX TEH30DOB HA3HIBACTCH TEH30PHbLIM
npoussedenuem

TeP)=T,Q ... T, T, ® ... &T",.
r COMHOXHUTeJJEeH § COMHOXKHTeJeH

B uacraoctn, To(p)=T, u T (p)=
C rodicerue Ten3opos THia (r, s) onpeneJmeTc;{ CAEAYIOLIAM obpa-
zoM: (T 4+ T') ecrs Teﬂsop tuna (r, s) B TOUKE p, TaKOoH, 4TO KA

npousBobEbX Y, T, W 1%,
(T+T,)(Tll, ce sy ”‘lr, YI: LIRS ) Ys)=
:T(nla~"$ 7]’: YI:"') YS)+T,(n19"': ’]r, YI)-"a YS)‘

AHaJIOTr MUHO OTIPENeNIAeTCa y MHOMCe e TeH3opa Ha ckaap o: oT ecTh
TeH30p, Takoi, uto and mobux Y, =T, wW&T,

GT(nl, sy 1]2y Yh e hey Ys)=<l'T("ll, ey "lr, Yl’ L] Ys)'

B coueranun ¢ 3THMHU npaBu/JgaMH CJOXKEHUS U YMHOXKEHHA TEH30p-

Hoe TpousBejeHue T5(p) BASETCS BEKTOPHBIM IPOCTPaHCTBOM pas-
MepHocTH #'+S Ham R

Myers X, 7, (i=1,...,r)no)’ETp(]—1 .., ). Torna
Mbl Gygem o6o3nauath yepes X, ® ... RX,R0'® ... ® ©° Takoi
sneMeHT u3 Tg(p), KOTOPHIH CTAaBUT B COOTBETCTBHE 3JEMEHTY

M, ..., Y, ..., Yo us I uncio
M, Xp, Xo) ... (0, X (el YY) L. (e, Y.

Ananornuno, ecmu ReTs(p) u S=Th(p), 6yneMm o6o3HauaTh
yepes R®S Tako#l ageMeHT HpOCTpaHCTBa Tq+s(p), KOTOpHIH cTa-

BHT B COOTBETCTBHE 3JEMEHTY (n, e, YL L, Ys+q) u3 H,,+,
YHUCJI0
[ ’
R(ﬂ y ey “s’ Yb ey YY)S(nS-Hy AR} ‘13“, Yr+1) LA ] Yr+p)°

TensopHsle mpocTpaHCTBA B p BMeCTe C onepauudeii YMHOXeHHA &
o6pasywr aareSpy mag R
Ecau {E.}, {E“}— nyanpnble Ga3uchl COOTBETCTBEHHO B T,
*

p» TO

{£,® ... @B, ®E"® ... @B}, @, b;=1,..., n,
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6yner GasucoM B Ts(p). TlpousBoabnuit tensop T e Tg(p) MoxHO
3anhcaTh B 3TOM 0asuce Kak

T=7%"", ,E ®.. GE gE'®... & E's,

roe T"l"'“'b » — KomnonenTst T OTHOCHTENLHO RyandbHBIX 6a3u-
Lo by
co {E;}, {E“}:
d, (.. Q a a
ot o=T(E" ... E E,, ..., E,)

.-
CooTHOIlIeHUsT TEH30PHOI anrefpul B p MOXKHO HamKcaTh AT KOM-
MOHEHT TEH30pOB:

NGy e a @ ... 0 ‘a; ... a .
T+1) T b, =1 oo, T T Tby e b
a, ...a a,...a .
(@)™ P T A
N ‘a e a
TRTN " %r+p = T% " % T %r+1 r+p .
TreT1) by beyg by .. by bopr e Dsg

OO6biuno Mbl GygeM TpPeACTABAATh TEH30DPHBIE COOTHOUIEHHSI HMEHHO
B TAaKOH 3anucH BBHAY ee y/A00CTBa.

Ecau {Eq} u {E¥} — npyras mapa nyaabHEIX 6a3ucos B T,uT",
uX 37eMeHTH MOXHO samncaTs B Gasucax {E,}, {E°} B Buze
E, — ®,°E,, 2.2
EY = ®% E%, (2.3)
rie ®,° u O, — secuuryaspusle Marpuisl X n. 110 CKOJBbKY
{E.}, {E*} — nyanbubie 6aznch,
6bla' - <Eb’y Ea') = <®b,bEby (Da’aEa> = (Da/a(Db,béab = q)a’aq)b,a,
7. e. @y, O, — B3auMHO-06paTHEIE MATPHIBL U 8% = D% @ 5.

A, oo Q
Komnonenramu T ! ’b, ,, Tensopa T oTHOCHTeNbHO Ayalb-
b

1
usix Gasucos {E.}, {E%} ssasiorcs

a' “ss (1/ a’ (1,
e b,—_—T(E L. E" Eb,,...,Eb,).
r’ s 1 s
Ounu CBsi3aHbl ¢ KoMmoxentamu T "'arb » OTHOCHTEJNbHO 6a3u-
1 Vs
coB {E,}, {E’} coortHouiennem
a ...d a. ... a a a b b
T! r, ,=T1 r ot .. O, D, S (2.4)
b b b ... b a a b b
1 s i s 1 r 1 s

b...
Ceseprka tensopa T Tuma (r, s) ¢ kommonentamu T def...g
orHocuTeabHo GasncoB {E,}, {E} nmo nepsoMy KOHTpaBapHaHTHOMY



2.2. BexTopvl u Ten3opol 29

" nepBOMy KOBADHAHTHOMY HHJAEKCAM CCTh N0 ONpEJeJIEHHIO TeH-

30p Ci(T) tuma (r — 1, s — 1), KOMHOHEHTE KOTOPOr0 OTHOCHTEJIbHO
.d

rex e 0a3UCOB PaBHBI 7% af... gy T. €.

CiM=T""% . E® ... E.QE'® ... QE%

Eenn {E.), {E®} — pyras mapa 6asmcoB, To ompenesseMas e€io
cBEPTKA DaBHa

CiM=7""""wp . By ® ... QB+ QE ® ... QE¥ =
=% % T "-d'aff/,,,g@bf" @0 Y, Es R
... ®E,QE @ ... QEZ =
=T E® .. QE&E®...QE=Cl(),

TaK 4TO cBepTKA Tensopa Ci He 3aBHCHT OT 05a3mca, HCIOAb30BaH-
HOTO 1ipu ee onpefenenus. [TogoGHbIM Ke 06pa30oM MOMKHO CBEpTbI-
Batb T no aw000i1 nape KOHTPABAPUAHTHLIX H KOBAPHAHTHBIX HHIEK-
coB. (Ecan 6bl Mbl CBEpDHYAM MO ABYM KOHTPaBAPHAHTHBIM HJIH IO
JABYM KOBapHAHTHBIM HHJEKCAM, TO IOJYYEHHBI TEH30p 3aBHces Obl
ot 6asuca.)

Cummerpuunas yactb TeHzopa T tuma (2,0) ecTs TeH3op

S (T) (i, ) = 57 {7 (s, ) + T ()

npu npomaommﬂx W, =77, Byaem 00603HayaTe KOMIOHEHTHI

{
S(T)® sroro Tensopa uepes T"”’, TOTZa

b b b
T(a)=—§—{Ta +Ta}.
AHanoruuno, KOMIOHEHTH aHTHCHUMMeTpuyuHo# uactu T Gynem 060-

suayarb uepes ,
{ab) b b
T = 2 {1 — 1},

BooGue a5 0603HaueHUst KOMIOHEHT CHMMETPUUHON UM aHTHCHM-
METPHYHOA YyaCcTH TeH30pa MO JAaHHOH COBOKYINHOCTH KOBApHAHTHBIX
HJIE KOHTpPaBAaDHAHTHLIX MHAEKCOB Mbl OyJeM 3aKJ04aTh 3TH HHIEK-
CHl B KPYTJ/Ible WM KBaJpaTHble cKOOKH. Tak,

boof_ | i
T(al . a,) -—ﬁ—{cmea IO BCeM MepecTaHOBKaM HHEKCOB

b f
iy +.., Qr B Tal...ar }
H

1
Ty, ... =—r-!—{aﬂbTepHHpOBaHHaﬂ cyMMa 0[O BCeM mepecTa-

©
~
bt

b...
HOBKaM HHAEKCOB Ay, ..., @r B Tal ea, f}-
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Hamnpumep,
1 a
K%ea) = 5 {K%ca + K ape + K ap = Ko — K coa = K ac0}-

TeH30p cummerputer 10 TaHHOH COBOKYNHOCTH KOHTPaBapHaHTHBIX
HJM KOBAPMAHTHBIX MHAEKCOB, €CIH OH PaBeH CBOeH CAMMETPUUHOH
WaCTH TI0 3TUM HHAEKCAM, H QHTUCUMMETPUYEH, €CI OH pPaBeH CBOeH
aHTHCHMMeTpuyHON vacTth. Tak, Hanpumep, Tensop T tuma (0,2)

i o
CUMMETpPHUEH, eClH 1",,L,,=—2—(Tal7 —+ Tpa); 3TO CBOHCTBO HHAUE MOXKHO

BBHIPA3HTH PaBEeHCTBOM T(ap] == 0.

Oco6piil uuTEpec npencrasisior rensopsl tuna (0, g), aHTHCHM-
MeTpPUUHbIE [0 BCEM § HHAEKCaM (IPH 3TOM HEOOXOAMMO ¢ << n);
Takoit TeH3op HaspBaercss g-gpopmot. Ecin A u B coorBercTBeHHO
p- u g-bopMBl, MOKHO M3 HHX moctpouth (p + ¢)-popmy A A B,
rae /\ 03HayaeT aHTHCHMMETPH30BAHHOE TEH30DHOE NPOU3BEAEHHE
®: nnaue rosops, A A B ectp Tensop tuna (0, p 4+ g) ¢ KOMIOHEH-

TaMu
(A /\ B)a ces e ven f= A[a bBc e fIt

s storo caenyer, uto A AB = (—1)?¢(B A A). IIpocrpanctso
BHEUIHHX GopM (T. e. MPOCTPAHCTBO BceX p-HopM NpPH BCeEX p, B8KAIO-
yas AuHeilnole -popmol 8 KadecTse 1-Gpopm u CKaAApbl B KayecTse
0-bopm) BMecTe ¢ omepaluedl yMHOXeHHs 00pasyloT rpaccMaHoBy
anre6py (sHewnux) dopm. Ilycrs {E®} — Gasuc anHeAHBIX GOPM;
roraa dopmsl B A ... AE% (a;=1, ..., n) obpasyior Gasuc
p-OpM, NOCKOJBKY Ji06as p-popma A MoMKeT OblTh mpejcTaB/eHa
B Buge A= Aq sE*N...ANE’ rie Ao v = Ala.. 0]

JIlo cux mop Mbl paccMaTpHBaJH TEH30DPBI, ONpPEeNeseHHbIE B He-
KOTOPOIl UKCUPOBAHHOI TOUKe MHOroo6pasusa. Cucrema JOKaMbHbIX
koopaunat {xi} Ha OTKpEITOM MHOKecTBe %4 B J 3ajaer 6asuc BeK-
topos {(3/0xi)|p} u Gasuc auneiineix dopm (1-popm {(dx?)|5}),
a CJELOBATENBbHO, M 6a3hC TEH30POB Tuna (r, §) B Kamxoh Touke Z4.
Takofi 6asuc TEH30POB HA3LIBAETCH KOOpAHHATHBIM Gasucom. I[lo
onpesieicHHIO Mbl uMeeM Tex30pHoe noae T tuna (r, s) Kracco C*
(rensoproe Ck-noae) Ha MHOKecTBe P’ M, €clu B KaXI0H TOUKe p

MHOXKeECTBA ¥ 3a/aH s7eMeHT npocTpanctsa Ts(p)» Takol, 4TO KOM-
nonentsl T OTHOCHTE/BHO /11000r0 KOOPAMHATHOrO Gasuca, onpene-
JeHHOTO Ha 77, sBasorcea Qyukuusvu kiacca Ck

BooGule rosops, B HCHOJb30BAHHH KOOpPAMHATHOrO 0asuca TeH-
30p0B HET HEOOXOAMMOCTH: BOBCE He 00s3aTeNbHO, yTOGL! HaA 7’ Aas
sagandoro 6asuca sektopoB {E.} u ayasnbHOro emy Gasuca JuHEH-
npix dopm {E?} mamoch Takoe OTKPHITOE NMOAMHOMKECTBO, B KOTO-
pOM CyIIecTBOBalH Obl JIOKalbHble KOOPHHHATH {x%}, yAOBJIETBO-
psioutie yeaosuwo E, = 0/0x* n E¢ = dx® OpHaxo ucnonb3oBaHHe
KOOPAUHATHOrO 6a3uca MPHBOAHT K HEKOTOPLIM yNPOLLEHUAM, B 4aCT-
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PR

HOCTH, AJ151 0G0ft GyHKIun [ BRINOAHAETCS cooTHOWeHHE Eq (Epf) =
— Ey(E.f), >KBHBaJeHTHOe paBeHCTBY 0%f[0x?0xb = 0%f[0xbdxe,
[Ipu nepexoie OT KoOpAuHaTHOro 6asuca Eq = 0/0x* K KOOpAHHAT-
gomy Gasucy Ex =0/0x% B cuny (2.2) u (2.3) nmeem
9x8 o ax?
Pt =7 PeT o
¢Icwo, uto Gasuc ofuiero BHjA {E;} MOXHO TOJYUHTH M3 KOOPAH-
parHoro Oasuca {0/0x'}, sanaB ¢Qyukuuu E,’, KommnoHents E,
p Gasuce {0/0x'}; Torma (2.2) u (2.3) sanuumyTcs COOTBETCTBEHHO

B BHIE Ea——jEia()/()xi u E% = E% dx’, npuueM Matpuna E% nyassHa
matpuite E.°.

2.3. Oto0paxeHue MHOroo6pasuii

B srom naparpade, noab3ysch 06GIIHM IOHATHEM OTOOpAaXKeHHUs
Ct-mHOTO00pAa3us, Mbl JaAuM onpeje/eHHe MOHATHUA BJOXKEHHS, T0-
rpyxeHus H HHAYLHPOBAHHOrO oToOpakeuns Tensopos. Ilepsuie aBa
U3 HEX OyAyT TOJE3HBbl NO3JHEee NMPH pacCMOTPeHHH noAMHOroobpa-
3uli, 4 TPETbe MIPAET BAXKHYIO POJb IPH HCCAELOBAHHH NOBEIEHHS
CeMeHCTB KPHBBIX W MPH YCTAHOBJEHWH CBONCTB CHMMETPHH MHOIO-
obpa3suii.

Oro6paxeHnue ¢ u3 n-mepHoro Ck-muoroo6pasust A B n’-MepHoe
Cr'-mHoroo6pasue HasblBaercss oro0paxKenueM kiaacca C7 HIH
Cr-orobpasceruem (r <<k, r<< k'), ecin s Kakux-aubo JoKab-
HBIX KOOPAMHATHHIX cHcTeM B A u J’' KOODAHHATH TOYKH-06pasa
$(p)= M’ cyrb C'-OyHKUHH KOOpAMHAT TOUKH p & . I1ocKogMbKY
Takoe oToGpakeHue, Boobile TOBOPs, HE SBJSETCT B3aHMHO OLHO-
3HAYHBIM (HaNpHMep, OHO He MOXKeT ObIThb TAKOBBIM, €cau n > n’),
TO B oflieM c/lydae OHO He uMeeT oOpaTHOro. Ilaxke, ecian HEKOTO-
poe Cr-otoGpaxeHue uMeer oOpaTHOE, TO INOCHAefHee, BooOlle T0-
Bops, He Gyner Kmacca C7 (mycTb, HanpuMep, ¢ ecTb oToOpaxkeHue

I'—> R!, ycranaBauBaiolllee COOTBETCTBUHE X — x°; Torpa ¢~! Henuo-
¢epennypyemo B Touke x = 0).

Mycrs [ — dyukuus na A'. Otobpaxenue ¢ sanaer Ha S QyHK-

HHI0 ¢, 3HaYeHHEM KOTODOH B TOYKE p sIB/SETCsl 3HAauyeHue [ B T0d-

Ke §(p), 1. e.
[ (p) =1 (¢ (p). (2.5)

Takum o6pasowm, korfa ¢ orobpaxkaer Touku u3 A B A, $* Auneii-
HO oto6paxaer dyukunn u3 A 8 A.

Ecnn A(f)— xpuBas, npoxoasuias yepes TOUKY p & A, TO KpH-
Bas ¢ (A(f)) B ', Ha KOoTOpPYIO OTOOpaKaercs A(f), NPOXOAUT Yepes
Touky ¢ (p). IIpu r == 1 KacareJbHbIH BEKTOD K 3TOH KPUBOH B TO4-
Ke ¢(p) Gynem 0603HauaTh Kak $+(0/0t) 4] 4,y €TO MOXKHO paccma-

TpuBate kaxk o6pa3 Bektopa (0/0f),|p upu ortoGpaxeHun .
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OueBUHO, ¢« ecTb AnHelHoe otoOpaxenne uz I, (A) B Ty (A')
Vs (2.5) u onpenesenuss BeKTOpa Kak NPOH3BOAHON IO Hampas/e-
HHIO CJIefyeT, uTo 0TOOpaKeHue BEKTOPOB ¢, MOXKHO OXapaKTepH3o-

BaTb COOTHOUWIEHUEM
X@DL=8X (D, (2.6)

s Kawxpo#t Cr-dyukuuu (r == 1) B Touke ¢(p) u Bextopa X B p.
Hcnoabsysa orobpaxeHue BEKTOPOB ¢, u3 A B ', MOXKHO NPH

r = | onpenreauTh JuHelHOe oToOpaKeHue 1-popm ¢* uz Ty () (A”)
B T, (H), Tpebys, utobbl cBEpTKA BeKTOpa H - qI)OprI IPH 3THX
omépameﬂnﬂx coxpaussace. Torga 1-dopma A &T% () oTobpa-
xkaercs B l-hpopmy ¢*A &T*), npuyem [Js NPOU3BOJIbHONO BeK-
topa X & Tp uMmeeM

@A, X)L, =(A, $.X1,,,
CJIe}ICTBHeM 3TOrO ABJACTCA PaBEHCTBO
¢ (df) = d (¢ 2.7)

OroGpaxkeHusM $. H ¢* MOKHO npuaath GoJjee MWUPOKHH CMBICT
0TOOpaXkK eHHH KOHTPAaBapUAHTHBIX TeH30poB u3 A B A’ n KoBapHu-
AHTHLIX TEH30POB U3 M’ B J COOTBETCTBEHHO, €C/IH 3aJaTh CJACLYIO-

11lHe NpaBuia:
¢,: T =T/ (p)—> ¢,T = Ti(¢(p)),

$:TeT5($(P)—> ¢ T=Ts(p),
npuueM s Jioboro ni e Ty

T(¢™ ', ..., ¢ ), =T (..., M)l
H nJas Jgio6oro
‘#*T(x[, ey xs), =T((.-b*xly LIRS ] Sb*xs){ (p)*

IMpu r =1 rosopsar, uto C-oroGpaxenue ¢ u3 A B A’ umeer
pare § B Toqxe p, ecau pasmeprocts . (Tp(A)) passa s. OHO Ha-
3BIBACTCS UHBEKTUBHOIM B P, eCTU S = R (i, CJeJl0BATeIbHO, A<n')
B p; Torga B Tp HeT BekTopa, KOTOPHIH obpaltaercs oTobpaKeHHeM
¢. B HyJb. ¢, HA3BIBACTCS CHOPBEKTUBHOLIM, ecau S == n’ (M, cirefoBa-
TeNBHO, 1L = 1').

Cr-orobpaxenue ¢ (r == 0) HaA3LIBAWOT nO2PYHCEHUEM, eCIM OHO
H ofpaTHOe eMy 0T06pax<em1e JoKaJabHO TakKe siBiasiiorcs C-0106-
pPaXKeHHSIMH, T. €. eCJIH Y KaXAOH TOUKH p & A CyllecTBYeT Takas
ee okpectHoCTh 2, uTo oGpaTHOE oTOGpaxenue ¢!, OrpaHmteHHoe
Ha ¢ (U), Toxe NPHHANIEXKHT Kaccy Cr. 10 o3Hauaer, uto A<n’.
B cuay teopembl o HesBHOM Qyukumu ([161], p. 41), npu r =1 ¢
TOTJa H TOJABKO TOrAa OyAer NOrpy:KeHueM, Koria OHO HHDBEKTHBHO
B KaxJ0ll Touke p & JA; B 3TOM caydae ¢, ectb usomopdusm Tp Ha
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/——'

ero 06pas ¢,(7'p) STy (p). B atouM cayuae rosopsr, uto obpas ¢(A)
gBASIETCS 71-MEePHBIM noepyscernvim nodmnoeoobpasuen s H'. Ito
[OAMHOr006pa3ue MOXeT HMeTb caMONepeceyeHus, T. €. ¢ MOXKeT He
6plTh B3aUMHO-OTHO3HAUHBIM, €C/JAH OIPaHHUHTBCS MaJOH OKpecT-
HOCTbIO B A,

TTorpyKenne SBJSETCS 8.10MCEHUCM, €CJM OHO TPEACTaB/Iser Co-
Goit roMeoMophu3M Ha cBoll 06pa3 no WHAYLHPOBAHHOH TOIOJIOTHH.
TakuM 06pasoM, BJI0XKEHHE eCTh B3AaUMHO-0JHO3HAYHOE TOTpykKeHUe;

A x
Iy \/

Puc. 6. Baumuo ofuossauxoe morpyxemnue R' B R?, ne spaswouleecs BIOXKe-
HgeM. OHO INOJIyuYeHO TIJVIaJKHM I[IDHCOEIHHeHMeM dYacTH KpuBoH y = sin (1/x)
K xpusoit {(y,0); — o<y <1}

y

OAHAKO HE BCHKOE B3aHMHO-ONHO3HAYHOE MOTPYKEHHE €CTh BJOKE-
HHe, cM., Hanpumep, puc. 6. Otobpaxkenue ¢ HazpiBaeTcss cOGCTBEH-
HBIM, ecld 0Gpas Ji060ro KOMIAKTHOro MHoxecTBa & < J' npH
obparHoM orobpaxenuu ¢~ (H') romnaxred. MOXKHO oKasarth, 4TO
co6CTBEHHOE B3aHMHO-O[HO3HAUHOE [OTPYKEHHE €CTh BJIOXKEHHUE.
O6pas ¢ (M) mHOroOGpasus J 1PH OTOOPAKEHHW ¢ HA3HIBAETCS
n-MeproiM BROMCEHHBIM ROOMHO2000 pasues M.

Orobpaxenne us A B J’ Haseawr Cr-dugeomopdusmon,
€CJIH OHO fIBJsieTCSl B3anMHO-0JHO3HauHbiM Cr-oToGpaxkenneM U 00-
pathoe otoGpaxenne ¢! ectp C-oTob6pamenne u3 A B M. B aToM
ciayyae n = n’ u npu r=1 ¢ 0LHOBPEMEHHO U MHBEKTHBHO, U CIOPB-
exTuBHO. O6paTHO, U3 TeOpeMbl O HesBHOH (YHKIHU CJAedyeT, uTo
€C/IH ¢, M HHBEKTHBHO, H CIOPBEKTHBHO B TOUKe p, TO p HMEeT OT-
KPLITYIO OKPEeCTHOCTh %4, Takyw, uto $: 2 — (%) ectv auddeo-
Mopdusm. Takum ob6pasom, ¢ ecTh soKanbubll AupheorMopdHsM B
OKPECTHOCTH p, ec/in P, sBasieTcs u3oMophusmMor U3 Tp B Ty ().

2 3axkas 331
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Ecan orofpamenie ¢ dABJAAETCA Cr-lLH(pq)SOMOp(bHSMOM (r=10),
10 ¢, orobpamaer Ty (M) B Ty (A') n (P7') orobpanaer T, ()
B T4 (M'). CienoBaTenbHO, MBI MOYKEM ONPEEJHTH OTOOpaxe-
une ¢, mpocrpanctsa Ts(p) B Ts (¢ (p)) npu moGLIX (r, ) paBeHCTBOM

T("il, ey ﬁsy XI’ ey Xr)lp=
=767 ', (70, 6.X0 L X)),

rae X, =T, u 0 &T", npoussoasHbl. DT0 0TOGpaKeHHe TEH30POB
tuna (r, s) Ha J B TeH3opwl Tuna (r, s) Ha A’ cOXpaHSET CUMMET-
pu¥ U COOTHOLIEHHS TEH30DHOM aJjredpnl; Hanpumep, cBeptka ¢.T
pasiia otoGpaxenuio ¢, ceeprku T.

2.4. Bremnee nuddepenuupoBanne 1 npoussoaHas Jlu

Tenepp HaMm npeactour paceMoTperb Tpu AuddepeHUHaIbHBIX
onepatopa Ha MHOroo0pasui, ABA M3 KOTOPBIX IMOJHOCTBIO ONpEje-
JAIOTCA  CTPYKTYpoll MHOrooGpasus, a oOnpeleleHHe TPETbero
(pasa. 2.5) cBA3aHO C BBeJEHHEM AONOJHHTEIBLHON CTPYKTYPBHL.

Omnepatop srewnezo Jupgepernyuposanus d nnuefino orobpa-
:KaetT noJqe r-popMel B mojie (r 4 1)-bopmbl. Ero meiicTBue Ha noJse
0-popmbl (1. e. Ha dyukuuwo) [ paer noae l-dopmu df no npasumay
(cp. ¢ pasa. 2.2):

(df, X) = Xf (2.8)
JUId BCeX BEKTOPHBLIX moJell X; pefictBue d Ha noge r-Qopmel

A=Awy.. qdx* ANdsP A ... Adi?

naet nojae (r 4+ 1)-dopmer dA:
dA=dAw...a ANdx®* Adx" A ... AdXY (2.9)

Hrobsl y6eauThCs, YTO 3TO noje (r -+ 1)-gopMbl He 3aBUCHT OT BBI-
Gopa KoopauHAaT {X?}, HCMONb30BAHHDLIX NPH €ro OnpeiedeHun, pac-
CMOTPHM APYIyIO cucteMy koopausat {x*}. Torna

A=Ay, aode® Ndx¥ A ... dx¥,
rae
Ax% 9x? ox?
n TR q Aab
0x% Ox dx

Agy . a= de
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Caengosatedblio, (r - 1)-popmoit dA, onpepenseMoll 3THMEH KOOp-
JAHHATAMH, ABJIAETCS

dA = dAa’b' e df d«va/ /\ dxbl /\\ e /\ dxd, ==

9x% axb x4 , , .
= (ax"' i o Agp ...d) Ade? Adx? A L. dad =
Ax® 9xb ox? , , ,
= 5F P dAg . a Adx® AdXP A ... A dx? 4
Px®  ax? ax? , , . ,
—_— = Ay e AAXE AL AL AT
+ ax® 9x¢ ax? Axd ab...d A AXA ot

=dAab...(l/\ dxa/\ dxb A oA dxd

BBHAY CcHMMeTpuH 0°x%/0x* 0x¢" w anrtucummerpuu dx®” A dx¢ mno
@ u e’. OTMeTHM, 4To Takoe OmpeleseHHe MOAXOANT TOJAbKO MAJS
pHewHux GopM: OHO He 6yJeT He3aBHCHMBIM OT BHIOOpa KOOPAMHAT,
ec/IM BHElIHee YMHOXKeHHe /\ 3aMEeHHTb TEH30PHBIM MPOU3BEAEHHEM.
Hcnoansys pasencrso d(fg) = gdf + fdg, cnpaBenausoe nas mpo-
H3BOJBHHIX Qynkuuil f, g, Aasa awobux r-popvsl A u 1-popvsr B
moayun™, uro d(A AB)=dAAB -+ (—I)’"A A dB. Coraacro
(2.8), mokaabHO-KOOpAMHATHOe BhIpaxKeHue df umeer Buj df =
= (0f/0x?)dxi; orcroma caenpyer, uro d(df)==(0%/0xidxi)dxi N
A dx/ =0, noCKOJbKY TepPBHIH MHOXHTeNb CHMMETPHUEH, 4 BTOPOH
anTHCHMMeTprueH. AnaJsornuno, u3 (2.9) caexyer, uTo

d (dA) =0

s qoboro moast r-GopMel A.

Omnepatop d KOMMYTHPYyeT ¢ OTOOPa)KeHHAMM MHOroo6pasusi B
crepyoneM cMbicae: nyerb ¢l — A’ ectb CT-oTo6paxenue (r>=2)
H A — nexoropoe Ch-mose BHewHell GopMmel (k = 2) Ha J'; Toraa,

coraacuo (2.7),
d (¢"A) = ¢"(dA)

(4To 3KBUBAJEHTHO TpaBuJay AHMdepeHUNPOBAHUS CAOKHBIX PYHK-
uui).

Oneparop d ecrecTBeHHBIM 00pasoM mnofAsasercs B obuleil dop-
MyaupoBke teopeMbl CTokca Ha MHoroo6pasun. CHauasla MH onpe-
HenuMm uHTerpupoBanue nA-dopmbl. Ilycth A4 — KOMIAKTHOE OpUEH-
THpyeMoe 7n-MepHoe MHoroo6pasue ¢ rpanuueit 0.4 u nycrs {f,} —
pasjoKeHyue eIHHHIB JJIS KOHEYHOTO OPHEHTHPOBAHHOTO araaca
{2¢,, ¢,}. Torna unterpan no A mnoas n-dopmbl A Ha A omnpene-
JseTCs KaK

SA=Z S FA, L ddde . den, 2.10)
oM o 64 (Ug)

2*
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rie A . n — KOMIOHEHTE! A OTHOCHTENBHO JOKAJNbHBEIX KOODAHHAT B
KOOPAHHATHOH OKPECTHOCTH %(,, a HHTerpaJbl B NPaBO 4acTH — 3TO
OObIUHBIE KPaTHbIE HHTErpaJbl 10 OTKPBITHIM MHOXecTBaMm ¢, (%2(,)
B R™. Taxum o06pasov HHTerpupoBaHue n-GopMBl MO A CBOLUTCS
K oroGpaxenuio GopMbl B R (IyTev BBEAEHUS JOKAJIbHBIX KOOPIH-
HAT) H OOBIYHOMY KPATHOMY HHTErpHPOBAHHIO B R"; CyLIeCTBOBA-
HHE pas3oXKeHUs eNHHHIBl rapaHTupyer riI00aldbHyl CIpaBeIJH-
BOCTb 3TOfi ONepauuH.

Wuterpan (2.10) sasisercs Xopolio OnpefesNeHHO! BeJTHYHHOH,
[OCKOJBKY, BBIGHpas npyroit ataac {#°g, Pp) W pasioxkeHne exu-
HUIB {gg} AJA 3TOro atjaca, Mbl NOJAYYHJIN Obl HHTErPas

Yo ey dede L dse
B vs(7p)

rie x — cooTBeTCTBYIOUIUE JOKA/AbHble KOOpANHATHL. M3 cpaBnenus
3THX ABYX BeJnunH B nepeceueHnn 2, () 7°g KOOPAUHATHEIX OKpeCT-
HOCTEH, MpUHALIeXKAMX IBYM ariacaM, BUJHO, YTO MEPBYIO U3 HHUX
MOXKHO NIPeJCTaBUTb B BHIE

fo8pAp .. ,dx dx® ... dxn,
T B ba(2yn7p)
a BTOPYIO B BHJE

Z Z S fo@pAygr .., o dx! da® L. dan',
a B ‘pﬁ(%anyﬁ)

B cuay sakoHoB npeoO6pasoBaHusi n-GopmMbl A W KpaTHBHIX WH-
TErpaJos B R™ 3T BbIpaXeHHs PaBHBEI B OKPECTHOCTH J11060i TOUKH,

H, CJIe0BATENbHO, A He saBucur or BbIGOpa arsaca W passoxe-
A
HHS eHHULBL.
Tozo6HLIM e 06pa3oM MOKHO II0Ka3aTh, UTO STOT HHTErpaJs HH-
BapuaHTeH OTHOCHTEbHO AnddeomopduaMos: ecau ¢ ects Cr-nud-
deomopdusm (r = 1) us A B M, 10

foa={a
oA %4

O6o6wentyto Teopemy CTOKCa MOKHO CHOpPMYyIHPOBATH TeNepb
¢ nomoluipio omepatopa d caenyromum obpasom: nycts B — nose
(n — 1)-¢dopmul Ha A, TOTAA

SB-—:n SdB,

gt o
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B ueM MOXKHO ybOemuTbca (cM., Hampumep, [161]), ucnoabsys nanuvie
pHillle ONMpPENeTEHHs; MO CyHIIeCTBY Mbl MOJAYYHIH OOUIYI0 (OPMYJIH-
poBKy 3TOii QyHIaMeHTalbHOH TeopeMsl anaimsa. UTobbl BEINOI-
HHTb HMHTErpHUPOBAHHE B JEBOH 4acTH, HYXKHO 3aJaTh OPHUEHTAIHIO
rpanulbl dA MHOTOOOpasus JA. 1o Henaercs claeaywouuyM oGpa-
som. Ilycte %, — Takasg KOOpAUHATHAS OKPECTHOCTh H3 OPHEHTH]PO-
BaHHOTo atiaca MHoroo6pasus J, urto 24, nepecekaer 0.4 Toria,
corJacHo onpelenennio OM, Do (U, () OM) JeKUT B IJIOCKOCTH
=038 R"u ¢, (U, N M) nexur B HuKHeH noaosue x!' << 0.
Koopaurath (x2, %%, ..., x™) sBJSIOTCS TOTZA OPHEHTHPOBAHHBLIMH
KOOPAMHATAMH B OKPECTHOCTH @ () OM rpanuust M. Moxuo y6e-
IUTbCH, YTO TAKUM TNyTeM MoJdydaercd OPHEHTHPOBAHHRIE atJiac
Ha 0.

CrpykTypo#l MHOroo6pasus eCTECTBEHHbIM 00pasoMm ompele-
Jagetcs Apyro#t Bull gucddepeHunpoBanus — npouszsodHas Ju. Pac-
CMOTPHM NpOU3BOJbHOE BekTopHOe Cr-note (r = 1) X ua A.

CorsnacHo (yHEZAMEHTa/JbHOH TeopeMe I/ CUCTEM OOBIKHOBEH-
Hpix AuddepeHnuaspubiX ypaBHeHuit [18], uepes kaxAym TOuky
p € A npoxXoJHUT elHHCTBEHHAs MaKcuMaabHas Kpusas A(f), Takasd,
uro A(0) = p u ee xacaTeJbHbIl BEKTOpP B TOYKe A(f) €CcTh BEKTOP
X Ilyers {x!} — noxanpHble KOOPAHHATH, TaK 4TO KpHBas A(f)
HMeeT KoopAuHATH xi(f), a BekTop X — Komnosenth Xi. Torma Jo-
KaJbHO 3Ta KpHBas eCTb pelieHHe cHcTeMsl AHbdepeHIHANLHBIX

ypaBHeHHH
dxifdt = X' (x' (1), ..., x*(®)).

OTa KpuBasi Ha3bIBACTCH UMTE2PAAbHOU KPUBOL BEKTOPHOro moas X
¢ HavaJeHOH TOUKOM p. Ilnaa xaxmoll Touku ¢ & A Hafiercst ee 0T-
KpbiTast okpecTHOCTs 24 u ¢ = 0, takue, uto X 3ajmaer cemeHcTBO
RuddeomopdusMoB ;.2 — M, ecin |t] << e, KOTOpHIE NOAYHAOTCA
NepeHOCOM KaXKA0# TOYKH p & %4 Ha mapaMeTpHUUecKoe paccrosHue ¢
BIOJIb HHTErpadbHbIX KpuBLX X. B camom nene, otobGpaxenus ¢ ()
06pa3yloT OJHOMapaMeTpPUUecKylo JOKaJbHYIO rpyniy auddeoMop-
$H3MOB, MOCKONBKY Ppys=P;OPs=FsO0¢; nas [tl,[s], [t4s]<
<e, Tak uTo ¢_;=(¢;) ', a ¢, ecTb eqUHHNA IPYHOBL. ITOT
Ruddeomoppusm otobpaxaer B ¢.T|, B Touxke p n06oe Tensop-

Hoe noJse T tuna (7, s).

ITo onpenesennto npoussoduas Jlu Lx T tensopuoro noasa T or-
HocuTebHO X €CTh B3siToe C OOpaTHBIM 3HAKOM 3HaueHHEe B TOUKE
¢t = 0 npoussoaroi cemeiicta Tenzopos ¢,T| mo 4, T. e.

$4(p

1
LyTl,=lim7{T], — #.T|}.

W3 caoficts $. caenyer
1) Lx coxpaHsieT Tunm TeH3opa, T. €. ecju T —— TeH30pHOe moJe
tana (r, s), 70 Lx T — TeH30pHOE moJe TOTO XKe THia,
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2) Lx — JuHeliHoe oToOpaxkeHHe H COXPaHseT CBEPTKY.

MOKHO JI0Ka3aTb, 9TO KaK ¥ B O0LIYHOM aHaau3e CIpaBeiJuBO
npapusio Jlefibunia;

3) nast mpousBOJabHBIX TeH30PoB S, T Lx(SQ® T)=LxS® T +
+ S® LxT.

V3 npeablAyLIuX onpefe’eHui HernocpeJCTBeHHO caeayer

4) Lx[ = X[, rae [— mobasa ¢yuxuus. [Ipn oroGpaxenun ¢,
rouka g = $_;(p) orobpaxaercs B p. [TosTOMY @14 €CTH OTOGpaIKE-
uue u3 Tq B Tp. CieoBaresbHo, B cuity (2.6)

(#eY) 1], =Y (#D)],

B J0Ka/IbHBIX KOOpAHHATaX {¥'}, BBeeHHBIX B OKPECTHOCTH TOU-
KH p, KOODAHHATEl KOMIIOHEHTH ¢;,Y B p paBHbI

(Pe¥)' |, = 4 |, ¥ = V| s (o () = 2y

7 0x! (q) ax! (q) lg
ITockOIBKY '
A2 @9 _ xi
dt ¢t(q)’

TO _ .

i(ax‘(mq»)' __oxt

dt ox7(q) Jli=o  oxd |,
H, CJ/1eL0BaTeJbHO,

R & ST ¢ I B G
(LyY) = at (Pa) oo = oxl X Py Y (2.11)

Jlas moObix C*-GyHKuH [ mocsefHee PaBEHCTBO MOMKHO TepelHCaTh
B BHJIC .
(LxY) [ = X (Y]) =Y (X]).
Huorpa mur 6ynem o6osnauats LxY uepes [X, Y], 1. e.
LyY=—LyX=[X, Y] =Y, X].

Koraa npoussoanas [Tu aByx Bextopubix mnoseii X, Y pasHa
HyJ110, TOBOPAT, YTO 3TH BEKTOPHbIE MOJAs KOMMYTHPYIOT. B 3ToM
cjyyae, €CJHH H3 TOYKH p ABUTaTbCs BJAOJb HHTETPAJbHON KPHUBOI
noasi X Ha paccrosuue ¢ (Mo napaMerpy KpPHBOi), a IOTOM BIOJb
HHTErpaJbHOi KpuBoil Y Ha paccTosHUe s, TO KOHeuHas Touka Gyaer
Tol JKe, KaK NPH JABHKEHHH cHaya/jda Ha PaccTostiHe S BAOJb HHTe-
rpanbHON KpuBOl Y, a 3aTeM na paccrosiHue ! BAOJAb HHTErPaJbHOL
xkpusoil X (cM. puc. 7). Takum 006pasoMm, MHOMKECTBO BCeX TOuek,
KOTOPBIX MOXKHO JOCTHYb, ABHIafACh M3 JAaHHOI TOYKH p BAOJDL HHTe-
rpanbHblX KpuBblXx X n Y, o6pasyer norpy:KeHHoe ABYMEpHOE MOA-
MHoroo0pasHe, colepxaliee p.
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PrEmeSE e

Komnonents npouszsogxoil Jlu 1-GopMbl » MOXKHO MHOJYUYHUTH
cBEPTKOH paBeHCTBa

Ly(0o®Y)=Lxo @Y + o ® Lx¥
[cBoficTBO (3) mpoussoAnoh Jlu]; B pesyabraTe HMeeM
Lx <(.0, Y> = (Lx(!), Y> + <(J), LxY>

[no cBoficTBy (2) npoussoznoil JIu], rae X, Y — nponssoJibible Bek-
topHble C!-nond. Buibupas B xauectBe Y GasucHbil BekTop Ei ==

BY @X(p)
=BX(BY )

Puc. 7. TlpeoGpasoBanusi, MOPOXKAAeMble KOMMYTHPYIOUIHMH BEKTODHBIMH TIO-
asmu X, Y, IepeBOAsT TOUKY p COOTBETCTBEHHO B TOUKH #;x (p), ¢y (p).

= 0/0x!, TONIy4HM, 4TO KOOPAUHATHbIE KOMIIOHEHTH PaBHbI
00, . ox!
Lm-=(—‘—>X’ m(—-—)
( X )z ox + H oxt

nockodieky u3 (2.11) cienyer, uto

Y ax!
(Lx (0xi)) T o
Anasnornuno, npumensa npasuiao JleliGHuna K BHPaKeHUI0
Ix(T®E’® ... RE‘®E,® ... ®E))

U 3aTeM CBepThiBAs MO BCeM HHIEeKCaM, MOXKHO HaHTH KOOPAMHAT-
Hble KOMIIOHEHTHl MPOU3BOAHOH JIu awboro teusoproro C'-noas
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T tuna (r, s); ouu paBHbI

a aTab
(LxT) b-“defmgz( )X‘
pib ‘ an b G
I e — et
oXt i
+ 79 SR +T“*’-~"ef,.,i§§~. (2.12)

g oxe g

B cuny (2.7) mobas npoussodnas Jlu xommyrupyer ¢ d, T. e.
J1g 11060ro nods p-gopMel @

d (Lx®) = Lx (dw).

Kax u3 3Tux Qopmy, Tak U M3 HX reOMETpPHUYECKOH MHTeprpera-
iuu BLITeKaet, yTo npoussogHas Jiu Lx Tp rensopHoro noas T Tuna
(r, S) 3aBHCHT OT HampaBJeHHs BEKTOPHOro moJjsi X He TOJIbKO B
TOYKe p, HO H B COCEJHUX TOUKaX.

Taxum o6pa3om, BBeflcHHbIe HAMHU ABa AnddepeHIuaNbHbBIX OTne-
paTopa, onpejeasieMble CTPYKTYpPOlt MHOrooGpasus, HMET CIHIIKOM
OTpaHHYEHIBIl XapakTep AJada TOro, 4ToObl CAYXKHTb 0606ILEeHHEeM
NOHSATHSA YaCTHON NPOM3BOJHOMN, KOTOpPOe HeoGXOAMMO AJAs 3aJaHuA
ypaBHeHHs noJeli QU3HUecKHMX BeJMUYMH Ha MHorooGpasusx. B ca-
MoM Jese, d AefiCTBYET TOJBKO Ha BHelIHWe (GOPMBI, a MPON3BOAHAS
JIn oTnuuaercs ot O6LIUHON Y4ACTHOMH INPOU3BOAHON TEM, YTO MOC/e-
Hfd (KaK TpPOM3BOAHAS IO HaNpaB/eHHIO) 3aBUCHT TOJABKO OT Ha-
npas/JeHHss B paccMartpusaemoil Touke. HyxHoe Ham o6oGiieHue
NPOHU3BOJHON — KOBADHAHTHYI MNPOH3BOJHYIO — MOXHO IIOJYUHTD
IpH BBeJEHMH Ha MHOroo6pasuy LONOJHHUTEIbHOH CTPYKTYpHL. JTO
OyZeT clleJaHo B ciaedylolleM maparpade.

2.5. KoBapuaHTHas npou3BOJAHAs U TEH30P KPHBU3HDI

HononHHuTeNbHAS CTPYKTYpPA, KOTOPYIO MBI BBeleM, — 3To (ad-
bunnas) ceasnocto Ha M. C8a3nocTe V B Touke p € J ecTb npa-
BHJIO, TI0 KOTOPOMY J1I060MY BeKTOPHOMY NoJI0 X CTaBHTCSH B TOUKE p
B cooTBeTcTBHE Au((Depernnanpupiit oneparop Vx, KOTOpLH oTobpa-
KaeT NPoHU3BOJbHOE BekTopHOe C'-mose (r == 1) B BeKTOpHOe Ioge
VxY u o0sagaer CIefyrOUUMH CBOHCTBAMH:

1) VxY ecTh TeHsop mo apryMeHty X, T e. IJ5 MPOU3BOJIbHEIX
dyukuuit f, g u sekropubix C'-moseit X, Y,

fo+gyz == foZ + gVYZ
(STO SKBUBAJEHTHO YCJOBHIO 3aBHCHMOCTH Vx TOJILKO OT HamnpasJie-

uusa X B p);
2) VxY aunefino mo Y, T. e.

Vx (GY + [32) = QVXY + BVxZ
Ass 1106b1X BekTopHLIX Cl-monteit Y, Z n «, p = R
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3) ana moboit C!-¢pynkuun f n BekropHoro Cl-noas Y
Vx (fY) = XY 4 fVxY.

TIpu BBLITOMHEHHH Bcex ITHX ycaoBuil Vx YV ects xosapuanrnas npo-
u3800Haa (OTHOCHTENBHO cBfi3HocTH V) 8exroproeo noas Y 6 Ha-
npasaenuy X B Touke p. CorsnacHo ycaoBuio (1), KOBAPUAHTHYHO
npou3sodnyo 8eKTopHoeo noaf Y MOKHO ONpEefednTb Kak TakKoe
teH3opHoe none tuna (1, 1), xoropoe npu cBeptke ¢ X HaeT BEKTOP
VxY. Torma uveewm

3) SV(IY)=df ® Y+ /VY.

Csasnocte V kaacca Cr (CT-csizHocTh) Ha Ch-mMuorooGpasun A
(B = r -+ 2) ectp mpaBuso, M0 KOTOPOMY B KaKJA0H TOUYKe 3a7aercs
cBsi3HoCTb V, Takas, uto, ecau Y — BektopHoe Crtl-nojie na M, 10
VY — rensopuoe Cr-noe.

[IycTp B HEKOTOPOH OKPECTHOCTH @¢ AaHbl NMPOU3BOJbHBIA Ga3uc
Cr+t-extopoB {E.} u myaabuwiii 6asuc 1-popm {E?}; 6ymem samu-
ceiBaTh Komnonentel VY kak Y%, Torma

VY =Y%,E’ ® E..
Ha 2 ceasvocts 3agmainot #® C-¢yukuuit T'%,;, onpenesseMsle pa-
BEHCTBAMH
1-”Zbc = <Ea, VEbEc>€:>VEa == Fabch ® E..
Haa moBoro sekroproro Cl-moaa Y
VY=V(Y°E,)=dY*®E,+ YT%,E’ ® E,.

Taxkum o6pasom, xommoHeHTaMu VY OTHOCHTENBHO KOOPAMHATHHIX
6asucon {3/0x“} u {dx’} ssaisorcs

a
Yo, = ———gﬁb 1T, Y.

Tpancdopmannonusie cBofictBa Gyukuuil I'%, sagaiorcs cBoficTBamu
csigHoctu (1) — (3):

T¥ye =(EY, Vg, Eo)=(D"E% Vo, (D E;))=
= 0% Dy (E5 (Do) + DT%,),

nockoabky Eo =®,E,, E* =®%,E% 310 paBeHCTBO MOKHO Ie-
penucaTh B BHAE

Fa,b’c’ = (Da,a (Eb’ ((Dc’a) + (Db’bq)c'crabc)-

B uwactroctn, ecan 6azpcaMu SBJASIOTCA KOOPOMHATHHIE §a3uchl, om-
penensemble KoopAuHatamu {x%}, {x%}, 3akom npeoGpasoBaHud
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HMEET BHI

o ax? 3°x? ax? 9x° 4
Moo= 0x° (axb' ax°¢’ + axb ax® T )-

Hz-3a unena Ep (D% byuxuun ', He npeobpasytoTces Kak KOM-
noHeHThbl Tensopa. OaHako ecau KoBapuaHTHble 1npoussofHsie VY H

ﬁY HOJIyHeHbI C HCIIOJIb30OBAHUEM ﬂ,ByX pa3JaHYHBIX CBHSHOCTeﬁ, TO
© < a Tia cpb
VY — VY = (%, — 1'%,) Y’E° Q E,,

6ynet tensopoM. Takum o6pasoM, pasuocrtu (%, —I'%,) asasiorcs
KOMIOHEHTaMH TEH30pa.

Bo/see wmupokoe MNOHSATHE KOBAPHAHTHOH NPOHM3BOLHON IPOHU3-
BoJbHOrO TeHaopa Cr-nossa (r == 1) MOXKHO BBeCTH, 3a[aB CJEAYIO-
mye npaBuaa (Cp. co CBOHCTBAMH NpousBoAHOH JIu):

1) ecnu T — rensopnoe C-noge tuna (¢, s), o VT — TeHsopHoe
Cr1-nosie tuna (g, s + 1);

2) V-— quHefHBIH omepaTtop, KOMMYTHPYIOWHUH €O CBEpTKOM;

3) AJs NPOH3BOJBHBIX TeH30PHBIX noJelt S, T Brnmosansercs npa-
BuJIo JlefiGHuua

VEQRT)=VSQRT+SQVT;
4) Vf =df nna moGo#t dpynxuuu f.

Sanumem xoMnoHeHTsl VT B Buze (VEhT)a"'de . =T“"'de...g;h-
CorsiacHo mpaBuaam (2) u (3), nuMeem
Vg, B¢ = — I'%,E?,

b

rie {E?} — Gasuc, nyaasunit {E,}. MeromoM, aHAJOTUYHBIM BHBOLY
paBeHcTBa (2.12), MOKHO NOKasaTh, 4YTO KOOPAHHATHEE KOMIIO-
HeHTH VT paBHBI

ab .. d ore? ¢ g a mib.d
T ef .. g;h = oxh +F h/’T ef...g+
b e d d ab ...
4T T T = (2.13)
i cnd b...d i b...
‘_F]heTab if..‘g'_Pitha ef voo g T e _FlhgTa def...f.

WurepecusiM npuMepoM siBasiercs: exnnuynslil Tensop E, ® E?, umero-
muil KOMOOHeHTaMH 6%; ero KoBapHaHTHasi HPOHM3BOLHAST paBHa
HYJIO, M, CJEZOBATE/]bHO, HYJIO pPABHbl TaKike H KOBapHaHTHEIE
IPOU3BOJHBEIE 00OOLIEHHBIX €IWHHUHBIX TEH30POB C KOMIIOHEHTaMu

8l 0,8, - as) , 8l 0,07, - L8l (<)

HYCTI: T —TeH30pH0e C-moJie (r> 1), sananunoe Broab C’-Kpu-
Boil A(f); torna moxuo Beectu DT/0t, xosapuanthyio npoussod-

Hywo T edoas A(f), Kak thT rae T — mo6oe TeHsopHoe C'-moJe,
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pacwupsiomiee T HA HEKOTOPYIO OTKPHITYIO OKPECTHOCTH KPuBOH A (£).
DT/0¢ siBasieTCs: TEH30PHBIM Cr_!—HOJIQM, KOTOPOE OIPEREJeHO BAOJD
KpHBO# A (f) ¥ He 3aBHCUT OT paCIUHpPEHHS T. [Iyctp X — Kacaredn-
HBll BeKTOp K A({f), TOrma B 3amucH uYepe3 KOMIOHEHTH HMeeM
DTa.“deu.g/@t:Ta.“dg__“g; »X". B 4acTHOCTH, MOMKHO BeIOPaThH
TaKHe JOoKaJbHble KOOPAMHATH, B KOTOPLIX KOOPAHHATEL KPUBOH A (f)
paBubl x%(f), X*=dx*/d¢{, n Torma AJs BEKTOPHOrO MOJA

DY %ot = dYJot + 1'%, Y¢ dx"/d:. (2.14)

TosopsaTt, uro rensop T napaaiersno neperocurcs BROMb KpH-
Boi A, ecau DT/0f = 0. [lycTy nana kpusas A(f) ¢ KOHLAMH B TOY-
Kax p ¥ ¢, TOrAa 13 Teopun OOBIKHOBEHHLIX AnbdepeHlua bHbIX
ypaBHEHUH IPH YCJAOBHH, YTO CBA3HOCTb V — II0 MeHblIEH Mepe
kaacca C'=, cleayeT efHHCTBEHHOCTb TeH30pa, MOJYYaeMOro B TOU-
Ke ¢ napaJj/elbHbIM MEPEHOCOM BAOJb KPpUBOH A(f) TeH3opa, 3amaH-
Horo B touke p. TakuMm o6pasoM, mapajselpHb TepeHoc BAOJAbL A
ecTb JuHefiHoe oTo6paxenue u3 Ts(p) B T5(g), coxpamsiiouiee Bce
TEH30pHBle NPOM3BENEHHS U TEH30DHBle CBEPTKHM. B yacTHocTH, H3
3TOTO CJedyeT, UTO mapaJJesbHblil mepeHoc 6a3uca BeKTOPOB BROJb
nanHoil KpuBOH u3 p B g 3anaer usomopduam u3 Tp B T4 (Ecau
Y KPUBOH €CTh caMOMepeceueHus, T0 p U § MOTYT ObITb 00HOU u TOU
%e TOUKOH.)

BaxHoe NMOHATHE BO3HUKZET NMpPU PacCMOTPEHHH KOBAPHAHTHOMH
NPOH3BOJHOH BIOJb A CAaMOr0O KacaTedbHOTO BeKTopa. Kpusas A(f)
Ha3BIBAETCS 2e00€3u4ecKol KpUBOot, ecilt BEKTOP

X = (37),

napananenen Bekropy (9/0t),, T. e. ecin Hafgercs taxkas GyHKuus f
(BO3MOXKHO, paBHast HyJw), yro X% b X' =fX% B srom clyyae
MOKHO BBECTH HOBBIH mapaMeTp v(f) BLOAb KPHBOM, Tak 4TO OyHeT
BBINOJIHATLCS PaBEHCTBO
% (%), o
v \ dv /Jy

Taxoi napamerp HasbiBaercss agpunnoim napamerpom. CBsi3aHHBI
C HUM KacaTeJbHBIH BekTop V = (0/dv)s mapassenen X, HO mac-
mrab onpeneasiercs ycaosuem V(v)=1; V noguunsercsi ypaBHe-
HUAM

de? dx€
be "dv Tdv

2. a
Ve,V =08 <541

d
= =0, (2.15)

npudeM BTOpoe (JOKaAbHO-KOOPAMHATHOE) BLIparKeHHe ToJdyuaercs
npumenenueM (2.14) x Bextopy V. AdduHHHII napamerp reogesu-
yecKol KpHBOH onpefesieH ¢ TOUHOCTHIO A0 aAAMTHBHOH M MYJIbTH-
NJIMKAaTHBHOH TNOCTOSIHHBIX, T. €. C TOUHOCTBIO [0 NpeoOpasoBaHus
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v" = au - b, rae a, b — nocrosintkle; ¢Bo60oj1a B Beiope b cooTBET-
crByer cBOoGoZe BblGOpa HOBOH HauagabHOH Touku A(0), cBoGonma B
BLIOOpE g — BO3MOXKHOCTH NEPeHODMHPOBKM MaciutaGa BexkTopa V
YyMHOXKeHHeM Ha MnoctosHuylo: V/ = (1/a)V. Byasem HasbiBaTh reo-
Le3HYeCcKylo KPUBYIO NPOCTO 2eode3uueckol, ecjii 3Ta KpuBas na-
paMerpHayeTcs KaKuUM-Mi00 ad@UHHLIM TTapamMeTpoM.

[Tycrs 3amana Cr-cBsg3HocTh (r == 0); TOrAa M3 M3BECTHLIX TeO-
peM Ajas OOLIKHOBEHHBIX Au(@epeHNHaTbHBIX YPaBHEHUI CJEAVeT,
uTO A5 JM1060H TOYKH p & A 1 Mis awboro sekrtopa Xp B p Cylie-
CTBYET MakcuMadbHas reopesuueckas rx {v) B J ¢ HauaJIbHOH TOU-
KO p W HauaJbHbIM HampamJenueM Xp, T. e Ax{(0)=p u
(0/00) 1| v—0 = Xp. Ecin r == 1, To 3712 reojfesnueckas efHHCTBEHHA
H €e 3aBHCHMOCTb OT p H Xp HEOpepbiBHA. DTO O3HAYAET, 4TO NpH
r = 1 MoxHo onpeneauts takoe Cr-orobpaxenue exp:Tp — A, 4TO
miasa kaxgoro X & Ty, exp(X) ectb Touka B A, Haxomauascsg Ha
eANHHUHOM pPAaCCTOSIHHM [0 MapaMeTpy BXOJAb [EOLEe3HUecKoit Ax,
HaupHaomelcs B p. D10 otobpaxkenue He 0653aTeNbHO ONpeleseHo
11 Bcex X & Tp, NOCKOIBKY reofiesndeckas hx () MoxeT He ObiTh
onpeaeneHa AJast Bcex v. Ecau e v MOXKeT NpUHUMATL BCe 3Haue-
HHS, TO TOBOPST, UTO reojesnueckast hx(v)— noanas. MuorooGpa-
3ue J HasbiBaeTCs 2e00e3uUHecKy NOAHbIM, €CH BCe Te0Je3HUYecKHe
Ha J TOMNHBI, T. €. €CJAH 0TOOpaXKeHHe eXp OnpeAesJeHo Ha BCEM IIPO-
crpancTBe Tp kKaxgoil Touku p & A.

HesaBucumo oT TOro, NMOJIHO AU HET MHOroobpasue J, otobpa-
KeHue expp uMeer paur a# B p. [TostromMy B cuiy Teopemsl 0 HESBHOM
¢yuxmun [161] cymectByer oTKpeITas okpectHocTh Ay Havada B Tp
H OTKPHITasl OKpecTHOCTh A°p TOUKM p & A, Takue, u4to eXp €CTh
Cr-pudpdeomopdusm N na Np. Taxkasa oxpecTHocTs A°p Hasbl-
BAETCst HOPMAAGHOU OKPECTHOCTH10 TOUKU p. Hanee, Ap MOXKHO CcuH-
TaTb BBINYKJOH, T. €, TAKOMH, UTO BCesKad Touka g & A°p Moxer GbiTh
coefuHeHa c¢ JMw00oi Apyroit Touxkol r & A°p reojesundeckol, Hauu-
Halollelicsd B ¢ U LenukoM Jexawel B A”p. BHYTPH BLINYK/ION HOP-
MaJabHOH okpecTHOCTH A’ KoopauHathl (x1, ..., ¥™) MOXKHO BBECTH
caeayiomuM o6pa3oM: BhIGMpaeM KakKylo-n1ubo Touky g & A°, 6asuc
{E.} B T, m xoopauuaTol TOuku re A’ 3ajaeM COOTHOUIEHHEM
r =exp(x®E;) (r. e. TouKe r NPUNHCHIBAEM KOOpPAHWHATH B Basmuce
{E.} rtouxku exp~i(r)eT,). Torna (0/0x%)|q = E; u, coraacuo

2.15), T ;s |, = 0. Takue KOOPAUHATHI HA3LIBAIOTCS HOPMALLHBIMA
(ik) lg p

KoopOunaramu ¢ HauajaoM B §. Iepok [b5] ucnoab3oBan cymecrsosa-
H#E HOPMAaJAbHBIX OKPECTHOCTEH JJs J0XA3aTe bCTBa HA/JHuMA Cyer-
Horo 6asuca y cBsisHoro xaycaopdora C3-muoroobpasus ¢ C'-csss-
HocTelo. TaknM 06pasov napakoMNaxkTHOCTh C3-MHOroo0pasus MOKHO
tBA3aThb € cyllecTBoBaHneM Ha Hem C!l-csisHoctd. «HopmanbHoe»
J0Ka/JbHOE NMOBEAeHHE IeoJe3HyecKuX B 3THX OKPECTHOCTAX KOHTpa-
CTHPYET ¢ NOBeIeHHeM reoJe3HUecKuX B 60/bLIOM B ofuleM cayuae,
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KOTHa, C OLHON CTOPOHBI, BE NPOH3BO/bHBE TOYKH, BOOOILE TOBOPS,
He MOryT ObITb COeAMHEeHbl Kakoi-1160 reojesndyeckoi, a, ¢ Opyro,
HEKOTOpble reone3nuecKne, MCXOAAILHe W3 OJHOM TOUKH, MOTYT CO-
6paTbes Kak GoKyce B HEKOTOPOIl Apyroil Touxe. [TosgHee Mbl CTOJK-
HeMCd C NIPHMEDaMH H TOr0 H APYTOoro NOBEAEHHS.

Ecnu 3agana Cr-cesasnoctb V, TO pPaBEHCTBO

TX,Y)=VY—-WX—[X, Y]

onpenesisier HekoTopoe TeH3opHoe Cl-nose tuna (1, 2), rpe X,
Y — npousBoabHble BekTOpHbie CT-moas. Taxoit Tensop HasbiBaercst
TeH30poM Kpyuenus. B KoopamHaTHoM 0asuce ero KOMIIOHEHTH
paBHbI

Tiik == Fijk - Fikf.

Mb1 6yznem nMerb 1es0 JuUIb CO CBA3HOCTAMHU 0e3 Kpy4eHus; uHaue
roesops, Mbl npexanonaraem, uto T = 0. B srom cayuae xoopauHar-
Hble KOMMOHEHTBl CBS3HOCTH YIOBJETBOPAIT ycaosuio Iy =T,
M MO3TOMY TaKyIO CBS3HOCTb YacCTO HA3biBAIOT cuMMeTpuuHOH. CBs3-
HOCTb TOTJlAa U TOJBKO TOrja siBASETCS CBASHOCTHbIO Ge3 KpyueHHs,
xoraa f;; = f; Ans Bcex dyHkuui f. Vs ypaBHeHus reogesunueckoil
(2.15) caemyer, YTO CBSI3HOCTb €3 KpPY4EHHS TMOJIHOCTLIO ONpeje-
JAsfercd 3allaHHeM reofieaudeckux Ha J.

B oTcyrcTBHE KpYUYeHHst KOBapPUAHTHBIE TIPOH3BOAHBIE TPOH3BOJb-
HBIX BeKTOPHBIX Cl-movefi CBsI3aHbl C HX MPOH3BOAHLIMH JI1i cOOTHO-
HIeHHEM

[X, Y] = VxY — WX & (LxY)* =V% , X — X% ,¥Y°,  (2.16)
a aas awoboro texsopuoro Cl-moas T tena (r, s)
(LXT)ab...defmngab...defmg;hXh__ij...defmgXa;]___
'_Taj“.dgf,"_gXb;]"-‘ . ‘_'Tab“.ief..,ng;f"l‘
ST G X e T L X T X

(2.17)

Jlerko nmpoBepHTb Tak:Ke, YTO BHELIHSA NPOU3BOLHAS CBsS3aHA C KO-
BapHAHTHOH CJelyIoluM 06pasoM:

— a ¢ e {__1\P
dA=A, .4 def Adx®A ... Ady A, . =D,
rae A — npousBoabHast p-hopma. TakuM 06pasoM, ypaBHeHns, cO-
AepiXalllde BHELIHIOI NPOH3BOAHYIO HJIH NPOU3BORHYIO JIu, Bceraa
MOXKHO BHIDA3uThb 4Yepe3 KOBapHAHTHYW0 mpousBoxuyi. OpHako B

CHJly CBOUX onpefle/leHn#i npou3BoAHasA JIu H BHELIHsIst POU3BOJHAS
He 3aBUCAT OT CBS3HOCTH.
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Ecan Bexktop Xp H3 JaHHOW TOUKH p MEPEHECTH NapadiielbHo
BIOJb HEKOTOPOH 3aMKHYTOH KPHBOMl y CHOBA B Ty K€ TOUKYy p, TO
noayuuTcs BeKTop Xj, BooGlle roBopf, OTAHUHLIA OT Xp; €ClH Bbl-
6paTh APYCyR KPHUBYIO Y/, TO NMOJYUeHHbI NPH 9TOM HOBLIH BEKTOP
B p Oyaer, BooOuLe TOBOPS, oTauuen of X, 1 oT Xp. DTa HEHHTErpH-
pPyeMOCTb NapaJieJbHOrO MepeHoca COOTBETCTBYET TOMY, UTO KOBa-
pUaHTHBIE NPOH3BOAHLIE B OO0IleM cJaydae He KOMMyTHpywoT. Mepy
3TOH HEKOMMYTATHBHOCTH Jaer TeH30p (xpuBu3ubl) Pumana. ITycTb
npanel Bektopubie Cl-nong X, Y, Z, a sexroprnoe C'-none R(X,Y)Z
onpefedaero Cr-cBSI3BHOCTBIO V caeAylOWiHM 00pa3oM:

R(X, Y)Z = Vx (VyZ) — Vy (VxZ) — Vix, v/Z. (2.18)

Torza mose R(X, Y)Z nuneiino no X, Y, Z, 1 MOXKHO yGeauThbCH,
yro 3HaveHde R (X, Y)Z B p saBucur To/bK0 oT 3Hauenn#t X, Y, Z

B p, T.e. R(X, Y)Z ectb Tenzopuoe C'~'-mosie tuma (3,1). Uro6s
sanucath (2.18) B KOMIIOHeHTaX, OTMPeAeqHM BTOPYIO KOBAPHAHTHYIO
npousBoinyo VVZ BekTopa Z KaK KOBAaPHAHTHYIO HPOU3BOJHYIO
V(VZ) tensopa VZ; ee KOMIOHEHTHl PaBHbI

Z%e=(Z%)

W0/ et

Torspa (2.18) MoXHO 3amucaTh B BHAE

ROy XYZP = (2°4Y) , X° — (Z%X") Y —

N4

- Za;d (Yd;cXc - Xd;cyc) = (Za;dc - Za;cd) chd,

rie KOMIIOHeHTH TeH3opa Pumana R%,; OTHOCHTeJNRHO NYyaJbHBIX
Gasuco {E;} u {E?} onpegessiiores kak R%., =(E? R(E,, E ) E,).
ITockogaeky X, Y — pOU3BOJbHBIE BEKTOPH, PaBEHCTBO

Za;dc —_ Za;cd = Rabchb (219)

BHIPA}KAeT HEKOMMYTATHBHOCTb BTOPHIX KOBAPHAHTHEIX MPOH3BOJ-
HbIX Z uepe3 TeHsop Pumana.

[TockoJbKY aJa Jo0bix BekTopHbX C*-moJeit X, Y, Z u mwo6oro
C?-nosist 1-GopMbl % BHIIOJHSAETCST PABEHCTBO

V(M@ VWZ) = Vx @ VyZ + 1% VxVyZ = (1, VxVyZ) =
= X ((n, WZ)) — (Vxn, WZ),
to u3 (2.18) ciuenyer, uro
(E°, R (Ec, Eq)Es) = E. ((E*, Vi Ep)) — Eu ((E%, Ve Es)) —
—(Ve,E" Ve o) + (Ve Y Ve Eo) — (B Vie, £ Bn).

BuiGpas B xauectBe {Eq}, {E*} koopaunarubie 6a3uchl, MOXHO BBHI-
pasuTh KOOpPAMHATHbIE KOMIOHEHTH TeH3opa Pumana yepes Koop-
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JUHATHBIE KOMIIOHEHTHI CBA3HOCTU:
Re o OT%p _ T%
bed =

— — T =TT, (2.20)

I_IOJ'IbSyHCb 3TUMH OIIPEACIACHHAMH, MOXHO y6enmbca, 4TO KpoMe

CHMMETPHH 3
R%ca=—R% 1 & R% gy =0 (2.21a)

TEH30P KPUBU3HLI 06/a/laeT Takxe cCHMMeETpHell Buaa
R%eay = 06 R %ca + R%pe -+ R%a5 = 0. {2.210)

[Mono6ubiM Ke 00pasoM MOXKHO yOeInTbCH, YTO TEPBbIE KOBAPHUAHT-
Hble NPOH3BOAHBIE TeH30pa PuvmaHa yHOBIETROpsIOT TOMJdecTs8at

Buanku:
R%case) = 0 R%caie + R%ecia + R%aere =0. (2.22)

Teneps Mbl BHIHM, 4TO TapajjenbHblil NePeHOC MPOH3BOJLHOIO
BEKTOpa BJOJb MPOU3BOJBHO 3aMKHYTOH KDHBOH JIOKA/JIBHO HHTe-
rpupyeM (T. e. X;, HeoO0XoauMo coBnagaeT ¢ Xp B Kaxuol p € A),
TONbKO ecu R%,; =0 Bo Bcex Toukax J; B 3TOM CJAy4ae Mbl [OBO-
PHM, YTO CBSI3HOCTb nAockasd. CBepThiBasi TEH30D KPUBH3HBI, MOKHO
onpeneanTb TeH3op Puuyu xax tersop tuna (0, 2) ¢ KOMMOHEHTAMK

a
Rbd =R bad-

2.6. Metpuka

Mertpuueckuii TeH3op g B Touke p & A €CTh CUMMETPHUHBIN TEH-
sop tuna (0,2) B p, tak uro C"-Merpuxa Ha A ectb C'-moJse cuM-
METPHYHOTO TeH3opa g. MeTpuka g OpHNHCBHIBAeT KaXKAOMY BeK-
topy X & Ty ero «aauny» |[g(X, X)|" n sagaer «kocuuyc yraa»

g (X, Y)
(1g (X X)g(Y, V)])"
mexxny mobeiMu aByma BektopamH X, Y&T, HJ9 KOTODHIX
g(X, X)-g(Y, Y) 5= 0. Byaem roBoputs, uto Bektops X, Y oprozo-
Haasnsl, ecan g(X, Y)=0.
KomnoneutaMu g oTHocutesbuo Gasuca {E,} siasiores
Bap = g(Ear Eb) = g(Eb! Ea),

T. e. KOMIIOHEHTHl g paBHBl NPOCTO CKAJNSPHBIM NMPOU3BeJeHU M Ba-
3ncHbIX BeKTOpoB Eq. Ecu nosb3oBaThes KOOpAMHATHLIM GasucoM,
TO

g = ga dx" @ dx”. (2.23)

JlauHbl KacaTedbHOrO TPOCTPAHCTBA, ONpelesseMble METPUKOM,
cBf3aHbl ¢ AJHHAMH Ha MHOTooGpasnu caefynouiuM obpasoM. Jauna
nyru MexAy ToukaMu p=vy(a) u ¢ = y(b) BIOIb KpuBOH vy (f)




48 Ta. 2. Huggpeperyuaabran 2eomerpus

kiaacca C xycouno kmacca C!, ¢ xacaTeldbHBIM BekTopoM 0/0f, ta-
KHM, uTo g (0/0t, 0/0t) nveer oauH 3HAK BO BceX TOYKax y(f), paBHa
b

L= S | g (0/ot, 8jaf) | dt. (2.24)

a

Bripaxenua (2.23), (2.24) MOXKHO CHMBOJHYECKH INpPeACTAaBHTL B

dopme .
ds®=g;; dx’ dx!,

HCIIOMb3YeMOll B K/JIACCHYECKHX PYKOBOACTBAX /S BbIpa’kKeHHs AJH-
Hbl «§ecKOHEeUHO MaJjoil» AYTH, 3a/laBaeMOH CMeIlleHHeM KOOPAHHAT
xt— xt 4 dxt.

Merpuka HA3bIBAETCH HEBLIPONOEHHOU, eclIi He CYNIECTBYeT Ta-
Koro HenyJesoro Bektopa X & Tp, mas xoroporo g(X,Y)= 0 npu
Bcex Y & Tp. B TepMuHax KOMIOHEHT MeTPUKa He BLIPOXKAEHA, eC/IH
Martpuua (gqp) M3 KOMNOHEHT g HeocoGeHHa. [lamee mbl Bceraa 6y-
HeM Ipennoftarartb, YTO MeTPHUECKHH TeH30p He BHIpoxieH. Torna
COOTHOUIEHHEM ,

ga 8y == aac

MBI MOMKEM OJHO3HAYHO ONDENEAHTh CHUMMETDHUHBIH TEH30p THIA
(2,0) ¢ xommonenraMu ge® otHocurenbHo Gasuca {Eq.}, ayanbHoro
K 6asucy {E®}. Muaue rosops, Matpuua (gq) ToXKe HeocobeHHa, H
TEH30PH g2%, Gqp MOKHO HCMOJB30BATH IJs1 YCTAHOBJIEHHS H30MOP-
busma MexAy JOObBIM KOBAPUAHTHEIM TEH30DHBIM apryMeHTOM H
MIOGHIM KOHTPABADHAHTHLIM apTyMEHTOM, HHauye TOBOpS, AJIS «MOJ-
HATHS» W «ONYyCKaHus HHAeKcoB». Taxkum obpasom, ectu X@ — KoM-
TIOHEHThl KOHTPAaBapHAHTHOrO BEKTOPA, €My OLHO3HAYHBIM 06paszoM
COTIOCTABJISIETCS KOBAPUAHTHLIH BEKTOP C KOMIIOHEHTAMHU Xgq, IPHUEM
Xo = gapX?, X = geX,. Auanornuso, teH30py Tap Tnua (0,2) MBI
MOYKeM OIHO3HAUHO CONOCTAaBATH TeH30phl I'%==g%T,,, T,0=g"T,,,

T% = g%ghT,,. BooGuie Mbl GyaeM paccMaTpHBATh NOAOGHbBIE
B3aHMOCBSI3aHHbIE KOBAPHAHTHLIE U KOHTpaBaAPHAHTHbBIE TEH30DPHl KaK
pas/aHyHble MpeACTaBIeHHs 0JJHOTO H TOTO Ke reoMeTPHUYecKoro 06b-
€KTa; B YaCTHOCTH, Gab, Oo% H g% MOXKHO CUMTATH MPELCTABIEHHAMH
(oTHOCHTEJNBHO AyaJbHBIX 0a3UCOB) OXHOTO H TOTO K€ reoMeTpuye-
cxoro ofbekra g. ONHAKO B HEKOTOPHIX CJAyHYasX, KOraa Mbl OyneM
UMeTh JIeJ0 GoJiee ueM ¢ OJHOH MeTPHKOIl, HyKHO OYJAeT TIIATeNbHO
pasanyath, Kakasg U3 METPHK HCNONb3YeTcs A8 MOAHATHS HJAH Omy-
CKAaHW$ WHIEKCOB.

Cuexarypa ¢ B TOUKe p €CTb YHCJO, paBHOE Pa3sHOCTH YHCIA T1O0-
JOKUTENBHBIX U YHCIA OTPHIATENbHBIX COGCTBEHHBIX 3HAYEHUH MaT-
puubl (gep) B p. Ecin MeTpuka g He BBHIDOJKAEHa M HeNmpephBHA, TO
curnatypa nocrosuna na J. [MoaxoasuriM suiGopoM Gasuca {Eq}
KOMTIOHEHTbl METPHUECKOro TEeH3opa B J000I1 TOUKE p MOXKHO NpH-
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BECTH K BHIY
Gop = diag (41, 41, ..., +1, —1, —1, ..., —1),
(n+s)/2 unenos  (n— s)/2 usnenos

rae s — curHarypa g, 7 — pasMmepHocts . B 3TOM cayuae Gasuc-
Hele BexTOpu {E;} 06pasylor opTOHOPMHPOBAHHYI CHCTEMY B p,
T.€. KaXKIblH H3 HUX €CTh eJHHHYHBIH BEKTOP, OPTOTOHAJBHBIA KO
BCEM OCTA/bHBIM Ga3HCHBIM BEKTODaM.

Merpuxa, curHatypa KOTOPOH [paBHA 7, HA3HIBARTCH HOAOMU-
TeAbHO onpedesennoti, nas takofi Merpukn g(X, X)=0=>X =0,
a ee KaHOHHYecKasl Ghopva UMeeT BUI

gap=diag (+1, ..., +1)
1 4JIEHOB

[ToJoXXuTENbHO ONpeeNeHHass MeTpPHKA HABASAETCA <«METPHKOH» B
NPOCTPAHCTBE B TONNOJIOTHUECKOM CMBIC/IE 3TOro CJa0Ba,

Merpuka ¢ CUTHATYypoOH, PaBHOH #n — 2, HA3bIBARTCS 10peHyes8ol
MeTpukoll; ee KaHoHuueckas dopma:

gab:diag(—l-_l_v_;";_v +13 _1)
(n — 1) unenos

Ecau J uazeneHo JOPeHNEBOH MeTPHKOH, HYyJeBble BEKTODHl B
p = A MOXHO Da3ieNuTh Ha TpH KJaacca: BeKrop X & T, Hasw-
BAETCR 8PeMEHUNOO0GHbIM, UBOTPONHLIM HITH APOCTPAHCTBEHHONOO0H-
HbIM B 3aBHCHMOCTH OT TOTO, OTpHIATeNeH, PaBeH HYJIO MM IIOJO-
xKuTeJeH ckanapubil kBaapar g (X, X). Msorponusle BeKTopH 06pa-
3yioT B Tp ABYXIOJNIOCTHBIA KOHYC, OTHEJNAMMHNHA BpeMeHHNoA06HbIe
BEKTOPBI OT TpocTpaHcTBeHHONMORo6HbX (puc. 8). Ecan X, Y — xa-
Kue-nu60o 1Ba HENPOCTPAHCTBEHHONOAOOHMBIX (T. €. BpeMeHHIOT06HBIX
HJIH H3OTPOTIHBIX) BeKTOpa, Jexkailue B OJHON H TON ’Ke IOJOCTH
u3oTponHoro KoHyca Toukn p, 70 g(X,Y) << 0, npuuem paBeHCTBO
HMeeT MecTo, TONbko Korha X u Y — mapassesbHble H30TPONHLIE
sektopht [1. e. pu X = Y, g(X, X)=0].

Jio6oe napakovnaktHoe C7-MHOrooOpasne HONYCKAET MOJIOXKH-
TeJbHO onpefeneHHyo CT—!-MeTpuky (T. €. Takasi METPUKa ompese-
Jeda Ha BceM ). UtoObl y6eniuTbCA B 3TOM, BO3bMEM pasfJorKeHHe
equuunbl {f,} @15 aokanpHO-KOHe4HOTo artnaca {%,, $o}. Torna g
MOXHO 32[aTh PaBEHCTBOM

g, V) =2 fal($). X, (). Y),

rae { , ) — ecTecTBeHHOE CKaJspHOE NPOH3BENEHHE B E€BKIMAOBOM
npocrpancTee R™; TakuM 00pasoM aTjac HCHoJAb3yercs s 3afaHus
METPHUKH TyTeM oToOpax<eHHs eBKAWAOBOH mMeTpuru B JA. SIcHO, uTO
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TaKoe BBeJeHHE METPHKH HEeMHBAPHAHTHO OTHOCHTENbHO H3MEHEHHS
atjiaca M, CJefOBaTeNbHO, HA A HMEETCS MHOIO NOAOOHBIX MOJNOXKH-
TeJNbHO ONpee/IeHHbIX MEeTPHK.

B mporusonosoxkHocTs 3TOMY napakoMnaxktioe Cr-MHoroo6pasue
Jonyckaer JopeHueBy CT—!-MeTpuKy TOrAAa W TOJIbKO TOrAa, KOTAA

E,

Haomponweid wowye

H30imponksie 8ekmops!
(Ha USOIMPONHBIX KOWYCAX)

i [fpocmpancmeernronogodnse
Boerenunogodrsre BEHMOPol (8HE USOMPONHEIX
BERMOPS/ (6HYTPU Horycos )
UZOMPONHEIX =

KOHYCOS ) o i' = pd = Lp-t
/ Tunepnpockoem

4

HamARYmMan Ha f,,...E,,-,

H30mponHs1d Kotie

P uec. 8 UsorponHble KOHYCHI, ONpeflesisieMble JIOPEHIEBOH METPHKOI.

OHO fonyckaer Hercyesaomee C'~!-noge AHHENHBIX 3JeMEHTOB; MOA
noJieM JHHeHHBIX 3JIeMEHTOB NOAPAa3yMeBAETCs COMOCTABAEHHE KaX-
HOM TOuKe p & A mapbl PaBHBIX U NPOTHBONOJOKHO HAlpaBIeHHBIX
Bektopos (X, —X), T. e. moJsie JHHEHHDLIX 371€MEHTOB NOXOOHO Bek-
TOPHOMY IIOJIIO, HO He uMeeT Onpele/]eHHOro 3Haxka. Urobnl yGe-
JUThCSL B 3TOM, BBEAEM Ha MHOroo0pasuu MOJOXKHTENbHO ONpeje-

gennyio C1-merpuky g. Torna B KaXJIOH TOUKEe p MOXKHO CJeAYyIO-
UM 06pa3oM ONpeaeauThb JOPeHIeBY METPHKY g

— 5 _ofX V)EX Z)
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rae X — oAuH u3 Bextopos napbl (X, —X) B p. {Ortmerum, uto X
MOSIBJASETCS B 3TOM BBIPDAXKEHHH UYETHOE YHCJIO pas, # MO03TOMY
HecylLleCTBeHHO, mnoacTaBadaTh X uan —X.) OueBungno, g(X, X)=

=—§(X, X), u ecau Y, Z — oproronaisisl kK X OTHOCHTEABHO g,
TO OHM OPTOFOHAJbHLI K X TaKXKe OTHOCUTEJIbHO ¢, MNpHuyeM
g(Y, Z)=g (Y, Z). CuaelnoBareabHo, OpTOHOPMHDOBAHHBIH OTHOCH-
TesqpHO ¢ Gasuc OyAer OPTOHOPMHPOBAHHLIM H OTHOCHTEIBHO .

[TockoabKy MeTpHKa g He eIUHCTBEeHHa, TO Ha A HMeeTcs MHOXKe-
CTBO JIOPEHLEBBIX METPHK, €CAH ecTh XoTd §bl oAHa. OGpaTHO, UycTh
Jlaua JopeHLeBa METPHKA g; PACCMOTPUM ypaBHEHHe Gar Xt =18 X",
rae g — Kakas-au6o NOJOMKHTEJIbHO ONpeaeseHHass Merpuka. [Ipu
3TOM NOJAYYHM OJAHO OTPHLATeNbHOE U (1 — 1) MOJOKHTENbHBIX C00-
creennbix uxcesa A. ITone co6erBenHoro BexkTopa X, COOTBETCTBYIO-
ero OTpULATEJbHOMY COOCTBEHHOMY 3HAYeHHIO, OyAeT JOKaJdbHO
OnpesieJeHO ¢ TOYHOCTBIO [0 3HAKa HOPMUPYIOUIETO MHOXKHUTEJS; €ro
MOKHO HOPMHPOBATH, HAJOXKHB YCIOBHSI qpX?X? = —1, u mnoay-
4YTh TaKUM 00pasoM noJie JIHHEHHbBIX 3JeMeHTOB Ha A .

B neficTBuresbrocTH Ji060€ HEeKOMMAKTHOe MHoroo6pasue gony-
CKaeT 1oJe JHHEeHHBIX 3JeMeHTOB, a 4TOoObl Takoe moJje JA0NyCcKasao
KOMIIAKTHOe MHOroo0pasue, HEOOXOAMMO K AOCTATOYHO, YTOOBI Xa-
pakrtepHcTHKa Dilniepa MHOT0OGpa3us paBHAgach HyJio (T. e. Top T2
nonyckaert, a chepa S? He AorycKaer moJie JMHEHHBIX 9/JIEMEHTOB).
ITosnHee 6yjeT yCTaHOBJAEHO, 4TO MHOroo0pasne MoXKeT OLITH pas-
YMHOH MO/e/bl0 NPOCTPAHCTBA-BPEMEHH, TOJLKO €CIH OHO HEKOM-
MAKTHO W B CHJY 3TOrO Ha HEM CYIIECTBYeT MHOMKECTBO JIODEHIIEeBLIX
METpPUK.

Jo cux mop MBI paccMaTpuBaju METPHUECKHI TEH30pD U CBf3-
HOCTb KaK /IBe He 3aBHCHMbIE APYT OT Jpyra CTPYKTypbl Ha .
Oznnako npu 3ajaHHOH MeTpuKke g Ha 4 HMeeTcsi €NUHHCTBEHHad
CBA3HOCTb 0€3 KpyueHHus, AN KOTOPOH KOBapHaHTHas NpPOH3BOA-

Has g paBHA HYJMIO, T. €.
Eup,e =0 (2.25)

ITpu 3Toi#l cBA3HOCTH mapaJebHBI NepeHoc BeKTOPOB COXpaHser
CKa/sipHOe [pOH3BejeHHe, 3afaBaeMoe MeTPHKOH g; [03TOMY, B
Y4CTHOCTH, AJTHHBI BEKTOPOB HHBapuautTHul. Hanpuvep, eciu 9/0t —
BEKTOP, KacaTeJbHbIH K I'€0Je3H4YecKoH, TO BAOJb 3TOH reojesuue-
cKkoli g(0/0t, 8/0t) = const.

M3 (2.25) cuaexyer, 4TO AJs1 NPOU3BOAHBIX BeKTOPHBIX C'-mo-
aded X, Y, Z

X(g(Y, 2))=Vx(g(Y, 2))=Vxg(Y, Z) + g(VxY, Z) +
+ g(Y, VxZ) = g (VxY, Z) + g (Y, VxZ).

CkaanbiBast 3TO BHIpAXKEHHE C AHAJOMHYHBIM BBIpAXKeHHeM A/
Y(g(Z, X)) u BbluuTad asaJjorunuxoe Bbipaxenne pasa Z (g(X, Y)),
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HOJIYYUM

g(Z, VxV) =+ {—Z(g(X, )+ (g(Z, X)+ X (g(Y, 2) +
+g(Z X, YD)+ (Y, [Z, X]) — g (X, [V, Z))}-

Buibupass B kauectBe X, Y, Z 0a3ucHble BeKTODHl, BBIPA3HM KOMIO-
HEHTBl CBSI3HOCTH Yepe3 IIPOM3BOJAHBIE KOMIIOHEHT METPHKH ggp=
=g (E,, E,) 1 npousBoaHne JIx GasuCHBIX BEKTOPOB:

I“abc = g(Ea’ VEbEC) = gadrdbc'

B uwacrHocTH, npu MCNo/ab30BaHMH KOODAMHATHOTO 6asuca 3TH MIpo-
¥3BOJAHbBIE Jli paBHBl HYJI H N0AyYawTcad OOLIUHBIE COOTHOHIEHHS
Kpucroddens a9 KOOpAHHATHBIX KOMIIOHEHT CBSI3HOCTH:

1 og og 0
Fabcz_{ b —ae B } (2.26)

2 | oax¢ axb ax®

Hanee mbl Besfe OyAeM npeanosarath, 4to Ha A BBeJeHA 3Ta eIUH-
crennast Cr—'-cBA3HOCTb 6e3 Kpyuenus, onpelenasemas Cr-merp-
koit g. C ee mOMOLIbIO MOXKHO BBECTH HOPMAaJbHBIE KOOPAHHATHI
(pasz. 2.5), Hcnosb3ysl, HaNIpUMep, OPTOHOPMHUPOBAHHbIN Gasuc B §.
Brnpens moi HOpMaJ/bHBIMHM KOODAMHATAMH Mbl OyJeM HOApasyMme--
BaTb HOpMaJ/lbHble KOOPAHHATEI, 3aflaHHble C [OMOIIbI0 OPTOHOPMH-
poBaHHOrO 6asuca.

Tenzop PuMana nmsi CB3HOCTH, 3afaBaeMOH METPHKOHM, €CThb
Cr—2-teH3op, obsaaoluil CBOACTBOM CHMMETPUU

Ry ea = 0& Rasea = — Rpaca (2.27a)

B ZonosnHeHue K cummerpuam (2.21). M3 pasencrs (2.21) u (2.27a)
caefyeT, 4To TeH30p PHMaHa cuMMeTpHueH TakXKe IO rnapam HHIEK-

cos {ab}, {cd}:

Ravea = Redas- (2.276
OTC}OlIa BHIHO, 4YTO TCH30P pH'{'-II/I CI/IMMeTpHLIeH:
Ry = Ryq. (2.278)

CeepTka TeH3opa Puu4yH ecTh MO ONpefeNeHHIO CKAAAPHAA KpU-

8U3HA. b
— Da ___ Da
R - R a— R bad8 -

Beaencrsue atux cuMmerpHit Rapeg uMeeT (Y1) n?(n®*— 1) anre-
fpanuecxy He3aBHCHMBIX KOMIOHEHT, Ile # — pasmepHocts . U3
uux n(n - 1)/2 KOMIOHEHT MOMKHO BBIPA3HTb Yepe3 KOMMOHEHTHI
rensopa Puuuyn. Ecin 1 = 1, 10 Rasea = 0. [Ipn n = 2 Rgpeq uMeeT
OJZHY HE3aBHCHMYIO KOMIOHEHTY, KOTOpas IO CYLlecTsy COBNamaer
¢ R. Tlpn n = 3 TeH30p KPHBH3HBI MOJHOCTBIO ONpENeNdeTCs] TEH30-
poM Puuun. Ecam 1 > 3, ocTanbHble KOMIOHEHTH! T€H30pa KPHUBH3HbI
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MOKHO BhIpa3uth uepes TeH30p Beidaa Copeq, ONpeae/sieMblil paBeH-
CTBOM

2 2
Capea = Rapea + 775 {€aaRepp + Goi Ry} + =T =2 REareBae-

W3 toro, yTo nocjegHue ABA cJaraeMblx B I’IpaBOI./,[ yactu obaanaior
cROHCcTBAMU CHMMCTPHH TE€H30pa KPHUBU3HDLI, CJenyeT, 4TO Cabcd Tak-
Xe ofsajaeT STHMH CBOHCTBaMHU. Jlerko }'6621[/1'1‘})(:?{, 4YTO B JOIIOJIHE-
HHUE K 9TOMY

Cabad—;o:

T. €. TeH30p Belig — 3T0 Ta uacTb TeH30pa KPUBU3HLI, BCE CBEPTKH
KOTODOH paBHbI HYMIO.

Muaue TeHsop Beiis MOXKHO OXapakTepu3oBaTh TeM, UTO OH fB-
AseTcss KOHGODMHBIM HHBapuaHToM. [lBe MeTpukn g U g Ha3hl-
BAIOTCA KOH(POPMHOIMU, €CJIN MOXKHO Nofo0paTh HEKOTOPYIO HeHyJe-
ByIo QYHKUHIO 2, TAKYIO, UTO

g=0Q%. (2.28)
Torpa ana Jqo6pix BekTopoB X, Y, V, W B Touke p

g%V __ (XY
gV, W) gV, W)’

T.€. YOJAB ¥ OTHOLIEHHA MJAHH IIPH KOHQOPMHBIX NpeofpasoBaHusX
COXPAaHAIOTCA; B YaCTHOCTH, KOHPOPMHEIE Npeo0pasoBaHus coxpa-
HSIIOT CTPYKTYPY M30TPONHOrO KOHyca B Tp, MOCKOJBKY

COOTBETCTBEHHO. HOCKOJTbe KOMIIOHCHTBI METPDHUKH CBA3aHblI COOTHO-
WeHuAMHN

A 2 ab -2 ab
Bap=0¢8a & =Q7°¢g
TO KOOPAMHATHbIE KOMIOHEHTHl CBS3HOCTEHN, CIpefesieMblX MeTpH-
Kamu (2.28), cBsizaHBl MeXIY cOGOH paBeHCTBOM
- 69
1% =T%, 4+ Q ‘(6 o 0Ty — g™ ). (2:29)

Beruucisisi TeHsop PuMaHa mns g, moaydaem

Ry =Q7°RY 5 + 80"y,
rue
Q%= 4Q™" (Q_I):be gae —2 (Q_I):c (Q—l);d ngéab’
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npuyeM KOBapUaHTHbIE NMPOU3BOAHbIE B 3TOM YPaBHEHHUH B3ATHl OT-
HocuTe bHO MeTpHKH g. OTclofa (npH ycnosuu n > 2)

Rle=0 R+ (=227 (@ e g —(1—2)" 27" (2" )iec 0"
H ~
Cabdd == Cabcd-

STo mocienHee PaBEHCTBO BhIpa)xaer TOT (axT, 4To TeHsop Beias
KoHQOpMHO-HHBapHaHTeH. M3 MOJdyYeHHBIX COOTHOUIEHHH CJeayerT,
uTo

R=07R—2(n—1)Q7%Quug™ — (n— 1) (n — 4) Q.Qug™. (2.30)

Pacuienus tensop Pumana Ha 1Be uacTH, BblpazkaeMbie COOTBET-
CTBEHHO uepe3 TeH30p Puuun u TeH3op Beisna, MOXKHO ¢ IOMOIIBIO
tToxaecTs buanku (2.22) nmoayuurp auddeperunasbHble COOTHOLIE-
HUA Mexay TeHzopoM Befts u trensopom Puuuy; cBeprmBag (2.22),

HMeew
Rabcd;a - Rbd;c - Rbc;d> (231)
a 1nocJe BTOpM‘II—IOf/'I CBEPTKH
1
Rac;a = 2 R;c-

[Moabsysich onpeneaenuem TeHsopa Belas (mpu n > 3), MOXKHO
nepenucare (2.31) B Buze

n—3 1
Corsa =277 (Ruwas = 3=y GuRia)- (232

Ecnn n << 4, pasencrso (2.31) coxepxut BClo MHPOpMANUIo, HMEO-
mylocs B To:kAecTBax buanxu (2.22) u, rakum o6pasom, npu n = 4
cooTHowweHne (2.32) 3KBUBAJIEHTHO 3THM TOXKIECTBAM.

Hudbdeomopdusm ¢: — A Gynem HasbIBATb UBOMeTpuer, ecyu
OH TEePeBOAHT METPHKY B celf, uHaue roBops, ecld oTofparkeHHas
MeTpuka ¢.g paBHa g B Kaxmod Touke. Torga oroGpaxeHue
¢,:Tp—> T4 () cOXpaHsieT CKaJAsIpHble NPOU3BEAEHUS

gX, V), =4g0.X, eV, ,=g@X, $.Y), .

Ecan pannasi JoxajabHas OAHONapaMmerpuueckas rpynna Auddeo-
MOPDUIMOB ¢, TMOpONKAeHHAA BekropHuIM nodeM K, ecrs rpynna
H30MeTpHil (T.e. NpPH KaxkIOM ! npeoGpazoBaHHe @; eCTb H30MeET-
pud), To K 6ynem naswviBath 8exropHuim nosem Kuaauwea. Tlpous-
BoAnaa JIu merpuxu orHocutensHo K paBHa Hyo:

R 1
LKg = 11—?3) T (g - ¢f*g) =0,

TaK KaK g = ¢, g npu Kax oM ; Ho, coratacuo (2.17), Ly g, =2K .,
U, C/aemoBaTesbHO, BekTopHoe mose K Kuanuera yaoenerBopsier
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ypasrennio Kusiunra
Ka;b + Ko =0. (233)

O6parHo, ecan K — BekTOpHOE MMOJIe, YAOB/ETBOPAIOLIEE YPABHEHUIO
Kuanaunra, To Lxg==0 u
¢ 4

gl =gl + {4 @), 4 =gl + | 5 (90.9.0), ), 4 =
Q 0

t
—gl,+ { (. o t08),_ | 4 =

0

t
=gl,— ¢ (Ll ) & =21,

0

Urax, nas toro, utobel K Obl1o BerTOpHBIM nodeM Kuanuwra,
HeoGX0AHMO H JOCTAaTOYHO, 4TOGBl OHO YAOBJETBOPSIO YPaBHEHHIO
Kunaunra. Toraa 7aoxaibHO MOXKHO BBIGPATH KOOPAHHATH X% ==
= (x",t) (v=1,...,n—1), B koropbix K?=0x%0t = 8%, B 314X
KOOpDAHMHATAX ypaBHeHHS KUJJMHrAa NPpHHHMAIOT BUJ

6gab/at =0& Gos = Gav (xv).

B ofmieM caydae npocTpaHCTBO He ofJaafaeT KaKUMHU-JIHG0 CHM-
MeTPUSMH H MO3TOMY He JONMYyCKaeT HHKAKHX BEKTOPHHIX noJged Kui-
jqunra. IIpocTpancTsa HacTHOro BHAa MOTYT AONYCKATb 7 JIMHEIHO-
He3aBUCHMBIX BekTopHbIX noneidt K, (¢ =1, ..., r). Moxuo noka-
3aTh, UTO COBOKYITHOCTb BCeX BEKTOPHBLIX noJsell Kuannara pHa takux
HpOICTpaHCTBaX o6pasyer r-mepHyto aare6py Jlu Ham R, 0 << r <<
S3
prka BbIpOXKJIeHna), MpHYeM yMHOKeHHe B 3TOH adreGpe samaercs
ckobkamu Jlu [, | [em. (2.16)]. Jlokanbuas rpynna auddeomopdus-
MOB, MOPOXKAEHHBIX STHMM BEKTOPHBIMH TMOJSIMH, €CTh r-MepHas
rpynna JIu uzomerpufi Ha mMHorooGpasuu 4. Tlosanas rpynma uso-
MeTpuli Ha J MOMKeT BKJIIOYaTb HEKOTOPHIe AHCKPETHbIE H30MeTpPHH
(Taxne, Kak OTPaxeHHsA B IJOCKOCTH), KOTODble HE MOPOKAANTCS
BEKTOPHbIMH NonsaMH Ku/IuHra; cBOfCTBa CHMMETPHH MPOCTPAHCTBA
HEJIHKOM ONpele/]sioTCs 3TOH nosaHof rpynnoli H3oMeTpuii.

n(n - 1) (BepxHH# npeaes MOXKeT OBITb MEHbIIE, €CJIH MeT-

2.7. TunepnoBepxHOCTH

[Tycts & ects (n— 1)-MepHoe MuorooGpasue u 8:F —> M — He-
KOTOpoe BJIOXKeHHe, Toraa obpas 0(¥) muoroobpasus & HaA3BIBAIOT
eunepnosepxrocroio B8 M. Ecnin p= P, o6pas Tp B Top) upu 01o6-
paxenun 0, Oyner (n— 1)-MepHO# NMIOCKOCTHIO, MPOXOAALIEH yepes
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dayaso. CrneqoBaTesNbHO, CYLIeCTBYeT HeHyJ/eBas JuHelHass (opMma

ne T:)(p), Taras, 4to Aas Jawoboro Bektopa X & I'p (n, 6.X) = 0.
®opMa n eAMHCTBEHHA C TOYHOCTBIO IO 3HAKA H HOPMHPOBOYHOTO
MHOXKHUTEJS, U ecJH JoKaJdbHo 3aiaTb 0(%) ypaBHeHueM | == 0, rak
yto df = 0, To B KauecTBe n MOXKHO J0KaJbHO B3aTh df. Ecan
6 (&%) — aBycTopoHHee noaMuoroodpasue B A, TO N MOXKHO BHIGPaTh
TaK, 4To noJyyeHHoe noJe l-popmul Ha 0(F) GyAer BCIOAY OTJIHUHO
OT HyJsl. TO OYAET UMeTh MecTo, eci U &, U M — OPHEHTHPYEMbIE
MHOTOOGpasusd. B Takow cayuae Bei6op HaNpaB/JIeHHS N CBA3LIBAET
opuentauun 0(¥) u A: nyctb {x!} — TaKie JOKaJbHBIE KOOD/HHATHI
M3 OPHEHTHPOBAHHOTrO arsaca Ha J, B KOTOPHIX JIOKaJbHO ypaBHe-
Hie 8(#) nveer Bug x' = 0 u n = adx!, rae a > 90, torga (+2 ...
..., X*) OyLyT OpHEHTHPOBAHHLIMH JIOKAJIbHBIMH KOOPAMHATAMH
Ha 6(%).

Ecin g ectb MerpHka Ha A, BJAOXKEHNe HHAYUHPYET METPHKY
0*g na Z, tak uro w1a X, Y& Tp0*¢(X, Y) |p = g(0.X, 0.Y) | o).
HHorpa sty MeTpHKY HasbiBAlOT mepBoil GyHAaMeHTa bHON dopMoH
Ha &. Eciu g — NOJIOKHUTEIbHO ONpejlesieHHass MeTpHuKa, To u 0*g
GyleT noJoXKUTeNbHO onpeleaeHHol. Ecau Xe g — nopeHuneBa mer-
puka, To 8*g Oyner

a) JopeHUEBOH mpu g%n.n, = 0,

6) BBIPOXKAEHHOH NpH g%ryn, = 0,

B) MOJIOXKHTEJNLHO ONpPEASJeHHON Npu gobnyn, << 0.

B cayuae (a) runeprnoBepxHOCTh 0(%) Ha3bIBaeTCs 8peMenuno-
dobnot, B caydae (0) — usoTponHol W B cayudae (B) RpocTpan-
cr8ennono0obHol.

Uro661 yOeAnTbCSH B CYUIECTBOBAHMM 3THX BO3MOXKHOCTEH, pac-
CcMOTPHM BeKTOp N? = 1,8°%, oH OPTOrOHA/JEH KO BCEM BEKTOpaM,
KacateJbHbIM K 0(%), T.e. KO BCeM BeKTOpPaM MOANPOCTPAHCTBA
H = 0.(Tp) B Tep). Ilpennonoxum cHayana, uro cam Bekrop N ue
JEeXKHUT B 3TOM noinpocrpaHctee. Torga, ecaun (Eg, ..., E,) o6pa-
aywor 6asuc B Tp, Bektopel N, 0.(Ez2), ..., 0.(E,) nuneitno nesaBu-
CUMBI U cocTaBJsiioT 6asuc B Top). KOMIOHEHTH g OTHOCHTENLHO
aToro 0asuca paBHBI

Bap = ( ) (Né Y g, (Eif 6, (E;) ) - (g (Né Y 6'g (E:i, E) )

B CHJY TPeIIoJIOKEHHS O HEBHIPOXKAEHHOCTH g OTCIOAA CJAefyerT,
yto g (N, N) = 0. Ecau g nonoxuresnsuo onpegenena, to g (N,N) >0
¥, CJeJ0BaTe/bHO, HMHAYUMPOBAHHAsS MeTpHKa O°g Toxe [0MKHA
GHITh MOJOXKHTENBHO onpenenenHoll. Ecau g nopennesa u g (N, N)=
= g%nn, < 0, To 6°g HEOBXOLMMO MOJIOKHTEJNBHO OIpeeseHa, TaK
KaK MaTpUlla U3 KOMIOHEHT g HMeeT TOJbKO OJHO OTPHLATEeJbHOE
coberennoe umneqo. Amnastormuno, ecan g(N, N)= g%nn, >0, To
0'g — sqopeHueBa MeTpuxa. [Ipeamnosoxum Temepb, 4To BekTOop N
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gacatesed Kk 0(¥). Torma nafizercs HeHy/IeBOl BEKTOD X7,
tako#, uro 6,(X)=N; Ho g(N, 6,Y)=0 nnas Bcex YET,, H, c.ne-
JLOBATEJBHO, Og(X Y)—O Taxum o6pasowm, MeTpHKa 9g BbI-
poxena. Kpome Toro, nosiaras Y = X, nmeem g (N, N) = g%n,n, = 0.

Econ g"bnanb#o, HOPMaJIbHYIO JHHeHHYI0 QopMy n MO)KHO
HOPMHDOBATh TaK, 4TOOb OHA HMesa eNHHHYHYIO ,JIJHHY“, T. e.

g%nn, = -+ 1. B aToMm cayuae oToGpamenne 677 n—=>T" 6y)1er
OHO3HAUHBLIM B (1 — 1)-MepHOM MOANPOCTPAHCTBE H", o) Hpocrpaﬂ~
ctea T p 3 COCTOSILIEM H3 BCeX JIHHEHHBIX ¢opM ® B O(p), aasa
KOTOpHX g%n,m,=0; 3T0 cJeayeT us TOro, uto 0'n:=0 u n e
nexut B H*. TTostomy oGpaThoe oro6paxenue (8")”' Gymer oro-
GpazenneM 0, mpoctpanctea T, Ha H'g(; u, TakuM oOpasom,
Ha Top)

dTo oTo6paKeHHe MOXKHO PacUIHPHTb OOBIYHBIM 06pasoM 1o
oTo0pakeHHsl KOBADHAHTHEIX TEH30POB B ¥ B KOBAPHAHTHHIE TeH-
3ope B 0(¥) < A; mockoabKy y Hac ecTb oTo0pakeHue 6, KOHTpa-
BADHAHTHLIX TEH30POB B & B KOBAPHAHTHbIE TEH30PHl B 6(.9”) MBI

MOKEM PaCIIHPUTh 0, 0 0TOOpaKeHHs O, IPOH3BOJBHBIX TEH30DOB
B & B TEH30DH B 6(9’) 1o oTobpaenue oéﬂanaeT TeM CBOHCTBOM,

uro cseprka 8,T ¢ n mo MoGoMy HHAeKCY paBHa HYMO, T. e.
(é*T)a“'bg...dna=0 U (é*T)a“.bc..,dgcene=0

aas modoro Tensopa T & T5(P).

Paccmorpum Tensop h ma (%), onpenensemulii kax h =9, (6"g).
Ero MoxHO samucaTh uYepe3 HOPDMUDOBAHHYIO JHHEHHYIO $opMy n

(zanoMHuM, 4TO g%ngny =4 1) B Buzge
hab = Gap T Nalty,

MOCKOJBKY oTciofia caenyer, uto 8°h==0'g u habgbcnc=0.

Tenzop h% = g°h,, ecTb omepatop MNPOEKTHPOBAHHHA, T. e.
h%h®, = h®,. On npoekTupyer BeKTop X & To(p) Ha Ty €ro 4acTh,
KOTOpast JIeKHUT B mojnpocrpancrtse H = 0, (T,) KacaTeabHOro K 6 (&%)
npoctpancta Te (p):

X®=h%X" + nn,X°,
rfie BTOpPOE cCJaraeMoe MpeicTaBiageT coGofi uacTh BekTopa X,
opToroHa/JsHyio K 8(%). Tensop A%, npoexTupyer u JHHEHHYIO HOpMY
o =T" () HA ee uyacThb, JeKallylo B NOANPOCTPAaHCTBE H'p (p):

b b
o = H @, == nan @y
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TTomoBHbiM Ke 00pa3oM MOXKHO CHPOEKTHPOBATb JI000H TeH30p
T=T5(0(p)) Ha ero yacTh, NPUHAAJIEKALIYIO IPOCTPAHCTBY

Hi®p)=Hon® ... @Hy nQ@Hon®@ ... ® Hopy

r MBOXHUTeJeH S MHOXKUTeJel

T. €. 4acTb, OPTOrOHAJBHYK K Nl [0 BCEM HHJAEKCaM.

0, sABJsieTCA B3AHMHO OJHO3HAUHBIM oTOOpaxkerueM U3 T, B Hg (y).
[Mostomy oroGpaxenne 0" us To(, B Tp MOXKHO 3271aTh, IPOEKTH-
pysa cunauasna Tg(; HA Hg ) mocpeacTsoM A% U BHIIOJHAS 3aTeM

-1
obpatnoe otobpaxenue (0), . ITocKoJbKy MB y¥Ke ONpeaeJHaH
oroGpaxenue 8" aHHeAHBIX ¢(opM B 8(F), MOXKHO PACIIHDHTbL ONpe-
nenenue 0° no oroGpaxkenns 0° Temsopos Ha 6(%) moboro Tuma B
TEGH30pPH Ha MHorooGpasun &. 3Dto oTobpaikkeHue obJagaeT Tem

cBoiictBoM, uto 0°(0,T)=T nmas moboro Tensopa T &T:(p) u
0,(@"T)=T mas mob6oro TeH30pa Te H;(0(p)). Mbl 6yneMm oTo-
AKECTBJAATH TEH30DPbl Ha & C TEH30pPaMH H3 Hs Ha 08(%), ec ouHu
nepexonaAT APYr B ApPyra npu oTo0pa)KeHuax 9,,, 8*. B wacruoctH,
h MoXHO paccMaTpHBaTh Kak HHAYUHPOBAHHYIO METPUKY Ha 6(9’),

IIycTs N ecTb KaKoe-nHGO pacluMpeHHe efMHHYHOH HOPMaJH n
Ha HEKOTOPYIO OTKPHITYIO OKPeCTHOCTb TUneproBepxHocTH 0 (%);
trorpa teHsop X, ompenenenund Ha 6(¥F) dopmysoi

1 1, d =
xab—h ah bnc;d’

HasbiBaeTCs Bropol (Gyndoamenrarsnol gopmoii Ha P. TlockoabKY
MPOEKTHPOBAHKE € MOMOLIbI0 A% orpaHUuHBaeT KOBAaPHAHTHBIE NPO-
M3BOAHBIE KacaTeJbHBIMH K 0(¥) HanpasiaeHusiMH, ¥ He 3aBHCHT OT
crioco6a paciuupenus. JIOKa/abHO ToJe MOXKHO NPEACTaBHTh B BHIE

n=oadf, rae f u a— pyukuun na A, npuuem na 0 (%) f==0. ITo-
CKOJIBKY
f:ab = f:ba H f:ahab =0,

TEH30D Yqp CHMMETDHUYEH.

Wuayuuposannast na & Merpuka h=0'g sanaer ma ¥ casz-
HocTh. KoBapuantHoe auddepeHLUpOBaHHE OTHOCHTEIbHO 3TOH CBA3-
HOCTH MBI Oymem oGosHauaTh aBoiuo# ueproit || Jas moGoro Tes-

sopa T & H§ cnpaBeiJuBO PaBEHCTBO
] Tiaee a b4k I ym
T codle=T jk...l;mhi... /lihc.‘. h gk

rne T—awo6oe pacmmpenne T Ha HekoTopylo okpecTHocTs 8(%).
Dro onmpenesieHie He 3aBHCHT OT BbiOOpa paclIMpeHHd, TaK Kak CBep-
ThiBaHWe ¢ A% orpaHuuHBaeT KoBapuaHTHOe Au(epeHuupoBaHue
HanpasJeHHSMH, KacaTedpHbiMu K 0(#). Utobbl yGeantsesi B mpa-
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BHJABHOCTH TMpHUBEACHHOH (QOPMYJIBI, AOCTATOYHO INOKA3aTb, UTO KO-
BapHAHTHAS TPOU3BOJHAA HHAYUHPOBAHHOM METPHKH paBHA HYJIIO
H KpyueHHe OTCYTCTBYET. DTO CJELYeT U3 PABEHCTB:

habllc = (gef + ﬁ'eﬁ’i):g heahfbhgc =0

fl[ab = heah’gbf;eg = heakgbf;ge = fﬂt‘m'

Teusop KpuBu3Hel R’%,,; OTHOCHTEJbHO HHAYUUPOBAHHOH MeT~
PHUKM MOXHO cCJeiylomuM o06pa3oM CBf3aTb C TEH30DOM KpH-
BU3HE R%,; na 0(#) u Bropoii dyunamenraapHoll gpopmoit %. Ilycrs
Y = H — BektopHoe moJe Ha 6(¥); Torna

ra b __ya __vya
R bch =Y llde Y lled®

HNmeem
Y a0 = (Y1a),, = (Vo081 1), hegh'ah®s =
= Yesuh®h ah TF Yo 37,78 0! gh®ehe F Yo il isph®oht gh*
u, mockoabKy Ha 8 (9P) Yéi, =0,
Yosiich!y = (Vho), hla — Vohogh!a = — Yohioh'a.
Orcroa
R %edY” = (R sh®h* b 4 &= Aok F sk Y7,
U TaK KaK 3TO PaBeHCTBO CIPaBeAJuBO A5 BceXx Y& H, To
R'%q=RC1gnh®h”yhh" s 2 2% Aoa F A° b (2.34)

DTo cooTHOIIEHHE HA3BIBAWOT ypasuenuem Iaycca.

CeepThiBasi 3TO ypaBHEHHE NO a W ¢ H yMHOXas Ha hP¢, noay-
yaeM CKaJfipHYIO KPHBH3HY R’ OTHOCHTEJNBHO HHIAYUUPOBAHHOMN
MEeTPHKH

R"=R F 2Rgpn"n” &= (x%a)" F % Yav- (2.35)

MO3KHO BHIBECTH HHOE COOTHOLUEHHe MeXIy BTOPOH (hyHIAaMeHTalb-
Ho#i opMO# H TEH30POM KPHUBH3HH K%y Ha 0(¥), ecau u3 paseH-

cTBa .
(Xaa)“b = (ﬁa:dh a);e h
BBIUECTh PaBEHCTBO
(Xab)”a = (ﬁc:dhachde\);f hfaheb-
B pesyJabTaTe mosyuaeM ypaBHEHHe
%osla — Aoalo = Repn s, (2.36)
nasbiBaemoe ypasreruen Kodayyu.
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2.8. duemenTt o6beMa u Teopema Iaycca

[Mycts {E¢}— Gasuc 1-popm; u3 Hero MOXKHO 00pasoBath
n-popmy
e=nlE' AE2A ... AE"
Ecau {E“}—npyroﬁ 0asuc, CBA3aHHHIA C {E“} COOTHOILIEHHEM
E” = ®% E% 10 & n n-dopma &, onpemensemas Gasucom {E®},
CBSI3aHEl PaBEHCTBOM
e =det (0%,)e,

H, cjaexoBaTeJbHO, 3Ta (I)OpMa He eauHcTBeHHa. OJHAKO HaJuuHe
METPHKH MOXKHO HCIOJb30BaThb AJd BBCIACHHUSA n'(pOprI

1
n=|gl"e,

rie g = det(gqp). KoMIIOHEHTH 3TOH n-QOpPMBI paBHbI

9

o g1 o2
Mgy, a=nt1gl"& 8 ... 6”d].

CorsiacHo 3akoHy npeo6pasoBanus g, ompexeinteas det®®, co-
KpallaeTcss NpPH YCIOBHH, 4TO OH nodoxurened. ITosromy, ecau A
OpHeHTHpYeMO, n-GOPMbl 1), OlpejeseHHBe KOOPAMHATHBIMH Gasu-
caMH HEKOTOPOTr0 OPHEHTHPOBAHHOTO aTjaaca, GyAyT TOXKAeCTBEHHBL.
Huaue romops, ecau 3aJaHa OpHeHTaUusi 4, MOXHO OAHO3HAUHO
onpeneauTb noJje n-popm n (KaHoHHuecKyw nu-popMy) Ha A.
KoHTpaBapHaHTHBIN aHTHCHMMETPHUHEI TEH30D

nab oo d — g-ae b) dhn
g g ei v h

nab a’= (_1)(n——s)/2n! l g I’lz éml 6b2 L Gd]m

rae s -— cHruHatypa g (u, CJAeJOBaTeIbHO, UHCIO (71— §)/2 paBHO
YHCJAY OTPHIATENbHbIX COOCTBEHHBIX 3HAUEHHN MaTpHUbl (Zap) H3
KOMIOHEHT MeTpHKH). [To3TOMYy 3TH TEH30pBl yIOBJETBOPSIOT COOT-
HOILUEHHUAM
n—s
ab...d

U nef...hz(—l)_é—n!éa[eabf 6dh}' (2.37)

U3 cootnouennit Kpucroddens caeayer, 4o KoBapHaHTHbIE IPOU3-
BOAHBIE M,  , U N% -9 OTHOCHTEJBHO CBA3HOCTH, OTpelesseMoit

METPHUKOH, PaBHBI HYJIO, T. €.
ab.o.d —{0)=—
n ;e—O“nab-..d;e'

C 1moMOMLLbIO KAHOHHYECKOH A-QOpMBl MOXKHO ONpefenuTb 06beM (0T-
HOCHTEJBHO METPHKH g) n-MepHOro nogMHoroobpasus U & A Kak
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Sn. Takum 06pasoM, 1 MOKHO paccMaTpHBaTh KakK MOJOXKHTEILHO
U

onpeneeHHy0 Mepy o6bema Ha . Mbl 6yieM 4acTo MmoJb30BaThCA
el0 B 3TOM cMbIcae, o6o3nauas ee dv. OTrMeruM, uto 3xech d He
03HauaeT oneparop BHemIHero Auddepenuuponanus; dv ectb npo-
cro Mepa Ha JA. Ecan f— dyHKuus Ha A, MOXKHO ONPENEIUTL €e
uHTErpan 1o 24 OTHOCHTENBHO 3TOMH MEpHI:

Sfdv=gfn-

U U

OTHOCHTe/IbHO JIOKAJbHBLIX OPHEHTHPOBAHHBIX KOOPAHMHAT {X%} 3TOT
HHTETpaJ MOXKHO NPEACTaBUTh B BHIE KPAaTHOTO MHTErpasa

S flgltde'ds® ... dx"
U

KOTOPbIY HHBADHAHTEH OTHOCHTENBLHO 3aMEHbl KOOPAHHAT.
Cseprxa BexropHoro noasa X Ha J c¢ n 6yner noneMm I-dhopmul
X1, npuuem

X)), =Xy

Aty (n— 1)-bopMy MOXKHO HHTErpHpoBaTh Mo JM0GOMy (7 — 1)-
MEpPHOMY KOMIAKTHOMY ODHEHTHPYEMOMY NOAMHOr006pasuio 7°.
DTOT HHTErpaJ 3amHlieM B BUAE

{x?do,= X,

V4 7

npyyeM Mbl CUHTaeM, 4To popma n, aABAsiomasca Mepoli Ha 7°, onpe-
nenasiercsi KaHonnuyecko#l dopmoit do,. Ecnu opueHrtauus 7° sagana
HampaBJeHHeM HOPMaJabHOU (OPMBI Mg, TO A0, MOXKHO NPEACTABUTD
B BHlE Nqdo, rie do — NoJOXKHTENbHO ONpeleseHHass Mepa o6bema
Ha noamHoroo6pasun 7°. IToka HOpManb n, He HOpMHPOBaHA, Mepa
o6vema do ompejeneHa HeoAHO3HAYHO. IIpH HOPMHPOBKe Ha n, Ha
elHHHILY [0 MeTpuKe g Ha J, T.e. eClH Nanpg?® = 41, do crano-
BHTCS PaBHOH Mepe o6beMa Ha 7°, KOTOpYlo 3ajaer Ha 7° HHAYIHPO-
BaHHas MeTpuka (4ToObl y6eauTbcsi B 3TOM, AOCTATOUYHO BHIGPATH
OpPTOHOPMHPOBAHHLIA Ga3UC C N.g% B KAUECTBE OJHOIO H3 GA3HCHBIX
BEKTOPOB).

C moMoumibio KaHOHHUYECKON ¢opMbl H3 TeopeMbl CTOKCA MOXKHO
BoiBecTH opmyay [aycca: aas J060ro KOMIAKTHOIO A-MEPHOro
nogmuoroo6pasust U < A

S Xdo, = S X-n=n8d(x-n).
U oU U
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Onnako

@XM, =D (X )=
=(=1""", .. 80, X =

WU

1
(n—1)—5 (n—s) |
— (— 2 — N 17! g -
( 1) nt ns na...a‘engs...tX W

— s t su g __ -1 g
"_na...deé[s ... 0 t6 g]X ;u_n na...deX ;g?

rjie ABaXKABl MCIOAB30BaHO paBeHcTBo (2.37). Otciona Anst aw6oro
BEKTOPHOro noJisa X

SX“d0a= SXg; do;
U U

310 ¥ ecTb TeopeMa laycca. OTMmerum, 4TO 3Ta TeopeMa chpases-
JuBa NpH TakoH opueHTtaunu B %2{, 3ajaBaeMOH HopMaJabHOH dop-
Mot 1, npu Kotopoit {(n, X) > 0 nas Bekropa X, HANPaBIEHHOTO
Hapyxy 2¢. Ecin MeTpHKa g TakoBa, uTo g**ngn, << 0, BexTop gobny
HanpasJieH BHYTpb 24,

2.9. PaccnoeHHble npocTpaHcTBa

HexoToprie U3 reoMeTpuieckux cBOACTB MHoroo6pasus J Jerde
BCEro paccMaTpuBaTh, TOCTPOMB MHOT00Gpa3ue, HasbiBaeMoe pac-
CJIOEHHBIM TPOCTPAHCTBOM. JIOKaIbHO OHO MPEACTABASET COGOH mps-
Moe mnpouaBeleHHe 4 M HEKOTOPOrO MNOAXOIAIIEr0 MPOCTPAHCTBA.
B stoM pasnene MBl RaguM ONpeAeseHHE PACCIOEHHOTO MPOCTPaH-
CTBa M PACCMOTPHM UeThlpe NpHuMepa, KOTOpble OYAYT MOJE3HHI B
JaJbHeHlIeM: KacaTeJbHoe pacciaoerve T (A), TeH30pHOE paccioe-

nne T5(A), paccioenune auneiinpix perepoB L(.) u paccioeHne
opToHOpMHpOBaHKHBIX penepos O ().

Ch-paccaoenue nan Cs-Muoroo6pasvem A (s = k) ectb Ch-MHO-
roobpasue & u clopbektHBHOoe CR-oToOpamenne m:& —> M. Muoro-
o6pasne & HasblBaeTCHd NPOCTPAHCTBOM pacciaoenus, 4 — 6asolt u
n — npoexuueil. TaMm, rie 3To He NpHBENET K NyTaHule, Mbl Gyaem
o603HauaTh paccioeHHe mpocro uepe3 &. Boobiue rosops, ofpas
a1(p) Toukn p & A npu obparHom oToGpaxKeHuw He 063aTEABHO
romeoMopden n!(g) nas xpyroil toukn g = 4. Ipocrefiumit npu-
Mep pacciaoenus — npamoe npousgedenue (M X ¢, M, ), B KOTO-
poM & — HEKOTOpoe MHOrooOpasue, a mpoekUus m onpenessercs
Kak n{p,v)=p 0ad Bcex p = M, v = . Hanpumep, BrbGupass B
kauectse J OKPYXKHOCTb M B XKauecTBe S¢ JEHCTBHTEJIBHYIO NpS-
Myio R!, Mbl moJyuuM npsiMoe npousBefeHne Hag S' — muaunap C2

Paccaoenne nasblBaercst pacC/JOEHHBIM NPOCTPAHCTBOM, €CJH OHO
JIOKAJIbHO fIBJsIeTCA NPAMBIM npousBefeHueM. CiaexoBaTenbpHo, pac-
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CJAOEHHE €CTb PACCAOCHHOE NPOCTPAHCT8C ¢O cjoeM F, ecnu Cy-
JLIECTBYET TaKas OKPeCTHOCTb 24 Kax ol Touku q & A, uTo OKpecr-
HocTh st~ (%) H30MOphHa U X F B TOM CMBICJE, YTO JJS KaXA0H
TOUKH p & U Hafizerca auddeomoppusm ¢, Toukn a~'(p) Ha F,
TaKoH, uro oTOGpaxenue P, onpenensemoe Kak g (u) = (n (1), ¢, (u))
ects nubdeomopdpusm P~ (U)— U X F. Tlockoabky A mnapa-
KOMIIaKTHO, MBI MOXKeM BHIGPaTh JOKAJAbHO KOHEUHOE MOKPHTHE A
TAKAMH OTKPBITHIMU MHOKecTBaMn %, Ecan U, v Uy -- nBa muo-

XeCTBa TAKOro HOKprTI/Iﬂ, OTOGpa}KeHI/Ie
-1
(Sba, p) ° (‘}Sﬁ. p)

ectb muddeomoppnam F Ha cebs aas Kamporo p & (U, NUy).
ITosromy obpaswl m~'(p) Touek p < A Bce HeoOXxoAuMO AHpdeo-
Moppubl & (u, 3HauuT, Apyr Apyry). Hampumep, auer Mébuyca
eCTb paccjoeHHOe npocTpaHcTBO Ha S! co ciaoeM RY; HyXHB [Ba
OTKPBITBIX MHOKecTBa 2y, %y, 4T0CHBl NOJYUUTH MOKPBITHE MHOXe-
cTBaMu Bula 2; X R V3 sToro npumepa BUAHO, YTO MHOrooGpa-
3ue, sIBJSIOLIEECs JOKAJIbHO NPSAMBIM NPOH3BENEeHHEM ABYX APYrHX
MHOroo6pasuii, B o0llleM ciayyae TeM He MeHee He OygeT NPSIMBIM
npousBefeHHeM MHorooGpasuft. VMeHHO 110 3TOH NpUYHHE MOHATHE
PacClIOGHHOrO TPOCTPAHCTBA CTOIb NOJE3HO.

Kacareasnoe paccaoenue T (M) ecTh paccoeHHoe MPOCTPAHCTBO

Han CP-mMHOroo6pasueM, mosyuaiolneecs NPH HAJeJeHHH MHOKECTBA

é’—pgm T, eCTCCTBEHHOH /5 Hero CTPYKTYypoH MHorooGpasus H

ecTecTBeHHOl mpoeknued Ha J. Tarkum 06pasoM, IIPOEKIHS & OTO-
Opaxkaer Kaxayio Touky T, Ha p. CprKTypa MHOroo6pasusl Ha &
OIIpeeseTCs JIOKAJIbHEIMH KOOp,ILI/IHaTa’VII/I {z4} crenyomwum o6pa-

aoM. ITycts {x'} — sloKaJbHBIE KOOPAHHATH HA OTKPHITOM MHOXKECTBE
U < M. Torpa moGoii BexTop V & T, MOXKHO NPEACTaBUTb B BHJE

V = V'0/0x' |,. Koopnunaramu {24} B n~' (%) 6ymyr {24} = {x', V°}.
Ecau poi6pano mokpoiTiHe A HEKOTODPHIMH KOODAHHATHBHIMH OKpecT-
gocTaAME @, COOTBETCTBYIOLIME KAPTH 3a4410T C*larnac na &,

- 2
npu 3T0M & CTAaHOBHUTCS c* LmuorooGpasuenm (r°-Mepubiv). Uro6mr
yGenuThCs B TOM, HYXKHO TOJbKO 3aMeTHTb, UTO B J0OOM Iepe-

ceuennn 2,12, KOOPAHHATHL {x',} HeKOTOpOil TOUKH SIBJSIOTCS
3 a
C*-pynkuuamMu xoopauHat {x° p} TOH Xe Totum a KoMnoHeHTH {V 7.}
HEKOTOPOI'0 BEKTOPHOro moJsad OyayT ct qoyHKuHHMH KOMIIO-
menr {V%} toro Ke 107, Torpa koopammatl {24,} Oyayr
B (U, ﬂWg) C*'-pynkunsmn koopruuar {z%}.

Cnoit n~'(p) ectb T, W, C/1eL0BATENbHO, SIBJSETCS BEKTOPHBI
IPOCTPAHCTBOM pasMepHocTH f. CTPYKTypa BEKTOPHOIO POCTPAHCTBA
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COXpaHsleTCsl IPY OTOGpaKeHHH P, ,:T, -> R”, KOTOpOE onpeneasercs
KaK $g,, () =V (u), 1. e. ¢,  oTOGpaxaeT BEKTOP B TOUKE p
Ha €ro KOMIOHEeHTb OTHOCHTesnbHO koopanHaT {x%.}. Ecanm {x;} —
apyras cHcTeMa JIOKaJbHbIX KOOPAHHAT, 0ToGpakeHue (¢, ») © (%,p)*[
ecTh JuHeliHoe orToGpaxenue R" ma cebs M, CJAeT0BATEIbHO, OHO
ABJAETC 3JeMeHTOM oliell auHeitnoit rpynusl GL (n, R).
Tensoproe paccaoenue tuna (r, s) nan M, oGo3nayaeMoe uepes
T5 (M), onpenensieTcss MOAOGHLIM XKe 06pasoM. CTPOUM MHOXKECTBO
& = UmT’s(p), 3ajiaeM MpPOEKUHI0 7T Kak oToOpa)KeHHe KaKaoH
ps

touku T5(p) HAa p u Aasa JM060H KOOPAHHATHONH OKpecTHOCTH U = M
BBOfMM B n~' (%) sokasbEBe KoopauHaThl {24} Kak {24} =
={x, 7% % .. 4}, rae {x'} — xoopmunars Touku p, {7 % . 4} —
koopamrHaTHbie KoMmonenTh T (1. e, T=T% "% .. 40/0x* ® ... @ dx%},).
OTuM MBI TIpeBpaiiaeM & B Ck*l-MHoroo6pa3ne paavepnocru n' ot
mo6as Touka u & T (M) cooTBeTcTBYeT eAMHCTBEHHOMY TeH3opy T
tuna (r, s) B Touke m(u).

Paccaoenue aunedinoix penepos L(M) ectb paccioenHoe Ch-1-
NPOCTPAHCTBO, ompefenasieMoe ciaeaywluM obpasoM. ITosHoe mpo-
cTpaHcTBo & COCTOMT M3 BceX 0a3uCOB BO BCeX TOUKaX J, HHAue
roBOpS, H3 BCEX MHOXKECTB CHCTEM A JIUHENHO HE3aBHCHMbIX HYyJe-
Bolx BekTOpoM {EE, =T, naa kaxporo peA (a=1, ..., n).
IMpoexuunell m fBJSIETCS eCTECTBEHHAs MPOEKUHs, oToOpaxaromas
6asuc B TOUKe p B caMy 3Ty Touky. [Tycrs {x}— JoKaabHBIE KOOP-
IHHATHL HA OTKPBITOM MHOMKecTBe J, TOTAA

{ZA}':{xa’ Elj: E2k7 very Enm}’

rie E,/ ectb j-n xommomenra BekTopa E, B KoopaHHATHOM 6a-

auce 0/0x’, ABIAIOTCA JOKAJIBHBIMU KoopanuHaTamu B ! (2(). O6was
JauHeitnas rpynna GL(n, R) meiictsyer na L (M) ciaenyrwomuMm oGpa-
som: ecau {E;} —6asuc B p=JM, o A <=GL(n, R) oTobpaxaer

u={p, E;} B
A(u) = {p» AabEb}'

Ecan A uHajmeseHa MeTPHKOH g ¢ CUTHATYPOH S, MOXKHO BBECTH
NOANPOCTPAHCTBO paccaoenuss L(M)— paccroente OpTOHOPMUDO-
sannblx 6asucos O (M), KOTOPOE COCTOHT H3 OPTOHODMHPOBAHHBIX
(otHOCHTENBHO g) 6asucos Bo Bcex Toukax . Ha O(A) neircrsyer

moarpynna O (—é—(n—}—s), %(n—— s)) rpynos GL(n, R). dta noa-

rpynna COCTOHT M3 HECHHTYJASAPHBIX BeHIeCTBEHIIbIX MATPHIL Aab, YAO-
BJICTBOPAOUIHX YC/I0OBHIO

AabicAdc = G
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rae Gy, — MaTpulla BUAA

diag(+1, +1, ..., +1, =1, —1, ..., —1).
_2}—5 YJeHOB 1 ; S ynenoB

Marpuna A,, otobpaxaer (p, E)e O (M) B (p, AnEy) = O ().
B cayuae sopenuesoit MeTpuku (T. e. s=n—2) rpynny O (n— 1, 1)
HA3HBAIOT f1-MepHOH rpynmo# Jlopenua.

Cr-ceuenne pacciaoenns ectb Cr-otoGpamxenne @4 — &, Takoe,
470 7o @ ecTh TOXKAECTBEHHOE OTOGpaKeHHe Ha A, TaKuM 06pasoM,
cedeHue ecTh ycTaHoBaeHne C'-COOTBETCTBHA MeKIY KaxA0#H TOYKOH
p M u HekoTOPLIM 3seMeHTOM D (p) ciog n-t(p). Ceuenue Kaca-
TeJqbHOro paccioenuss 7 (M) ecrb BekTOpHOe moJse Ha J; ceueHHe

T5 () ectob Tensopuoe noge T (M) tuna (r, s) na J; cevenne L ()
ectb HaBop 1 HeHyJ/eBbX BekTOpHBIX moJeit {E.}, koTopsle anueiino
HE3aBUCHMBI B KaxKJ0H Touke; HakoHel, ceyenne O (M) ectb HaGop
OPTOHOPMHPOBAHHBIX BEKTOPHBIX IoJel Ha .

IockospKy HyseBble BEKTODBl M TEH30PHl 3aJAI0T CEYEHHS B

T (M) u T5(A), 371 paccjoeHnble NPOCTPAHCTBA BCErja AONMYCKaioT
ceyeHusl. Ecaim A OpPHEHTHPYEMO ¥ HEKOMMAKTHO HJAH KOMMAKTHO C
XapaxTepHCTHKOH Disiepa, paBHOU HYJIO, Ha HeM OYAyT Besje cyuie-
CTBOBATL HEHyJ/eBble BEKTOPHBIE IOJS H, CJAEAOBATENbHO, Be3fe He-
uyaesnie ceueHus T (A ). Paccmoenus L(A) n O(A) moryr xax
HOmyCKaTh, TaK U He A0MycKaTb cedueHull; nanpumep, L(R") ux no-
nyckaet, a L(S2%) —muer. Eciu L(A) nonyckaer cedenne, [ Hasbli-
Baercs napasreausyemoim. I'epok noxasas [H5], 4yTo HeKOMMaKTHOE
YeThIpeXMepHOe JIODEHIIEBO MHOroo6pasne J JOMYCKAeT CIHHOPHYIO
CTPYKTYPY B TOM H TOJBKO B TOM CJyd4ae, KOria OHO MapaJlielu-
3yemo.

B repmumHax paccioeHHoro mnpocrpaHcrBa L () MOXHO maTh
H3SILIHOE reoMeTpPHUecKoe OmNucaHue CBA3HOCTH Ha . Ee MOKHO
paccMaTpuBaTh KakK MPABUJIO NAapaaNeJbHOTO MNEpeHoca BeKTOPOB
BroNb J10608 Kpusoit y(¢) B . Takum obpasoMm, ecau {Eq} ecthb
Dasuc B Touke p = y(ty), 1. e. {p, E,} ectb Touxa u B L(A), TO
napamiaensubiv nepenocom {Eq} BIoab y(f) MOXHO 0IHO3HAYHO TO-
CTpPONTh 6asuc B 1000 ApPyro#l Touke KpuBoit y(f), T.€. yKasarb
eMHCTBeHHYI0 TOUKY V() B cioe n—t(y(¢f)). Coenosatensno, cyiie-
crByer B L(.#) enwncrsennas xpuBas v(f), HasbiBaemast augprom
v (f), Last KOTOPOi

1) y{t)=u;

2) w5 (1) = v (1);

3) 6asuc, muzoOpaxaeMblii Touko# y({), B A mepPeHOCUTCA TNa-
panielbHO BIOJB KPHBOH Y (f).

3 3axaz 381
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B rtepMuHax JokajdbHbIX KoopauHat {24} kpuBas y(f) samuchi-

Baerca Kak {x°(y (1)), E,’ (1)}; npu atom
Em i t
d _i_EiFa] 51\;())=0'

Pacemotpum kacatenabtoe npoctpanctso Ty (L{A)) ¥ paccioen-
Homy npoctpaHctBy L () B touxke u. Ero KoopaHHATHBIM 6a3ucoM
apjserca {0/0z4|.}. n- wepHoe IOATIPOCTPAHCTBO, HATSIHYTOE HA Ka-
catesbuple BeKTOPBl {(0/0f)y (1 l,} K udTaM BCeX KPHBHIX, TIPOXOJs-
IHX uepe3 p, Ha3bIBAECTCS 20PUBOHTAALHOIM NOONPOCTparcTéom Hy,
npocrpancTBa Iy (L(A)). Uepes noxkanbHble KOOPAMHATE

(i) _dx%(y (1) @ _I_dEmf 9
ot Jy dt axa dt aEmi

dt axa al aEm

TaK UTO KOOpJAMHATHBIM Gasucom B H, sBasgercs {0/0x® —
~ E,/'T'4;0/0E,'}. Takum oGpasoM, cBAsHOCTb B JA Olpeaesser
FOPU3OHTAJbHEE IOANPOCTPAHCTBA B KACATEJIbHOM IPOCTPAHCTBE
Kaxaod Touku L (A). Ob6patHO, B A MOMXKHO BBECTH CBSI3BHOCTD,
sagaB jgas storo B T,(L(M)) mpu kaxmodl ue< L (M) n-MepHOe
[OJANPOCTPAHCTBO CO CBOMCTBAMH:

1) ecim A= GL(n, RY), 10 orobpaxenne A;: T,(L(A))—
—T 4 ) (L(A)) nmepeBoAUT TrOPH30HTAJbHOE IOANPOCTPAHCTBO [,
B Haw;

2) H, He COMEPXHUT HEHYJEBHX BEKTOPOB, NPHHAJIEKAIUX
BEPTHKAJBbHOMY MOANPOCTPAHCTBY V.

[To ompene/eHUI0 gepruKarsHoe noOnpocTpancreo V, ecThb
n’-mepHoe noxnpoctpakcTBo B T, (L (A)), HaTAHYTOe Ha BEKTOPHI,
KacaTeJbHBle K KPHBHIM B cJjoe mt~!(;(4)); B TepMHHAX JOKaJbHBIX

koopauuar V, HatsuyTo Ha BekTOphl {J/0E,'}. CsoficrBo (2) o3Ha-
yaer, uto T, ecThb mpsimas cymma H, u V.

ITpoektupyiomee orobpaxkenune n: L(MA)—> A uHLyUEPYeT
clopbekTHBHOe JuHeliHoe orobpaxenue w,: T, (L(M))—=>Txw(A),
rakoe, uto m,(V,)=0, a cyxeuue m, Ha H eCTh B3aHMHO OJHO-
3HAUHOE 0T06pa>KeHHe H, va Tz CJIe,ZI,OBaTeJIbHO m,~! ecThb
JuHefince oroGpawxenue Ty (A) Ha H, Tlostomy pas modoro
Bekropa X & T, (/) u Touku u & n~'(p) cymecTsyeT Takoil eins-
CTBEHHBII BekTOp X & H,, Ha3blBacMBId 20PUBOHTANOHLIM AUDTOM
pektopa X, mas xotoporo w (X)=X. IlycTb naHbl kpuBas vy (f)
B J u navaabHadg Touka # B n~'(y(4)), Torna 8 L (M) MoxHO
[IOCTPOUTH €IMHCTBEHHYIO KpPHBYIO ¥y (f), NPOXOAAUIYIO uYepes i,
KacaTeJbHBI BEKTOP KOTOpOH ecTh TOPH3OHTaJbHBIE JHPT Kaca-
TeJbHOTO BeKTopa Kpusoil vy (f). Takum 06pa3oM, 3Hast rOPH30HTAL-
Hble NOANPOCTPAHCTBA B KaxaoH Touke L (M), MOXKHO ONpeeaHTh
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napasje/bHOe HepeHeceHue 6a3HCcoOB BAOMb M060f KpuBoH vy (f) B A.
3aTeM MOXKHO ONpenesHTb KOBapHAHTHblE NPOU3BOJHBIE BIOJb KPH-
BO# y(f) ana moboro TensopHoro moasg T kak OOGHIKHOBEHHbBIE MPO-
U3BOAHBIE TO ! KoMIOHeHT T OTHOCHTe/NbHO HapaJfJesbHO MepeHe-
ceHHoro Gasuca.

Ecnu wa J BBemeHa MeTPHKa, KOBADHAHTHAS MPOU3ROAHAS KO-
TOpOH paBHA HYJIO, TO OPTOHOPMHPOBAHHOCTE TapaJielbHO epeHo-
CHMbIX penepoB coxpansiercss. ClefoBaTeIbHO, TOPH3OHTAMBHLIE OJ-
npoctpanctBa KacatedsHbl K O (M) L(A) n 3a1a10T CBI3HOCTD
B O(A).

AnasioruuHo, depe3 napafnefbHbill EPEHOC BEKTOPOB H TEH30-
pOB CBA3HOCTb Ha J 3anaer A-MepHble T'OPH30HTAJAbHblE NOANPO-
CTpaHCTBAa B KacaTesJbHBIX MpOCTpaHcTBaX K pacciaoerusm T (M) u

Ts(M). KoopauHaTHbIMH 6a3HcaMy 3THX TOPH3OHTAIbHBIX MOANPO-
CTPaHCTB ABJAITCH COOTBETCTBEHHO

ad . erf lé)
{dxa Ve 6Vf}

a
{W — (TF++ 2. q0%; 4 (1 T 1. £7151 KAKJOTO HEAKHErO HHEKCa)—

u

b
-7t f...dr‘fec—(l/l T. X AJA KakJO0ro BepXHero HHjeKca)
>< }
a...b
aT ¢c...d
Kak u B caywae L(A), m, B3aHMHO OJHO3HAYHO OTOOpaiKaeT 3TH
TOPU3OHTAaMbHEE MOANPOCTPAHCTBA B Tq(y (M). Takum o6pasom,
CHOBAa MOXKHO o0paTUThb N, TaK, dYTOOB [JA J©000ro BekTOpa

X &Tyq T0AyUUTh eIHHCTBEHHBIA FOpU3OHTaAbHBIA JuUdT X =T,
B uactiom caydae T () enuncTBeHHOMY BeKTOPY W € Tyq ) (A)
COOTBETCTBYET caMa TOuKa X M, cjefoBarenbHo, B T () CBI3HOCTHIO
BHYTPEHHHM 00pa3oM OIpeleseHO0 TOPH30HTAJMbHOE BEKTOPHOE

nose W; B Joka/AbHHX Koopiuuatax {x%, V'}

= 0 J

W = Va (—7 -_ VeI‘fae -—f) .

ox ov

310 BEKTOPHOE MOJIe MOXKHO HHTEPIPETHPOBATHL CAeAyIOmHM obpa-
30M: €ro HMHTerpajbHas KpuBas, Hpoxopdumlas uepes u =(p, X)=
& T(AM), ecTb TOPH3OHTANBHBIE JHPT TOH reofesndeckod s A, Ka-
care/JbHBIH BEKTOP KOTOpPo# B p ecTb X. 3HAUUT, BeKTOpHOE nojie W
npejacTaBadeT Bce reojesuueckre B . B uyacTHOCTH, ceMelCTBO
BCeX IeoJe3UUYeCcKHX, NPOXOAAIuX yepe3 p & M, ecTb ceMelCTBO HH-
TerpaabHblX KpuBblx W, npoxoasuux uepes cioit n!(p)= T(A);
KpuBble B J HMMEIOT IepeceucHus O KpailHed Mepe B p, a KPUBHIE
B T (M) uurie He nepecexkaorcs.

3*
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O61asa Teopusi OTHOCHTENbHOCTH

UroGpl NOHATH NMOSIBAEHHE CHHTYJASPHOCTEH U BO3MOXKHOE Kpylile-
Hue ofllell TeOpUH OTHOCHTEJNBHOCTH, HAM BaXXHO HMeTb TOUHVIO
GbOpMyNUPOBKY 3TOH TEOPHH H YCTAHOBHTb, B KAKOU CTENEHH OHa
ennHcTBeHHa. [T03TOMY MBI MPEACTaBUM TEOPHIO B BHAE HECKOJBKUX
NOCTY/1aTOB, KACAWOMIHXCA MaTeMaTH4ecKOH MOJAeNH IMpocTpaHcTBa-
BpEeMeHH.

B pasx. 3.1 ™Mbl BBefleM 3Ty MaTeMaTHUeCKyl0 MOJeJdb, a B
pasn. 3.2 copMyaupyeM repBble ABa IOCTyJaTa — J0KaJbHOH NpH-
YHHHOCTH M JIOKAJBHOTO COXPaHEeHHs 3HEePrHU. DTH NOCTYJIaThl sB-
Ja0TCs OOMHMHY ¥ /5 ClelHa bHOl U A7 oOuiel Teopuit OTHOCH-
TENbHOCTH, U NOSTOMY MOXKHO CUHTATh, YTO OHH 3KCHEPHMEHTAJIbHO
060CHOBAHBl TEMH ONBITAMH, KOTODble NPOBOAUIHCH AJAS MPOBEPKH
CIENHaNbHON TEOPHH OTHOCHTENbHOCTH. B pasn. 3.3 Mb BuiBegeM H3
JarpaHXKuaHa YpaBHEHHS MATePHAJILHBIX (T.e. HErpaBUTALHOHHBIX)
noJefl ¥ NOJYYUM H3 HEro TEH30P IHEPTHH-UMIYJbCA.

Tpern#t mocryrnar, onpefeadolinii ypaBHEHHs MO, NPHBEAEH
B pa3f. 3.4. JKcrmepuMeHTaNbHO OH 0DOCHOBAH HE TaK XOPOIIO, Kak
nepBble ABA, HO, KAK MBI YBUAUM MNo3JHee, JM00ble MHBE YpaBHEHHs
NpuBOAKIKE Gbl MO KpaliHell Mepe K OAHOMY HJAH JaKe HECKOJIbKUM
HeXeJaTeNbHLIM CJACACTBUAM WM ke TpeGoBajgu CYIIECTBOBAHUSA
IOTMOJHUTE/IBHLIX TOJell, KOTOphle 3KCHepHMEHTaAbHO He oOHapy-
JKEHBI.

3.1. IIpocTpaHCTBEHHO-BPEMEHHOE MHOrooGpa3ue

MaremaTuueckass MOJe/J b NPOCTPAHCTBA-BPEMEHH (T. €. COBOKYII-
HOCTH BCEX COOLITHI), KOTOPO# Mbl OyJeM [OJb30BaThCH, €CTh Nnapa
(A, g), rne M — cBsI3HOe yeThIpexMepHoe xaycaopdoso C®-Muoro-
ofpasue, g — JOpEHIEBA METpPHKA (T.e. METPHKa CHrHATYpH + 2)
Ha .

Hre moxenn (A, g) u (A’, g') GyLeM cuutaTh 3KBHBAJEHTHHI-
MH, €CJIH OHH U3OMETPU4Hbl, HHAUE TOBOPS, €CJAH CYHIeCTBYeT Aud-
deomopdpusm 6:4 —> A’, KOTOPHI NEPEBOSUT METPHUKY g B METPH-
Ky g’, 1. e. 0,g = g’. Torza, cTporo rosopsi, MOJE/IbI0 NPOCTPAH-
CTBA-BpeMeHHU fIBJsIeTCA He npocto oAHa napa (4, g), a BeCb kjacc
skBuBageutnoctu nap {(JA’', g’), skpupaneurnuix (A, g}. OO6uiuHO
Mbl OyneM HMeTb AEJN0 TOJNbKO C ONHUM Ilpeacrasurenem (A, g)
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JalHoTO K1dcca 3KBIBAJCHTHOCTH, HO TOT (akt, 4T0 T4 napa onpe-
jeJerna JIHIL C TOUIIOCTBIO [0 3KBHBAJCHTHOCTH, BaKCH B HEKOTO-
pbIX CHTYauusiX, B YaCTHOCTH NpH paccMoTpenuni 3agaun Kouu
B I 7.

Mioroo6pasue J Gepercsa CBA3HBIM, NOCKOJIbKY HaM HEAOCTYIIHA
HUKaKas HHpOpMALHs OTHOCUTEABHO HECBS3HBIX yacrteil. Mal cun-
TaeM ero Xaycaop(poBbIM, TOCKOABLKY 3TO, MO-BHAUMOMY, COTIACyeTCs
¢ naxonaenneiy onpiToM. OMIako B IJ. 5 MBI PacCMOTPIM mpHep,
B KOTOPOM MOXKIIQ JIOCTYIHTLCST 3TUM ycaoBueM. Bumecte ¢ yerosuem
JIOPEHUEBOCTH METPHKH YCJAOBHE XaycAopdOBOCTH O3HauaeT, uto A
napakoMiakrao [55].

[Tonsitie MHOroo0pasust ecTeCTBeHHBIM 06PA30M OTBEYACT HALINM
MHTYHTHBHLIM TPEACTaBJICHHAM O HENPEpPLIBHOCTH MNpPOCTPANCTBA M
Bpevenu. K macrosulemy BpeMeHHM Takas HENpPEPLIBHOCThL yCTallOB-
JeHa 10 paccroanuil mopaaka 10-1% cM skemepuMenTavu no pacces-
nuto nuonos [49]. HasepHoe, 6yaer TpyAHO pacnpocTpaiuTh NONATHE
HeNPEPBIBHOCTH [0 MHOTO MeHBUIMX PACCTOAHHI, ITOCKOIbKY sl
STOTO MOHAAO0HTCS yacTHLA Takol GOJBLION SHEPTIH, YTO DOAMTCS
HECKOJbKO APYLHX YaCTHL, H OHH HCKa3fT 3KCIEPHMEHT. BO3MOKHO
MO3TOMY, YTO MOAEdb, B KOTOPOH IPOCTPAHCTBO-BPEMSI paccMarTpH-
BaeTcs Kak MHorooOpasue, HenpuemJeMa IJs paccroalinii MeHbile
10-15 ¢cm, U Ham cjefoBajo Obl NOJAB30BATHCS TAKOH TEODHel, B KO-
TOPO#l B TaKHX Macmtadax MpoCTPaHCTBO-BpeMs o6aanaeT Kakoki-To
uHOMH cTpykTypoll. OfHAaKO MOXKHO OXHAATh, YTO MOAOOHLIE OTKJIO-
HeHHsS OT ONHCAH{sl NPOCTPAHCTBA-BPEMEHH KakK MHOroobpasusi He
MOB/JUAIOT Ha OOLIYIO TEODHIO OTHOCHTENBLHOCTH JO TeX IMOp, NOKa
XapakTePHbIH TPABHTANMOHHBIA MacwTad IJIHHL He CTAHET TaKoro
XKe nopsaaxka. DTO MOTJI0 Obl CAYUUTHCH JHLTh IPH INIOTHOCTH TO-
psaka 10% r/fcm? T. e. B TaKHX IpeleNbHBIX COCTOSTHHSIX BeIeCTBa,
OTHOCUTE/JIbHO KOTOPBEIX B HACTOSIlIEe BpeMs HHUEro He H3BECTHO.
Tem He menee, paccMaTpuBag NPOCTPAHCTBO-BpeMs Kak MHOrooGpa-
3Ue K JeJjas onpejes]eHHbIE pa3yMHble NMPeANOJIOXKEeHHS, Mbl MOKa-
KeM B . 8—10, uTo Kakoe-TO HapylleHue 0OIeli TEOPUH OTHOCH-
TeJIbHOCTH JOJKHO uMeTh Mecto. VM Morau Gbl GBITb WM HECOCTOS-
TeJbHOCTh ypPaBHEHUH MOJs, UIM HEOOXOAUMOCTh KBAHTOBAHHS MeET-
PUKH, HJIH HapYLIEHHE CTPYKTYPbl MHOrooGpasus.

Merpuka g no3BoJsieT ACJAHTbL HEHYyJeBble BEKTOPHI B TOUYKE
p = A na TPpH Kracca; WMeHHo, menysiesoll sextop Xe& T, Haswl-
BaeTcst 8peMeHinofobHbIM, APOCTPAHCTBEHHONOJOGHOIM WINH U30-
TPONHLLM, CMOTPST 110 ToMy, siBasterca Ju g(X, X) oTpHLATENLHBIM,
TIOJIOZK HTEAbHBIM HIH HYJEBBIM (CP. pHC. D).

[Topagox r AuddepeHUHUPyeMOCTH METPHKH BBIGUDAETCST JA0CTa-
TOUYHBIM JJI51 TOrO, 4TOObl ypaBHeHHs noJs Obl1n onpepedennl. OHH
MOTYT OLITH Ollpefedelibl B cMbicie 00061eHHbIX hYHKLIH, eciu Ko-
OpPAMHATIBIE KOMIOHEHTHl METPUKU Zap H Z%Y HENpepHIBHBI, HMEIOT
JIOK4/IbHO ~ KBaJApaTHUHO-HHTerpupyemble  000OLIEHHBIE  MEPBbIE



70 Iz 3. O6was Teopud OTHOCUTEALHOCTU

IPOM3BOAHLIE MO JOKaJbHbIM KoopamuataMm. Habop n dyrknuit f,
Ha R” Ha3blBAOTCST OGOGIIEHHBIMU HPOUIBOAHLIMU (GYHKIUMH P HA
R, ecan pas moboit dyHxuun Ce-¢pyHKUUE P Ha R™ ¢ KOMIAaKT-
HBIM HOCHTEJIeM

{ rvane = — [ Fowox) ans.

OnHako 3TO yCJAOBHE CIUIIKOM caafo0e, MOCKOJALKY OHO He rapaHTH-
pYeT HU CYUIECTBOBAHHS, HH eNHHCTBEHHOCTH TEOAe3HUECKNX; M5
sToro Tpebyercs merpuka kaacca C?— (C?--MerpHKa no omnpenene-
HU0 06/ajaeT TNePBLIMK NPOU3BOAHBIMH KOOPAMHATHBIX KOMIIOHEHT,
YAOBJAETBOPSAIOIUMMHE JOKaALHOMY YCI0BHIO Jluriunna; cum. pasa. 2.1).
daxrnyecky B GoJsblleH YacTH KHHIH MBI OyJAeM [peanosaaraTh, YyTo
METPHKa TpPHHAJIEKUT 1o KpalHel Mepe wiaaccy C2. DT1o mo3poaser
OnpefeauTh YpaBHEHHS MOJsl (a4 OHH CONEPIKAT BTOPbIE NPOU3BOJI-
Hble METPUKH) B Kaxao# Touxke. B pasn. 8.4 mbl oci1abum tpeGosa-
HHS K MeTpuke 1o kjacca C? W nokaxeM, 4TO 3TO He BJHSIET Ha
HaJMYHe CHHTYJASIPHOCTEH.

B roi. 7 ™Mbl mosib3yeMcs HHbIM ycaoBHeM NHD(epenunpyeMocTu
/s TOro, uroGpl MOKasaTh, YTO Pas3BUTHE BO BPeMeHH I10JIEBbIX
ypaBHEHUN ONpeNessieTcs NOAXOAAMMMH HAYaJbHLIMU YCIOBHSAMI.
Mger norpebyeM, 4To6Bl KOMIOHEHTHL METPUKH U HUX 00OGIIEHHLIE
nepBhle NPOU3BOAHBIE JO TOpPSIAKa m (m == 4) Oblin JOKaIbHO
KBaZpaTHYHO-UHTETPUPYEMBl. DTO YCJIOBHE 3aBEIOMO BbIIOJHAETCH,
€CJIH MeTpPHKAa NMpHUHaMIexRuT Ki1accy Ch

Daktnueckn nopsuoK AuddepeHnupyeMocTH METPUKH C TCUKH
3penus Gu3MKH, cCKopee Bcero, He UMeeT 3HayeHud. [lockoabky Mmer-
PUKY HHKOT/IA HeJAb3s U3MEPHUTH TOYHO, a JHUIUb B Npejenax HEKOTO-
poii olKOKH, TO HUKOTAA HEJAb3sT YCTAHOBHTH, CYLIECTBYET JU HAei-
CTBUTEJNbHO Pa3pblB B NPOH3BOAHLIX TOTO HJAMW HHOrO nopsiaxka. Ta-
KHM 00pasoM, BCerfia MOMKHO MPeJCTaBUTb De3yJAbTaTbl H3MEPEHHH
Kax C®-MEeTpUKY.

Ecan npennoJsiaraercs, uTo MeTpuKa npuHagiexut kiaccy Cr, 1o
atnac MHOrooOpasust go/xKeH GuitTh mopsiaka CH. MoxKHo, ofHaxo,
Bcerfa Ha#iTH aHanuTHUeCKH# nojariac B MoGom Cs-amaace (s=>=1)
([174), uur. B [112]). ITosToMy, He orpannuuBas OGMIHOCTH, MOXKHO ¢
€aMOro HayaJa NpPeoJOXKUTh, YTO aTaac aHaJuTHUeH, HakKe B TOM
cayuae, KOTJ2 H3-3a TOTO, uTO MeTpuKka kiaacca C', pH3nvecKn MOK-
HO 3ajatb Toabko Crtt-armac,

UToOH rapaHTHPOBaTh BKJIOYeHHe B Hamy Mogeds (4, g) Bcex
HECHHTYJ/SAPHBIX TOYEK MPOCTPAHCTBA-BPEMEHH, MBI JOJKHBI Haso-
KHUTh Ha Hee OIpeJeJIeHHblE YCJIOBHS. ByneM roBoputs, uto C'-nmapa
(A', g") sisasiercss CT-pacwupernuen (M, g), ecam CyuiecTByeT H30-
Metpiyeckoe C'-Bioxenue p: A —> A’. Ecou OB Takoe pacuinpenne
CYIIECTBOBAZO, TO HaM IpHILIOCk OBl pacCMaTpPHBAThL B KauyecTne
TOYEK INPOCTPAHCTBA-BPeMeHH Takxke M Toukn JA'. IJosToMy Mml
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notpedyeM, utobbl monear (A, g) 6bna C'-nepacuwpsenoi, T. e.
yro6bl He cyuecrtBoBato ee C'-pacunpenus (A’, g’), npum Ko-
topoM u(A) ne cosmagaer ¢ A’

B xauecrse npumepa napwl (M, g), KOTopasi He SIBJSETCS He-
paciuupsieMoil, paccMOTPUM [AByMepHOe eBKJIMIOBO IPOCTPAHCTBO
C OCblo X, BhIpe3aHHON MexAy x; = —I| n x; = 4 1. OueBuAHBIM
CIIOCOBOM €ro PacHIMpeHHusi siBIASeTCsl «BO3BpaUleHne Ha MECTO» BBI-
pe3aHHBIX TOUEK, HO MOYKHO TakKyKe PacIlHpPHTb €ro, B3fB elle OJHH
sksemmasip (Mo, g;) TAKOTO NPOCTPAHCTBA M OTOXKJAECTBHB HUIKHHUI
Geper paspesa npu |xif<<1 ¢ BepxHuM Geperom paspesa npH
|x2| << 1, a Bepxumit Geper paspesa npu || << 1 ¢ HumHHM Gepe-
rom paspesa npu |xz| << 1. IlosyuenHoe takum 06pasom MpOCTpaH-
ctBo (M3, g3) HepacUIHPeMO, HO He NOJHO, HOCKOJIbKY Mbl OCTa/JIHCh
6e3 Touek (x; = =1, y1 = 0). MBI He MOXKEM MOMECTUTb 3TH TOYKH
06paTHO, TaK Kak Mbl CTECHEHbl yCJIOBHAMHU NpPOLOJKEHUS BepXHeEH
Y HMXKHEH uacTu OCH X Ha pasznuuHbie aucthl. OfHAKO, ecau B3ATb
MOAMHOMECTBO U < Ms, onpeneteHHoe yceaoBusaMu 1 << xy << 2,
—1 < yy < 1, T0 MOXKHO paciuuputs napy (%, gslgs) # nomecrurs

o6partHo TOuKy ¥1 = I, y1 = 0. D10 nobyxaaer x Gosee CTPOromy
onpeeJeHuIo HepaciuupseMocTn: napa (J, §) HasbiBaeTcs 20KaLb-
Ho Cr-uepacuupsemodi, eclii He CyILIeCTBYeT KaKoro-J160 OTKPBITOrO
MHOXKecTBa 2 < JM ¢ HeKOMIAKTHBIM 3aMblkaHHeM B J/, TaKOro,
uto napa (%, g lpy) uMeeT pacwmnpenne (24, g’), B KOTOPOM 3aMEI-

xanue o6pasza ¢ KOMIAKTHO *).

3.2. MarepuaabHble (HerpaBHTALUOHHBIE) TIOJS

Mum GyneM paccMaTpHBaTh Ha J pasinuHpie [OJSA, HanphHMep
TaKHe, KaK 3JeKTPOMarHuTHOe NoJie, HEHTPUHHOe TOJE H T. H., KOTO-
pble OMHMCHIBAIOT «MaTepHaJbHOe COHEPHKHUMOe» IPOCTPAHCTBA-Bpe-
Menu. DTH 1oas OVAyT NOAYMHEHbl YPaBHEHHSAM, KOTOpPhle MOXKHO
NpeCTaBUTh B BHIE TaKHX COOTHOMICHHH MeXIy TeHzopaMu Ha A,
4TO BCe NMPOK3BOJHBIE TIO IOJOKEHHIO OYAYT KOBAPHAHTHBLIMH TIPOH3-
BOAHBIMU OTHOCHTEJNbHO CHMMETPHUHOH CBS3HOCTH, ONpelenseMoi
METDHKOI g. DTOT BBIBOA CJEJyeT K3 TOro, YTO TOJIbKO TEH30pHBIE
COOTHOILEHHS ONpEeNeasioTesl CTPYKTYpoH MHoroo6pasud, a CBsI3-
HOCTb, 3aJaBaeMasi MeTPUKOH, — NOoKa eJHHCTBEHHAas CBSI3HOCTh, KO-
Topyio Mbl BBoAu K. Ecai 6b1 B2 3ajlana Apyras cB3HOCTb HA A,
TO Pa3HOCTb JBYX CBA3HOCTeH Obl1a Obl TEH30POM, H €ro MOMKHO
6BLI0 GBI paccMaTpPUBATH Kak 10Boe (u3nueckoe mose. AHasoruuno,
NPYTyio MeTPHKY Ha J MOXKHO ObwIo Obl paccMaTpUBATL Kak eIle
0XHO (hu3nyecKoe moJe. YpaBHeHWS I[OJeH HHOTAA BHIPAXKAIOTCSH B
BHIE COOTHOIIEHUI MEXKAy cnuHopaMu Ha . B aroll kuure Mo He

*) Ecan J — onnomcpHoe MHorooOpasue, 1. e. M =My, 10 napy (A, g),
VAOBJETBOPSIIOILYI0 YKA3AHHOMY YCa0BUIO, OyleM Ha3HBaThb 20KaAbHO Cr-nenpn-
doaxcumotl (e, c1p. 205).— [Tpum. nepes.
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OyfeM HUMeTh feJa C TaKoro pofa COOTHOLIEHHUSMH, MOCKOJbKY /s
TeX 3ajad, KoTopble Mbl cofupaeMcss paccMaTpUBATh, B HUX HET Ha-
N00HOCTH. B melcTBUTENbHOCTH BCe CIMHOPHbIE ypaBHEHHSI MOXKHO
3aMEHHTb HECKOJIbKO 0oJjiee CJA0XHBIMHM TEH30PHBLIMH YPaBHEHUSIMH
(cM., nanpumep, [143]).

Mbr nosyynM Ty uau MHYIO GOPMY TEOPHH B 3aBHCHMOCTH OT
TOro, Kakue MaTepHaJibHble IO/ BKJIOUHM B Hee, MOKHO BBECTH B
TEOPHIO BCE I0JIS, KOTOPBle 3KCIepUMEeHTAIbHO HaBJI104ai0TCs, Npi-
ueM MOXKHO OBLI0 Obl OCTYJUPOBATHL U CYIIECTBOBAHME MOJEH, KOTO-
pule eme He obHapyxeHH. Tak, Hanpumep, Dpanc n Jukre ([39],
NpHIOXKeHHe 7) NOCTYJIHPOBAJH CYyLIeCTBOBaHHE NaJbHOIeHCTBYIO-
LIero CKaJIsiPHOTO 110Jisl, KOTOPOe CBA3aHO ¢J1abo co cleloM TeH3opa
SHEPrHH-UMIyasca. B ¢opwme, npunaunoii et dukke ([39], npumioxe-
Hue 2), teopuio bBpanca — [luxke MOXKHO paccMarTpuBaTh IPOCTO
Kak OOLIyI0 TEOPHIO OTHOCHTENbHOCTH C AONOJHHUTEJbHBIM CKaJsip-
HEIM noJeM. B Hacrosiimee BpeMsi HAYT CHOPHl O TOM, OOHApyXKeHO
9KCTIePUMEHTAIbHO TaKOe ToJie UK HeT.

Mg 6yneM 0603HauaTh MATEPHANBHbIE [10JI51, BKIIOYAEMbIE B TEO-
pHIo, uepes ‘{fia"'bc...d, rie uHAexc (I) HyMepyeT paccMmaTpusae-
mpbie noqs. Crelyiouiye ABa OCTyAaTa OTHOCHTENbHO NPHPOMABI TexX
ypaBHeHHuH, KOTOPHIM noAuuHsoTes moas ;" " . ... d» SABJISIOTCSH 06-
IIYMH A/ 9aCTHOH H o6ulefi TeOPUH OTHOCHTENbHOCTH.

ITocryaar (a). Jlokarernas npuduHHOCTL

ITycers 9¢ — BrImyKJasi HOPMaJbHAST OKPECTHOCTD, p, § — JI0GHE
ABe Toukum %{; ypaBHEHH#, ONHCHIBAIOLINE MaTepHasJbHbIE TOJ,
J0/KHBL OBITH TAKHMH, YTOOBI Nepefaua CUrHaNa OT OLHOH H3 3THX
TOUeK 10 APyroki Obla BO3MOXKHA TOrZAa H TOJNBKO TOT[a, KOraa p
U g Moryt ObITb coenuHeHbl C!-KpuBOIi, Jexamlell neaukoM B 24 u
HUMEIOLeN KacaTeJbHEIM BEKTOPOM BCIORLY HEHYJeBOH BpeMeHHNon006-
HBIA HJIM M30TPONHBEIA BEKTOP; TaKylo KPHBYIO Mbl 6yJeM Ha3bBaTb
HenpocTpancreenronodobrol. (Hama dopMyaupoBKa TeOpPHH OTHO-
CHTEJIBHOCTH HCKJI0YaeT BO3MOXKHOCTh CYIECTBOBAHHA YaCTHI, BPOIE
T4XHOHOB, ABHXKYIIUXCS 0 MPOCTPAHCTBEHHONOXZOOHBIM KPUBHLIM.)
Vizer sm curHaJ OT p K ¢ WIH OT ¢ K p, 3aBUCHT OT HampaBieHus
BpeMeHn B 4. Bonpoc o TOM, MOXKHO JM BO BCEX TOUKaX IPOCTpaH-
CTBA-BPEMEHHM HeNpPOTHBOPeuuBbIM 006pa3oM 3anarTb HanpaBJeHHe
BpeMeHH, OyleT paccMOTpeH B pasf. 6.2.

Bosee Toynyio GopMyJHpPOBKY 3TOrO NMOCTYJNATAa MOXKHO HaTh ge-
pes GopMyaupoBKy sagaun Kown mas marepuatbusx noduell. [Tyers
Toyka p & %4 TakoBa, 4YTO KaxJAas HeNpOCTPaHCTBEHHONOLOGHAs
KpHUBas, NPOXOAsAIlas 4yepe3 p, Mepecekaer NPOCTPaHCTBEHHOMNOH0G-
HyI0 moBepXHOCTb x* =0 B npegenax 2. Ilycte &F — MHOXKeCTBO
TeX TOYeK Ha MOBePXHOCTH x:==0, KOTOPHIX MOXKHO AOCTHI'HYTb, [(BH~
rasicb u3 p B npejiesaax 24 no HeNpoOCTPAHCTBEHHOTOAOOHBIM KPHBBIM.
Torpa mbt norpe6yem, yTOGL 3HAUSHUS MaT€PHAJBHBIX NOJAEeH B TOY-



3.2. Marepuaavnete (rHeepasurayilonnsie) noas 73

Ke p »AHO3HAYHO ONPEAe/IANNCh 3HAYCHUAMHU Ha F STHX moJell u ux
IIPON3BOJIHBIX IO HEKOTOPOrO KOHEUHOTO NOPAAKa H B TO XKe BpeMs
He onpene/IsIuCh OJHO3HAYHO 3HAYEHHAMH Ha JI0O0M COOCTBEHHOM
MOAMHOMKECTBe MHOXKecTBa &, K KoTopomy F MoxeT OblTh Hempe-
phIBHBIM o0pasom cranyto. (Bosee monnoe ofcyxaenue 3amaun
Komu em. B 1. 7.)

VIMeHHO 3TOT MOCTYJIAT BhIJIEJAdET METPUKY & CPeAd APYTHUX I0-
Jefi Ha 4 W mpujiaer el 4eTKO BLIpaXKEHHBIN reoMeTpuHuecKkuil xa-
pakrep. Ecan {x%}-— HopMaJibubie KOOPAMHATH B 24 BOJIM3U p, HH-
TYATHBHO JOBOJBHO OUEBHAHO (J0Ka3aTedbCTBO CM. B IJ. 4), 4To
TOYKAMH, KOTOPBIX MOXKHO LOCTHPHYTb M3 p II0 HENpPOCTPAHCTBEHHO-
noA0GHEIM KPUBBIM B 24, SIBAAIOTCS TOYKH C KOOPAMHATAMH, YAOBJE-
TBOPSIIOUIUMH YC/AOBHIO

(' 4 () + () — () <0,

Ipannua 3THX Touek npeacrasisgeT coboll oOpas M3OTPOTHOTO KO-
HYCa B p IPH 3IKCIOHEHUUAJSbHOM OTOGPAaXKEeHHH, T. €. TIHOJKECTBO
BCEX M30TPONHBIX T'e0fe3UYecKuX, NpoxoAduux yepes p. Taxum 06-
pa3oM, YCTAHOBHB, KakMe TOUYKH MOTYT COOOMIATBCH CHTHAJAOM C P,
MOXKHO ONpelejuTh H3oTponubil KoHyc N, 8 Tp. Koap cxopo us-
BeCTHO Np, TO C TOUHOCTbIO JO KOH(DOPMHOTO MHOXKHTENs omnpele-
Jasercd MeTpuka B p. B aToMm MOoxHO yGelnTbcsl caelylouiuM obpa-
3oM. [Ilycts X, Y& T, COOTBETCTBEHHO BpPEeMEHHUNOAOOHBIE u IpoO-
CTPAHCTBEHHONOAOOHBI BEKTOPH. YpaBHEeHHe

gX+2Y, X +2Y)=g(X,X) +2.g(X, Y)+2°g(Y,¥)=0

HMeeT [Ba NEHCTBHUTEeJbHBIX KOPHS A; H A, Hockojbky g(X, X) <0
u g(Y,Y)>0. Eciu mp 3Haem N, TO MOXKeM ONpEeIEIHTb A
H Ay HO

Mo =g (X, X)/g (Y, Y).

Taknm oOpas3oM, N0 H30TPONHOMY KOHYCY MOXKHO yCTAHOBHUThH OTHO-
IIeHHe BeJIMYHH BDPEMEHHMIONOOHOrO W MPOCTPAHCTBEHHOMOAOGIOrO
BekTopoB. Toraa, eciin W u Z — s1106ble ABA HEH30TPOIHBIX BEKTOpa
B p, TO

gW,2)=1 (g(W, W)+ g(Z, 2)— g(W + Z, W+ Z).

Kaxnylo BeJMUHHY B TIPABOi 14CTH MOKHO CPaBIUTh ¢ «JLTHHOM» X
uan Y n rakum cnocoboy uaiitn g(W, Z)/g (X, X). (Ecaun sexrop
W -+ Z u30TpOneH, TO MOXKHO HINOJIb30BATb COOTBETCTBYIOUIEE Bbl-
paxenue, cofepxauee W -+ 2Z.) Mrax, cyllecTBoBanue JoKaJdbHOMH
MPHUHHHOCTH MO3BOJSET H3MEPUTL METPHKY C TOUHOCTBbIO 10 KOH-
tdopMHoro MHoXKHTe . Ha npaxTtike 310 nsMepenie yvnoduee Bcero
OCYLIECTBHTD, HCMNOAB3YS TOT IKCTEPHMElTaNbHbT (akT, 4To He 00-
HAPYVIKEHO HIKAKOTO CHrHAda, KOTOpLl pacnpoctpausiacst 6nt OblCcT-
pee 3JIeKTPOMATHHTHOIO H3JY4YeHHUs. DTO 03HAUALT, UTO CBET AOJIXKEH
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pPaCIpOCTPAHATLCA N0 H30TPONHBIM reogesndeckuM. OfHaKo Taxoe
CBOWCTBO CBeTa SIBJISETCS CJIEICTBHEM KOHKDETHBIX YpaBHEHHH, KOTO-
pLIM TIORUMHSIETCS 3JeKTPOMArHMTHOE 1oJe, a He caMOll TeopuH OT-
HocuTebHOCTH. JlanbHelillee paccMoTpeHre MPUYHHHOCTH MBI MPO-
poskuMm B . 6. Cpeiy mpovyux pe3yabTaTOB MBI MOJYUHM, UTO OT-
HOIUIEHHsl MPUYHUHHOCTH MOTYT OBITh HCIIOJb30BAHBl /51 ONpee/IeHUs
TONOJOTHYECKOH CTPYKTYPHl . KoH(pOPMHEBII MIOXKHTEIb METPUKH
MOXKHO OTIPeleTuTh, NOAB3YSCh ocTyaatoM (6), KoTophul Gopmyau-
pyeTcs Huxke; TOraa Bce 00beKThl Teopuu OyAYT pusndeckn Hadiaio-
daeMbIMH.

Hoctyaar (6): aoxaavHOe coxpareHue 3nepeuu U UMnyLola
YpaBHEHHs, ONHCHLIBAIOUIME MATEpPHaJbHbIE [OJS, TAKOBBI, 4YTO
CYLLeCTBYET CHMMeTpHuHBHT TeHsop 7@, HaspBaeMblli TEH30POM
9HEePrUU-UMNYJbCa, KOTOPHIH 3aBHCHT OT NoJel, X KOBAPHaHTHBIX
IPOM3BOAHBIX W METPHKH, OH 0b6sajfaer CJAeAYIOIMIUMH CBOHCTBAMU:
1) Teb o6paiiaercs B HyJJb HA OTKPBITOM MHOXeCTBe 2/ B TOM H
TOJbKO B TOM CJyuae, KO'Za MaTepHaJbHble NOJA Hcue3aoT Ha .
2) Te* nopunHseTCs YpPaBHEHHIO

7%, =0. (3.1

Yenosue (1) BbipakaeT TOT NPHHLMN, 4TO BCe noas oba1anaimoT
sHepruel. He HCKJIIOUEHB! BO3PaXKEHUS UPOTHB (POPMYJIHPOBKH
«TOJBKO B TOM CJydaes Ha TOM OCHOBAHHH, UTO MOFYT OKa3aThCs
JBa HEHYJIEBBIX M0JIS, TEH30PHl SHEPTHH MMIIY/1bCA KOTOPHIX KOMIIEH-
CHpYIOT APYT Apyra. Takas BO3MOXKHOCTb CBfi3aHa C JONYCTHMOCTHIO
CYLIEeCTBOBAHKs OTPHIATEIBHON SHEPrHu H 00cyxKAaeTcs B pasi. 3.3.

Ecau Merpuka nonyckaer Bektoproe nosae Kuanuura K, to ypas-
HeHue (3.1) MOXKHO NPOMHTErPHPOBATH M IOJYUHTh 3aKOH COXpaHe-
uusl. Uro6bl yGeauThCST B 3TOM, BBeeM BeKTOp P%, KOMIOHEHTHI KO-
Toporo paBubl P¢ = T2 K, Torga

Py =T Ky + T Ky, o

[TepBblil ueH ecTh HVAb IO ypaBHEHHIO coxpaHenusi (3.1), a Bropoi
obpalniaercs B HyJAb, TaK Kak TeH3op T¢® cumMelpuuen u AIs Bek-
topa Kuaaunra K 2K, , = L, g, = 0. Tlostomy, ecau & — xom-
naxkTHas OpHeHTHpyeMas o6jacTb ¢ rpaHuleli 02, To no Teopeme
[aycca (pasz. 2.7)

{ Pdo, = (P yav=0. (3.2)
0D D
STO paBeHCTBO MOZKHO OnUCaTh CJ0OBaMUu Kakx paBeHCTBO HYJIXO HOJ-
HOT'O IIOTOKAa K‘ﬁ KOMIOOHEHTHl SHEPTUHN HMITyJbCAa yepes SAMKHYTY1IO
NOBEPXHOCTh.
KOF}Ia MeTpHKA IIJIOCKAs, KaK 3TO MMEET MECTO B qacTHOH TEOpHH
OTHOCHT@JBLHOCTH, MOXKHO BBIOpPATb KOOPAHHATH {X"}, B KOTOPBIX
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KOMMOHEUTH MEeTPHUKH DPAaBHBL Gap == €484, (cyMMupoBanua Het!),
rjie 8qy — cumMBol Kponekepa, e = -1, ecsin a == 1,2, 3, u e, == —1,
ecstd a = 4. Toraa Bekropavu Kuaaunra 6yayr

=2 (a=1,2,34)

a ox%

(oHM mopoxpaioT 4-TPaHCJAALMH) U

0
Mzeax“w —,eﬁxﬁ (cymmuposanusi net; a, =1, 2, 3, 4)

ab ox“

(110pOKAAIOIMMY 1eCTb «BpAllEHWII» B IIPOCTPAHCTBE-BPEMEHH).
Ortu uzoMerpui odpasytor [0-napaverpudeckyto rpyniy JIu uszomer-
puil IJIOCKOro IPOCTPAHCTBA-BpEMeNH, HAa3bIBAEMYIO HEOJHOPOAHON
rpynmofi Jlopenna. X M0XHO HCIIO/1b30BATh /IS ONpENETEHUs Je-

caTn BeKTOpoB P u P?, nopuuusiontuxca ypasHenuo (3.2). MoxHo
a af

CUHUTATh, UTO BekTOp P omuceiBaer motox suepruu, a P, P, P — no-
4 1 2 3

TOK TpeX KOMIIOHEHT HMIYJ/bCa; P MoXKHO HHTEPNPeTHPOBATb KAk
aB

NOTOK MOMEHTa HMITYJbCa.

Eciu Merpuka He maockas, To B o6LIeM clyyae HET HH OLHOLO
BekTopa Kusaiudra, u nofoOHBIX 3aKOHOB COXpaHEHHd He Cyle-
crByer. OfHAaKO B NOAXORALLEH OKPECTHOCTH TOYKH § MOXKHO BBECTH
HOpMaabHble KoopauHatel {x¢}. Torma B TOUKe ¢ KOMIOHEHTHI MET-
PUKH Zap = €o0ap (CyMMupOBaHMsS HeT!), a KOMITOHEHTB! CBS3HOCTH
Fabc = O

MoXHO B34Tb TAKyI0 OKPECTHOCTb & TOUKH ¢, B KOTOPOH gy H
['*pe OTAHYAIOTCS OT MX 3HAUEHHH B ¢ Ha TPOM3BOJBHO MaJyio BeJi-
YUHY; TOoTAA Lgp) Ag"” p) He OYAYT B % TOYHO PABHBI HYJIO, HO

o

OyAyT OTAMYATLCS OT HYJsi CKOJIb YLOJHO MAaJo.
Takum o6pasom, uHTerpaJs

6S@apb dO’b u 65@ 0{:’ dO’b

B IepBOM NpUOJAHKEHHH IO-TpeXHeMy OYAyT paBHBI HYJI0; HHAue
roBops, B MaJjoil 06/1acTH NPOCTPAHCTBA-BPEMEHHU B 3TOM NIPUOAMKE-
HUH HEPTHs, HMIYJIbC # YIVIOBOH MOMEHT MMIMYyJbCca Bce ellle coxpa-
HsioTed. Menoawsya 310, MOXKHO noKa3aTh, UTO MaJjoe H30JHPOBAH-
HOE TeJ0 NpUOIHKEHHO ABHIKETCH N0 BPEMEHHNOA06HON reopesnye-
CKOH JIMHHM HEe3aBHCHMO OT CBOefl BHYTpPEHHeH CTPYKTYpbl, ecaH
TOJIBKO MJIOTHOCTb 3HEePruu HEOTPHILATebHa (pacyeT ABHIKEHUHA Ma-
JIOTO Tesa B TEOPHHM OTHOCUTENBLHOCTH cM. B [42]). DToT daxT MOKHO
paccMaTpuBaTbh Kak rajnjJeeBCKMH NPUHUMN nafeHust BCeX Ted C
OJIHHAKOBOH CKOPOCTbIO. B HBIOTOHOBCKHX TepMHHAX MOMXKHO ObIJIO
Obl cKas3aTb, UTO JUJIsI Bcex Tes HHepTHas Macca (m B F = ma)
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paBHa 1ACCHBHOH rpaBuTallMOHHONH Macce (Macce, HA KOTOPYIO AeH-
CTByer rpaBuTanuoHdoe nodae). CupaBeituBoCTh yTOro 6h.ia ycera-
HOBJEHA ¢ BbiCOKOH TOUHOCTEIO 3KchepuMeHTaMn Irsewa n uk-
xe [39].

IToctyaar (a) mo3posisieT HU3MEPUThb METPHKY B KA ION TOUKe
¢ TOUHOCTLIO A0 KoH(popmiioro MHoxutesad. IToabsysch, noctyaarom
(6), MOXKHO CcBA3aTh MeXKAy COGOI 5TH MHOXKUTEAN B DPAa3JHYHBIX
TOUKAX, TaK KaK ypaBHenus coxpanenns T°p=0, BoofU1e TOBODS,
HC BBINOJIIAOTCS JUIS CBA3HOCTH, NOJYUYEeHHOI U3 MeTpuky g = Q°g.
ITo MOKHO GbLIO OBl OCYIUECTBHTH, HA0MI04AsT MYTH MaJbIX «IPOG-
HBIX» YaCTHIL U ONpefessisi BpeMeHunono6Hble reogesuveckue. [1ycrn
v () — omna u3 takux aunnit n K = (0/0t)y — ee kacaTeabHbIl Bek-
TOD; Toraa u3 (2.29) umeem

ﬁ — a - A, AQ
o K= K4 2070 KK — 07 (K'KCg,,) 6% Q.

ITockoabky vy ({)— reogesudeckas OTHOCHTENbHO NPOCTPAHCTBEHHO-
spementoii Metpuku g, 1o K (D/ot) K4 = 0. CaenoBarenbHo,

K 2K = — (K°K“2.0) K26 ¢ (1 Q). (3.3)

3nas KOHQOPMHYIO CTPYKTYPY, Mbl MOKeM BLIGPaTh Kakylo-Ju60
METPHKY g, NPEACTaBHTEAbHHULY AAHHOTO KJacca KoHPOPMHO-3KBH-
BAJIGHTHDLIX METDHK, H BHIYHCIAHTH JeByio yacth B (3.3} mis mwoboi
npo6uoil yactuubl. Torga no mpasofl yactu (In Q)., onpeneasercs
C TOYHOCTBIO 10 MHOXKHTeJI K%Zgp. PaccMoTpeB Apyryio KpHBYIO
V' (f), xacareabHBIH BeKTOp KOTOpoil K@ He mapaJanenen Bekropy Ko,
MoxHo Haiity (In Q) n TakuM o6pasom onpeleants Q Be3fe ¢ TOU-
HOCTBIO JI0 MOCTOSAHHOTO MHOXKHTEJS. DTOT NOCTOAHHBII MHOMKHTENb
34BUCHT OT HCIMOJb3YeMBIX €IMHHL, H3MEPEeHUS ¥ MOXKeT ObiThb Bbl-
Opan npou3BOJIBLHO.

Koneuno, Ha npakTnke KOHPOPMHLI MHOXKHTENb H3MEPSIETCS HE
TAKHM CIocOOO0M; OOBIYHO HCIOJAB3YyeTCs TOT (FaKT, UTo CYLIECTBYET
Oosbioe YHCAO NMOAOGHBIX APYT APYTY CHCTEM (HampuMep, 3Jek-
TPOHHBIX COCTOSIHMH aTOMOB), IBHXKE€HWUE KOTOPBIX BJIOJb BpPEMEHH-
MOA00HBIX Te0Je3HYECKHX CONPOBOXKAACTCS PALOM COOBITHH, 00y-
CJOBJIEHHLIX BHYTDEHHHMH MABMXKEHHSIMH, DTH COOBITHS OTMEUaloT
NOJIOXXEHHsT CHCTEM B NPOCTpaHCTBe-BpeMeHH. MHTepBaibl MexAy
STHMH COOLITHAMH, [O-BHAMMOMY, He 3aBHCAT OT TPEeAbICTOPHH CH-
CTeM B TOM CMBICJIe, YTO HHTEPBaJbl, H3MepeHHbIE JJs ABYX cOCel-
HHX CHCTeM, HaXOASTCs B COOTBETCTBHH HPYT ¢ ApyroM. Eciu Bo3-
MOXXHa 3(Q¢PeKTHBHAs H30JAHHST HOZOGHBIX CHCTEM OT BHELIHHUX
MaTepHAJbHAEIX NOJIed (Tak 4TO OHU HOJIKHB OYAYT ABUraThCd IO
reoe3NUecKiM) M €caH NPEANOJNOKHTh, YTO HX BHYTpDEHHee [BHU-
JKeHHe He 3aBHCHT OT KPHBH3HBl NPOCTPAHCTBA-BDPEMEHH, TO MeT-
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pHKa — eIMHCTBEHHOE, OT Yero OHO MOKer 3asucerb. C/enoBaTeds:
HO, IJMHA AYTH MEXAY ABYMS MHOC/AeN0BaTebHBIME COOBITHAMU Ha
KPHBOIl J0/MKHa ObITh OAMHAKOBOH AJas1 Ka10H mapbl nocjenona-
TeJbHBIX COOBITHI Ha J1000f Takolfl kpuBoi. Eciaum npuHats 3Ty
JLJIMHY JIYTH B KauecTBe €JHHUIbI H3MepPeHMs, MOMXKHO ONPEAeJHTb
KoHdopMublil hakTop B JA1060H TOUKE NPOCTPAHCTBA-BPEMEHH.

B ReficTBUTENBLHOCTH MOMKET OKa3aThCsl, YTO H30JAALHMSA CHCTEMB
OT BHEWHHX MaTepHasdbHbIX MnoJdefl HeBO3MOmHa. Taxk, HampuMep,
B Teopuu bpanca — JuKKe mpHCYyTCTBYeT CKaJspHOE MO0Je, KOTOpoe
Be3/le OTJAMYHO OoT HyJs. OQHAKO KOHQOPMHEIN MHOXKHTENb BCE Ke
MOZKHO ONpeJeTHTh, ecjan norpeboBaTh, YTOOEl ypaBHEHHE COXpaHe-

b
nna T% =0 ynosierBopsaaock. Takum o6pasoM, 3Has TEH30D
3HePrHH-HMOyJabca Tqp, MBI MOXKEM Y3HATb M KOH(ODMHBI MHOXKH-
Te/lb.

3.3. Jlarpanxkera dopMyIHpOBKa

Yenosusa (1) u (2) mocrysara (6) HHYEro He roBOPSIT HH O CHO-
cofe MOCTPOEHHST TEH30Pa SHEPTUU-UMIYJAbCA AJsS LaHHOH CHCTEMB
I'[OJIGI‘/’I, HU O ero €4HHCTBEHHOCTH. Ha [IpaKTHKe B OCHOBHOM foJa-
ramoTcsd Ha UHTYUTHBHDIE NIPEACTABJECHUA O TOM, UTO TaKO€ 3SHEPTUS
H HMOYJIbC. O,ZIHaKO B TexX ¢Jayvadx, Korma ypaBHEHHS noJielt MOryT
OLITh BBIBEJCHBI H3 HEKOTOPOro JarpaHxuaHa, AJs TeH30pa 3HeEp-

THU-HMIIY/IbCA CYHIECTBYET Onpefes]eHHas W OJHO3HauHas GopMmyda.
. e b
[lycre L, nexkoropasi ckaispnas ¢ynkuus mogein Wuy' " ... a.

HX TIEPBbIX HPOM3BOAHBIX M METPHKH, €CTh JarpaHkuaH. YpaBHeHUA
noJsie# IoqayualoTcesl u3 TpedoBaHusd, 4ToObl AeHCTBHE

I = SLdv
D

6BI10 CTALMOHAPHO NPU BapHalMH TNOJeH BHYTPH KOMIIAKTHOH ue-
ToipexMepHoit oGrnacru 2. Ilon sapuayued nois Wy te.q B 2 MH
mojpasymMeBaeM OJHONapaMerpuueckoe cemelicTBo noaeit Wiy (y, r),
rie u =(—s, ¢) ur < M Takue, uTo

1) W, (0, r)= ¥ (r),

2) Wiy (u, r)="Y¥(r), xorna re A — D.

O6osuauum 0¥ (u, r)/oul,—, uepes AW ;; Torna

= Z S('(ET()'L*F— AV g+

u=0 (t) D (L) Cc...d

or
du

oL

b
F AY d;e) do,
al}r(i)a e d;e

b

rae W' 7 ... e — KOMIIOHEHTH KOBAPHAHTHBIX MPOU3BOXHBIX Wiz
e b b "

o AW * % ae) = (AW % ... 1), B MOTOMY BTOPOH 4JIeH
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MOXHO 3anucaTh B BHAE

oL a.e. b
> S AW ) -
A (1) ¢ d
[( aqj'(i)a ¢ .o die e

(i) @
oL b
— AW ]dv
- . b (i) ¢c...d .
(Olp‘(i)a )L

¢...die

HepB.bIﬁ UJIeH B 3TOM BBLIDAKEHHH MOIKET OBITh MpeacTaBJen Kak

a [23
SQ odv = S Q" doyg,
D 0D
npudeM Q — BEKTOP, KOMIOHEHTBl KOTOPOI'O PAaBHBI

oL v b
Qe=z T a5 AT, L
) ‘6 (i) ¢ ... de

DTOT HHTErpaJs paBeH HY.J0, HO0 ycsaoBue (2) 5KBUBAJIEHTHO YTBEp-
xpenuto, uro AW obpamaercss B Hysb Ha rpannne 09. Takum
o6pasoM, utobbl 0//0ul,_o==0 npu Bcex BaprHauusx B J060H 06aa-
ctd 9, HeoOXOANMO M JOCTATOYHO, UTOOB HpPU BCEX [ YIOBJETBO-
psilICh ypasHerus Siisepa — Jlaepansca

oL oL
— =0. (3.4)
o b b
aly([)a Cc.o.d (aqj(i)a c...de );e

Mpbl mosyunan ypaBHeHHS moJel.

Tensop sHeprum-uMmmyJabca Mbl BbIBeJeM W3 JarpaHuaHa, pac-
cMaTpuBasi M3MeHEHHe [eHCTBHSA, HHAYHUHPOBAHHOE H3MEHEHHEM
merpuku. [lpeanosoxuM, 4To BapHauusi gap (U, r) OCTaBASIET MOJA

b
¥ 7o...q HEH3MEHHBIMH, HO H3MeHSieT KOMIIOHEHTB METPUKHU Zgp.

Torna
ol oL a...b oL
o = ALIJ.(') o d; + Ag b dv+
g .QSJ (; alp(i)a bc w.die l ‘ ‘ 9gap ¢
0 (d
+ (L5 agy.  (35)
D

[Tocaenuuil uieH BO3HHKAET M3-3a TOTO, YyTO Mepa ohbeMa dvu 3aBu-
CUT OT MeTpuKu. /s BBIUMCJAEHHST 3TOTO useHa BCIOMHUM, uto do
ecTb KaHOHMYeckass 4-dopMa 1 ¢ KOMHOHEHTAMH  Mgbeq =

= (— g)" 418,,'6,%0,%0,", rae g=det(g,,). Orciona
a’nabcd___L o\ og Ig 28 35 4
—@— = 3 ( g) —6gef 4!6[a Oy O 6d| =
1 —1
—_ 3 (__ g) /2 g37g4!6(a16b?6036d14 —

1
= 3 gefnabcm
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H, CJEIO0BATEJBHO,
9 (do)

0gap

[Mepsoii uten B (3.5) mnosBAsercs M3-3a  TOro, 4TO 4JjeH
A‘F(i)a"'bc_,_d;e He o0fa3aTeJbHO OyJeT paBeH HYJ/10, HECMOTpsi Ha
T0, uto A% ;) b a=0 BapHalyud METPHKU HHAYUUPYET BapHua-
1{MI0 KOMIOHEHT cBA3HOCTH I'%5c. TIOCKOJBbKY PasHOCTh ABYX CBS3HO-
creil npeobpasyerca Kak Tensop, A%, MOXHO cuMTATh KOMIOHEH-
tamu Ten3opa. OHU CBSI3aHB C BapHAlUHell KOMIIOHEHT METPHKH CO-
OTHOHUIEHHSIMH

a 1 &
AT, = 78 ‘ {(Agd b):c + (AgdC);b - (AgbC);d}-

(BeiBect 3Ty opmyay mpolle Bcero, 3aMmedas TOT ($akr, 4To oHa
ABJIAETCS TEH30PHBIM COOTHOILEHHEM H, CJAeA0BATENTbHO, JOJKHA
OblThb crnpaBefauBa B Ja000H cucreMe KoopAauHat. B uacrHocrtw,
MOXKHO BbIGpaTh HOPMAJbHble KOOPAHHATH C HAauajJoM B TOUKE p.
B sTuX KoopauHaTax B p 00paIlaioTcs B HYJb KOMIOHEHTHl ['%. U
NIPOH3BOJAHLIE KOMIIOHEHT Zqp IO KoopAuHataM. Torxa MoxHO yOe-
IUTbCS, 4TO RaHHast Qopmysa crnpasemauBa B p.) Hcmoassys ato
COOTHOILEHHE, MOMKHO BBLIPA3UTH A‘{f(i)“"‘bc_”d;e qepes (AZpe).ds
noc/ae uero oGbIYHOE HHTETPUPOBAHHME MO 4YacTsiM NPUBOAHUT K IIO-
JBIATErpaJbHOMY BhIpaXKeHHIO, COmepKalleMy TOAbKo Agap. Hrak,
MBI MOKEM 3anucath 0//0u B BuIE

{7 Agap) do,
@

_I ab

rie T#P — KOMIIOHEHTbl CUMMETPHUHOLO TEH30Pa, KOTOPLIH Mbl IIpH-
MeM 3a TeH30p SHEpPrUH-UMNyJbca paccMatrpuBaeMbix nodeit. (OTHO-
CHUTEJbHO CBSI3W MEXAY 3THM TEH30POM H TaK HasblBaeMblM KaHOHH-
YyeCcKHM TEH30POM SHEPTHH-UMIYJaAbca cM. [142].)

ITOT TEH30D IHEPTHH-UMIYJAbCA YAOBJIETBOPSET YPABHEHHAM CO-
XpaHeHus BCJAEACTBHE IOJEBLIX YPaBHEHMH, KOTOPBIM NOAYHHEHH!
Wy b .. a. JlefcTBUTEMBHO, NPeANosOKHM, 4TO UMeeTcs 1uddeo-
MopdusM ¢ M —> M, KOTOPLIA OT/IMYARTCH OT TOKAECTBEHHOTO mpe-
o6pasoBanus To/1bK0 BHYTpH £. Torna BeaeAcTBHE HHBAPHAHTHOCTH
HHTErpasgoB  OTHOCHTENbHO AH(GhepeHUupyeMoro oToOpaKeHHs
nMeeM

1= {rdo={in= { o= (¢ .
@ 2

¢ (D) D

CaegoBaTesnHoO,

| (Ln— 4 (L) =0,
14
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Ecan nuddeoMopdusm ¢ mopoxkiaen BeKTOpHBIM modem X (OTJIHY-
HBIM OT HYJS TOJBKO BHyTpHu £), TO 0TCIOAA CJAELYyer, UTo

| Lx (L) =0;
D
O HAKO
oL oL
Lx(Ln) = ( —( é ))x
@S (ZUQS Tt a O ae e

X LW e ado+ (1L g, do.
D

[TepBerit useH obpamiaercs B HYJAb B CHJY [OJEBBIX YpaBHEHHH.
Bo Bropom unene L,g ,=2X .. Takum oGpasowm,

(@@L e, do=2 { (1”x,), —T%,X,)do.
D D

Bkiajn mepBOro ujeHa MOXHO NpPEINCTABUThL B BHAE HHTerpafta 1o
rpanune %), KOTOpHIH paBeH HyJA H3-3a Toro, 4o X =0 Ha 09D.
Orciona caenyer, uro T, =0, MOCKOIbKY BTOPOfl UJEH NOJKEH
o6pamarscs B HyJb IPU [POU3BOJABHOM X.

Tenepb MBI NpuBefeM B KauecTBe NPUMEPOB JarpaHxKHaHbBl A
HEKOTOPBIX IOJIEH, KOTOPBIE NMPEACTABAAIOT HHTEpeC AJS IOCAEAYIO-
1Iero.

Ilpumep 1. Craaspuoe nose P
D710 1OJe MOXKET COOTBETCTBOBATb, HampuMep, n’-Me3ony. Ero
JarpaHxHuaH fBJsETCS ’

L=—1,b,8% — =¥,

rae m, hi— KOHCTaHThl. YpaBHeHue Ifiiepa — Jlarpanxka (3.4)
HMeeT BUL

m2

Alp;abgab - £2 113 =0.
TeH30p 3HEPrUH-UMITY/IbCA PABEH
1 2
Ty =40, — 5 & (00,8 + 5= ). (3.6)

IIpumep 2. aekTpomaeHuTHoe noie

Ono onuceiBaercs 1-popwmoit A, HasbiBaeMoft norennuasioM. [o-
TeHUHaJ ONpele/eH C TOUHOCThIO A0 Ao0aBiaeHus TpajuenTa KaKoi-
160 ckaasipHON QyHKUHMH. JlarpaHKuaH HMEeT BUJ

1
L= — 4= FaF.48°¢",
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re TeH30p aJekTpoMariuTHoro noJs F mo onpenesenuio pasen 2dA,
T.e. Fap=2Ap:0;. Bapeupya mo A, mnoayuaem ypaBHenus OJilie-
pa — Jlarpanxa (3.4) B Bune

Fab;cgbc - 0.

Sty ypaBHeHusa u ypapHenue Figpq==0 (1. e. ypaBuenne dF =
= d (dA)=0) npexacrasasaior ypaBHeHus Maxceenaaa AJs 3JEKTPO-
MATHUTHOTO MOJs 63 UCTOYHHKOB. TeH30D SHEPrUH-UMIYJAbCA HMEeT
BUJ

1 1 ik i
Tay =3 (Facpbdng —zgaaFikazg"kg”)- (3.7)

Ipumep 3. 3apsocerHoe CKaAApHOE noie

OHo siBasieTcst QaxkTHUecKH OOBeNHHEHHEM ABYX BeEL(ECTBEHHBIX
CKaJSAPHLIX MoJell YP; ¥ P2 B OJHO KOMIVIEKCHOE CKaJ/fpHOE MOJe
P = P + P, KOTOPOE MOXKET COOTBETCTBOBATH, Halpumep, mt- u
sai--me3oHaM. Ilomublft Jarpam:KuaH 3apsiXKeHHOro CKaJsipHOTO H
3JIEKTPOMATHUTHOTO NOJIEH paBeH

L= — (\P;a + ieAa'tb) gab (11);b — ieAb(p) 57 ng; achdgacgbd

rfle e — IOCTOSHHAsE H 1 — NoJe, KOMIMIEKCHO COIpPSIKEHHOe 1.
Bapoupys nesasucuMo 1o P, P u A,, UMeeM ypaBHeHHe

¥, 8% — b+ ieA g% (20,, + ieA, ) + ieA g p =0,

moJaydaeMoe OTCoaa KOMIIJIEKCHBIM COIpsAXKEeHHeM, U YpaBHEHHE

T P — 108 (— 1eA D)+ i (0, + deA ) =0.

Teusop Hepruu-uMIyJbCa paBeH
=t (b + D) + g (- P oied, B+ b yied b+
+ 113 l@Ab'l.lJ \p blé‘A 113) + Fachdgad + 3214 Ab‘lﬂp + Lgab

Hpusep 4. Hasnrponuueckan uoeaivron #uOKOCTb

371ech MOIAXOM HECKOJIBKO OTJIHYAETCS OT NPEAbIAYLIHX C/Iyuyaes.
JKuAKOCTL ONMHCHLIBAIOT (DYHKIMEH (, HA3bIBAGMOH IJIOTHOCTBIO, H
KOHTPY3HIlieil BPeMEHHNOJO0HBIX KPHBLIX, HA3bIBA@MBIX JIHHUSAMH
ToKa. 1o KOHIPVIHIHEeN KPHUBLIX MOApasyMeBaeTcs Takoe ceMel-
CTBO KPHBBIX, UTO yepe3 KaxKAyio TOUKYy A MPOXOAHT OJHa KpHUBas.
Ecau & nocTaToyHo Masjas KoMnakTHas o6/acTb, TO KOHTPYIHIKKO
MOKHO mpelAcTaBuTh B Buae aubdeomopbusma vyila, bIXN - D,
rae [a, b]— HeKoTOpLI 3aMKHYTHIt HHTepBaJd U3 R! u N — HeKoTO-
poe TpexmMepHoe MHoroodpasue ¢ kpaes. KpHpule Ha3bIBalOT BpeMe-
HUIOZOGHBIMY, €C/H UX KacaTedbHble BexTopsl W= (0/0¢), t= [a, b]
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BCIOAY BPEeMEHHUNOLOOHBI. BeKTop noToxa XHIKOCTH Olpexesser-
csl Kak j==pV, rme V — KacarteJpHBIl BeKTop Buaa V =
= (— g (W, W))~"2W u, caenosareasto, g(V, V)= — 1. Tpe6yercs,
4TOGBI MOTOK COXPaHsJICs, T. €. j*, = 0. [ToBereHue XKUAKOCTH olpe-
OeJseTCsi 3afaHueM [OTeHIHala YHOpyrux cuda (Hid BHYTpeHHe
3Hepruu) & B QyHKUHHU p. JlarpaH:kuaH 6epeTcs B BHE

L=—20(1+¢),

i Tpebyercd, 4yToOLl deHcTBHE OBIIO CTALHOHAPHBIM MPH BapHaluu
JuHEHA TOKa, a p noadupaercd Tax, yTobel ofecnednTb COXpaHenue
notoka j¢ Bapuanuusa nunuil ToKa ectb AuddepenunpyemMoe otobpa-

KeHHe
v: (=6, 8) Xla, )] X ¥ — D,

YAOBJIETBOPAIOIIEE YCIOBHIM

v (0, [a, 8], #) =y ([a, D] ),
i

y(@la, 6], ¥)=v([a, 0], ) wna A —D, (ues(—34,09)).

Caenosarennno, AW = LgW, rae K=(0/0u),. K moxno mnpex-
. cTaBuTh cefe Kak BEKTOD, 3a7ai0iuil CMeHleHI/Ie HEKOTOPOH TOUKH
JIMHUHM Toka npu Bapuauud. Orcioga cJaeiyeT, YTo

AVE — Va;be KO,V — VYK, VE.
Hcnoapsyst ToT hakr, uTo A(j“;a)=0=(Aj“);a, nMeeM
(Ap) V4 ApV? 0, AV 4 p (AVY) =0
Toncrapiss ciopa AV u unterpupys BIOMb JHHUA TOKA, mOJyYaeM
Ap = (pK"),, + oK, V'V°.
CnemoBaTesbHO, BapHAILUsl HHTerpaja JeHCTBUA DaBHA

9] TR 0,7 (142 e

4=0
ITocsie HHTErPUPOBAHHS L0 YACTAM

] {42 (2, o) o
rae Vi=V%,V’. Ecau a10 BHIpAXK@HHE PABHO HYJO IIpH Beex K, To

(bt p)Ve=—p, (& + V'V,

u=0
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rae p == p(l + &)— noTHOCTh 3Heprun n p == p?(de/dp) — nasae-
HHe. I/ITaK OPTOTOHA/bHbIA K JIHHUAM TOKA rpajnedT A4BleHus 3a-
gaer V4, ycKopeHue JUHHHA TOKa.

Urobi NOAYYHTb TEH30P 3HEPrHU-UMIYAbCA, IPOBAPLUPYEM MeT-
pHKY. Bblunc/IeHnss MOMKHO yHNDPOCTHTb, €CJAd 3aMETHTh, 4TO COXpa-
HeHHe TOKa MOXKeT ObITh Bpra}KeHO B BHAE paBeHCTBA

(10 = =7 W=gi") =0.

Ecii JMHHM TOKA 3a7aHLl, TO U3 ypaBHeHHIl COXpaHeHHs BeJuuH-
Ha [ 0JHO3HAUHO ONpEAeISIETC B Ka:KAOH TOYKe HOAMHON JHHUH
TOKa Yepe3 CBOE Haya/abHOe 3HAYEHHE B HEKOTOPOH (HKCHPOBaHHOMN

TouKe TON e Jnuun Toka. [lostomy 4/ — gj® He m3Mensierca npH
Bapuauuu merpuxu. Ho

02 =g~ (V' ="gi"V—¢1") gus»
H, CJeL0BaTCJbHO,

20 Ap = (%" — 1°/.8°°) Ag.s,
a oTcrona

={ot+o+o g v +o o=
= (4 p)VV" 4 pe. (3.8)

Jlio6y10 popMy MaTepHH, TeH30D 3HEPTHH-UMIYJAbCa KOTOPOH HMeEeT
Bua (3.8) (He3aBUCHMO OT TOTO, BBIBEAEH OH M3 HEKOTODPGIO JarpaH-
XKuaHa UIu Her), OyAeM Ha3blBaTh udealvHOl #UJKOCTor0. YpaBHe-
HMe COXPaHeHHs 3Hepruu u umnyanca (3.1) B npraoxenun k (3.8)

Aa1oT
pVE+w+p) Ve, =0, (3.9)
(w+p) Vet (g + VeV p,=0. (3.10)

ITH ypaBHeHHUsi COBNAJaloT ¢ TOJYYEHHBIMM W3 JarpaHxuana. by-
JeM Ha3biBaTb HJIEAJAbHYIO KHAKOCTL UBIHTPONUHECKOLU, €CJU [1aB-
JeHnpe p sBasercs (GyHKLUHEH OAHOH JAMIUb MJOTHOCTH SHEPrHH .
B stom cAydae MOXHO BBECTH COXPaHAIIYIOCH NJAOTHOCTL p M BHY-
TPEHHIOI SHEPTHIO & M BBIBECTH 3TU ypPaBHEHHA W TEH30P SHEPTHH
ummyasca (3.8) U3 HEKOTOPOTO JarpaHXKuaHa.

MoXHO TakXKe pacCMOTPeTb 3apAKeHHYI JMKHIKOCTh C COXpa-
HAIOUIAMCA 3JIeKTPUUYECKUM 3apsjaoM e (T.e. Ja;a=0, raie J=eV —

3JEKTpHUEeCKUH TOK). JlarpaHKuaH 3apsxKeHHON KHAKOCTH N 3JeK-
TPOMATHUTHOIO NOJS HMEET BHJI

1 c
Lz'—g_npachdga gbd 29(1 'l— 8).._]“Aa.
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~~~~~ - it

[Tocneanuft uneH 3amaer B3auMogeficTBie MeXAY XKHIAKOCTBIO H M0+
aeM. Bapbupyst A, IUHMH TOKA H METPHKY COOTBETCTBEUHO, IOAydaeu

F®y = 4a)®,
(n4p) Vo= p, (g + VV) + F,J",

a 1 1
T% = (+ p) VYV + pg® + o= (FOuF" — F ¢FuaFey).-

3.4. YpaBHeHus noas

Jlo cux nop Mbl He KOHKPETH3UPOBaJAH MeTPHKY g. B crmennansuoi
TEOPHH OTHOCHUTEJNBHOCTH, KOTOpas He paccMaTpuBaer rpaBHTAIHOH-
HBle 3(ppeKTr, IPUHUMAaEeTCs, YTO MeTpUKa naockas. Oanaxko Hab.aio-
JeHHS 1oKasaJu, 4To JyuH cBeTa, npoxodsaiiue soausn CoaHua, or-
KJIOHSIOTCS OT CBOEro INepBOHauadbHOro HaupasJseHud. [Tocko/bky
CBETOBBIE JYYM NPEACTaBJAAIT €000l H30TPONHLIE TeOAe3HUYECKHE,
OTCI0Ja CJIelyeT, UTO NMPOCTPAHCTBEHHO-BpeMeHHast MeTpuka He Mo-
XKeT ObITh IJIOCKOH HJIH XOTst OBl KOH(POPMHON MJIOCKOH MeTpHKe.
ITosTOoMy HAM HY2KHO HMeTb KAKOH-TO DELENT BbIYKCICHUsT KPUBH3HbI
npoctpaHcTBa-BpeMenu, OxaspiBaeTcsi, ero MOxKHO ¢OpMyTHPOBATh
Tak, uToObl B npejese MaJoiH, MeANENHO M3MEHAIOMENCs KPUBU3HB
BOCTIPOM3BOLNINCE Pe3yJbTaThl HBIOTOHOBCKOH TeOpHM TATOTEHHA.
[TosToMy HeT HeOOXOAMMOCTH BO BBEAEHHH KAaKOIQ-IHOO HONOJHH-
TeJBHOTO NOJS AJdS ONMUCAHHS TATOTEHHA. DTO He 03HayaeT, 4To JO-
MOJHUTEJbHOTO 10/, OTBETCTBEHHOIO 3a YacTb TIPABHTALUOHHBIX
st dexToB, BooOIIe He MoxKeT OBITh. Taxoro poja ckaJ/spHoe ImoJe
6nmo BBemeno Mopmanom [86] u Bpancom u Jdukxe [39]. Ilpuuem,
Kax OTMeYeHO BBILIE, TAKOe HOTOJHHTENbHOE I110Je MOKHO OblIO OB
paccMarpuBaTh NPOCTO KaK elle OJUH BHJ MaTepHaJbHOTO HOJS U
BKJIIOUHTh B NOJHBIA TEH30p SHEPTHU-UMmyJbca. [1o3ToMy MBl npH-
JepxKruBaeMcs TOTO B3IJ/Isfa, YTO IOJe TATOTEHHS OIHCBIBACTCS
TOJNIBKO TPOCTPAHCTBEHHO-BPeMeHHOH wMerTpukoid. Torga Bo3HHKaeT
npodJaemMa HaxOXK/eHHs MOJEBLIX ypPABHEHHH, CBA3LIBAIOUIUX METPH-
Ky C pacnpejie/leHHeM MaTepuu.

STH ypaBHEHHUS JOJIKHLl ObITE TEH30PHBIMH yDaBHEHHAMH, YdH-
TBIBAIOILUMH MaTepHIO TOJLKO Yepe3 ee TEeH30p 3HepPrHU-HMIlYJbCa,
T. €. OHHM He BBHIIBJISIOT PA3IHYUi MeXIy JABYMs PasIMUHLIMH MaTe-
pUaJBILIMH TOJIAMH, KOTOpPbie HMEIOT OJHHAKOBLIE pacnpeeieiis
HEPTUH M HMIyJbca. JJaHHOe yciaoBHe MOMKHO PAaCCMATPUBATL Kak
0600HieHHe HbIOTOHOBCKOTO NPHHINIA PABEHCTBA aKTHBHOH TIpaBH-
TALMONHON MacChl Tesa (Macchl, co3jiarollefl moge TATOTEHHs) Mac-
CHBHOM TrpaBHTAI[HOHHOHN Macce (Macce, HA KOTOPYIO AEHCTBYET 1oJe
TATOTEHHs). DKCOepUMEHTaAbHO 3TO pAaBeHCTBO OblJIO IIPOBEPEHO
Kpoitzepom [93].
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Yrobbl yCTaHOBUTD, KAKHMH HOMKHBL BbTh HOKOMDIE yDaBHEHHS
07151, paceMOTPHM npeldephbift HpoTodoseKkud cavaait. TTockorbxy
B HbIOTOHOBCKOE VpaBUEHHE I'PABUTALNOHIONO 1005 BpPeMi HE BXO-
AUT, COOTBETCTBHE ¢ HBIUTOHOBCKOI TeopHell HYKHO YCTAHABIHBATE
B cratmiueckod Merpuke. Iox crarnueckoil Merpuxofl 1oapasiyie-
BaeTcsd MeTpUuKa, KoTopast Honyckaer B])CNIGIIIIIIOJOGHOC BERKTOPHOE
noJe KIIJIJIHIII‘a K, opTrorolnacgabHoe K CC)I(‘,.EICTBS' npocTpancTse HHO-
HOIIOGHL)IX IIOBGI)XHOCTEFI. TN HOBEPXHOCTH MOZKHO paccMaTpH BaTh
KaK MOBEPXHOCTH [OCTOAHHOTO BpeMEHH H orMeuaTh HX 1apa MeT-
pom {. Bmemeuv eanHuuHblll BpemeHunoxoduulii sextop V = F~IK,
rie 2= —KiK, Torma Vee= — VWV, rae V=V V" = IF ;0%
ONMUCBIBAeT OTKAOHEHHE OT TeO0Je3HYHOCTH HITErPadbHbIX KPEIBBIX
BexTopa V (KOTOpBlE, KOHEUHO, OJAHOBPEMEHIIO SIBASIOTCS] HHTET Poasdb-
HBEIMH KpHBBOME BekTopa K). 3averuy, uro V4V, =

ITH HMHTETPaJbHLIe KDHBLIE ONPERACISIOT CTATHUYECKVIO CHCTeMY
OTCueTa; HHBIMII CJ10BaMH, st 4aCTHUDLI, HCTOPHA I{OTOI)OI”I HpeacTaB-
JICHAa OIIHOl"II H3 3THX KPHBBIX, MPOCTPAHCTBEHHO-BPEMEHH&sd MeT puKa
KazKeTcsl He 3aBicsauwell ot spevenn. Hacruia, BeiBefiedHas H3 CO-
CTOSIHHSA ITOKOA M ABHKYILAACS MO Me0AC3HULCKOH, BLIMIsHeaa O TaK,
Kax OyATO OHA MOJyuW/JIa HaualabHOe yckopeHue —V OTHOCHTE JbHO
3TOH CTATHUYECKO! CHCTEMBl OfTcyera. Ecan f JHHIL He3HAYHTE.JbHO
orapdaeTcss 0T eLHHHIIBl, HavyaJdbHOE YCKOpelide BhlBeAelHOofl 13 mno-
KOst CBOOOAHO ABHIKYUIEHCS dacriinl NpuOIH3UTEeILI0 pPaBHO Trpa-
JUIEHTY [, B3STOMY CO 3HAKOM MHUVC., DTO HABOLHT Ha MBICAbL, UTO
B KadecTpe BEJIHYIILI, auajJorHuHoll HBIOTOHOBCKOMY TIPaBHTALIHOH-
HOMY IIOTEHLIIaMdy, CJIeAVeT paceMarpuparn [ — 1.

YpaBHeHHE JJsi 3TOTO HOTEHIHaAa MOXKHO BLIBECTH, paccMarpiu-
Basl AMBepreHuHio Ve

Va;a —_ (Va;bvb);a — Va;b;avb + V”;bV[’;a —
=RaVV 4+ (V%) VP 4+ (VoV PP = Ry WV°.
Vo= (T8 Via=— I Frafuog™ + I foag™
]t;abVaVb = - f:ava;bvb _ f—lf:af"bgaby

TaK 4YTO HMEeM

Onuako

u

f;ab (gab + Vtzvb) — ]cRabVavb'

JleBas 4acTb ecTh JanJacHaH [ OTHOCHTEIbHO METPUKH, MHIYNIHPO-
BaHHON Ha 3-noBepxHocTu {f==const}. Ecan s1a Merpuka rioutu
IJ0CKasl, TO Mbl NMOJYYHM HBIOTOHOBCKMI JAIJacHaH NOTEHIl HaJla.
Taxnm o6pasoM, MBI NOJIY4UM corslacHe ¢ teopueit Hbiorona B npe-
JenpHOM cayuae caaboro nods (r. e, xorma [ = 1), ecan npasas
4acTh OyAer paBHa IJIOTHOCTH MaTepHH, yMHoKenHOH Ha 4nG miioc
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YJIeHbl, KOTOphie Ma/jbl B NpelefbHOM cayuae ca1a6oro nods. dro
6yAeT HMeTb MECTO NPH YCJAOBHH, UTO CYIECTBYET COOTHONIEHHE

B4
Rap = K s (3.11)

rae Kop — TeH30pHas GYHKUMA TeH30pa 5HEPrud-UMIyJAbCa H MeT-
puky, takas, 4to (4nG) K. VeVP paBuo naotTnocTn Matepuu mIoc
YJeHbl, KOTOPbIE MaJjlbl B HbHIOTOHOBCKOM npuOanxkennu. JdonycTuM
Ha BpeMs, YTO UMEETCsi COOTHOLIEeHNEe TAKOTO BHIA.

[TockoabKy Ry, VAOBJIETBOPAET CBEPHYTHIM TOXKAECTBaAM BuaHkn

Rab;b=%R;a7 n3 (3.11) caeayer
1
Ka'p= 5 K. (3.12)

Orciofa BUIHO, 4TO Ka)XKyIleecs eCTeCTBeHHLIM ypaBHeHHe Kqp =
= 4nGTy, He MOXKET ObITb NPABUJIBHLIM, Tak Kak u3(3.12) u ypas-

Henuit coxpanenns T’y =0 Mbl moayuman 6bl, uro T.,=0. Jasa
uaeadbHOH KHAKOCTH 3TO 03HauyaJo Obl, 4T0 u — 3p = const BoO
BCceM IMpOCTPaHCTBe-BPEMEHHU — YCJIOBHEe, KOTOpoMYy B ofuleM cJIy-
yae JKHUIKOCTb YAOBJIETBOPATb HE MOXKET.

B neficTBHTENBHOCTH H3 TeX TOXKAECTB, KOTOPHIM YAOBJAETBOPSET
TEH30p SHEPTHH-UMIYJbCA, 3aKOHAMU COXPaHEHHs SBJSIOTCS B 00-
HieM cJaydae TONBKO TOXJIecTBa HepBoro nopsaka. Orcioga ciaenyer,
YTO TEH30PHOH GyHKUHeH K, TEH30pa 3HEPrHH-HMIYyJbCa U MeT-
PHKH, L5 KOTOpoll ToxzecTBa (3.12) BeIIOHAIOTCH mpu Jd1060M
TEH30D€e 3HEePrHH-HMITY/AbCa, MOKET ObITh TOABLKO (PYHKIN

1
Kab=%(Tab’—7Tgab) + Agaps (3.13)

TIe % U A — HeKOTOpble MOCTOSIHHble, 3HAUCHUS 3THX I[OCTOSIHHBIX
MOXKHO ONpENENUTb W3 HBIOTOHOBCKOro npudauxenus. Pacemorpum
HAeaJbHYI0 XKHIAKOCTb C MJIOTHOCTBIO 3HEPTUH | H AaBJEHHUEM p, JH-
HHM TOKA KOTOPOH ABJAIOTCS HHTErpa/bHBIMH KPHUBBLIMH BEKTOpa
Kuanunra (T.e. XKUAKOCTL MOKOHUTCS B CTaTHYECKON CHCTEMe OTcue-
ta). Ee TeHsop sueprun-umnyiabca nmeer Bui (3.8). Ilomcrasass
ero B (3.13) u (3.11), nosayuum

T (€ + VOV =] (3(u+3p)—A). (3.14)

B Hb0TOHOBCKOM mpefene AaBienne p 0ObIYHO BECbMa MaJjo B Cpas-
HEHHH C TJIOTHOCTBIO 3Hepruu. (Mol mosb3yemcst eHHHIAMH, B KO-
TOPBIX CKOPOCTb CBeTa paBHa efuHulle. Ecau equHUIIB TAKOBLI, 4TO
CKOPOCTb CBETa paBHA ¢, BhipameHue w - 3p cielyer 3aMeHUTh Ha
w + 3p/c2) CaenosarenbHo, npubsanKeHHOe COTJaCcHe ¢ HBIOTOHOB-
CKOH Teopuell OYIeT AOCTHIHYTO, ecan » == 8nG, a nocrosinuas |A|
oyeHb Masa. Mpl OyJeM [0/4b30BATLCA €AHHULLAMH MaccChbl, B KOTO-
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poix G = 1. B sTux exununax vacca 10 r cooTBercTByer AJAHHE
1 cm. M3 mabmonennil yaa/JeHHbBIX TaJdakTHK, BEINONHeHHBIX Cenpel-
mkeM [145, 146], BuiTekaror orpanndenus Ha |A| nopsaaxa 10-% cy—=2
O6biu"o Mbl Gyaem npunuvMate A = 0, HO cJaelyeT NOMHHTb O BO3-
MOKHOCTH HMHBIX 3HAUEHHII.

Tenepb MoxKHO npouHtTerpupoBath (3.14) no xoMmunaxkTHo# obaa-
ctn & 3-nosepxuocty {f = const} u npeoBpasosarh NeBYIO YacTh B
HIITErpad ot rpajuenta [ no rpaduuioil 2-nosepxnoctu 0F :

{ P+ 3pydo—= {7, + vV do=
& F
= (G +v ),

aF

rae do — snevent ofpeva 3-nosepxHoctu {f = const} B HHIYIHPO-
panno#l merpuke u dtvp, — 3JEMEHT IJIollaAu 2-noBepxHocTu OF Ha
3ToH 3-noBepXHOCTH. DTO DPUBOAUT XK aHajgory ¢opMmy/an HelotoHa
IJIS TIOJHOM Macchl, 3aK/JIOUeHHOH BHYTPH 2-moBepxHOCTH. EcTb, 0X-
HaKo, BA BAXKHBIX OTJAHYUS OT HbIOTOHOBCKOTO Caydas:

1. B uarerpade B npaBoll 4aCTH [OSBJSETCS MHOXUTENb [, 3TO
03Hayaer, yTo Marepus, HaxolsIascsa B 06,1aCTH, The [ 3HaUUTENBHO
MeHbIIe eXHHHIbl (BOJbILION OTPULATEbHbIH HLIOTOHOBCKHHA MOTEH-
pnHan), ZaeT MeHbWHWH BKJA4A B IMOJHYIO Maccy, 4eM MarepHus H3
o6/sactn, rae [ nouTH paBHO eJHHHIE (MaJabli OTPHLATEJbHBIH HbO-
TOHOBCKHI MOTEHLHAJ).

2. Jlapsenne maer BKJIAaZ B TOJHYIO Maccy; 3TO O3HadaeT, 4TO B
onpeeseHHbIX VCJAOBHSAX OHO MOXKET CIOCcOGCTBOBATL, a BOBce He
[PENATCTBOBATDL IPABHTAILHOHHOMY KOJJAIICY.

YpaBHeHus

1
Ry =28n (Tab B Tgab) + Ages

Ha3LIBAOTCA YPABHEeHUAMU DUHWTelHE, 1 4aCTO HX 3alHCHIBAIOT B
caefyiolledl IKBHBAAEHTHON dopme:

1
(Ras — 5 Réas) + Agay = 8Ty, (3.15)

[Tocko/bKy Ten3opbl B 00eHX 4acTAX CHMMETPHYHbBI, 3TH YPaBHEHUA
06pa3yioT CHCTEMY JEeCATH CBA3aHHLIX HeJHHelHbIX nuddepeHunanb-
HBIX YpaBHEHHI B YACTHBIX NPOH3BOJHBIX A5 METPHKH d €€ MepPBBIX
1 BTOPBIX Npou3BoAHBIX. OHAKO KOBApHAHTHLIE JAHBEPTEHIHN JIEBOH
¥ npaBod yacrell TOXKJAECTBEHHO DPABHBI HYJO, T. €.

(Rab_’;_Rgab“{‘Agab);b:O

Tab‘b —0

H
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He3aBUCHMO OT ypaBHeHull moas. Taxum o06pasoM, B HeHCTBHTE/Nb-
HOCTH YpPaBHEHHUS ITIOJS COAEPIKAT TOJAbKO LIECTh HE3aBHCUMBIX HHb-
depeHUnaAbHbIX YPaBHEHHH OJIA METPHKH. JTO KaK pas TO 4HCJIO
ypaBHeHHH, KOTOPOe HYKHO /51 3alaHHs TeOMETPUY NMpPOCTPAHCTBA-
BPeMEHHU: YeThipe H3 JeCcSITH KOMIOHENT MEeTPHKH MOryT ObITb HpH-
BelleHbl K NPOM3BOJBHBIM 3HAUEHUSM TIPH HCIIONB30BAHHH UYETHIPEX
crenenell cBo6o/ibl B BULE KOOPAMHATHLIX npeodpasopanuii. K atomy
BLIBOAY MOKHO NPHATH U JPYTCHM IyTeM: JBe METPHKM g H J» HA
mMHOT006pasun A 3amaloT TY Ke CaMylo TeOMeTpHIO, eciu Cylule-
cTByeT AHpdeomopdusM 0, mepesoasliuil g B go; I03TOMY ypaBHe-
HHUS 00/ JOJIKHBI OnpejfedsTbh MeTPHKY C TOUHOCTbIO [0 KJaacca
3KBUBAJEHTHOCTH OTHOCHTeJbHO AHPdeoMopdu3MoB, B BbHGOpe KO-
TOPBLIX HMEIOTCS YeThIpe CTeNeHH CBOGOHL.

B ra. 7 mer paccvmorpum 3azauy Kowwu pas ypasueHnit DiiH-
LITEfHA W MOKaXeM, YTO I1OCAELHHX BMecTe C YPaBHEHUAMU IS Ma-
TepHaJbHBIX ToJefl NPH NOAXOAALIMX HAYaJbHBIX NAHHBIX HOCTa-
TOYHO AJIA ONpeJes]eHHs 3BOJIIOUMH NPOCTPAHCTBA-BPEMEHH M UTO
OHM YIOBJETBOPSIOT MOCTyJaTy NpHYHHHOCTH (a) (cTp. 72).

YpaBHenus Ofinmreiina MOryT ObITL BbiBeIEHBl W3 TpebOBaHUS
CTALHOHAPHOCTH JLeHCTBUSA

[= S(A(R—=—2A)—|—L) do (3.16)
D

npH BapHalMH Zap. 31ech L — gmarpanzkuan martepun u A — noaxo-
nqawas nocrosHuasa. eldcTBUTENBHO,

A((R —2A) do) = (R — 2A) 5 gAgay -+ Ray Ag™ + g ARy, ) do;
HOCJ'IGZIHHﬁ 4JIEH MOXKHO N€penHCaTh B BUIAL
gab ARy dv = gab ((Arcab);c - (AFCaC);b) dv =
— (Arcabgab _ Al—‘dadgac);c do.

OTcloma MHTErpaJd OT 3TOr0 4JeHa MOXKHO npeofipasonaTh B HHTE-
rpan no rpanuue 02, KoTopblil ofpallaeTrcs B HYyJb MOTOMY, 4YTO

AT%. =0 na 02. Tloatomy
ol =a((zr—1)e” —r") +1 } Mgy do, (3.17)

du
7

u ecnn J//0u obpawmaercst B Hyads NpH BceX Agap, MBI [OJydYaem
ypagHeuust diinrelina, nonoxus A = (8x) L

MoxeT BOSHUKHYTh BONPOC, HEAb3S JH, BAPBUPYA ASHCTBHE, MO-
JydeHHOe H3 Kakoifl-mubo Apyrofi KOMOWHAIMH MeTPHUCCKOTO TeH-
30pa H TeH30pa KPHBH3HLI, MOAYUYHTH APYTYI0 PAa3yMHVIO CHCTEMY
ypasHenudl. OgHaKo ckagdsipHas KpHBl3Ha R ~- e AHHCTBEHHBI cKa-
JISIP, KOTOPbI JIMHEEeH MO BTOPLIM MPOH3BOXHBIM METPHYECKOTO TEH-
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30pa, Tak 4ro TOAbKO B 3TOM C/yUde MOKHO BLIACIITL HOBEPXHOCT-
Hbll HHTErpad u I0JYy4YUTh VpaBHeHHe, COfdep:Kaliee !POH3BOLHLIE
METPHKH He Bblllle BTOPOro nopsjka. Eciil ke HCXOAHTb H3 KaKoro-
JM60 APYroro ckaaspa, Hanpumep RapR wimn RapeaR4P%d, TO moay-
YHUTCY YpaBHEHHe, cOjJep:Kalllee UeTBEPTbIe MPOU3BOJAHBIE MeTpuye-
CKOTO Tenzopa. D10 00CTOSITEALCTBO 11€KeAAaTeIbI0, HOO Bee Npoune
ypaBHeHHst (PH3UKI 1EPBOro HJIM BTOPOro nopsiaka. Ecan 6w ypas-
HeHHMsI ObIJIH YeTBEPTOrO HOPAAKA, TO A7 OTHCAIHS 3BOJIOLUHH MeT-
PHKH NPHULIOCH Obl 3a/aBaTh HAaUaJbHble 3HAYEHNs He TOJBKO MeT-
PHKM Y €e MNepPBbiX IPOH3BOAHLIX, HO TaKxke 3HauellHs BTODHIX H
TPeTbUX NPOH3BOLHBIX.

Mpr 6ynem mpepnosarath, UTO YPAaBHEHHSI IOJS He coAepxar
NPOH3BOAHBIX METPUKH Bbille BTOPOro nopsaxa. Ecau 31u ypaBHe-
HH$SI BBIBOJASITCSL M3 Kakoro-nuGo JarpaHxkuana, To JelicTsue o0g3a-
TeJbHO AOJKHO HMeTh BHA (3.16). OnHAKo MOYKHO IOJYYHTb CH-
CTeMy ypaBHEHHI!, OTJIHUHYIO OT SHHIITeAHOBCKOH, €CJIM HAJOXKHTH
OorpaHHyeHnsi Ha BHA Bapuammuit Agap, HPH KOTOPBIX MBI Tpedyem
craitnoHapHocty aefictBust. CkaxeM, MOXKHO Oblj1o Obl OTPaHHYHTLCS
METpPUKAMH, KOHDOPMHBIMU K 1JIOCKOH METPHKE, T. €. II0JIOXKMTh

Zap = Q1 yp,

TZle 1ap -— IJIOCKAST METPHUKA CHEUMANbHON TEOPHUH OTHOCUTENLHOCTH.
Torna

Aga, =297 "' AQg,s,

¥ AelicTBue 6yeT cTalMOHAPHBIM DU YCJIOBHH, YTO
1 a
(4(ER=A) £~ R#) 47} s0gu =0
npn Beex AQ, T.e. eciu

R+ A7'T =4A.
Hs (2.30)

R=—6Q7°Q5m" = — 6Q7'Q,5,6" + 1207°Q.,Q.40°,

rie | osHawaer koBapuanTHoe AHdQepeHIEpOBaHNE OTHOCHTEIBHO
MJIOCKON METPHKH Nqp. LA cTaTHueckoll MeTpuxu Q = const Bro/b
MHTErpajbHelx KpuBbeix BekTopa Kunmunra K (r.e. ©Q He Oyler 3a-
BHCeTb OT BpeMeHd f). Moayas K Oymer mnponopumonasen €.
ITostomy

Fa(&” +VV)IT =0, (@ +VviV)a' =
= %R + 29’.QQ;CLQ;bgab - Q_lQ;ava-_be =

1 - o
= — L R f 0
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1
Takum o6pasowm, aaniacuan [ 6yaer paBen — 5 R mmuoc uien, mpo-

NOPIHOHAJNBHBIH KBAaApaTy TpaiueHta f. DTUM MOCTEAHHM HIEHOM
B cnabom moge MOKHO npenedpeus. CorsiacHo ypaBHEHHSIM I10J151

1 __L ~1. 2
_ER—G A [———gA.

Jna uneanproll xuaxoetu T = —u - 3p. Crnenosarensiio, coraa-
CHe C HBIOTOHOBCKON Teopuell AOCTHraercs, ecad A Ma/lo Wid pasHO
nyJawo 1 At = —24m.

dta Teopnusi, B KOTOPOH Ha METPHKY HAJOXKEHO YyCJ0BHE, UTOOHI
oHa 6bl1a KOH(OPMHO-MIOCKOH, u3BecTHA Kak Teopns Hopacrpema.
Ee moxHO nepedopMyJupoBaTh Kax TEOPHIO, B KOTOPOH METDPHKA 1)
IJI0CKast, a I'DAaBUTAIIHOHHOE B3aWMOJelCcTBHEe NpefcrasjgeHo Roba-
BOYHBIM CKaJsipHbIM nojem ¢. Kak ynomMuHamoch paxes, Takoro poja
TeOpHUs He corsacyercsi ¢ HabJlOfaeMbIM OTKJOHEHHEM Jydya CBeTa
MACCHBHBIMH OOBEKTAMH M HE MOXKeT OOBICHHTb M3MEPEeHHOe CMe-
meHue nepurenuss Mepxypus.

HabaonaeMble 3HaueHMss 3TUX BeJUUYHH (OTKJOHEHHS Jyya H
cMelleHnst mepureans Mepkrypus) Moxuo OblI0 Obl MOJYUHTH [PH
cJIeiyIollleM OPAHHUEHHH HAa BUJ METPHKH!

gap = Q? (nab + WaWb),

rae W, — npousBosbHoe nose l-Gpopmel. B sTom ciyuae HbIOTOHOB-
CKUE mpejes uMes Obl MecTo B CTaTHUeCKOll MeTpuke, B KoTopod W,
napajjespHo BpeMeHHnogoGHoMy Bektopy Kusiuara. Ognako
Morda OBl CyllecTBOBaTh H [pyras craTuueckas MeTpuka, B KO-
Topoit W, ue mapajjenbHo BekTopy Ku/anuHra, m oHa HE TNPHRO-
Jusa OBl K HHIOTOHOBCKOMY mpejeny. Kpome Toro, 310 orpaHiyeHHe
BHITVISAHT AOBOJbHO HCKYCCTBEHHBIM. IlpexacrtaBisiercsi Oojee ecTe-
CTBEHHBIM He HaK/Ja[blBAThb MHBIX OFPAaHHUEHHH Ha METPHKY, KpoMme
TpeboBauust, 4TOOL OHa Oblja JOPEeHUeBOH.

[TosToMy B KadecTBe HaUIero TPETbEro NOCTYJAATa MLl NPUMEM:

ITocryaar (8): YpasHnenus noais
Ha mHorooGpasun J YIOBJETBOPSIOTCS YpaBHeHHs N0 DiH-
wreiina (3.15).

[Ipenckasanusi 3THX ypaBHEHUH coryiacylorcs B Ipefetax OUIH-
60K SKCMEepUMEeHTa C BBIIOJIHEHHBIMH [0 HACTOALIEro BPEeMeHH Ha-
6II0eRUSIMH OTKJIOHEHHsl Jyda cBera H cAsura mepuresans Mepky-
pus. B To Ke BpeMs moka ocTaeTcs OTKPBITLIM BONPOC, CYHIECTBYET
Ji NaJbHOAEHCTBYIOLee CKAIIpROe 110Je, KOTOPOe HYKHO ObLI0O Obl
BKJ/IIOYHTb B TEH30D SHEPrHH-HMIYabCa.



Fnasa 4

Dusnuecknil CMbICJ KPHBHU3HBI

B srtofi TJaBe MB PAacCMOTPHM, KaK CKa3blBAGTCsSl KPUBH3HA
NPOCTPAHCTBA-BPEMENH HA CEeMEHCTBAX BPeMeHHIOL0GHBIX H H30TPOII-
HBIX [e0Je3HuecKuX. ITH ceMeHcTBa MOryT H300pa)KaTh COOTBET-
CTBEHHO JHMHHHM TOKA KUAKOCTH M (HJAH) MHPOBBIE JHHHU (OTOHOB.
B pasn. 4.1 1 4.2 Mol BoiBefeM (ODMYJLI AJ51 CKOPOCTH BpallEHHS,
nonepeyHoro caBura (sheer) u pacxoxaeHus (expansion) Ttakux
ceMeHCTB KPHMBLIX; YpaBHEHHE /IS CKOPOCTH pacxoxjaeHusi (ypasHe-
uue Paillyaynxypu) 3aHuMaeT IeHTpaJbHOE MECTO B JOKasaTefb-
CTBAX TeOPeM O CHHrYJspHOCTAX B 1. 8. B pasa. 4.3 oGeyxkaaiores
ofuinue HepaBeHCTBA A5 Tel30pa 3HEPTHH-HMIYJAbCA, H3 KOTOPHIX
BBLITEKAET, YTO FPaBHTAllHOHHOE BO3JelCTBHEe MAaTepPHH BCerjga crpe-
MHUTCS BLI3BATH COJIMMKEHHE BPeMEHUNOA0OHLIX B H30TPOTHBIX reoje-
spueckux. V3 pesysabratoB pasa. 4.4 BHUAHO, YTO CJEACTBHEM 3THX
SHEpreTHUeCKUX YC/I0BHH OyAeT NOfABJIEHHE CONPSKEeHHBIX Hian ¢o-
KaJbHbIX TOUYEK B HEBPAUAMONIUXCA CeMeHCTBaX BPEeMEHHNOAOGHBIX
HJH H30TPOTHBEIX KPUBEIX ofulero BuAa. B pasa. 4.5 nokasaxo, uro
U3 HA/JHYHS CONMPSIKEHHBIX TOUYEK CJACAYeT CYyLIecTBOBAHUE TAKHX Ba-
pHAIMI KPUBBIX MeKAy ABYMA TOUKaMH, KOTODble NepeBOAAT H30-
TPOTIHYIO TEONE3UUECKyl0 BO BPEMEHHIOLOOHYIO KDHBYIO HJIH Bpe-
MEHHIIOJ00HYIO Te0Ae3UUECKYI0 BO BPEMEHHNOAOOHYIO KPUBYIO 60/1b-
urel AJUHBL

4.1. BpemeHunoaoGHble KpUBbIE

Mpl BUAEJTH B INI. 3, 4TO NPH CTATHYECKOH METPHKE CyIIecTByer
CBfi3b MEXKAY AJIMHONH BPeMEHHIOLOOHOro BekTopa KuajiuHra u Hblo-
TOHOBCKHM HOTeHIHasoM. Haxogutcs Ju Telo B IPaBHTALHOHHOM
noJle, MOKHO Y3HATDH IO TOMY, YCKOPSI®TCSI JI OHO HJIM HET, €CJIU €ro
BLIBECTH H3 COCTOSTHHSl TIOKOSI OTHOCHTEJBHO CTATHYECKOH CHCTEMBI
orcuera, 3amasaeMoil 3Tum BekropoMm Kuanunra. OnHaxo B o6uiem
cayyae B MPOCTPAHCTBE-BPEMEHH MOXKeT He OLITh HH OJHOTO BEKTOpa
Kuaaunra, 0 torfa He Oyfer u KaxoH-Au60 BBIAEJEHHON CHCTEMBI
oTcueta s ©3MepeHus yckopeHus. Bce, uTo elle MOXKHO clenaTh,—
3TO B3§Th [Ba OJH3KHX ADYT K APYLY TeJda ¥ M3MEPUTb HX OTHOCH-
teapHoe yckopenue. Taxkoe naMepeHHe NO3BOJSET ONpPeleJHTb rpa-
JIEHT TPaBHTALMOHHOTO 1oJsl. Ecam paccMaTpHBaTh METPHKY Kak
AHAJOr HBIOTOHOBCKOTO MOTEHINAMAa, TO T'PALUEHTy HbIOTOHOBCKOTO
noast OyAyT COOTBETCTBOBATH BTOPbie NPOM3BOAHbIE MeTPHKH. OHH
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onpepeasioress teHsopom Pnmana. [losTomMy MOMXKHO 0XKHAATh, 4TO
OTHOCHTEJ/IbHOE VCKOpPEHHE ABYX COCEAHHMX Te¢/J OVACT CBA34HO ¢ Ka-
KHMH-TO KOMIIOHeHTaMu Tensopa Pumana.

Yro6nl yCTaHOBHTB 3Ty CBSA3b 00J€e CTPOTO, H3YUIIM NOBEICHIIE
KOHTPY3HIIHY BPeMEeHUTOAOOHBIX KPUBLIX ¢ eIHHHYHBIM KacaTeJdbHbIM
BexTopoM V (g(V, V) = —1). D14 KpuBLle MOTYT MpeACTABAATD JH-
HHYU TOKA KUAKOCTH HJIH (8 TOM cjaydae, KOrja OHH SBJAIOTCH TE0-
JI€3HUECKNMH) HCTOPHMH MaJBIX N1POOHBLIX 4acTHIlL B cayuae nmeatn-
HOHU XKHAKOCTH, coryacno (3.10),

(w+p) V= —p a", (4.1)

rre V®=V"“yV,— yckopenne aunuii Toxa, a A% =08%+ VeV, —
TEH30D, KOTOPHII NpoektupyeT Bexktop X & T, B NOANPOCTPAHCTBO
H, npocrpancrsa T4, oproronainHoe k V. MoxXHO paccMaTpuBarth
hep ¥ KaK MeTpuxy B Hy (cp. ¢ pasza. 2.7).

ITyctp 2 (f)— HeKoTOpas KpuBasg ¢ KacaTesbHbIM BEKTOPOM Z =
= (0/9t),. Torna MOKHO MOCTPOUTH CeMelicTRO KPUBLIX A(f, S), cMe-
as Kaxaylo TOYKYy KpHBOH A(f) Ha paccrosiue S BAOAb HHTErpan-
HeIx KpuBbIX V. Ecnu onpegeauts rteneps Z Kak (d/dt)wy s TO U3

onpeleneHus npoussoino# Jlum (cM. pasx. 2.4) caeayer, uTo
LyZ = 0, unn, uuaue rosops,

D
=2 =VZ". (4.2)

Beanunny Z MOMKHO HHTEPIPETHPOBATb KakK BEKTOD, NMPEACTABIAIO-
AA OTHOCHTEJbHOE PACHOJI0XKEHHEe VKA3aHHBIX BhIlIE JABYX TOUEK
Ha JBYX COCEIHUX KDHBBLIX, KOTOPLIE HAXOAATCSA HA PABHOM paccrosi-
HHY OT HEKOTOPBIX MPOM3BOJBHBIX HauaJbHLIX Touek. Ecan K Z 10-
6aBUTb BEKTOp, KpaTHbIH V, TO noayueHHbI!l BekTop GyieT H30Gpa-
HaTh OTHOCUTEJBHOE PACIIOIOKEHHE TOUEK TeX XKe ABYX KPHBBIX, HO
HAXOAAIIMXCA Ha Pa3JHUHBIX paccTosHusax. B peficTBuTesnbHOCTH HAC
HHTEpeCyloT JHIUb HAEBHALHS COCEAHMX KpuBbIX (Separation of
neighbouring curves), a me pacnoJoxKeHue OTAEJbHBIX TOUEK HA
Hux. IToaToMy HaM TPHXOAMTCSH HMeTb Aedo ¢ Z ¢ TOYHOCTBIO JO
KOMIIOHEHTBI, mapaaaebHoil V, T.e. TosnbKo ¢ npoekuuel Z B Kax-
JOH TOUKE ¢ Ha NPOCTPAHCTBO Q,, KOTOPOE COCTOMT U3 KJIaCCOB IKBH-
BAJEHTHOCTH BEKTOPOB, OTTHYAIOLIHXCS TOJALKO Ao6aBaeHneM BeK-
Topa, KpatHoro V. ITO UPOCTPAHCTBO MOXKHO HPEACTABAATL cele
Kax Hoanpocrpanctso H, npocrpaucraa T, cocTodllee H3 BEKTOPOB,
oproronanaphelx K V. Ilpoexuuio Z va A, 6ygey obozHauath uepes
28 =n%2" B clyyae XKHAKOCTH MOXKHO paccMarpuBath 1Z Kak
paccTosHue MeRKAY ABYMS COCEAHHMH YACTHUAMH JKIIKOCTH, H3Me-
peHHOe B HX CHCTEME IMOKOS.
M3 (4.2) caenyer, uto

(35) Wz =veu .2, (4.9)
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Ora popmyaa gaer cKOPOCTb H3MeHEHHs AeBHalUK ABYX O€CKOHEeUHO
O13KHX KpHBBIX, u3mepenuyio B H, Ilpuvensas x (4.3) onepauuio
D/ds ewte pa3 u npoextupys na H,, noiayuaem

W g (Wegg 12°) = B0 (Ve sZVE 4+ V0V 7V o2V +

b 03 C’g‘
VOV LZ V4 VO R 280 VO).

Mamenss nopsanok aud@epeHLHpoBaHUs B NePBOM WIEHE W HCIOJb-
3ysa (4.2), IpUBOAMM 3TO PABEHCTBO K BHUAY

B (a_Ds) (hbc'a]%‘ _LZC) = — R% J_chbvd -
+ habvb;cJ_Zc + VaVb _LZb. (44)

3To ypaBHeHHe, H3BECTHOE KaK ypaBHEHHe JeBHALIMH W/IH yPaBHEHHE
Akobu, KaeT OTIOCUTEIbHOE YCKOPEHHE, T. €. BTOPYIO MPOU3BOAHYIO
1O BpeMeHH JeBHauuH ABYX OecKoHeuyHO O/HM3KHX KPHUBbLIX, H3Me-
pennyio B H, Mbl BUAUM, YTO €C/IM 3TH KDHUBBIE — FEOJ€3UYECKHE,
TO JeBUAllUs 3aBHCUT JHUIIb OT TeH3opa Pumana.

B HBIOTOHOBCKOH TEOPHH YCKOPEHHe KaxKIOil 4acTHIB Olpefe-
JsieTcs rpafneHToM notexnuana @, 0 HO3TOMY OTHOCHTENBHOE yCKO-

peHne [BYX 4acTHI Ha paccrosnun Z¢ pasuo @..,,Z°. Takum obpa-
30M, ugell ¢ TeHsopoM Pumana RgpeqV?V? anajornued HbIOTOHOB-
ckoMy @ .qe. HelicTBre 3TOMH «IPHAUBHON CHIBI® XOPOIIO AEMOHCTPH-
pyer npumep cdepsl, COCTABJACHHOH W3 CBOGOAHO NAajAalolluX Ha
3emuio wactuil. Kaxkmas yacTuua ABIKETCS [0 NPAMOH, NPOXOJS-
uielr yepes neHtp 3eMJau, HO GoJee GJAH3KHE K 3eMJe YACTHIB I1a-
LaloT ObICTpee TeX, KOTOPhlE HAXOLSATCS Aajbiue. 3TO 03HAYAET, UTO
cdepa He coxpaHsier coio Gopmy, a AedopMHPYETCS B SJIUICOHL
TOTO Xe ofbeMa.

Yro6el HccaefoBaTh YpaBHEHHE JEeBMALMHA, MBI BBEJEM B IIPOU3-
BOJIbHON TOUKE ¢ HHTerpastbHOH KpuBOH v(S) Bekropa V AyaibHbIE
opronopmuposanusie 6asucel E|, E,, Eg, E; u E', E?, E3, E* npo-
crpancts T, u T%;, npuuem Bo3bMeM E* = V. Bui1o 65l KenateabHo
IepeHecTH 3aTeM 3TH 0a3ucbl BROAb KPUBOH y(S), uTOGHl MOJYUHTH
Takue ke 6asuchl B KaxJ0# Touke y(s). ONHAKO npH napasaieabHoM
nepenoce Gasncon BAOJbL y(S) (1. e. xorna D/ds nis KaKAOro Bek-
Topa obpaiugaercst B Hyap), E, He 6ymer ocraBartncs paBHbIM V, a
E;, E;, E; He ocTanyTcst oproronansHeiMil K V, ecan y(S)— He reo-
aesnueckas. [ToaToMy Mbl BBeZeM HOBYIO IPOH3BOAHYIO BAOAL Y (S),
TaK HasbiBaevyio npou3sodnyro Depmu Dp/ds. aa BeKTOopHOTO
noas X BROJIb v (S) oHa onpefeasercs GopMyaoH

Dp(X) DX DV DV
55 =W"g(x’ —as‘)‘”rg(x: V)5
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n ofJanaer CJAeNYIOUINMU CBOHCTBAMHU:

D
F
1) S5 = ge eean Yy (s) — reogesunyeckas;
DV
2) < =0
3) ecau X u Y — BeKTOpHHE MOJs1 BAOJb Y (S), TakHe, 4TO
DeX _ o _ DrY
as 7 ogs

1 g(X, Y) =const Broas vy(s);
4) ecau X® — BEKTOPHOE 1oJie BJOJb Y (S), OpTOroHasasHoe K V, 1o

DeX DX

“os _L(—é_s—)
(ITocaennee cBOACTBO MOKasbiBaeT, uTo npoussonnas Pepmu sapas-
eTCsl ecTecTBEHHBIM o6obuieneM npoussoanol D/0s.)

Wrak, ec1y mepeHeCTH OPTOHOPMUPOBAHHBII Ga3ic MPOCTPAHCTBA
T, BRoab y(s) tax, utoOsl npoussogHas PepMu Kaxaoro 6a3UCHOTO
BekTOpa Oblda paBHA HYJIO, TMOJYUUTCH OPTOHOPMHPOBAHHBIN Gasuc
B kax o Touke y(s) ¢ E, = V. Bexropn E;, E,, E; Moxno untep-
NpeTHPOBaTh KAk OPTHl HEBpAWlAIOIelcs CHCTEMBI KOOPIMHATHBIX
ocell BIOAb y(s). Pu3nUeCcKH HX MOXKHO DPeaJU30BATH C HOMOIIHIO
MaJeHbKHX THPOCKONOB, OCH KOTOPBIX HAmNpaB/eHb BAOJAb KAXKLOTO
13 BEKTOPOB.

Onpenenenue npousBofHoll PepMu AJ1% BEKTOPHBIX nosefl BLOJIb
v(s) MOMKHO PacCIpoCTPaHHTb Ha NPOH3BOJbHLIE TEH3OPHBIE 0.5
O6LIUHBIM 06pa30oM, a HMEHHO:

I. Dp/0s npencrasnaser coGoll suHelHOe oTOOpaxKeHHe TEH30p-
HBIX moJsielt tuna (7, s) BHOJb y(S) Ha TeH30pHBIE moas tuna (r, s),
KOTOPO€ KOMMYTHPYET CO CBepTKaMHu;

Ds DK DL
I. = (K@L)=5—-QL+K® —;
Dgf df

rae f — npousBoJbHas QYHKIHA.

V3 3THX npaBua caAefyer, 4T HafA AyaabHuiM Gazucom E!, E?
E3, E* nmpocrpancrBa T; Takxke cosepruaercs nepeHoc Pepmu
Brosab y(s). HMcnoaesays npounssoanbie PepMmMy, MOXKHO Nepenyucarhb

(4.3) n (44) B BUZE
D, a b
—C)?'LZ — V ;b_]_Z y (4.5)

DZF a a cy by, d a b ¢ a7 b
552 120 =~ R%ea 1 Z°V'V + AWV e 2" + V'V Z". (4.6)
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3T COOTHOLIEHHS MOXKHO BBIPA3HTb 4epes AyasbHele Ga3UCHl, MOJY-
yenHnle nepeHocom ®Pepmu. Ilockoabky 1Z oproronaden k V, y Hero
eCcThb KOMIIOHEHTH! Juilb oTHocuredbHo Ei, Es, E;. Caenomarensho,
€ro MOXKHO IpeacTaBuTb Kaxk Z*E,, ecn MBI ycaoBuMcs, 4yTo rpeue-
cKHe MHJeKchl npoleraloT ToJbko suauenus 1,2,3. Torma (4.5) u
(4.6) MOXHO 3anucaTb Yepe3 OGHIKHOBEHHblE TPOH3BOAHLIE:

d a o
—d's-Z =V ;BZB, (4.7)

d? a a yu vor, B

2o 2% =(— R%ps + V% + V) Z°, (4.8)
rie V% — Te KommonenTs V%, 14s koTophix a = o« u b = . ITo-
CKOJMbKY KOMMOHEHTHl Z% YAO0BJCTBOPAIOT JHHEHAHOMY OOBIKHOBEH-
HoMy anddepenunansHoMy ypasHenuio l-ro nopsaxa (4.7), atu
KOMTIOHEHTbI MOXKHO BBIPA3HWTh Yepe3 UX 3HaAueHHss B HEKOTOPOH
TOYKe:

Z%(s) = Agy (s) 2°|,, (4.9)

rae Agp(s)— marpuna 3 X 3, kotopag B TOYKE ¢ paBHA eXMHUUHOMN
MaTpHIlEe ¥ YAOBJIETBOPAET yPaBHEHHIO

S Aup (8) = Vasy Ay (s). (4.10)

B cnyuae KHAKOCTH MOXKHO CYMTath, 4TO Marpuna A,p 3azaer
dopMy ¥ OPHEHTALHIO MaJoro 3JeMeHTa KHAKOCTH, cdhepuyeckoro
B TOYKE §. DTy MATPHIYy MOMKHO 3amyucaTh B CJAeJYIOUIeM BHJE:

Ay = OaSap, (4.11)

rie Oyp — OPTOTOHA/IbHAS MATPHUILA C MOJIOKUTEABHBIM ONpEAeTHTE-
aeM, a Syp — cuMmmerpuunas marputia. Oyp u Sgp MOTYT ObITh BbI-
Gpambl B TOUKe § PaBHBIMH elHHM4HOH Martpuue, npuueM Ogip MOXK-
HO paccMaTpHBaTh KaK MaTpHIY, XapaKTepU3ywoMlylo BpalleHHe co-
CeJIHHX KPHBBIX OTHOCHTE/JbHO 6asuca, NOJAYYEHHOTO IMEPeHOCOM
Pepuiy, a S,p — KaK MaTPULY, ONUCHIBAIOILYIO CMEN[eHHe ITHX KPH-
BBIX oTHOCHUTENbHO Yy (s). [Ipu sToM onpenenutear S,p, KOTOpHI pa-
BeH ompenenutenio A,p, Xapakrepusyer TPexXMepHBIl 00beM Bbipe-
34eMOTO COCEAHHMH KPHBBIMH 3/J€MEeHTa IOBEPXIOCTH, OPTOTOHA/b-
Holt K y(S).

B rtouke ¢, rme A,p— eiMHHYHAs MarTpulua, [POHU3BOAHAs
dO,p/ds aurucummerpuuna, a dS,p/ds cummerpuuna. Takum obpa-
30M, aHTHCHMMETpHUHAs 4acTh Vg AaeT CKOPOCTh BpaLleHHs CO-
CeIHHX KPUBBIX B TOUKE ¢, CHMMETPHYHAS 4acTh JaeT CKOPOCTb H3-
MEHEHHSt AeBHALMH OT y(S), a CKOPOCTb H3MeHeHHs oObeva onpele-
asietcs caefom V,.p. ITo3ToMy MBI BBeAeM TEH30D BpalLCHUS

Wgp == hachbdvlﬁ;d], (4.12)
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TeH30D PaCXOXK/AeHHS

Ogp = hachde(c;d) (4.13)
1 06beMHOE pPacXoXkaeHue

8 == 04ph™ =V gph® = V" (4.14)

Hanee MBI OnpenesnM TEH30P IONEPEUHOTO CABHTA KAK UYacTh Oap
C HYJIeBbIM CJEAOM:

Oas = Oap — 5 Fasd | (4.15)
H BEKTOD BpallleHHsi Kak

o 2_; nabcdvb = % nadeVch;d' (4.16)

KoBapnautuyio npousBogHyio Bekropa V MOKHO BbIPAsHTh depes
3TH BEJUYUHBIL:

1 .
Vo =04+ 0+ 50k, —V V, (4.17)

910 pasoKeHHe IpajfMeHTa BEKTOPA CKOPOCTH KHIKOCTH aHaso-
THYHO COOTBETCTBYIOLIEMY pPa3J/OKeHHIO B HBIOTOHOBCKOH THAPOJIH-
HaMHKe.

B oproHopmupoBaHHOM Ga3siice, noaydeHHOM nepeHocoM Pepmu,
BpalleHye X pPAacXOkJeHHe MOXKHO 3anucaTbh ¢ MNOMOLIbIO MaTPHIbI

A, g 1 0OpatHOll eft MaTpumbl A~ '

0up = — A" 'y —;—1; Apv, (4.18)
Oap = Ay % Apyy, (4.19)
6 = (det A)™" - (det A). (4.20)
W3 ypasnenus aesnaunu (4.8) caenyer, uro
<5 Aup = (— Rasys + Vasy + VaVy) Aya. (4.21)

Ecnu ussecteH TeH3op PumaHa, TO 3TO ypaBHeHHE MO3BOJISIET BLIUHU-
CJIHTH pACHpOCTpaHeHHe BpallleHWs, CABHra H pPacxokIeHHs BAOJb
HHTErpasbHLIX KPUBBIX V.,

Ymuoxus (4.21) nwa A~'gy M B3AB AHTHCHMMETDHUHYIO YacTb,
HoJIy4uM

d .
e 04y = 20,05+ V (4.29)

Taxum obpa3oM, pacnpocTpaHeHne BpaLleHHd 3aBHCHT OT aHTHCHM-
MeTPH30BAHHOIO IPajHeHTa YCKOPEHUS, HO HE OT «IIPHANBHOH CHJbL».
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3anuuieM 3To ypaBHeHHE B Apyroft dopme:
d .
ds (AV(LCOVGAGB) = Avavw;GIAGB‘ (4.23)

Otciofa BHIAHO, 4TO Ay,wysAsg — MOCTOSIHHAA MAaTpPHILA, €CJaH pac-
cMaTpHBaeMble KPUBBIE — I'e0Je3HYecKHe; B 4acTHOCTH, ec/Iu, Bpa-
nieHue ofpamaerca B HyJAb B OJHOIN TOuKe KakoH-1u60 KPUBOH, TO B
ciyyae reolle3MYecKHX OHO PABHO HYJIO BO BCEX TOUKaX 3TOH KpH-
Boii. Ecau 3»TM KpHUBbIe NpPeINCTABJAIT JHHUM TOKA HACAJbHOH
XKUJAKoCTH, TO U3 (4.1) caemxyer, 4To

. ! dp
Viess) = — 75 @b 45

Ecan KUAKOCTh H3HTPONHUECKAs, TO OTCIONA CIelyeT 3akOH CO-
XpaHeHus:

W Ayq0y5454 = const, (4.24)
rae
—{_dr
InW = S ptp®

DToT 3aKOH COXPaHEHHS NPeACTaBaseT cOB0H PeaATUBUCTCKYIO hop-
MYy HBIOTOHOBCKOrO 3aKOHA COXPaHeHHs MOMEHTa KOJHYecTBa JBH-
KeHud. B reofiesnueckoM c/aydae WJH NPH OTCYTCTBUM JABJEHHS OH
CBOAUTCA K OOBLIYHOMY YTBEPXKAEHHIO, YTO BEIUYHHA BEKTOpPA MO-
MEHTa KOJHMYeCcTBa ABHMIKEHHS 06paTHO NPONOPLUHOHAJNBHA MJIOLLIANH
CeyeHHsl 3JIeMeHTa KHAKOCTH, OPTOTOHAJLHOTO K 3TOMY BEKTODY.
Korna nasieHue He PaBHO HyJI0, NOABJISIOTCT JONOJHUTEbHBIHA pe-
JASTHBUCTCKUM 3¢ (eKT, BOHUKAIOWIHUN H3-3a TOro, UTO AaBJeHHE CO-
BepuiaeT paboTy HaJ KHJIKOCTbIO, BCJEACTBHE 4Yero BO3pacraer
Macca, a CJAef0BaTeNbHO, M HHEDIHS 3JIeMeHTa KUAKOCTH [cp. ¢
(3.9)]. 10 o3Hauaer, 4TO BpalleHHe KUAKOCTH NOJ AaBJCHHEM BO3-
pacraer MejiJeHHee, ueM MOXKHO Oblio Ol OXHAATh Ge3 yuera naB-
JIeHu4.

Ymuoxus (4.21) ma A~!gy M B3AB CUMMETPHYHYIO YaCTh, HaXO-
UM

d . . e
‘a‘;ea[& = — Ra4[34 - OqyWOyp ~— eavevﬁ + V(a;ﬂ) + VaVB“ (425)

Vpapuenuuss (4.25) u (4.23) mokHo s3anucath B ofmem 6asuce (He
OPTOHOPMHDOBAHHOM H He 0053aTeIbHO MOJYYeHHOM NyTeM Iepe-
Hoca ®epMu) mpu nMOMOUIM 3aMeHbl 0OLIKHOBEHHEBIX NPOH3BOAHBIX Ha
npoussogueie GepMu U MPOEKTHPOBaHUEM HA NOANPOCTPAHCTBO, Op-
TOTrOHAJbHOE K V.

Cren ypaBHeHusi (4.25) paset

L g — RV V4207 — 200 — £ O VO, (4.26)

4 3axas 381
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rie ,
20? == 04,0 =0,

207 = 0,,0% >0.

dT0 ypaBHeHHe, BuepBLle mnosaydeHHoe Jlamaay u HesaBucuMo Paii-
yayIxypH, B AajbHeiilueM OyJIeT HrpaTh BECbMa BaxKHyIO poJb. M3
HEro BHJIHO, YTO BpallleHHe MOPOKAAET PacXoXKAeHHe, KaK W cJIelo-
BaJ0 OXHAaTb M3 QHAJOIHH C LEHTPOOEKHON CHJOMH, B TO BpeMs
KaK CABMI NPHUBOAUT K cXoxzAeHuto. CorjacHo ypaBHEHHSIM NOJS
AJsl HAeaNbHON KUAKOCTH, KACATEILHLIM BEKTOPOM JIHHHH TOKA KO-
TOpo# siBadercs Ve, umeem

RV Ve =4 (u + 3p).

[ToatoMy MOXHO OXKMZATh, UTO 3TOT YJIEH TaKkKe NPHBOLHT K CXO-
xjaennto. Obilee HcceaeqoBaHHE 3HAKA 3TOrO ujeHa GymeT MpoBe-
IeHo B pasn. 4.3.

Boiyurasa us (4.25) ero caen, nonyuynm
D a ! d
Ts Ogp = — CacdecV + 'é‘hachb Rea — (Oacmcb _ O'aco'cb -

2 dy; 1 2 2 ; 1 d
— 3 000 + 8o’V iy — 5 hap (20" — 20 + Vi + 5 Reah” ) (4.27)

rae Copcq — TeH30p Befins. ITockosbKy 3TOT TEH30p MMeeT HYJIEBOMH
c/lel, OH He BXOAUT HEMOCPEACTBEHHO B ypaBHeHHe paCXOXKIeHHs
(4.26), HO M3-32 NPUCYTCTBHA ujeHa —20° B NPaBOH 4aCTH 3TOTO
ypaBHeHUs TeH30p Belns, uHAYUUPYS CHOBHUI, KOCBEHHO BHI3BLIBAET
cxoxIeHue KpuBbIX. TeHzop PumaHa BbipakaeTcs uepes TeH30D
Be#inis u Tensop Puuun:

1
Robea = Copea = BapaRey — &oieRuja — 5 REu1c8apr

Tensop Puuun onpenensiercss ypaBHeHusiMu DHHIITENHA

1
Ray— E'gabR + Agab = 8T gp.

CrnenoBatenbno, Tensop Befinsg mpencrasiasier coGoi Ty 4acTb KpH-
BH3HEI, KOTOpasl JIOKaJbHO He Olpeje/]sercst pacupefeseHueM Mare-
pun. OIHAaKO OH He MOXKeT ObITh COBEDLIEHHO NPOH3BOJBHBEIM, I10-
CKOJIBKY TeH30p Pumana JoJxeH yJIOBJIETBOPATb TOXKAECTBAM

buankm:

Rapieae; = 0.
HOCJIGILHI/IG MOZKHO nepenncaTtb B BUAE

Cabcd;d — Jabc’ (428)
rae

Jeve — gelast) + % gC[bRia]. (4.29)
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ST COOTHOLUEHHE MOXO0XKe Ha YpaBHECHHSA Makcseana s 9JE€KTPOAH-
HaMHKC!
b
Fa 4 =Ja’

rae Fe® — teH30p 3/71eKTPOMATHHTHOIO noJs, a J* — TOK HCTOYHHKOB.
Taxkum o6pasom, Toxkaectsa buankyu (4.28) B onpenenenHom cMbicae
MOZKHO CUMTATbh yPaBHEHHAMH N0Jas AJad Tenszopa Befina, asasome-
rocsl TOH yYacTblo KPUBH3HbI B JAHHOI TOYKe, KOTOpPAas 3aBHCHT OT
pacnpeleneHnss MaTepuu B APYruX ToYkax. (DTOT nmoAxox Obla He-
NOMb30BaH AJd aHa/lH3a NOBEACHUS [PaBHTALMOHHOTO H3JYYeHHS B
paorax [71, 113, 116].)

4.2. U3orponHbie KpuBbie

Kak u B cayyae BpeMeHUTIONOOHBIX KPUBBIX, TeH3op Pumana 6y-
IeT BJUSATh HA CKOPOCTb M3MEHEHHS OTHOCHUTEJILHOrO PacloJIOXKeHHs
H3OTPONHBIX KPUBLIX. [/ mpOCTOTHI MBI PacCMOTPHM TOJBKO H30-
TponHble reojesndeckue. OHH MoryT oto6paxaTb MHDOBBIE JHHHH
doTeHOB; BIHAHHE TeH3opa PumaHa Gyaer cOCTOSITb B MCKPHBJACHHH
UM QOKYCHPOBKE MAaJBIX IYYKOB CBETOBLIX Jiyyed.

Uro6bl HCCTeNoBATh 3TO ABJEHHE, PACCMOTPHM ypaBHeHHE [e-
BHALHH [JIs1 KOHTPYSHIIHH H30TPOMHBIX Te0Je3HUeCKUX ¢ KacaTelb-
aeiM BekTopoM K (g (K, K) = 0). 31ech umeioTcsi ABa Ba)KHBIX OT-
JAHYHA OT CJAyuasi BPEeMEeHHUNOXOOHBIX KDPHBBIX, PACCMOTPEHHOFO B
npenbAYLIEM pa3iele.

Bo-nepBbixX, TaM MBI pacroJsiaraju BO3MOXKHOCTBIO HOPMHPOBATH
KacaTeJdbHble BeKTOPbl V K BPEMEHHIIOZOOHBM KPUBLIM TIPH MOMOILH
yemosua g(V, V)= —1. B cymHocTy 3TO 03HauaeT, 4TO KPHUBBIE
OblJIH IapaMeTpPH30BaHBl AMHHON AYTH §. FICHO, YTO 3TO HEBO3MOMKHO
JUIsT M30TPOIHLIX KPHBBIX, TaK KaK JyrM UX HMEIT HYJIEBYIO AJMHHY.
Camvoe Goablilee, YTO MOXKHO cHenaThk, — TO BOCIOJAb30BaThes ad-
(hHWHHBIM MapaMeTpoM v; TOoTJa KacatedbHb BekTOop K mogunusercs

yp@BHEHHUIO
D

“dv

K*= KK’ =0.

OmHako U MOMKHO VMHOXKHTbL Ha (VHKUHIO [, MOCTOSIHHYIO BHOJb
Kaxk ol kpusoii. Torxa fu Oyxer npyruM ad(UHHBIM 1HapaMeTpoM,
H C:OOTBETCTBYIOIMM KacatelbHBIM BekTOpoM Oyaer ['K. Takum 06-
pasoM, ecIM KpHUBbIE 3aJaHbl KaK TOUEUHBIC MHOXKECTBAa Ha MHOTrO-
o6[pasny, TO KacareJbHbIl BeKTOp OyleT OAHO3HAUEH JHIIb C TOU-
HOCTBIO 0 MIIOXKHTENs, MOCTOSHHOTO BAOJb KaXKIOH KDHBOH.
Bo-BTOpLIX, €llle OIHO pa3auynHe COCTOHT B TOM, UTo Qg, akTop-
npoctpancreo Iy no K, Temepp ne usomopdHo Hy T.e. moampo-
crpanctsy T,, oproroHanbHomy kK K: us-3za toro, yto g (K, K) =0,
cam Bexktop K toxKke comepxurcs B g Ha camoM nene, xak 6yner
NOKA3aHO HUXKe, PeaJbHblH HHTEpeC NPeLCTaBJsAeT He NPOCTPaHCTBO

4}*
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Qg B LIeJIOM, a TOJBKO ero NOANPOCTPAHCTBO Sy, COCTOALLEE H3 KJaac-
COB 3KBHBAJIEHTHOCTH BEKTOPOB U3 f,, KOTOpble OTVIHYAIOTCH JIHIIb
Ha BexTop, xpatubifi K. B cayuae syueil ceera sjeMeHT S, MOXKHO
paccMaTpuBaTb KaK BEKTOP, ONUCBLIBAIOWHE JNEBHAIMIO ABYX OJH3-
KHX Jyuell, H3JY4eHHBIX HCTOYHHKOM B OJHO H TO K€ BDPEMS.

Kak u mpexje, BBedeM jyaJbhble Gasucel E;, E,, E, E, u EI,
E’ E?, E* mpoctpanct I u T, B HEKOTOPOIl TouKe g Ha KpHBOIi y (v).
Opnako we OyneM OpaTh HX OPTOHOPMHDOBAHHBIMH: BhiGepem E,
paBubiM K, B xauecrnz E; Bo3bMeM HeKOTOPHIA APYroil M30TPOMHBIH
BeKTop L, ckangprHoe npoussenenue koroporo ¢ By pasno — 1, 1. e.
g(E;, E;)=0, g(E;, E)=—1, a E, u E, nycTs GyayT eAUHHYHBIMH
NPOCTPAHCTBEHHONOJOOHBIMY  BEKTOPAMH, OPTOrOHAJBHBIMU  JIPYT
Apyry u Bektopam E;, Eg:

g(E,, E\))=g(E,, E))=I1, g(E,, Eo)=g(E,, E;)=g(E,, E)=0ur. x

OrmeruM, UTO B CHJYy HEODPTOHOPMUPOBAHHOI'O XapakTepa 3TOro
Gasuca dopma E3 Oyner paBHa dopme —K%Gap, a E* = —Logg,.
Moxno y6enutbes, uto Ei, Ey, E; 06pasyior 6asuc B Hy, B T0o Bpemsi
xak npoexunn sextopos E;, Es, Es ma Q, obpasyior 6asuc B Qg
nakoHneu, npoexunn E; n E, obBpasyior 6asuc B S, Kax npasuio,
MBI He OyZeM pasanuath BeKTop Z u ero npoexuun Ha Qg wiam S
Basuc E,, E;, Es, Ei, o6Gnanaomuil ykasasHbIMu CBOfiCTBAMH, 6yaeM
Ha3blBaTb NCEB000PTOHOPMUPOBAKHbIM. TlapasiebHBIM NEPEHOCOM
3THX BEKTOPOB BJA0Jb F€0AE3UUCCKON y(U) Mbl MOJYYUM [CEBLOOPTO-
HOPMHPOBAHHEBIN 0a3uc B KaXKAOH TOuKe y(v).

Mpl Hcnosb3yeM 3TOT Gasuc IJisi aHa/ M3a YpaBHEHHs AeBHAIUH
H30TPOMHBEIX Teojesnyeckux. Ecan Z — BekTop neBHaluil, Haobpa-
AU OTHOCHTEJbHOE DPaCIOJIOXKEHHEe COOTBETCTBYIOIHX TOUYEK
Ha COCeHHUX KPUBBIX, TO, KaK U IIPEKIe, HMEEM

LkZ =0,
TdaK 4YTO
D a a b
270 =KZ (4.30)
H 2
D Z%= — R%,Z°K°K". (4.31)

B ncesmooproHopmupoBanHoM Gasuce K%, =0, NOCKOJBKY BEKTOP
K — xacateabHbl K reogesnueckoit. [lostomy npu a = 1, 2, 3 ypas-
nenne (4.30) MOXKHO NMpeACTaBHTb KaK CHCTEMY OGBIKHOBEHHBIX AH(D-
(epeHLHANbHBEIX YpPaBHEHHHA:

4 zo__ ko 7B
de = K2,

rie, Kak ¥ npexje, Tpeyeckue WHAEKCH NPHHUMAIOT 3HaueHus 1,2, 3.
Orciofa BHIHO, 4TO NMpoekus Z Ha mpocTpaHCTBO Qg nolduHsiercs
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yPaBHEHNIO PACHPOCTPAHEHHSA, COAePKAIUEMy TOJNBKO caMy 3Ty npo-
ekuuio, 6e3 KoMnoneHtsl, napanienstoft K. Jamaee, K3 .=0, no-
ekobKY (K9g,5K"),c = 0. Otciona cieayer, uto KoMIOHenTa Z3 ==
= —Z%K, NoCTOfiHHA BJOJb reofeaxueckoil y(v). TO MOKHO HH-
TepIpeTHpPOBaTh CAeAYIOIIUM 06pasoMm: JeBHallHs Jyyeil cBera, HC-
OYILIEHHBIX OJHHM M TeM JKe HCTOUHHKOM B Pa3HOe BPEM$, OCTAeTCA
nocTosHHol Bo Bpemenu. Kosb ckopo 370 Tak, HauGOMBIINN HETEPEC
IpelCTaBJseT I[OBeAeHHE COCEIHHX H3OTPOINHBIX TeONE3HYeCKUx ¢
qUCTO NPOCTPAHCTBEHHBIM BeKTOpPOM OeBmauuu, 1. e. Z ¢ Z3=0.
[Tpoekuun Takux BeKTOpoB Ha Q4 GyAyT JexaTh TOTRA B MOANPO-
cTpaHcTBe Sy M OVAYT MOAYHHSATBCS YPABHEHUIO

d m n
’(ﬁzm":K inl"”,

rie m, 1 NPHHHUMAIOT TOJbKO 3HaueHuda I, 2. Ono momoGHO ypaBHe-
Huto (4.7) Ans BpeMeHUNOZOOHOro cayyasi, 3a TeM HCKIIOUEHHEM,
4TO Terepb MLl HMeeM JAed0 ¢ ABYMEDHBIM MNPOCTPAHCTBOM BEKTO-
poB Z, coeIMHSAIOLINX COCENHHE KPHBbIE.

Kax u B npenbinyuiem paspene, Z™ MOXKHO BHIPA3UTb uepe3 €ro
3HAYEHUS B HEKOTOPOH TOUKE ¢:

Z™(v) = A, (0) 271,

rae Zlmn (v) —Matpuua 2 X 2, yIOBIETBOPAIOLIAA YPABHEHHAM

o A (0) = KmspAon (0), (4.32)
d2 -~ ~
rre Anm (U) _— Rm4p4Aph (U) (433)

A

Kaxk u mpexne, 6yaeM HaswpBaTh &, = K[m:,] BpallleHuem, 0,, =
== K (m:n) — CKOPOCTBIO JleBHAUMH, 0, cien 8,,, — PacxoxaeHHeM;
CHEBHT &,,, ONPELEIHM KaK GeCCIeIOBYIO YACThb 0,,,. YpaBHeHHMA N5
HUX TONOOHBE! YPAaBHEHHUAM [JIsi AHAJOTHYHBIX BeJIHUHH B HPeABILY-
eM pasnedie:

d . A A
qo Omn = emmm (434)
L8 = — RupKK® + 207 — 26> — 56 (4.35)
d . A
dv 8mn=— Ctns — 88 . (4.36)

Vpasuenne (4.35) sBaseTcs aHagoroM ypasHenus Pailuayaxypu
JJisl BpeMeHHNONoOHbIX reofesnueckux. CHOBa MBI BHAHM, 4YTO Bpa-
[leHHe BhI3bIBAeT PAaCXOXKJeHHWEe, B TO BPeMf Kak CABMI MPHBOLUT
K cXOxKaeHHI0. B cienyiomem pasjgene Mbl MOKaXKeM, 4TO B HOpMaJib-
HBIX YCAOBUSIX 4jeH ¢ TeH3opoM Puuun (Rq,KeKb) oTpunarteses u,
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caeloBaTeqbHO, nopoxkaaer Gokycuposanue. Kak a4 npexie, TEH30p
Befinsi HemocpeACTBEHHO He BJAHAET HA PACXOXKIEHHE, HO BBHI3BIBAET
HCKPHBJIEHHE, KOTOPOE B CBOK OYepelb NPUBOAUT K CXOXKIEHHIO (Cp.
[127]).

4.3. dHepreTHueCcKHe yCJOBHS

B peaabHoii Bcenennofi TeH3op 3sHepruu-uMnyJabca OyAeT co-
CTOSITh U3 BKJ2J0B GOJNBLUIOrQ YHCIA PA3JHUHLIX MaTepHANbHBIX MO-
agefi. Ilostomy, daxKe ecau HaMm Oblin Obl M3BECTHH TOYHBIN BHI
BKJIajfla KaXXJOTO TOJs B OTJEIbHOCTH M €ro ypaBHEHWUsS IBHIKEHHS,
ObIJI0 OBl CAMLIKOM CJOXKHO BLIMHCATH TOUHOE BHIpaXKeHHe AJst TeH-
30pa sHEeprHU-UMIyJabca. B caMoM mene, Mbl BecbMa CMYTHO Mpej-
CTaBJ/IfIeM IOBEJCHHEe MATEPUH B yCAOBHSAX l1PeNeJbHO BBICOKHX JaB-
JeHu# n nortHoctell. Takum o6pasom, MOMKET 110Ka3aThCsi, YTO MaJo
HaJeXJAbl Ha npejckazaHue CyUIeCTBOBAHHWS CHHTYJAsipHOCTel Bo Bee-
JIEHHOH 1o ypaBHeHHSIM JDfHIUTefiHA, NOCKOJBKY HMX INpaBas 4acTb
HaM HensBecTHa. OIHAKO, TMO-BUAMMOMY, HMEIOTCA OCHOBAHHS AJS
TOro, 4TOObl NOTPeOOBATH BLINMOJNHEHUs! ONpeAeIeHHBIX HEePABEHCTB
JUIsl T€H30pa SHEPTUH-HMNyJhbca. B 3toM pasnxene Mbl cobupaemcs
paccMoTperb 3TH HepaBeHcTBa. OKasblBaercsi, YTO BO MHOTHX CH-
Tyaluusix HX AOCTATOUHO AJSl TOrO, YTOOB! HE3aBUCHMO OT BHAA TeH-
30pa 3HEPrUU-UMMNYJabca A0Ka3aTh HAJIHUHE CHHTYJSAPHOCTEH.

IlepBbiM M3 3THX HEPABEHCTB SIBJIAETCS

Caaboe anepeeruteckoe ycaosue

TeH3op sHepruu HMNyJbca B KaxAOH TOuKe p & A YAOBJIETBD
pset HepaBeHCTBY TqpWeW? =0 npu mio6oM BpeMeHHIOZOGHOM
BexTope W & Tp. BesencrBue HenpepbIBHOCTH 3TO YCaI0BHe OyIeT
CIIpaBeqIHBO W AJs JMI000r0 M30TPOnHOro Bektopa W e Tp.

Habaionarenio, MupoBasi THHHS KOTOPOTO MMeeT eJHHHYHBIM Ka-
caTeJbHLIM BeKTopoMm V, Joka/lbHas IJIOTHOCTb IHEPTHH KaXKeTcs
paBHoit Tqp VeVb. CienoBaTenbHO, Hallle HEPABEHCTBO 3KBHBAJNEHTHO
YTBEPKAEHHIO, UTO JIOKAJTbHAS JIOTHOCTb IHEPrHM, H3MepeHHAs Ka-
KUM-1160 HaOaonareseM, Heotpuuareiabia. C ToUKH 3peHust Gusuku
3TO NpeACTaB/seTcs BecbMa pa3yMHbIM. JIJIst Ha/bHEHIIEro BhIsCHE-
HHSl CMBICJIa 3TOTO HEPABEHCTBA BOCIOJAb3yEMCH TeM OOCTOATENb-
CTBOM, YTO B TOYKE p KOMIOHEHTHl TEH30pa 3HEePruu-uMnynabca 7¢b
B Gasnce Ei, Ey, E;, E; (¢ Bpemenunogo6unim E.) moxkHO npencra-

BUTb B ONHOH N3 4eThIPeX KaHOHHYeCcKuX GopM.
Tun I

P 0

T% = .
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Jto TOT OOIIMH cayvyal, KOTAa TeH30p JHEPruU-UMMyJabca objanaer
BpeMeHUNOA00HBIM COOCTBeHHBIM BeKTOPOM Ei, v nputoM eIHHCTBeH-
HbIM, 33 UCKJAIOUEHHMEM caydas, Koraa p = —p, (a =1, 2, 3}. Cob-
CTBEHHOE 3HauyeHHe W MNpeJCcTaBJjasieT COOOH TJIOTHOCTb 3IHEPTHH NO
u3MepeHusaM HabJaiofaTenasi, MHPOBAf JHHMS KOTOPOrO B TOYKE p
uMeeT KacaTeJbHbIM BeKtopoMm E.; cofcrBeHnble sHaveuus p, (o ==
=1, 2, 3) ABASIIOTCS IAaBHBIMH 3HAUEHUSAMH JaBJAEHUS B TPEX Mpo-
CTpaHCcTBeHHONOAOOHBIX HanpaBaeHusax E,. TakoB BUA 3HEpPrHU-HM-
nyJbca JJig Bcex HabJamofaeMbiX 10Jel ¢ HeHyJeBOH MaccoHl MoKos,
a TakXe H OJs BCeX NoJell ¢ HyJeBOH Ma<tcoll MOKoS, 32 HCKAue-
HUeM OLHOTO 0cOO0ro cayuas, KOrfa Mbl HMeeM KaHOHHYecKyr (op-
my tuna II.

Tun I1

pr O

[% = , o ove=1,

v v+ x

B 3Tom ocobom ciavuae TeH30p 3HEPTHH-UMMYJAbCA HMeeT OBY-
KpaTHblll coOcrBenHblil Bektop Es 4+ E, ExanncrBeHnblili nabmaopae-
MBIE caydal TakoH (opMbl — Korja 6e3MaccoBoe NoJe NpencTaB-
JsieT co00H H3/lyueHHe, [IeTHKOM PacHpoCTpaHsiollieecs B HanpasJe-

uun Es 4+ E. B atom cayuae py, p2 0 % PaBHBI HYJIO.
Tun 111

p 0 0 O
0 —w 1 1
ab
™= 0 1 —v 0

0 1 0 w

10 — 0cobbli cayuail, B KOTOPOM TEH30DP SHEPTHH-UMIly/abca obJa-
aeT TPEXKPaTHBIM H30TPONHHIM coOCTBeHHBIM BexTOopoM Es-- Ea
[Toneit, o61agaouuX TEH30pPOM 3HEPTHHM TAKOro BHAA, He OOHapy-
2K EHO.

Tun IV
p 0
0
0 ]
T% = P2 . W< AR,
-— % ’\7
0
v 0
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10 — 06wuii cayuyall, Koraa y TeH3opa HEPrHH-HMIYJabca HeT Bpe-
MeHUNOLOOHBIX WX H30TPONMHBIX cOOCTBEHHBIX BeKTOopoB. Habmonae-
MBIX MoJIefl C TEH30paMM IHEPTHH-UMIYJbCa TAKOrO BUAA TOXKE He
CYLLeCTBYeT.

Hns tuna I cnaboe sHepreTnueckoe ycaoBye GyAeT BHIMOJHATLCS
nput p=0, u+p, =0 (=1, 2, 3). Ons rtuna Il oxo Oyaer
BBITOJIHEHO, ecau py =0, pa =0, x>0, v=+41. Itu HepaseH-
CTBa SIBJSIOTCS BecbMa Pa3yMHBIMH, H UM YJAOBJ/ETBOPSIOT BCE 3KC-
TepUMeHTasibHO oOHapyKeHHble noas. Jas ¢usuyecku Hepeaausyro-
muxes tunoB 111 u IV cnaboe sHeprerndeckoe yc/I0BHEe He BbINOJ-
Hgerce.

DroMy YCIOBHIO YIOBJIETBOPSET TaKXKe CKalspHOC mnoje P, mno-
cryauposannoe Dpancom u Jukke [39]. Ot atoro nosas tpebyetcs,
uToGBl OHO BCIOAY ObIJIO 10J0XKHTeIbHLIM. ET0 TeH30p Hepruu-uM-
nynbca umeer Bua (3.6), npuuem m == 0. TeHsop sHepruu-uMnyJibca
BCEX APYTHX MOJeH OTJHYaeTcs B ¢ pas OT TOro, 4to 6bl10 Obl, ec/
6bl 3TO CKaJIPHOE MOJIe He CYLLeCTBOBAJO.

CnaGoe sHepreTnueckoe yC/aOBHE He BHINONHsAeTCH Ana «C-noass,
npenaoxentoro Xofsom u Hapaukapom [82], KoTopoe Taxke sB-
AseTca CKadApHLIM rojieM ¢ m == 0; TOJbKO Ha 3TOT pa3 TeH30p
SHEPTHH-HMITYJAbCa HMeeT NPOTHBOMOJOXKHBI 3HAK H, C/IeJ0BaTelb-
HO, IIOTHOCTh 3HEPrHH OTpHIlaTeNbHA. BBUAY 3TOr0 BO3MOXKHO OJHO-
BpeMEeHHOe pPOXKJeHHEe KBAHTOB INOJeHl ¢ MOJOXKHTeIbHON SHEPTHEH H
C-noas ¢ OTpHuaTeJleoﬁ sHeprueft. Jror MPOLECC NPOHCXOMHT B
cralioHapHoit Mojfenn Bcesennofi, npeanoxennoit Xoiiom u Hap-
JIMKApoM, B KOTOPOH 10 Mepe pasfjera YacCTHL BCJAEACTBHe 0O0LIero
pacmupennst BceeseHHOR HempepblBHO POXKAAETCH HOBOe BEIILECTBO,
TaK 4TO NMOAAEPIKHBAETCA MOCTOSIHHAS CpefHss MaoTHocTb. OfHaxo
TIOJOGHBI NpOLECC BBI3LIBAET TPYAHOCTH C TOYKH 3PEHHST KBaHTO-
BOl MexaHHKHU. [laxKe ecay ceyeHHe TAKOro Ipoiecca o4eHb MaJo,
Hajuuyue GeckoHeuHoro ¢aszoBoro o6beMa A/ KBAHTOB IMOJOXKH-
TEJbHOH ¥ OTPULATENbHON 3HEPrud INpHBeJo OB K POXKACHHIO
6eCKOHEUHOTO YMC/Ia [ap B KOHeYyHOH obJacTH npocTpaHcTBa-Bpe-
MEeHH.

Takoli karactpodsl He CJAYYHTCS, €CJH BbIIOJNHAeTC claboe
sHeprernueckoe yciaosue. CynlecTByeT TakxKe HECKOJNbKO Bosee CHIlb-
HOE yC/JOBHE, MPH KOTOPOM HEBO3MOXKHO DOXKJACHHE MATEPUH B TOM
CMBICJIE, YTO NPOCTPAHCTBO-BPEMS OCTAETCS MYCTbIM BCE BPEMsl, €CJIH
OHO NYCTOE B KaKoH-i1u60 MOMEHT BpPeMeHH, M HHKaKas Marepus He
nocrynaer 1u3 GeCKOHEYHOCTH;, HaoOOpOT, MaTepus, HMelollascs B
KAaKOH-TO MOMEHT BpPeMeHH, He MOXeT HCUE3HYTb U, TaKdM 06pasom,
TIPHCYTCTBYeT BCerja. DTUM YC/JIOBHEM SBJSETCS

Yeaosue 3Hepe0GoMUHAHTHOCTY
Hns mo6oro Bpemenunogo6uoro W, TwW W, >0, a TetW, —
HeNpPOCTPAHCTBEHHONOAOOHBIH BEKTOP.
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DT0 ycJaoBHE MOXKHO HHTEDPIPETHPOBATh CJAeAYILHM 06pasoM:
a060f HaGa0AaTedb BUINWT, YTO JOKANAbHAS SHEPTHsS HEOTpHUATe] b
Ha, a JOKaJbHbIll MOTOK YHEPTHU HEeNPOCTPAHCTBEHHONOA00EH. DKBU-
BAJIEHTHBIM 3TOMY sIBJSIETCSl YTBEPXKJAEHHE, YTO B J106OM OPTOHOP-
MAPOBAaHHOM Ga3xce 3Heprusi JOMHHHPYET HajA APYIMMH KOMIOHEH-
taM# Tap, T. €.

TO>|T%| paa m06bx a, b.

Ato yeaosue BuimogaHseTes andg THHA [ mpu p = 0, —p K< pa <
(=1, 2, 3) u pnga tuna Il opu v==-41, 0 ;<<

TTosepxrocmu{i=const } Hanpasrenue
pocma

‘//// o1 ‘_$\

Pune. 9 Komnaktras obaacts %4 NPOCTPAHCTBA-BPEMEHH C HEBPeMeHHNI0J00+

HbBIMH TpaHuLaMu npomwioro u Oyaymero (6%);, (0%). u BpeMennnoRoOnoi

rpanunel (0%)s. @ (¢') — vacts @4, Jexallas B npollIoM noBepxHoctu I8 (1)
(ompeflesisiemoit snavennem f == ('),

(i==1,2). IlpyruMu cjoBaMH, yCJIOBHE SHEPIOJOMHHAHTHOCTH NPEJ-
craBasieT co06oli cnadoe sHepreTHUECKOe YCJAOBHE, LOTOJHEHHOE Tpe-
6oBaHneM, uToGbl 1aBJIeHHe He NPEBbILIAT0 IIOTHOCTH SHeprud. Emy
yIOBJIETBOPSAIOT BCe H3BECTHble (OPMBI MATEPHH H HMEIOTCHA Cepbes-
Hble OCHOBaHHSA TNPEANOJaraTh, YTO OHO BHINOJHAETCS BO BCeX CHa
tyanusx. [es1o B TOM, 4TO CKOPOCTb 3BYKOBBIX BOJH, paciipocTpa-
Hsllomuxcsa B Hanpas/ieHuu E,, paBHa CKOpOCTH CBeTa, yMHOXKEHHOM
Ha (dp,/du) apuas. 3HAUUT, ZOMKHO ObITh CHIPABEAJHBO HEPABEHCTB@
(dp,/du) << 1, ubo, cornacHo mocrynary (a) pasi. 3.2, HHKaKo# cHr=
HaJ He MOXeT pacnpocTpaHaTscsl Orlctpee cBera. OTcioga cleayer,
UTO Py, & W, MIOCKOJIBKY A1 J11060# u3BeCTHON hopMbl MaTepu# fas-
JeHHS MaJibl, KOTAa MaJbl IIOTHOCTH. (Bayavman u Pynepman 8, 9]
MOKa3ajad, 4To MOIYT ObITb NOJfA, AMA8 KOTOPHIX TePeHOPMUPOBKA
Macchl MOXKeT MNPHUBECTH K TOMY, UTO JdaBJeHue Oyaer OoJblie
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miotHoctH sHepruu. OmHAaKo, Ha Hall B3TVIAL, 3TO CKOPee FOBOPHUT
NPOTHB TEOPHH NEPEHOPMHUPOBOK, U€M B MOJAb3Y BO3IMOXKHOCTH TaKoH
CHTYaLHH.)

PaccmorpuM tenepb cutyauuio, n3obpaxeHHylo Ha puc. 9, koraa
nmeercst C2-byHKUMS f, TPafXueHT KOTOPOH BCIOLY BpeMeHHIoL00eH.
(B pasn. 6.4 Oyjmer mokasaHo, 4To Takas (PyHKIHS CyUIeCTBYET, €C/IH
TOJILKO MPOCTPAHCTBO-BpeMsi He CAMIIKOM OJH3KO K HapyLIEHHIO
npuunHHocTH.) ['panuna 024 komnaktHo#l ob6aactu 24 cocrout: 1) us
yacti (0%():, HopManbHas ¢opMa n KOTOPOH HENpPOCTPaHCTBEHHO-
nogoGHa M Takas, uTo Ha natpg® > 0; 2) u3 uactn (0%)s, HOp-
MaJjeHast ¢GopMa N KOTOPOH HENpPOCTPAHCTBEHHONOAOOHa, HO
fat5g@%® < 0 u 3) u3 ocraabHoll yacTn (0%2)s (KOTOpas MOXKeT GHITh
nycra). 3Hak HOpMaJbHOU GopMbel n mosdydaercs u3 TpebOBaHuA,
yTto6bl (N, X) GBIJIO MONOKHTENBHEIM A5 BCEX BEKTOPOB X, KOTOpHIE
HanpasaeHbl Hapyxy 24 (cp. ¢ pasn. 2.8); # (') o3nauaer moBepx-
nocth t =t/, a WU (t')— obaacte B 2, B koropo#l ¢ << t'. g nane-
HEHIIero HCIoJb30BaHus B pasi. 7.4 Mbl yCTAHOBHM OAHO HepaBeH-
CTBO, KOTOPOE BBHIMOJHAETCS HEe TOJBKO MJst T9°, HO W Aas J060ro
CHMMETDHUHOTO TeH3opa S, yHNOoBNEeTBOPSIOIIET0 YCJAOBHIO 3HEPro-
JOMHHAHTHOCTH. B NpPHIOMKEHHH K TEH30DPY 3HEPTUH-HMIYJbCA 3TO
HepaBeHCTBO OyAeT o3HAUaTh, 4TO OH oOpamlaercs B HYJAb BCIOAY
Ba%, ecJIi OH paBeH HyJIo Ha (0%()s 1 Ha Haua/JbHOH NOBEPXHOCTH
(0%U) 1.

Jemma 4.3.1.

CyuiecTByer HekoTopas noJOXKHTEAbHAS NOCTOsiHHAs P, Takad,
4TO A5 A000ro TeHzopa S, yMOBAETBOPSAIOLLETO YCAOBHIO IHEPTO-
JOMHHAHTHOCTH U oGpaliatwolierocst 8 HyJab Ha (02()s,

g St doy < — SS“bt;adGb-{—

¢ HnU (%26),
t

4P S( S S“”t;adcb) dt -+ §(

Sab;a dob) df'.
g N U

g€ 1) nU
PaceMorpuMm uuTerpad mo oGbeMy
1= | ®dpdv={ s"tupdot | $?ut.do.
U (1) U (1) U (1)

ITo Teopeme I'aycca ero MoxHO npeoOpasoBaTb B HHTErpaJ Mo
rpanute obgactu U (f):

() = g S, do.
U (t)
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I'pannna 2 () cocront us WU (HNWU n UM H(f). TMockoabky
S$% =0 una (6U),, To

o= § o+ o+ [ .
U nnU)  Unn(6WU):  Unge )

B cuay ycioBHS 3HEProgOMHHAHTHOCTH S“”t;a CYILECTBYET Henpo-
CTPAHCTBEHHONOAO0HBIH BeKTOp K S“bt;at;b>0. Taxk kak HOpMaJib-

naa ¢opma na (0%2), HemPOCTPaHCTBEHHOMONOGHA H a,l.,g% < 0,
TO BTOPOH 4JeH B NpaBoff wacTu HeoTpuuatesen. CiefoBaTe/ibHO,

g Sabt;a do’bg_ S Sabt;a dUb —l—
Unge 1) U )n(62),

\ b b
+ | (S + S uta) do.
U (t)
B cuny kommaxkTHocTH % B /I0GOM OPTOHOPMHPOBAHHOM Gasuce
C BPeMeHHNOJ00HBIM BEKTOPOM, HANPaBJIEHHBIM 110 f45, CYIIECTBYET

HEKOTOPasi BEPXHsisl FPAHULla [JIs KOMIOHEHT f,,. 3HAUHT, CYILeCT-
ByeT Takoe P >0, uro B U

St 05 < P81t

aas mo6oro S%, YI0BJETBOPSIOWEr0 YCIOBHIO SHEPrOLOMHHAHT-
HocTH. MuTerpan mo 24 (f) MOXKHO NpEACTaBUTH B BHAE MNOBEPXHO-
CTHOro HHTerpa’a mo 6 (t')(1 24 ¢ moc/eAyIOIAM HHTErPHPOBAHHEM
mo t:

t
[ (Pstats + 7 st.0) dvo = S{ [ s, + sa”;»doa}dz',
U (ty e (t)nU

rae do, — anemeHT nosepxHoctu 8 (t'). Urak,

$Padoy<— | S%%.do, +
g6 HnU U Hyn(a%U),
t t

—|—PS( { sabt;adab)dz’—l-g( { S"”;adob)dt'. a

¢ ¢ nYU g @t )nU
W3 storo pesynabrata cpasy cJaemyer

Teopema coxpanenusn

Ecnn Tensop sHepruu-uMmyibca yaoBIETBOPSET YCJIOBHIO 3HEPToO-
NOMHHAHTHOCTH W paBeH HyJ10 Ha (02()s n Ha Hadya/JbHON 1OBEpX-
HocTH (0%)y, TOra OH paBeH HYJIO BCIOAY B 2.
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Honycrum, uto
t

x(f)= S T%% 4t do = S( S T"”t;adob) ¢ >0.
U (1) g tnU
Torna no nemme 4.3.1 moayuaem dx/df << Px. Ho npu pocraTouno

MaJblX 3HAueHuAX ¢ JB(f) He mnepecekaer % H, CJaef0BaTeIbHO,
x = 0. Torpa x==0 npu Bcex f u, cienosareanpto, 1e*=038 Y. O

M3 teopeMbl COXpPaHEeHHS CJAELYET, YTO TEH30D SHEPTHHU-MUMIYJb-
ca, paBHBIH HYJI0 Ha MHOXeCTBe &, paBeH HYJIO Takxe Ha o6Jja-
cru Kowm 6ymymero, D+(&), koTopass 1O ONpEAENeHU) €CThb
MHOXKECTBO BCeX Touek, od/aajamux TeM cBoiictBoMm (puc. 10), uto

D'

o

Pue, 10. O6nacts Kown Synyuwero D+ (£) npocrpaHcTBeHHONOXOGHOIO MHO-
)eerBa (&),

Abas npoxoAsuias yepe3 HUX HEIPOCTPAHCTBEHHONOA00HAS KpH-
Basi, HalpaB/JeHHas B Ipouuioe, nmepecekaer ¥ (cp. ¢ pasa. 6.5).
HelcTBUTENBHO, ecan ¢ — KaKasg-HuOyLb touka DF (&), 1o obaacts
D+ (&), pacnosoxeHHas B NPOLLJIOM ¢, KOMIAKTHA (mpelicKeHue
6.6.6), 1 ee MOXHO B3fTh B KauecTBe 4. DTOT pe3y/fbTaT MOKHO
HHTEPIPETHPOBATL B TOM CMbICJIE, UTO H3 YCIOBUS SHEPTOAOMHHAHT-
HOCTH CJelyeT HEBO3MOXKHOCTb ABHKEHHUS MaTepuHu ObICTpee CBeTA.

3Hauenne caaGoro HEPreTHUECKOr0 YCJIOBHA I/ HAILlero mccJe-
JIOBAHUSI CHHTYJSIPHOCTEH COCTOMT B TOM, 4YTO M3 HETO CJeflyer
BBIBOA O (okycupyiomiem (royHee HeZehOoKyCHpyIoUleM) REHCTBHU
MarepHu Ha KOHIPYSHLHA HM3OTPOIHBEIX reofesdyeckux. Ecau mer
BpallleHusi, pacXxoxAeHne 6 NOIYHHSIETCS YpaBHEHHIO

d a N 1 A
= 0= — Ry,KK’* — 26° — 5 B~

Takum o6paszom, 8 B 3TOM ciyuae MOHOTOHHO YyObIBAeT BHOJAb H30-
TponHol reozesuueckoll, ecan RapWeW? = 0 pag moboro nszorpon-
Horo BekTopa W. Hasosem 3T0 ycioBHe ycaos8uem usoTponnoeo ¢xo-
acdenun. VI3 ypaBHeHHH DitHIITeliHA

1
Rab ) gabR + Agab = 8ﬂTab
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caeflyeT, UTO yCJOBHE H30TPOMHOrO CXOMJAEHHs] HE3aBHCHMO OT 3Ha-
YeHUs1 A COMEPKUTCS B C1aOOM SHEPIeTHUECKOM YCAOBHHU.

N3z (4.26) M02KHO NOAYYHTH, 4TO pacxoxkjeHue O BpeMeHunopo6-
HOH TeOMe3HYECKOH KOHTPYSHUUH OyAeT MOHOTOHHO yOLIBATb BJOJb
reojieauueckoil, ecan Ry WeW?b = 0 nas moboro BpeMeHHnopo6wno-
ro W. D10 yc/aoBHe HA30BEM yCAOBUEM BPEMeHUN0006H020 Cx0xHde-
Hua. B cuay ypaBHenuil DiiHIITEHHA OHO YIOBJETBOPAETCH, €C/IH
JUIS TEH30Da 3HEePrHH-HMIY/AbCA BLIIIOJIHIETCS HEPABEHCTBO

1 1
T WW? > Wew, (3 T — @?A) :

Jlaa tuna I ato umeer mecto npu

1
BP0, pt ) pe— g A0,
a pas tuma I — nopu
|
v=+1, %x=0, p=20, p=20 n pi+p—5-A>0

ByzneM roBopuTb, 4TO TEH30p 3HEPrHHU-UMIY/JIbCa YAOBJIETBOPSET
CUNLHOMY 3HepeeTU4ecKoMy YCAOBUI0, eClli NPUBEIEHHOE HepaBeH-
cTBO BhImosiHsercss npu A = 0. Oro TpebosaHue cuabHee c1aboro
5HePreTHUECKOTO YCJIOBHS, U BCE Ke B MPHJIOKEHHH K MOJHOMY TeH-
30pYy PHEPTHH-UMNYJIbCA OHO (hu3uuecku 0GocHOBaHO. JleficTBHTEb-
Ho, B obuiem cayyae (tun l) OHO Hapylaercs TOJbKO HAJHUHEM
OTPHUIATEIbHON MJIOTHOCTH JHEPTUH HJAH GOJBINOrO OTPUILATETHHOTO
LaBJeHusl (Hanpumep, s HAEANbHOH IKHIKOCTH ILJIOTHOCTBIO
I r/cm® HapylueHHe MOXKET MPOH30UTH TOJBKO npu p << — 1015 atm),
3TO ycaOBUE BLINOJIHACTCS /IS 3JEKTPOMATHUTHOTO M0/ H Ge3mac-
COBCTO CKaNSPHOroO HoJs (B YacTHOCTH, IS CKaJdsipHOro noJas Bpau-
ca — Huxke). Juis cka/IsipHOTO NOJS ¢ HeHYJIEBOH Maccofi m TeH3op
SHEPTHH-UMIyJIbCa UMeeT BuA (pasf. 3.3)

1
Top=¢:aPp — 5 8ab (¢;0¢;dg0d + m*¢?).
Orciona, ecain W9 — eAMHHUYHBIA BPeMEHHIOAOOHBIH BEKTOpP, HUMEEM

TaWoW® — - W Wl = (WP — 222, (4.37)

T. €. 5TO BbIpaxkKeHue MOoxKeT ObITh OTpHIATeNbHEIM. OXHAKO U3 ypas-
HEHUH CKaJfAPHOro IOJs CIeAyeT

1 m? 1 b
9 A 952 =§¢¢:abga .

VunTLIBAS 9TO COOTHOUIEHHE B (4.37) W MHTErpPUPYsl 1O HEKOTOPOM
obJaactu 4, noaydaem

1 a a ! 1 a
5 S (g 4 2WW") $.atyp do + B} S ¢$g” doo .
4 oU
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[lepBuiii uten neotpunareses, uéo g4v ++ 2WeWb ectb nosoXurenn-
HO-ONpefeseHHasl MeTPHKA, a BTOPOI 4ieH MaJs mo cpaBHEHUIO C nep-
BBEIM, €CJIn 0064acTh 24 BeJHKa N0 CPAaBHEHHIO ¢ NJIMHOA BOJHBI h/m.
Has m-Me30HOB, KOTODBIE KJAaCCHUYECKN MOMHO ONUCHLIBATL CKaJsp-
HbIM moJeM, m = 6-107% ¢, h/m = 3.10-% cm. Mrak, XoTa TeH30D
HEPTHU-HMMYJbCA fT-Me30HOB MOXKET H He YIOBJETBOPSATH CHJABHOMY
JHEPreTHUECKOMY YCJIOBHIO B KaxKAOM TOUKe, 3TO He OYAEeT BJHATH
Ha CXOXKJeHHe BPeMEeHUNOJOOHBbIX Ie0le3duecKUX Ha pacCTOSTHHSAR,
npesbimanmux 10712 ¢M. BoavoxHO, Takoe HapylleHHe CHJBHOTO
9HEPreTHYECKOTO YCJAOBHS NMPHBEJNO OBl K TOMY, UTO TECPEMBI O CHH-
ryaspuocTax (ra. 8) Tepsadu Gbl cnpaBeNJuBOCTb NTPH PAAHYCE KPH-
BU3HBI MeHble 107!% cM, HO NpH TOM KPHUBH3HA CTOJb BeJHKa, 4TO
ee MOXHO Obl1o OB C YyCIEXOM TPHHSATb 33 CHHIYJADHOCTD
(pasz. 10.2).

4.4. ConpsiKeHHble TOYKH

B paan. 4.1 Mb BUmenH, YTO KOMIOHEHTBl BEKTOPA LeBHALHUH, Xa-
pakTepH3YIOULero B3auMHoe pacrnosioxkeHue y(s) u cocelHeil KpHBOH
B KOHTPY3HUHHU BpeMeHHHOﬂOGHbIX reoJe3nyeckKux, MNOAYHNSIOTCA
ypasHeruio JIxoOu:

dz2
G 2= RaupZ’ (0, =1, 2,9 (4.38)

Pemenne 3storo ypaBHeHus OyJAeM HashBaTb AK0OUEBHIM nosem
Baosb v(S). ITockoabKy pelienne MoxeT ObITh OXapaKTePHU30BAHO
sagannem Z% u dZ%*/ds B HekoTOpO# TOYKe y(S), TO BAOJBL y(S) Oy-
JeT iuecTh sikoBueBbx noJefi. CylmecTByeT TPH HE3aBUCHMBIX HKO-
GHEBBIX 10Js1, PaBHBIX HYJAK B HEKOTOPOH TOuKe ¢ & y(§). Mx mMoK-
HO 3amucath CJAedylolnM obpasoM:

a d
Z" (s) = Agy () 4 2°

2

A Aay () = — Ragysdyg (5), (4.39)

n A,p(s)— marpuna 3 X 3, paBHas HyMO B §. MOXKHO cunurtarh, 4TO

3TH IKOOHMEBbI MOJs OMUCHIBAKOT AeBHALKIO (B3aHMHOE pa3feneHue)

COCeIHUX TeoJe3nuecKyux, Npoxoasmux duepez ¢. Kak wu mpexie,

MOJKHO OTIpeleJUTh BpallleHue, TMOMepeuHblli CABUT H PACXOXKAEHHE
AKoOHeBBIX NOJel BAOJb Y (S), o6pallaloliuxcs B HyJb B §:

- d
Bgg = A lv (& d_s- Aa]v, (4.40)

q’
rune

1
Gaﬁ = A Vi@ 3T dS‘ Aa)fy . 6“66’ (4.41)

0= (det A)”' - —i; (det A). (4.42)
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OHu OyNyT MONUHHSATLCS BLIBEJACHHBIM B pasd. 4.1 ypaBHeHuaAM C
Ve = 0. B yacraocru, marpuua
1 d d
Aya®ys Aoy = 5 (Ava o A~ A 3
Gyner nocrosHHON BAOJL Y(s). ONHaKo OHAa paBHA HYJIO B ¢, TAe
Aq.p = 0. CrenoBatesbHo, wqp == 0 Besne, rae A,p HeocobGenHa.
Bynaev roBopute, uTo TOUKa p HA Y (S) conpssena Touke g 8001
y(s), ecan Hafigercs AKoOHEBO MOJ€, HEe PABHOE TOXK/ECTBEHHO HYJIIO,
KOTOpOe HcuesaeT B ¢ H p. MoXKHO NpeACcTaBJATh ce6e p Kak TOUKY,
B KOTOPOH mepecekaroTcsi 6ecKOHeuHO GJH3KHE reofe3nuecKue, po-
xonamue gepes g. (OTMeTHM, 0JHAKO, 4TO B p GYAYT MEpPeceKaThes
TOJBKO 6eCcKkOHeyHo Oau3Kue reofieanueckue; He 00s3aTeabH0, YTOGH
ABe Pa3/IuuHbIe TeoJe3HYeCKHe, BBIXOAA M3 ¢, NPOXOLHIH yepes p.)
$lkoGueBbl noss, obpalanumnecst B HyJb B ¢, ONpenesioTes MaTpH-
uaMu Ayp. [TosToMy Touka p compsieHa Touke ¢ BAOIb y(S) Toraa
W TOJNBKO TOTAa, Koria A,p— ocobenHas marpuua B p. O6beMHOE
pacxoxaenue § onpenensiercst kax (det A)—'d (det A)/ds. ITockoabky
Aqp nonunHsiercs ypaBHeHnio (4.39) ¢ KOHedHBIM R .y, d(detA)/ds
JOJKHO ObITh KoHeuHo. ClieloBaTeNbHO, p GyIET CONMpsizKeHa ¢ BAOJb
v{s), ecan O cranoBurcs GeckoHeyHbIM B p. OGpaTHoe TOXKE BEPHO,
160 6 = dIn(detA)/ds, a marpuna A,p MoxKer OHITbL 0OCOGEHHON
TOJIbKO B H30JHPOBAHHBIX TOUKAaX, uHaue oHa Obl1a Obl 0coGeHHOH
BCIOAY.

Ava

[Tpedaoxcenue 4.4.1

ITycte B HekoTOpo#t Touke y(Si) (81 > 0) oObeMHOe pacxoxie-
Hue 6 npuuuMmaer 3HaueHue 8, << 0 u nycTts Bclony RapVeVe = 0;
Torfa Mexay y(si) u v(s: +(3/—81)) [npu ycaosun, uto y(s) MoxK-
HO TIPOAOJIKATB 1O 3THX 3HaueHMil mapamerpa)] CyllecTByeT TOuKa,
conpsixkeHHas ¢ BROJb y(s). (DTo mocaenHee yCJAOBHE MOXKET OKa-
3aThCS HEBLIMOJHEHHBIM, €CJH MPOCTPAHCTBO-BPeMs TeoJe3uuecKH
HeroJHO. B ra1. 8 Takas HenoJHOTa HHTEPNPETHPYETCS KaK IIpOsiBJe-
HUE CHHTYJISPHOCTH.)

O6nbeMHOe pacxoxkaenue 0 mMatpuubl Aqp MOJUHHSAETCS ypaBHe-
Huio Palivaynaxypu (4.26):

d 1
= 0= — RV’ —20° — 3 0%

(31ech MBI TIOIb3yEMCS TeM, YTO BpallleHHe otcyTcTByeT.) Bcee uie-
1Bl B IpaBOH yacTu oTpuuaTtebHsl. CleAoBaTeNbHO, TP § => St
3
6 .
s — (s 4+ (3/~6)
Orcrona caenyer, uto 0 obpaiiaercs B GeCKOHEUHOCTb, TAK YTO CY-
LIeCTBYeT TOUKa, CONPSIKEHHAs ¢, NPH 3HAYEHHH So, 3aKJAIOUEHHOM
MEXIY Sy U S +(3/—61) 2
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Jpyriuvu cJoBaMHu, €CJAH BLINOJHAETCH YCIOBHE BPEMEHHNOH00-
HOTO CXOX/EHHS H €CH COCeJHHe TeOfe3HUecKne, BLIXOAAIINE U3 (g,
HAuMIIal0T CXOAUTBCH K Y(S), TO HEKOTOpble GeckKoHeuHo OJau3KHE
reojleanueckue rnepecekyT y(S), eCau TOJbKO MOXKHO IPOBECTH y(S)
10 JocTaTouHo GOJIbIINX 3HAUYEHUI napamerpa s.

Ipedaonenue 4.4.2

Ecau RaopVeV® =0 u ecan B HekoTopoll Touxke p == y(S;) npu-
auBHas cuna RapeqVOVE He paBHa HyJI0, HalAyTCH Takue 3HAYeHUs
So M So, UTO ¢ == y(So) H r =y (S2) OYLYT COmpsizKeHbl BAOIb Y(S)
NPH YCAOBHH, 4TO Y(S) MOXKHO MPOAOIKHThL A0 3THX 3HAUEHHH S.

Pemenne ypasHenus (4.39) Broabs vy(S) OQHO3HAYHO ompene-
asiercst sanauenusiMu Ayp u dAqp/ds B Touke p. Paccmorpum MHOKeE-
¢TBO P, cocTosllee U3 BCeX TAKUX DeUIeHHH, A KOTOpbIX Ay p|, =
= 84p, a (dAup/ds)|p— cumMeTpuuyHasi Marpuua CoO CJAEAOM
0]p = 0. dus xaxpaoro peluenns u3 P nafigercs HeKoTopoe S3 > Sy,
npu  xkoropom A,p(Ss)— ocobeHHas MaTpHUA, IOCKOJIbKY HJIU
(ﬁp <C 0, u TOrma 3TO CJAEAYET W3 MpeAbAYIIEro pesyJsabrara, HIH
8| ,=0, u Torna (do,p/ds)|p # 0, a, 3nauur, 6> > 0, u BCaEACTBHE
3TOTO § CTAHOBHTCS OTPUNATENbHBIM NPH § => Sy. DJIeMEHTH MHOXKe-
crBa P Haxoasrtcs BO B3aHMHO-OJHO3HAYHOM COOTBETCTBHH C MpO-
CTpaHCTBOM S BceX CHMMETPHUHBIX MatpHll 3 X 3 ¢ HENOJIOXKHUTENb-
HBIM caenoM [T.e. co Bcemu (dA,p/ds) |p]. Caenosarenbro, umeercs
oroGpaxenne 1 u3 S B y(S), KOTOpoe Ka)kJIOMy HauaJbHOMY 3Ha-
yennto (dA,p/ds)|p craBuT B coOTBETCTBHE Ty TOUKY Ha y(S), B KO-
Topoit Ay B MEpBBIA pa3 CTAHOBUTCS 0COOEHHON. DTO oTOOpaKeHne
wenipepuisHo. [lasee, ecan kakas-n1u60o us komnoHent (dA,p/ds)|p
oueHb BEJHKA, COOTBETCTBYIONIAA TOUKa Ha y(s) OyIeT HaXOAUTbCH
6JM3KO K p, TOCKOJBbKY uleH Rauys B (4.39) B mpese/de cTaHOBHTCS
npeHe6pexXUMO MaJbIM M pellieHHe NpHoBperaeT TOT Ke BUI, YTO U
B mjockoM cayyae. TakuMm o6pasoM, HallAyTcs Takue TOCTOSTHHBIE
C>0 u s, >s;, 4to ecan kaxas-1u60 Komnonenrta (dA,p/ds)|p
goabuie C, TO COOTBETCTBYIOIlAA TOUKa Ha y(S) OJuKe K p, ueM
y(ss). Ho B mpocrpancTBe S moAnpoCTpaHCTBO, COCTOSIIEE M3 BCEX
MATpPHI, 3JEMEHThl KOTOPBIX MeHblle uIx paBHBl C, KOMIAKTHO.
OTcioga BHAHO, YTO CYLIECTBYyeT Takoe S5 = §;, 4To M (S) conep-
®KuTcs B cerMmente [y(si), y(ss)]. PaccmorpuMm Tenepb TOuKy r ==
= vy (S2), IpuueM Sy => Ss. Ecu MeKAy 7 ¥ p HeT TOYEK, COMpSIKEH-
HLIX 7, SKOOUEBBI TOJISI, PaBHBIE HYJIO B 7, LOJKHBI UMETb B TOUKE
NOJOXKHUTEIbHOe pacxoxiaeHne O (uHaue OHH NpHHAANEXKAIH OH
MHOXKeCTBY P, mpeacrapastomeMy cofolt Bce ceMelcTBa SKOOHEBBIX
moseft 6e3 BpalICHHsl C HEMOJOXKHTEIbHBIM OOBEMHBIM pacXoxkie-
HueM B p). Toraa us npeiplAyHIero npejIoXKeHus caeayeT, 4To Haii-
percs Toyka ¢ = y(So) (So << §1), KOTOpag compsXKeHa r BROJb
vis). U
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M1s peaancTHuecKoro ¢ TOYKH 3pEHHS (QHU3HKH PElieHHs ypaBHe-
HuH DHHIUTeHA MOMXKHO OXHIATh, YTO KaxkIad BPeMeHHNoA00HAas
reojle3nueckas NPOXOAHT CKBO3b KaKyIO-TO MaTepuio WJH FpaBUTa-
LIMOHHOE H3JyyeHHe U, CJeI0BaTeIbHO, COAEPKUT TOYKY, T[Ie
RapeaVPVd 5= 0 (X0Ts 3TOr0 MOMKET M He GbiTb B TOUHOM peileHHH
¢ BBICOKOHN cuMMeTpHelt). BBII0 Obl pasyMHO NPEATOJNONKHTb, YTO
B TaKOM pelleHHH KaxkJas BpeMeHHNoAoOHAad reome3uyeckast Coaep-
KHUT Taphl CONPSAKEHHBIX TOUEK, IPH YCJIOBHH, UTO 3TA JHHHS MOMKET
6LITh MPOROMKEHA NOCTATOUHO AANEKO B OGOHX HaIlpaBJeHHSX.

Mbl pacCMOTPHM TaKKe KOHLPYIHIHIO BPeMEHHIOA00HBIX reoge-
3HUECKHX, HODMAJBHEIX K NPOCTPAHCTBEHHOMOAOOHON TpPeXMepHOH
MOBEPXHOCTH JB. [Ipocrparcrsennonodobnoli 3-no8epxHocToi0 Mbl
HasblBaeM BJIOXKEHHOE TpexMepHOoe IOoAMHOroo0pasue, ONpeAe/IcHHOe
JOKaJbHO ypaBHenneM [ =0, rue [ ects C2-pynKuns u g% .qof 5 <0
npu f=0. Beenem N, equnuuublii HOPMAaJbHLIA BeKTOp K 54: N =
= (— &%fsf..)" " g%f.4 u BTOPOH (hyHAAMeHTANBHHIA TeH3Op % Ha
H: Nap =" Neg, the hgy=gap -+ NoN, HA3HIBAETCS IEPBHIM
GyHIaMEHTaNbHBIM TeH30POM (MM HHIYLHPOBAHHBIM METPHUECKHM
TeH3opoM) Ha 4 (cp. ¢ pasi. 2.7). M3 3Toro onpefesneHust cuaegyer,
4TO TEH30p ¥ cuMMeTpPHUeH. KOHIPY3HUUS BPEMEHHNOLOGHBX reoje-
3MYECKHX, OPTOIOHAJIbHBIX K ¢, OYIeT COCTOSTb H3 BPeMeHHIOL00-
HBEIX T'e0Jle3HYeCKHX, Y KOTOPBIX eIHHHYHBlE KacaTeJbHble BEKTOPH V
Ha 76 paBubl N. Torma umeem

Vas=2% Ha 6. (4.43)

Bexrop neruauuu Z, u306paxaioliii pacnosoKeHue OTHOCHTEJIbHO
y(s) COCeHHX TeOJe3HYeCKHX, HOPMA/IbHHX K 6, GyAeT moddu-
HATbCs ypaBHeHuio SIko6u (4.38). Ha y(s) Z B touke g = J# yno-
BJIETBOPSET HAUaJIbHOMY YCIOBHIO

d B
4 2" =aZ". (4.44)

Mp npencraBuM sKOOHEBH 1OJA BAOIb Y(S), YHAOBAETBOpSIONLHE
3TOMY YCJOBHIO, B BHAE

2°(s) = Ay (5) 2°),,

d?.
ds? A(IB = Ra4y4Ay[33 (445)

rie

a B TOuKe ¢ Agy — eMHHYHAS MaTpHIA, U
d
a5 Aap = YayAyp: (4.46)

Bynem roBOpHTb, YTO TOUKA p & y(S) COnpameHa TMOBEPXHOCTH G
80046 y(S), ecJu CyIIeCTByeT AK0OHeBO noJe BIOJL y(S), HE pas-
HO@ TOX/ECTBEHHO HYJIO, YIOBJETBOPSAIOIIGE B ¢ HaYaJbHOMY
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yeaosuio 4.4.4 u obpawmarwnieecs B Hyab B p. JIpyruMu cloBaMu, p
COTpsizKeHHo #6 BIO.Ib y(S), €ClH H TOJAbKO ecau A,p ocobenna B p.
MoxHo npeiacrasIsith cebe p Kak TOUKY, B KOTOPOH mepecekaroTcs
cocellHHe Teoje3nyeckue, HopMmadbHble K Jf. Kak u mpexne, Agp
Gyner ocobeHHAa TaM M TOJBKO TaM, Ile pacxoXKJAeHue CTAHOBHTCS
6eckoHeynniM. Hauanbnoe snauenue Ayq0ysAsp B ¢ PaBHO HYJIIO, H
nosTomMy wep = 0 Ha y(s). HauaabHoe 3Hauenue 6 paBHO Yapq°0.

[ pedaoocenue 4.4.3

Ecan RapVeVP = 0 u yag? << 0, HafizeTcs TOuka, CONMpsiKeH-
nas % BROJb Y (S) Ha paccTosHuH OT J8 He Gousee 3/(—yasg%%), Npu
YCJIOBHH, ITO y(S) MOXKHO NMPOAOIKHTL HAa TAKOE PACCTOSHHE,

Hns noxasaTeanCTBa MOXKHO HCIOJL30BATh ypaBHeHue Pafiuayn-
xypu (4.26), Kak ¥ OpH LOKa3aTeJbCTBe npeloxenus 4.4.1. 0

Bynem nHasbiBaTh pelleHHe ypaBHeHHs

& 2~ RpguiZ® (m, n=1, 2)

BIOJb H30TPOMHOHN reonpesnueckoil y(v) skobuesoim nosem 8004b
v(v). KomrnoneHTsl Z™ MOXKHO paccMaTpUBaTb KaK KOMIOHEHTH BeK-
Topa B NpoCTpaHcTBe Sy KaXKA0H TOUKH ¢ OTHOCHTENbHO Gasuca Ei,
E,. Dymem roBOputh, 4TO p COMPAXKEHO ¢ BAOJb H30TPOTHON reoge-
3uueckofl y(v), ecJu CYIIeCTBYeT He PaBHOE TOXKJECTBEHHO HYJIIO
akoBHeBo moJge BXoJAb y(v), obpamaouieecs B HyJb B ¢ u p. Ecau
Z — BexTOp, COGNMHSIOLIUA COCEJHHEe H30TPOIHBEIE Te0/e3HUecKHe,
IIpOXOAslINe uepe3 ¢, KoMmoHeHTa Z® OyJeT paBHa HYJIO BCIOAY.
Taxum o6pas3oMm, p MOXKHO NPEACTABJAATL cebe Kak TOYKY, B KOTOPOH
nepecexaioTrcs 6eCKOHEUHO O/H3KHe reofe3HdYecKHe, NPOoXoAdulue ye-
pe3 g. Onuumem obpaufamoliuecss B HyJb B ¢ AKOOHEeBH NOJS BJOJb
v(s) MarpuunamMu 2 X 24,,:
Zm(v)zAmndiv

n
VA
Kak u npexne, umeem A;,&pAen = 0, H 103TOMY Vv AKOBGHEBHIX 10-

Jefl, paBHbBIX HYJI0 B p, BpalueHue orcyTtcrayer. M choBa p Gyner
COMNPSI)KEHHO § BHOJb Y(S), €C¥ | TOJNBKO ec/H

§ = (det A)™ -a% (det A)

obpamaercss B p B 0€CKOHEYHOCTb. AHAJOTHYHO Npelfioxenuio 4.4.1
nuMeeM

IIpedaoocerue 444
Ecau Bciony Rap K2K? = 0 u ecoin B HeKoTOpOft Touke y(v;) pac-

~

xoxeHne O umeer oTpuLaTeabHOe 3HaueHue O, <C 0, Torma Mexmy
v(v1) u y(vs+(2/—0:)) mHaligercs TouKa, CONpsiKEHHAs ¢ BJOJb
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y(v), npu ycaosun, uto y(V) MOXKHO HPOROMKUTH Ha TaKoe pac-
CTOSIHHE.

Pacxoxnaetne 0 matpuun Am, nogunnsercs ypasuennio (4.3.5):
d A apb A2 1 A2
35 9= — RapKK" — 28 —36
4, CJIe0BATENbHO, 10KA3aTENbCTBO POBOAHTCH, KAk NpPeKJe. a

l1pedaoncerue 4.4.5

Eeau Bewofy RapK°K® 0 1 ecan p =1y (0)), a K°KKiaRpeateK
OTJIMYHO OT HYJsl, TO HAHAYTCA TaKHE Uy M Uy, uUTO g==7v (v, H
r=y(vy) OyAYT conpsiKeHH BHOJb y(v) IPH YCJIO0BHH, UTO Yy (v)
MOXKHO IPOROJIKUTH 10 STHX 3HAYEHHH 0.

d
Ecmu K°K°K\uRoicaie Ky OTIMYHO OT HyJist, TO 3Ke BEPHO o AJs
Rpuni. Torna noxasaTenbeTBO aHAMOTHYHO AOKA3aTEIbCTBY NPeJIo-
KeHus 4.4.2. o

Kax u Bo Bpemenunono6uom cayuae, ycaosue KeKaK Ry qK 154
# 0 BblmoNHAETCA [/ M30TPONHBIX TEONE3MYECKHX, MPOXOAAUIHX
CKBO3b HEKOTOPYIO MaTepHajbHYIO CPely, 338 HCKJIOUEHHEM cjyyas,
KOT/la 3Ta CPella eCTb YHCTOE H3JAydeHHe (TEH30D IHEPTHU-HMIYAbCa
tana II, pasa. 4.3), pacnpocrpaHsiionleecs B HanpaB/JeHHH BEKTO-
pa K, KacatesbHOrO K reofesudeckoil. B mycrom npocrpancrse 3to
yCJIOBHE BBINOJHSETCS, €CIM paccMarpuBaeMas u30TPONHAS reofe-
3UYecKas COAEPKHT TOYKY, B KOTOpPOH TeH30p Belias oTamyen ot
Hyad, a K He npHHAANeXHUT HU K ONHOMY M3 Hanpas/JeHuil, AJS KO-
TOPBIX KCKdK[aCb]cd[gKﬂ:O (Takux Hampap/JeHH# camoe GoJbliee
yetbipe). [TosToMy npeacTaBisieTcst pasyMHLIM MPEANOI0KHTh, UTO
B (u3nuecKH peasNCTHYECKOM peIleHHHM YypaBHeHuit JDHHIUTeliHA
KaxjJas BpeMEHHNOAOOHAs H/IM H30TPONHAA reoje3nyeckast couep-
KuT Touky, B kKoTopoit K°K°K{cRajasieKy oTamuno or myas. Byzeum
FOBOPHTb, 4TO NPOCTPAHCTBO-BPEMS, B KOTOPOM BBIMOJNHSETCS 3TO
yCJ0BHE, YIOBJETBOpSsIeT Tun080My ycarosuro (generic condition).

TTopo6ubIM ke 06pa3oM MBI MOXKEM pacCMOTPeTb H30TPONHbIE
reoJesuyeckHe, OPTOTOHAJbHBEIE K NMPOCTPAHCTBEHHOMOLOGHOH 2-1o-
sepxHoctn &P. Tlon npocrpancreennonodobrol 2-nogepxrocteio &
MBI HMeeM B BHIY BJIOKEHHOe IBYMEDHOEe NMOAMHOrooGpaswe, ompe-
nensieMoe JOKanbHO ypasHeHusMmu fi =0, o =0, rae f; u [z cyThb
rakue O®-Qyrkumny, uto npu fi =0, fo=0 sexkTOpnl [, U f,, He
paBHbI HYJ/10, He napaJjJeabHbl 0

(fl;a + WC?:a) (fl;b + p"fQ:b) gab =0

AJS1 JBYX pa3HbiX OEHCTBHTEAbHBLIX 3HAYEHHH W == H [ = Us.
Torna xaxabl#t BeKTOp, JexKaUlull Ha 3TON ABYMEPHON MOBEPXHOCTH,
00s3aTebHO NpoOCTpaHcTBeHHONnoaoben. B KauecTBe H30TPONHBIX
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BEKTOPOB, HOpMaJbHbIX K &, BBefeM N|“ n  N,% mnpomopuHoHadb-

Hble COOTBeTCTBeHHO g% (Frop + 1 fyp) g (F15 + Bofyp), B 32TEM
HOPMHUDYEM HX TaK, UTOOHI

N\°Ny gop=— L.

Brens ewe ABa eqMHUUHBIX IPOCTPAHCTBEHHONOAOBHBIX BeKTOpa Y%
u Y,? oproroHaspHbIX APYr K Apyry ¥ K N,* u N,%, MoxHO no-
JyuuTh NCeBAOOPTOroHabHbI Gasuc. Onpenenum ABa BTOPHIX (yH-
DaMeHTaJ bHbIX TeH30pa Ha &:

nxab = Nnc;d (YICYIa + YQCYQa) (YldYIb + YQdY‘zb)’

rge n =1, 2; 1Yap ¥ 2}ap CHMMETPUIHEI,

CyuiecTByIOT Ba CeMeHCTBAa H3OTPOMNHBIX Te0J€3H4ecKHX, HOp-
MaJIbHBIX K ¥, COOTBETCTBEHHO ABYM H30TPONHHIM HOpMansMm N;% u
Nye. PacemoTpum TO cemeficTBO, KacaTesbHBIH BeKTOp Kotoporo K
Ha & pasen N, Mbl mMoxkeM GUKCHpPOBATh HAlll LCEBAOOPTOTOHAJb-
unift 6asuc E< . E,, E;, By, npunss, uro va & E;=Y,, E;=Y,,
E,=N,, E,="", u nepeHecst ero napanjejbHO BAOJb H30TPOMHBIX
reofiesudeckux. [1poexuust Ha NPOCTPAHCTBO S, BeKTOpa AeBHAlUK Z,
ONHMCHIBAIOUIETO B3aUMHOE pas3fiesieHHe COCeJHMX H30TPOMHBIX reofe-
3HYECKHX OTHOCHTEJbHO H3OTPOTHOH Treojesndeckoil y(v), Oymer
YAOBAETBOPATh ypaBHeHHio (4.30} u HauaJbHLIM YCAOBHAM

d
..d_v- Zm =2xmnzn (4.47)

B Touke ¢ = & () y(v). Kax u mpexze, Bpalenue 3Tux nojefi 6yaer

paBHO HYJIO; HayaJbHOC 3HAUEHHe DACXOXKAeHHS O PaBHO )(abg®®.
Anajornuno npeanoxenuio 4.4.3 nmeem

Il pedaoocenue 4.4.6

Ecau Beioy RapKeK? = 0 1 o)apg?? << 0, TO CYIMIECTBYET TOUKA,
conpsikeHHass ¥ BROAb y(v), B npefenax apuHHOTO PaCCTOSHHUSA
2/(—2Xabgab) or &. g

B cusiy onpegesneHus CONPSKEHHBIX TOUEK MX CYUIECTBOBaHHE
03HayaerT HaJMuyHe B CeMefcTBaX reOfe3HUeCKHX CaMorepeceyeHHi
uan kayctuk. [anpHefilee o6cy:KJAeHHe POJNH CONPSKEHHBIX TOYEK
6yneT aHO0 B CIelyIOLIEM pasjele.

4.5. Bapuauus pJauHb Ayru

B srom paszese MBl paccMOTPHM BpeMeHHNOAOOHbie U HEnpo-
CTPaHCTBEHHONMONOGHBEIE KPHBbIE, KOTOpble KycouHO KJjacca C3, Ho
MOTYT HMETb TOUKH, TJ€ HX KacaTesbHble BEKTOPLl TEPIAT Pa3phlB.
Mt 6ymnem TpeboBaTb, UTOOB B TaKHX TOUKAaX [ABa KacaTeJbHBIX
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BekTopa (0/0f) |- u (0/0t) |+ yLOBJIETBOPAIH YCIOBUIO

sl )=—r

T. e. yTo6Ll OHN OBl HanpaBJ/eHbl BHYTPb OLHOH H TOU K€ TMOJIOCTH
H30TPOIHOTO KOHYyCA.

I pedroxcerue 4.5.1

[Tycts 2¢ — BhinykAas KOODAHHATHAS OKPECTHOCTb TOYKH 4.
Torga te TOuKH B 2{, KOTOPHIX MOXHO AOCTHUb H3 ¢ N0 BpeMeHH-
NMoNOGHBIM (COOTBETCTBEHHO HENPOCTPAHCTBEHHONOAOOHBIM) KDHBHIM,
umeroT Bug expg(X), Xe& Ty rae g(X,X)<< 0 (cooTBeTCTBEHHO
=0). (3mecp ¥ B ocTaJbHON YacTH pasfesa Mbl oJlaraeM, 4to OT-
o6paxeHue eXp OrpaHHUeHO TaKOH OKPeCcTHOCThbIO Hauasla B T4, KO-
topas puddeomopdHa 24 nox LeHCTBHEM €XPg.)

Hpyrumu cioBaMu, H30TPONHbIE Ieofe3HYeCKHe, BHIXOAAILNE H3 ¢,
06pasyioT rpaluLly To#l 06/acTi B 24, KOTOPYIO MOXKHO JOCTHYb H3 g
110 BPEMEHHUIOA00HBIM HIIH NPOCTPAHCTBEHHONOLOOHBIM KPHBBIM B Z4.
HHTYUTHBHO 3TO yTBepIeHHe AOCTATOYHO OUEBHAHO, HO MOCKOJBKY
OHO sBJsieTcs (QYHTAMEHTAJbHBIM AJs TNMOHATHA NPUYHHHOCTH, MBI
JoKax)eM ero crporo. Haunem ¢ fokazarelbCTBa CaelylOLLeH JeMMbl:

Jemma 4.5.2

B 2¢{ BpeMmeHHnogo0Hble reofe3HUeCKHE, MPOXOJdilHe yepes g,
OPTOTOHAJBHBl K TpPeXMepHbIM noBepxHocTAM o = const (o << 0),
TAe 1o onpeleneruio npu p = U o(p)=g(exp,~'p, exp,~'p).

[oxasaTeqbCcTBO Omupaercss Ha TOT (akT, 4TO BEKTOP AEBHAIHH
TOYEK PaBHOTO DPACCTOSIHHS BAOJb COCEJHHX I'e0Je3HuecKuX, NepBo-
Ha4aJbHO OPTOTOHAABHBIN K 3THUM IeOJIe3HUeCKHM, OCTAaeTCs OPTOro-
HanbHBIM K HUM. Tounee, nycTs X (f) o3Hauaer KpuByio B T4, npuueM
g(X(t), X(t)) = —I. HyxHo noxasartp, 4TO COOTBETCTBYIOLIHe KPH-
Bhie A(f) == expq(soX(f)) (So = const)— taMm, rie oHu ompenee-
HBI, — OPTOTOHAJIBHBI K  BpPEeMEHHNOJOGHBIM  Te0Je3HYecKHM
v{(s) = expq (sX(fs)) (f, == const). CaenoBare/]bHO, a9 AByMepPHOH
IIOBEPXHOCTH «, orpefeasieMoll a (s, {) = expq(sX(f)), Hy:KHO HOKa-

3aTh, YTO 5 5
(%), (3))=0

(eMm. puc. I1). Mmeem
d J 0 D 0 0 5} D ¢
we(5 w)=e(zwn w)te(m =5)
[MepBbiii uieH B npaBofl yacTH paBeH HYJIO, IOTOMYy 4To d/ds — enu-

HUYHBIH KacaTeJbHbII BEKTOP K BpeMeHHNOLOOHOHW Treofe3uiecKol,
BoIXogsue# u3 ¢. Bo BTOpPOM dYjeHe COIIACHO ONpeleseHuIo
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npou3BogHoil JIn nmeem
D 9 D

9
0s Ot t os*
Hrak,

9 (i i)__ (_?_ _D_E_) 19 (ﬁ 9Y—0
os 8\ a5 37 ) =8\ %5 37 s 58\ )T Y

H, cAaefoBatenabHo, g(0/0s,0/0t) ue szamucut or s. Ho npu s=20
(0/0t) ,==0; nosromy g(d/ds, 9/0t) TOXKAECTBEHHO PABHO HYJI0. O

[2ogesuyeckan

[Tosepaxcrocms S = const
( 4 =-§ 2 )

U30MponHeld KOHYE

Puc. 1l. B HopManbHONl OKPeCTHOCTH NOBEPXHOCTH IHOCTOSHHOTO DACCTOSHHS
OT ¢ OPTOTOHAJbHBI K Ie0Le3HYeCKHM, NPOXOAALIHM Yepes ¢.

Hoxkasareavcrso npedaomenus 4.5.1

[Tycte C,; 03HAUAeT MHOXKECTBO BCEX BPEMEHHUIOLOOHBIX BEKTO-
poB B ¢. OHM 3aMOJHSIOT BHYTPEHHOCTb KOHyca B T C BepIUHHOMH
B HauaJe. [Tycetsh y(f)— Hexoropast BpeMeHunosobHas Kpusas B %4
OT ¢ N0 p W nycTh naHa KycouHo C%kpusas B Tgy(f)=
=expy~ ' (y(¢)). Torma, oToxaecTBAAsl KacaTeIbHOE [POCTPAHCTBO
K T, c camum T, umeem

(©0/0t), |, = (@/0)g |-
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[Toaromy BekTOp (a/dt)v BpeMmeHunonoben B ¢. OTcofna BHAHO, UYTO

kpuBas y{f) Bxoaut B obsaactb Cq, HO expy (Cq) — 3T0 Ta obaacts %,
B kotopo#t ¢ << 0 u B KOTOPOH, B cu/y IpedblAVIIEH JeMMBbl, 110-
BepXHocTu ¢ = const npocTpaHcTBeHHoNOoR0OHK. TakuM o6pasomM, ¢
JOJ/UKHO MOHOTOHHO yOblBaTh BAOb Y (f), NOCKOJIbKY BeKTOp (0/0f)y,
GyAyun BpPeMeHHIOLOOHBIM, HHKOTJAA He MOXKeT ObiThb KacaTeJbHbIM
K IIOBEPXHOCTH 0==const ¥ MOCKOJBKY B 1060/ TOUKE paspbiBa Npo-
H3BOJHBIX y(¢) ABa KacaTeJbHBIX BEKTOpa HampaBJ/eHbl B OAHY H TY
e I0JOCTh H3oTponHoro kouyca. [losromy p e expy(Cy), uto 3a-
BepiaeT A0Ka3aTeabCTBO A5 BPEMEHHUNOAOOHBIX KPUBBIX.

Uro6bl 10Ka3aTb, YTO HENPOCTPAHCTBEHHONOL0OHAaa Kpusas y(f)
ocraetcs B expq(C,), paccMOTpPUM Takyio MaJgyi Bapuauuw y(t),
KOoTOpas nepeseleT ee BO BpeMeHHnomoOHyio kpusyw. Ilycte Y —
BEKTOpHOE 1oJe Ha T4, Takoe, 4TOo UHAYIUPOBAHHOE Ha 24 BEKTOpHOE
none exp.(Y) Bcoay spemennnonobuo, u g(Y, (9/9f)y},) <O.
[Tyers npu kaxaoMm €0 B(r, e) ectb kpuBas B Ty, KOTOpasi BBIXOAUT
W3 Hauajla, IpHYEM ee KacaTe/lbHblil BekTop (9/0r)s = (0/0); i, +
+eYly, o Torma B(r,e)— anddepenunpyemMas ¢GyHkuus r u e.
Hna xaxgoro € > 0 expy (B(r, £)) aBAdAeTCSs BpeMeHUNIOZ0GHOH KPH-
BOH Ha 2 u, TakuM oOpasom, colepxurcs B exp,(Cy). Cuenona-
TeJbHO, HENPOCTPAHCTBEHHOMOAOGHAsT KpuBas expq(p(r, 0)) = y(r)

comepxurcs B exp,(C,) = exp, (54). o

Caedcrsue

Ecan p = 2 MOXKHO HOCTHUL U3 ¢ MO HENPOCTPAHCTBEHHOMOLO0G6-
HOH, HO He 1O BpeMeHHNOoA0OHO! KPUBOil, TO p JEKHUT Ha H30TPOIl-
HO!l Teo/e3uyecKol, NPOXoAsiliell uepes ¢. o

HnnHa sHenpocrpancTBeHHONOA0OHOH KpuBO# y(f) oT g Ao p paBHa
p

Lo, g p=\[-e(5 5)] @

q

re MHTErpas B3AT 1o Aud@epeHUupyeMBIM YacTsIM 3TOH KPUBOH.
[TpH MOJTOKUTEIBHO OTIPEAENE€HHON METPHKE MOXKHO HCKaTb Kpart-
yafiliyio KPUBYIO MEXIY ABYMS TOUKAMM, HO B JIODEHLEBOH MeTpPHKeE
HeT HHMKAaKoll Kparuyalmell KpHBOIH, MOCKOJIbKY J106YI0 KPUBYIO MOX-
HO AedopMHPOBATH B H3OTPONHYIO, AJHHA KOTOPOH paBHA HYJIO.
OnHako 1npu onpefeeHHBIX YCJIOBHSIX MeXAY JIBYMsI TOUKaMU WJIH
MEXJY TOUKOH M INPOCTPAHCTBEHHOMOAOOHON TpexXMepHOH NoBepX-
HOCTBIO HaileTCsl HENPOCTPAHCTBEHHONONO0HAS KpHBast Haubo/bIlei
ainHbl. CHauasna Mbl OygeM HMeTh AeJo C CHTyailueH, xorja ABse
TOUKH OJH3KM APYr K Apyry. 3aTeM Mbl BBIBEIeM HeOOXOAHMble
yCJOBHS I ofllero cJaydas, KOTAA JBe TOUKH He 0653aTeJbHO
6an3xu. JocrarouHoe ycaosue A58 3TOro cayuas OyAeT pacCMoTpe-
HO B pasz. 6.7, ”
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I1pedarosncerue 4.5.3

[lycts ¢ ¥ p npuHaALneRKaT HOPMAJBLHON BBITYKIOH OKPECTHO-
cty 2. Torpa, ec1u MOMKHO COEIHHHTb ¢ M p HENPOCTPAHCTBEHHO-
nofo6Ho# KpuBoil B 24, To Kpusas HauboablIell AJIHHB €AMHCTBEHHA
B 94 W ABJsIeTCS HENPOCTPAHCTBEHHONOAOOHO reoleanyeckoil OT ¢
1o p. Bomee Toro, ecanm BBecTH QyHKUMO p(g, p), PaBHyw© LJIHHE
3TOH KPUBOM, KOTZA OHA CYILECTBYET, U PaBHY HYJIO, eC/1H TaKOW
KPHBOH HeT, To p (g, p) HenpeprisHa B 2 X U.

ITo onpefenenuio BEINYKAOH HOPMAALHOM OKpecTHOCTH (pasi. 2.5)
B 2( cyluecTByeT eIHHCTBeHHas reojesudeckas y(f), Aaa KOTOpOH
v(0) = g, y(1) = p. [TockoabKy 3Ta reofesnueckas ecTtb AubdepeH-
uvpyemas QyHKIHS CBOUX KOHiLOB uHTerpaJ

a(q,p)—S (), Gr),)a

6yner nupdeperunpyemoil Gpynruueii na UX2U. (910 T2 Ke PyHK-
uuda o, uto u B Jemme 4.5.2.) Takum o6paszom, GyukiHa p(g, p) He-
npepbiBHa B 2 X 2, n0CKOAbKY OHa paBHa [—0o (g, p)]” npi 6 << 0
M HyJI0 B uHbIX caydasx. Ocraercs Tenepb nokasaTh, 4TO B Clydae
CyIleCcTBOBaHUA B 2/ BpeMeHHNOAOOHBIX KPHUBBIX, COeNMHSAIONUX ¢
W p, BpeMeHUnoAo0Has reojfeandeckass MexAy HUMH HMeeT Haubob-
myo paany. Ilyerb, kax npexpe, o(s,t) = exp,(sX(f)), npuuem
g(X(#),X(f))= —1. Ecan A(t)— BpevenunofobHas Kpueas B %
OT ¢ IO p, e MOXKHO mpencTaButs .B Buie A(f)= a(f(f),?). Toraa

(dt) =1 (as) +(a¢)

ITockosbKy NBa BEKTOPa B MPaBOH d4acTH B3aMMHO OPTOTOHAJBHHI
B cuay JemMel 4.5.2 u g ((9/0s) 4, (0/08) ¢) = —1, 10

g((@t) (at))”‘—f,(t))z'l"g((at) (ar)) — (",

NpHYEM DAaBEHCTBO HMEEeT MeCTO TOrja 4 TOJIbKO TOTAa, KOrAa
(0/0t) =0, T.e. eclu W TOJBKO eC/IH A — reojieauueckas Kpupas.
Urax,

L(?"s q, p S dt-‘p(qv )7
q

npuYeM PaBeHCTBO HMEET MeCTO TOrAa M TOJbKO TOTAa, XoTZa A —
reojesnueckas KpuBast B 24 ot ¢ 10 p (0Ha eHMHCTBEHHA). m]

Tenepb MBI mepefiileM K c1yuyaio, Korda ¢ H p He o06s3aTelbHO
nprHa;/ekaT BBIMYKJo# HOpMaJjbHOH okpectHoctH %. Heobxonu-
Mble YCJOBHSA I TOro, 4To0bl BpeMeHunoxoGHast KpuBas y(f), co-
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eannsomas g i p, 6pl1a KpHBOIl HauBOAbUIEH AJHHBL OT § O P, MBbl
BHIBEJEM M3 PAcCMOTPeHHs MadblX Bapuauuil. Bapuauus o KpUBOH
y(f) ectb C'—-otoGpaxenne o:(—¢, e) X [0, {p] = A co cremyromu-
M# CBOHCTBaMHU:

1) (0, )= y(f);

2) cymwecrtByer takoe noapasbuenne 0 =1 < fp... < l,=1p
orpeska [0, fp], uro o sBaserca C3-oro6paKeHHeM Ha KaxIOM
(—e, &) X [t tiyals

3) a(u,0)= g, alu, ty) = p;

4) aaa mwbof nocrostHHON 4 o (u, ) — BpeMeHunogo6Has KpH-
Bad.

Bekrop Z = (0f0u)y l,.0 Oylem Ha3biBATL BEKTOPOM BAPUAYUL.
O6partHo, ecan Boab y(f) 3afaHO HENpPEpPLIBHOE BEKTOPHOE moJje Z
Kycouno xJacca (2, obpaumlawlieecs B HyJb B § W p, MB MOXeM
ONpeae/]HTb BAPHALMIO @, U1 KOTOPOH Z OYIET BEKTOPOM BapHalHH:

a (us t) == €XP, (ul |r),
rie u & (—e, e) npu HekoropoM ¢ > 0 u r = vy ({).

Jemma 4.5.4
Bapuauusa paccrosiHusi ot ¢ A0 p npu oTOGpaXKeHUH o paBHa

n—1 tigy

u=o=i; § g(T?%’ {’H e Ot ( )at})df—l-
+T (. [ 2.

T

oL
du

rae 2= g(0/0t, §/0t)— xBampaT KacaTeNqbHOrO  BeKTOpa, a
[[~10/0t] — pa3pblB B OLHOH H3 CHHTYJSAPHBIX TOUeK Yy (f).
Hmeem

=Z-"-S(—g(-§7- 3r) " dt=
=—Z§ au at’ at)f—]dt_—
_‘“ZS at 0u at)f di =
="ZS{‘@T(g(797’W))f*l“g(7%' £l at)rl}

Hurerpupyst no yactsM, nodydaeMm HyxHyi dopmyday. o

o
ou

Sty GopmMyay MOKHO ynpOCTHTb, BbIOMpAsl B KayecTBe napamer-
pa ¢ nauny ayru s. Torpa g(d/dt,0/0t) = —1. O6osnauus uyepes V
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eIUHMYHBIA KacaTebHBIH BekTOp 0/dS, nMeeM

n—1ti4y

n—1
=2 ez e+ ég(l, v]),

i=1 ¢

oL
ou

rare V = DV/ds — yckopenue. Otciona ciaenyer HeOOXOAMMOe yCa0-
BHE TOrO, uTOOBI y(f) Obl1a KpUBOIl HauboJbllleld AJHHBL OT ¢ A0 p:
oHa doaxcHa 66T 2e00e3udeckol Kpugoi 6e3 u310M08, B TPOTHBHOM
clydae MOXKHO BpIOpaTh BapHalMio, KoTopas gact Bojee LJIHHHYIO
KPHUBYIO.

MoxHO TaKKe pPaccMOTpeThb BPEMEHHTIOAOOHYIO KpuBYyWO y(f) OT
HEKOTOpPOH NpPOCTPaHCTBEHHONOAOOHOH 3-TOBEPXHOCTH # A0 TOU-
KM p. Baprnauuio o 37Ol KPHBOH ompejesuM, Kak IMpexie, 3a TeM
HCKJIIOUEHHEM, UTO CBOHCTBO (3) 3aMeHHM Ha cjeiyiollee:

3) a(u,0) aexut Ha H, a(u, tp) = p.

Ortciona cjefyer, 4TO Ha TIOBEPXHOCTH 6 BEKTOp BapHaLHH
Z = 0/0u nexut B 6.

Jemma 4.5.5

n—=1 i

n—1
=2 Ve nas+ Y e v+ 2z Vo
i=2

i=t

oL
du

Omna JOKa3biBaeTcd TakK 2Ke, KaK U JeMMa 4.5.4, O

Orcioma ciaefyeT HeoOXOAHMMOe ycJAOBHe AJA TOTo, 4ToObl vy (f)
Gnisia KpuBOH HanOOJBIIOA IJIHHBI OT &6 1O p: OHA NOMKHa OHTb
eeodesuveckoll kKpusol 6e3 U3L0M08, OPTOROHAAbHOU K J6.

[lytem BapbHpOBaHUS o Mbl yOeausuch, YTO HepBas NPOH3BOA-
Hast IJIMHB BpeMeHnnofo6Ho# reojie3ndeckoit pasua nymo. Caeiyto-
UM HauwkM warom Gyler BelUMCIeHHe BTOPOH mpoussoiHoi. Ompe-
JleIMM ABYXMapaMeTPHUeCKylo BapHALHUIO o Teofe3HYeCKOH JIMHHH
v(t), coenunsiomeit ¢ u p, kag Ct-oro6paxeHue

o (— €y, E71) X (" €y, 32) X [0: tp} - M

C TAKHMH CBOHCTBAMMU:

1) «(0,0,1)=y(t);

2) cymectsyer Takoe noapaszbuedue 0 =1 <t <...<flp=
= {, otpeska [0, {p], uro o siBagerca C3-orob6pakeHneM Ha KaXIoM
(—ey, &1) X (—e2, £2) X [t1, tipd];

3) a(uy, up, 0) = g, a.(uy, us, t,) = p;

4) aas noObiX NOCTOSHHBIX Uy, Uy o (U, Ue, I) sBASETCS Bpeme-
HUIOA00HO0H KPUBOH.
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B kauectBe ABYX BEKTOPOB BapHalWX Mbl BBOAUM
0 N 5]
Z =( ) Z :( ) .
! Jdu,y )0. w.=0 2 0”2 aly,=0

u,=9 u,=0
O6patHo, ecau BAOAb Yy(!) 3alaHbl IBa HeMpepbIBHBIX BEKTOPHBIX
noisi Zy u Zp, Kycouso kaacca C2?, MOXKHO ONpEASNHTb BapHALHIO,
IJ1s1 KOTOPOH OHH O6YAyT BEKTOPaMH BapHALMH:

o (uy, Uy, By =exp, (L Z, + uZ,),
r=y(i).

Jemma 4.5.6
Ipn aByxmapaMeTPHUeCKOH BapualuH Te0Ne3HUeCKOH KpHBOH
y(f) Bropas npousBojHas AJIuHA paBHa *)

n—1tig

u,=0=Z S g (Zl’{%(lﬂr gV, Z,)V)—

Uy =0 i=1 ¢

n-1
—R(V, Z)V} )ds+ Y ¢ (2, [55 @ +2(v, Z)V)]).
i=2

02L
Ouy Ouy

CorsacHo seMMe 4.5.4, umeeM

Gl =2 le(am i m o —r(5)w))at
U, =0
+2 ¢ (e [M'5])-
Orcona
%,—WD: S (auz N {f_l o1 at =1~ (_/)gt’})dt-
2y =0

=2l {r G ws -1 -
— (0”2)( )5t +1 6u26t)0t+’“( aumt})dH‘

+y (e U a) v 2eGr sl %))

IMepBeifi M TpPeTHH UJEHBl paBHB! HYJO, TaK Kak vy (f) — reojue-
3uyeckas Kpumast Ges u3NOMOB. Bo BTOpOM uJieHe MOXHO BOCHOJ/Ib-

*) Hanomnum, urto BekTopuoe mnode R(X,Y)Z onpedensercs dopmynoh
(2.18). — Ilpum. nepes.
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30BaThCH TeM, UTO

__D__D__a___R(_a_ _‘3_)14__’2_3_0_“
Ou, 0t ot of ' Ouy ) Ot ot Ou, ot
a o\ o P
=—R (% o) o+ ow
__ai___.__‘?_(f-‘ (D 9 i))_
G ot o E\Gg, 5t o))
0 -1 0 a a ~1 0 D
= dt{f ‘at"(g uz at))“f g(au{’ﬁat)}

B uerseprom usene
D ~1_6_]___.[ -1D 9 4 ;-3 (2_ 9 0) 9
P [f ] P St ae T8\ Gra o7 W]'

3areM, Boi6upas B KayecTBe ! JIMHY IYTH S, NOJAYYHM TpeGyeMblit
pesyJabTar. u]

V3 onpenenenust BTOpOH NPOM3BOJHON CAEAYET, UTO OHA CHMMeET-
pHYHA NO ABYM BekTopaM Bapuaumu Zg u Zy XOTH 3TO M HE BHAHO
cpasy H3 NOJYUYEHHOTO BHIpaxKeHus. Mbl BUAUM JIMIIb, 4TO OHO 3aBU-
cut oT npoekiuil Z; u Zy B IpoCcTPaHCTBO, opToroHansHoe Kk V. Cre-
IOBATENbHO, MBI MOXeM OTPAaHHUUTLCI PACCMOTPEHHEM Bapualui,
ans kotopulX Zy u Zp oproronanbssl K V. Ilycrs Ty — (GeckoHeuHo-
MepHOe) BeKTOPHOe INPOCTPAHCTBO, COCTOsSILlee H3 BCeX HEMPEephIB-
HbIX, BEKTOPHBIX MOJel KycouHo kiaacca C? Bmonb y(f), KOTOpBIE
opTorosajbubl K V u paBHH HYJI0 B ¢ u p. Torga 92L/0u,0u, Gyner
cuMMeTpHYHBIM oToGpaxenueM Ty X Ty Ha R!'. Ero moxHO paccma-
TPHBATh KaK CHMMEeTDPHYHBIA TeH3op B Ty ¥ 3amucaTb B BHIE

9L
L(Z,, Z,) = B ouy s’

Uy =0

Z, =T,

MpEl MOKeM BBHIUMCIHTH TaK:Ke BTOPYI HPOH3BOAHYIO AJMUHBI OT
6 10 p reole3nueckoil Kpusoit y(f), HopMaabHOll K #6. Bocmoab-
3yeMmcsl MPeXHHAM MeTOLOM, TOJBKO Telepb OJHH H3 KOHIIOB KPHBOH
y(f) He 3aKkpemieH, a MOXeT nepeMellaTbcs 1O J6.

Jemma 4.5.7
Bropas npousBonHas ajauuHl y(f) oT 6 1o p paBHa

n—1 i

u1:8=z S g(z, {—?SLEZQ—R(V, zz)v})ds+

i=1

n-1
+Ye(z [mz])+e(z 5 2) | —2@ 2,

[m-2

0L
auz 6u1
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rie Z) u Zy B3aTHl oproroHaJbHbiMu K V, a ¥ (Zi, Zy) ectb BTOpOH
(yHIaMEeHTaTbHbIH TeH30p Ha J6.

[lepeble ABa uyjeHa Takue ke, Kak B Jemme 4.5.6. Jlo6aBouHble
4JIeHbl HMEKT BHI

e G 1750) |, = e (G g ), +

(R B)e( B, e B,

Bropoit unen o6pamaerca B HyJb, HOCKOABKY 0/0Uy OPTOTOHAMD-
#o k 0/0t. Ecan npuHsiTh, uTO ! -— ANMHA AyTH S, TO O0/0f Gyner
paBHo enunuuHol HopManm N x 6. [locko/bky m3MeHeHMs OLHOM
KoHeuHo#l TouKu y(f) OrpaHuYEHB nepeMellleHHAMU 10 6, 0/0uy
Gyner Bcerna oproronases K N. Takum o6pasom,

¢(Gmar N)=sme(am N)—e(Gmr = N)=
ad 0
=—x(5r 7)) o

BymeM roBOpUTH, YTO BPEMEHUNOAOOHAS TeoNe3HYecKas JUHHSA
v(f), coemmHsiiomas g ¢ p, MaKcumarbra, ecad (QYHKIHOHAJ
L(Zi,Z,) orpunarelbHo nosyonpefesed. Muaue roops, ecau KpH-
Basi y(f) He MakcuMaJ/bHa, TO CyLIeCTBYeT MaJjas BapHalHus o, Ko-
Topasa naer GoJee AJIHHHYIO KPHBYIO OT p 10 ¢. AHasnoruuHo, 6ynem
FOBOPHTh, YTO BpeMeHHNoJ00Has HOpMaJbHas K J6 reojesudeckas
KpuBas ot & 0o p makcumaasua, ecan dynkuuonan L(Z;, Z;) orpu-
lLaTe bHO NOJMYONpeNeeH; cleoBaTe/IbHO, eC/IH KpuBas y(f) He Ma-
KCHMMaJsbHa, CYIIeCTByeT MaJjasi Bapualusl, Koropas npaer OoJgee
LJHHHYIO KPHBYIO OT 46 1O P.

[1pedroocerue 4.5.8

BpemenunonoGHasi reofesnueckas Juuua y(f), coenuHsomas q
¢ p, MaKCHMaJbHA TOTZA W TOJABKO TOrAA, Koraa B (¢, p) HET TOUEK,
COTIPSKEHHBIX § BROJIb Y (f).

[TpeanosoxuM, uTo B (g, p) HET CONPSIKEHHLIX TOYeK. BrepeM
OpPTOHOPMHPOBAaHHBIH Gasuc BHOAL Y (f), MOJYUYEHHBII IepeHOCOM
Depmu. dxo6uessl noas BROAb Y (%), paBHbIE HYJII B ¢, MOXKHO 0Xa-
paxkTepn3oBaTh MaTpulell Agp(f), KoTopas HeocobeHHa B (g, p), HO
ocobeHHa B ¢ (M, BO3MOXKHO, B p). BBuAY M30/UPOBAHHOCTH cOMpsi-
)KeHHbIX Touek Beanunua d(In detA)/ds 6yaer GeckoHeuna TaM, rie
matpuna A,p ocobenna. CienosarelbHo, BekTOpHoe nojde Ze T,
kaacca C° u kycouHo kmaacca C? MOXKHO NpeACTaBUTh B |g, p] KaK

Z“=Aaﬂw/ﬁ,
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rae W8 — Bekropuoe nose kaacca C° m KycouHo kJaacca C' B [g, pl.
Torna

L(Z, Z)= S A, W/ﬂ{ (AW + Rygyedys W } ds =
+ ZA%W [ (AW =
ellf?JrZS WL 25 Auge WO+ Aus gz WO ds o+
+ 3 Ay WP A - W] =

= T (A wora e
0
F W (4 Aggas — Ay s Aus) o WP} ds.

(MBl BBesM IpeleJibHBINA NepPeXoxm, MOCKOJBKY BTOPasi NMPOU3BOL-
Haa W?® B Touke ¢ me ompenetena.) OnpHaxo

d d
(—d; AupAas — Aug 3 AGG) = — 244,00,y = 0.

Orcona caeayer, uro L(Z, Z) <0

O6partuo, HAONMYCTHM, YTO CYMIECTBYeT Touka # € (g, p), comps-
seunast ¢ Bunogb y(f). Ilycte W — akobueBo moJge Bnogab vy (f),
obpamamwlueecs B Hylb B ¢ U r, 1 nycTh K & T, — Takoil BeKTOP, UTO

D
K 55 W?=—1 B Touke r.

IMpomomwum W 10 p, M0JOXKHB ero paBHbM Hymo B [r, p]. Tloso-
KuM Z == ¢K 4 ¢71K, rae e — nHexotopas nocrosHuas. Torga

L(Z, Z)=¢’L (K, K) + 2L (K, W) + 2e*L(W, W) =¢’L (K, K) + 2.

CaenoBatelbHO, B35B JOCTATOUHO MaJoe & MHE MOXeM CHeJaaTh
L(Z,Z) noJOXHUTCNAbHDBIM. 0

AHaJIOTHYHBIA pe3y/IbTaT MOXKHO TNOJYYHTb LJ5 BpPeMEHUNOR06-
HOU TeOoNe3HUeCKOl JUHUU y(!) oT §6 @0 p, OPTOroHAJBHON K JE:

[Ipedaooncenue 4.5.9

Bpemenurnonofras reofesnueckas JauHus y(f) or & po p Mma-
KCcHMaJsibHa TOTAa M TOJBKO TOTAA, Korfa B (6, ) HET TOoUeK, Co-
IPSKEHHBIX J6 BLOJDb Y. a
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Hcceaenyem Tenepb BapHaLMK HEMPOCTPAHCTBEHHOMOMOGHBIX KPH-
BHIX OT ¢ 10 p. BBIACHHM VCJIOBHSA, NPH KOTOPLIX MOMKHO HalTH Ba-
pHalMIo oo KPHBOH y (%), MPHBOASIILYIO K YCa0BHIO g (0/0f, 0/0t) << 0
BCIOAY, HHAue TOBODS, NepeBOASUIYI0 y(f) BO BpeMeHUNOLOGHYIO
KpHuBYI0 oT ¢ 1o p. Ilpu Bapuauuu o

(e (G ) =2 (G ) —2(Fa )=
=25 (e(5r &) —2e(Gr 7). 499

Yro6el MOJTYYHTH BPeMeHHIIOLO0HYIO KPHBYIO OT ¢ 10 p, Tpebyercd,
yToGbl 3TO BhIPaXKeHHe ObLIO MeHblle HJIX PaBHO HYJ/IK Ha BCeH KpH-
Bo#t vy (1).

[ pedroscenue 4.5.10

Ecnu p m g coeiuHeHb HENPOCTPAHCTBEHHOMOAOGHON KPHUBOH
y(f), KoTOpast He eCTb M30TPOIHASA Ie0Je3uuecKas, ToO HX MOXKHO CO-
eINHHTb BPEMEHHUNOLO0OHOH KPUBOH.

Ecau y(f) He siBAsieTcst H30TPONHON reoe3nueckoil oT p A0 g, TO
JOJIXKHA OBITh TOYKA, B KOTOPOHN KacaTeldbHbill BEKTOD HMEeT Pa3phiB,
MJIH JOJIKEH CYLIECTBOBATH OTKPBITHIE HHTEPBAJ, HAa KOTOPOM BeK-
Top yckopenus (D/0t) (0/0t) orauuen ot HyJs U He napadanenen 0/0L.
Paccmorpum cHauana cayuaii, Korja HeT pa3pbiBoB. meem

g(at ot at) 7 dt( (at' at))_o

Orcwona sunno, uro (D/dt) (3/0f) arasercs npocTpaHCTBEHHONON06-
HBIM BEKTOPOM TaM, TIe OH OTIHYEH OT HYJd i He mapaJienaeH 0/0t.
ITycrs W — BpemennnonoGHoe BexTopHoe C2-moJse BIOAL y(f), npH-
yem g (W, 0/0t) << 0. Torga Mbl MONYyYHM BPeMEHHIIOZ0GHYIO KPHBYIO
OT p 10 ¢, BapbUPys BEKTOP BapHalHH

D o
Z=xW+y 5~

rje
t

x=_c~lebt Se"b’(l ——; yag) d¢,
tq

( D a
=&\ a:’ o o1

c=~g(W’%):

b=max(—c"g(w, %)) Ha |[p, ql,
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a y — HeoTpHllaTe/1pHas QyHKUuA na [p, ¢], Taxas, uto y,=y,=0u
¢

S e-b‘(l —-%ya") dt=0.
q

TTpeanonoXuM Tenepb, 4To CyLIECTBYET HEKOTOPOE noapasbueHue
t, <t <<ty <<...<<1p, TaKoe, 4TO KacaTeJbHbH BexTOp /0t He-
npepbhiBeH Ha KaxXAOM cerMeHte [f;, fiyq]. Ecnu cermenr [4;, ti] He
ABJAETCA M30TPOIHON I'e0Je3H4ecKOH KPHBOH, ero MOXKHO BapbHpO-
BATb TaK, YTOOBl MOJNYYATh MEXKAY KOHLL@MH CErMeHTa BpeMeHHMOo-
n06HYy10 KpuBYIO. [103TOMY HYXKHO TOJBKO MOKA3aTh, YTO Mbl MOMXKEM
MOJIYUHTb BPEMEHHNOROOHYI0 KPUBYIO U3 HENPOCTPAHCTBEHHOMOL0G6-
HOM KDHBOH, COCTaBJEHHOH H3 CErMeHTOB H30TPOHHBIX Teojesnue-
CKHX, KacaTeJbHble BEKTOPHl KOTOPBIX He MapaJjesbHbl B TOUKaX
paspsiBa y(f;). B kauecre { MOKHO BrIGpaTh adUHHBIN nMapaMeTp
Ha Kaxkjaom cermente [t;, tip]. Paspwis [0/0f]l;, Gymer mpocTpan-
CTBEHHONOLOOHBIM BeKTOpoM, OYyAydd pasHOCTbIO ABYX Hemapadg-
JIeTIbHBIX M30TPOIHBIX BEKTOPOB Ha OJHOH M TOH XKe MOJOBHHE H30-
TponHoro xoHyca. CaenoBaTelNbHO, BHOAb [f;—4, fiys] MOXKHO IHO-
CTPOUTH Takoe BekTopHoe C%-mose W, 15 KOTOPOTO

g(w) a/at) < 0 Ha [ti—h tt]
g(W, 0/0t)y >0 wna [, t; ]

Toraa BpemeHnnofo0Hy10 KPUBYIO MeXAY Y (fi—1) 1 y(fiy1) momyunM,
BapbHpys ¢ BeKTOpoM Bapuauun Z = xW, rje

x=c7 (i — 1) (t— 1)

H

mpu L <E<fin
x=c=t(t;—t;-) (b — 1)

npu t; < t < ti»H, rae ¢ = —g(W, d/dt) [w]

Urak, ecin y(f) He sBIAETCA re0fie3HYSCKON KPHUBOH, TO H3 Hee
Bapuallnell MOXKHO MOJY4YHTb BpeMeHHNoAoOHY0 KpuByw. Ecau vy ()
ABJISIETCH TeO0Je3MUeCKOl KPHBOH, TO B KayecTBe ! MOXHO B3SiTh
apduunbill mapamerp. Torga BHAHO, UTO HEOGXOAMMBIM (HO He Ho-
CTATOYHBIM) yCJAOBHEM NOJYYeHHs B pe3yabTare BapHALUH BPEeMEHH-
nogo6HO# KPUBOH ABJAETCS OPTOrOHAJIBHOCTL BEKTOpAa BAPHAIHH
d/0u K xKacateqbHOMY BekTopy 0/0f Ha Bceit y(f), u60 B NpoTHBHOM
clyuae mpousBopHast (0/0t)g(0/0u,0/dt) Gbuia 6bl nosoXKHTEAbLHA
rae-Hu6yab Ha y(¢). das taxkoll Bapuauuu (0/du)g(0/dt, d/0t)= 0
¥ HaZo ucc/iegoBaTh BTOPYIO IPOU3BOAHYIO.

PaccMOTPUM 1103TOMY JBYXnapaMeTpPHUECKyi0 BapPHALHIO ¢, H30-
TPOTHON reofe3nueckol y(f), coeanusioueir ¢ u p. Ee onpenenenune
OynerT NMPeXHHM, 3a TeM HCKAIOYEHHEM, YTO Mbl OTPAHHUUMCS (IO
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HPH‘{HH&]M, LIPHBCACHHBIM B[)U_Ue) BapbllpOBaHMeM C BEKTOpaMu Ba-
puanuu
J 7]
duy ly, g Ouz ly —o "
u,=0 ty=0

OPTOrOHAIBIBIME K KacaTeabHoMY BekTopy (0/0f) Ha y(?).
Heccaegobare nosegenue L pu Takux BapHanusax 3aTpyAHUTEAb-
HO BBHAY TOro, uro (—g(d/dt; d/dt))": — venuddhepeHunpyemas
byukuunst, ecan g(0/0t, 0/0t) = 0. Buectro 3TOro Mbl DPacCcMOTPHM
BapHalLHIo
=1 fig, 5 5
A== V(g )
i=| ti
Slcno, uro HeoGXOAMMBIM (HO He NOCTATOUHBIM) YC/AOBHEM IOJyYe-
HHS BpPeMEeHHUN0A00HOI KPUBOH OT ¢ A0 p NPH BAPHAIMH O ABJAETCA
NOJOXUTEIbHOCTD A.
Wareenm

saa (¢ (5 5))=
2 Ju, du, g at > ai)
o ( ( )) ( (_0_ _11_9_))_
T Au. ot g Ou, ' Ot du., du,* ot ot )]
_ ( ) ( {_D_ 9 (i 9 ﬁ}
= B ot ,g(()u. ’ 0t) au, Vor om — Rlar a0y ) w )

OTKYAa

1 0-A Ie] D> ¢ a 0 0
77%130‘111 ‘” ,;J—Zgg((’)ul ? {AC\T ous _R(W’ W)—c_?—t—})dt‘l-

: +2e(er G awl) 4o

dra dopmyaa ouenb 1moxoxka Ha GopMyay Mg BapHaUUH AJIHHBL
BpeMeHunogo0Hoi Kpusoil. MoKHO nokasaTh, uto Bapuauus A pas-
Ha HyJA10, ecad BEeKTOD BapHalKM MPONOPUHOHANEH KacaTeJbHOMY
BeKTOpy 0/0f, moCKoJbKY OH u3oTponen, a R(4/df, dfot) (0/dt)=0
B CHJAV aHTHCHMMeTDHYHOCTH TeH3opa Pumana. Taxkas BapHauusd
SKBHBA/JeHTHa McpernapaMerpusauun yv(f). Mrag, ecium MbBl XOTHM
NOJYUITL Baplauiio, NPHUBOAALIYIO K BPEMEHHIOZOOHOH KDHBOH,
HY>KII0 paccMaTpHBaTh TOJAbKO MPOEKHHH BEKTOpa Bapuallu B Npo-
CTpaHCTBO S, B Kax/J0H Touke g xpupoi y(f). ILpyruMu cjoBami,
npi BBeAEHHH BAOJL y(f) ncesRoopTroHopMHpoBaHHOro Gasuca Ej,
E;, Es, E; ¢ Ey= 0/0f papuauus .\ Oyner 3aBHCETb TOJBKO OT
KOMMOHCHT Z™ BeKTOpa Bapuauuu (m =1, 2)

5 3eraz Xl
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[Iped.aomcenue 4.5.11

Ecau B (g,p) Her rouex, cCOmpsiKeHHBIX ¢ Bhoas vy(f), TO
d?A/du?| =0 << 0 mast moGolt Bapuauuu o KpuBoit y(f), BEKTOp Ba-
pHalMH KOTOPOH 0/0u|,—p OPTOrOHaJNeH K KacaTeJbHOMY BEKTODY
0/0t x y(f), He paBeH BCIOAY HYJIO H He NDPOTOPUUOHANEH BCIOAY
0/0t. Vnaue rosops, ecau B (¢, p) HeT TOUEK, COMPAMKEHHBIX {
BAOIb Yy (f), TO He CYyHIIECTBYeT MaJblXx BapHaluil, nepeBOAALIHX
v () Bo BpeMeHHUNIOAO0GHYIO KPUBYIO OT ¢ A0 p.

JloKasaTeqbCTBO aHAJOTHYHO J0OKa3aTesbCTBY NpeaoxeHus 4.5.8
¢ ucnoas3oBanueM Bmecto A,p Matpuusl 2 X 2 Adpn u3 pasg. 4.2, ©

[l pedrooicerue 4.5.12

Ecau B (g, p) ectb Touka r, cOnpsi:keHHas g Baoab y(f), To Hail-
Rercsi Bapuauus vy (f), xotopas gaerT BPeMEHHNOLOOHYK KPHUBYIO OT
g no p.

HokasaTeabecTBO NpefsoxKeHus OyHeT HECKOJIbKO TPOMO3JLKHM
u3-3a TOro, 4ro HeoOXOAMMO MOKa3aTh BPEMEHUNOAOOHOCTb Kaca-
TeJbHOro BexkTopa Bcrogy. Ilyerb W™ — KoMuoHeHTH! B mpocTpaH-
crBe S (cM. pasf. 5.2) skoBueBa moJsi, paBHOTO HYJIO B ¢ u r. OHO
YIOBJETBOPAET YPaBHEHHIO

dz2

d#z W= — Rm4n4Wna

rte as yro6erea B KavectBe ! B3aAT addunHbt napamerp. [lo-
ckoabky W siBasiercst no KpaiiHell Mepe BEKTOPHBIM HoJsieM kaacca C*
u (dWm/dt)s=0 B ¢ u r, MOXHO HanucaTs W™ = fWm, rge Wm—
eIMHUYHbIA BeKTOp, npuyeM [ u W — noas xaacca C2 Torna

a2
5 [+ hf=0,

it
A, d2 ~ ~ —~
h=Ww" e wn + Rm4n4Wm w".
[Mycrs Touka x & [r, p] rakosa, uro Wm == 0 B [r, x] u h; ecTb MUHH-
MaJabHoe 3Hauenue A B [r, x]. Torma, ecin a >0 u o>+ h >0un
ecan b = {—f(e®* — 1)~} |, nome

Zm={b(” — 1)+ fy W

paBHO HYJI0 B § U X U YAOBJETBODseT B (g, X) HePaBEHCTBY

Zm( ;l:z m+Rm4fz4Zn) >0.

BuiGepem Bapuanuio a(u, f) xpuBoit y(f) or ¢ 10 X Tax, ¥To KOM:
MOHEHTHl ee BeKTOpa Bapuallnil (0/0u)l,.o B S paBubl Z™ U BBHINOJ-
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HAeTCa YCJAOBHE!:

g(au ou +g(d—i'%6—i) u=0_
l —ef nupu ogtgl—zx,
={s(t—;tx) upu ?lItx tg% ,
! elte—t) mpn TL<I<t,,

rie ty — 3uayenue ¢ B Touke X ¥ & > 0, HO MeHblle Ha¥UMEHbLLIEro
1
3HaueHus BeMudHHbl 2™ (d2Z™/di2 + RyuniZ™) B obaactu TSI

< 7 {x Torna, s cuny (4.49), (0%/du?)g(d/ot, d/dt)<< O Bcromy B

(q, ) ¥ B 5TOM MHTepaBJe JOCTAaTOYHO MaJble 4, o AAKT BPEMeHH-
nogoGHyI0 reofesudeckylo. EclH Mbl NPHCOGAMHHM 3Ty KPHBYIO K
Kycky y(f) oT x o p, TO MNOJYUYHM HENPOCTPAHCTBEHHONOAOOHYIO
KPHBYIO OT ¢ RO p, Kotopas He OGYHeT H30TPOIHON Treofe3nvecKol
kpuBo#i. CjefoBaTeIbHO, CYyLIeCTBYeT BapHallusi, KOTOPasi IIPUBOJHUT
K BPEMEHHIOAOOHO!N KPUBOH, COCRUHAIOMEN § H p.

TMopoOuriM Ke METOJOM MOJKHO JA0Ka3aTh

[Tpedromncernue 4.5.13

Ecau y(f)— usorponHas reojesnueckas KpHBas 2-MOBEPXHO-
¢t & [o p, OpTOroHasbHasg K &, u ecyin B (P, p) HET TOUeK, co-
APSKEHHbBX & BAOJb Yy, TO He CYUIECTBYeT MaJblXx BapHaluil v,
IaloUKX BPEMEHUNon00HY0 KPUBYI0 0T & 10 p.

[1pedarosicenue 4.5.14

Ecau B (&, p) umeercs Touxa, conpseHHass & BIOJAb Yy, TO CY-
HiecTBYeT Bapuauus y, Aaiolias BPEeMeHUNOAOGHYI Kpusyio oT &
1o p.

PesyabTaThl, Kacawliuecss Bapualuil BpeMeHHNOAOOHLIX H He-
NPOCTPAHCTBEHHONIOAOGHBIX KPUBBIX, OYAYT HCIOJIB30BaHBI B IM. 8
IJI IOKa3aTeqbCTBA OTCYTCTBUS ['€0/Ie3HYECKUX HAnOObIIEH AMHHBI.

5#



I'maga 5

Tounble peieHus

Jl1o60e IpOCTPAHCTBO-BPEMSI MOKHO B OINpPEJEJeHHOM CMBIC/e
CYHTATh PelleHWeM ypaBHeHUi noJs JiHlTeHHA

1 .
Rab - ngab + Agab = &nl ab (51)

(Mbl TONIb3yeMCs eAMHHNAMH, IPUHATBIMH B M. 3), TNOCKOJIbKY, BBI-
YHC/JAUB 110 METPHUECKOMY TEH30PYV NPOCTPAHCTBA-BPEMEHH JEBYIO
qacte (5.1), MBI MOXKeEM G6eCTU TeH30D IHEPTHH-UMIyabca [q; Kak
npaByio yacth (5.1). Onpenesenublii TakuM o6paz20M TeH30p Marte-
pun Oyzner, BooOlle roBops, ofmaajgarb HempueMJeMbIMH (usude-
CKUMK CBOHCTBAMH, TOrjia Kax pellenume ypasnennit (5.1) Oyner
HMeTb CMbICJ JHUIb NPH Pa3yMHOM XapaKTepe pacrpeje’leHust Ma-
TEPUH.

[Ton rounbim pewernuem ypaBHeHuit JiiHwTellHa MBI OvaeM M0I-
pasyvMeBaTb NpocTpaHcTBo-BpevMs (4, g), B KOTOPOM YypaBHEHUS
MoJs YAOBJIETBOPAIOTCA TEH30POM 3IHEPTHU-UMNyAbca [qp Kaxofi-tTo
KOHKPETHOH OpPMBl MaTePHH, NpUUEM BBINOJHAWOTCA MocTyaaT (a)
(«JIOKAJbHON MPUYMHHOCTH») TA. 3 H OJHO M3 3HEPTEeTHUECKUX yCA0-
Buil (pasx. 4.3). B wacTHOCTH, MOXHO MCKATb TOUIIbIE PELICHMA JI5
nyctoroe npocrtpanctsa (Tqp = 0), 415 3JeKTPOMArHUTHOrO I[0J7
[Top Buma (3.7)], nas uneansnoil xuakoctu [Tq; Buma (3.8)] uan
JJIS TIPOCTPAHCTB&, COAepIKallero JMeKTPOMArHHTHOe Moje H Hie-
AJBHYIO JKHAKOCTb. BBUAY CJ0KHOCTH ypaBHeuMil M0Jf NOJAYUHTb
TOUYHBIE PELICHHS MOXHO TOJbKO B NPOCTPAHCTBAX AOCTATOUHO BLI-
COKOH cuMMeTpuH. KpoMe TOro, ToYHble pellieHka SIBISI0TCS HACaMU-
3auueli B TOM CMBICAe, 4To JioGast 064acTh NPOCTPAHCTBA-BPEMEeHY,
NO-BHAMMOMY, COAEP:KHT pasHble GOPMLI MATEPHH, B TO BPeMs Kak
TOUHBIE pelIeHHss MOXKHO ROJYUMTh JAHIUL TIPH HOBOJLIO 1POCTOM
MaTEpPHaAAbHOM COAEPMKUMOM. TeM He MeHCe TOUHLIC PCLIelus Cay-
JKAT MCTOYHHKOM HAEH O KauecTBEHHO HOBLIX $IBJCHHSN, KOTOpPbIe
MOTYT BO3HUKHYTL B OOLICH TEOPHH OTHOCHTEJILHO I, TakiM ofpa-
30M, YKa3bIBAIOT HA BO3MOXKHBIE CBOHCTBA PEAJHCTHUECKHX PelieHHl
ypasHenuit nosas. IlpuMeppl, KOTOpble Mbl NpIBeAeM, XEMOHCTPH-
PYIOT MHOTHE HHTEDECHbICe M5 NOCAEAYIOUNX IV1aB THILI MOBEAeHd
pemteHnii. Mbl paccMOTPHM 3TH pellieHus, obpauas ocofoe BHHMA-
HHe Ha uX raobadbHble cBoficTBa. MHOrHe H3 3THX CBOHCTB ObLLIH
o6HapyKelibl TOJMBKO HEAaBHO, XOTH CaMy pelelus B J0KaJAbHOW
dopme yxke H3BeCTHBI LaBHO.
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B pasa. 5.1 u 5.2 mb paccMarpuBaeM MpocTeflle JOpeHLUEBH!
METPHKH — Te, AJAS KOTOPHIX KPHBHU3Ha NMOCTOsIHHA. [IpocTpaHcrBeH-
HO-OJHOPOJHbIE H H30TPONHBIE MOJENH OMHCAHBI B pasd. 5.3, a ux
npocTeiiline aHU30TPONHbie 0600ueHus — B pasza. 5.4. Bo Bcex stux
OPOCTLIX MOJAEJISX Mbl BUAMM HaJHYHE CHHTYJSPHOrO Hayaja, ecjau
TOABKO A He NpHHHMAaeT GO/bIINX MOJOXKHUTENbHBIX 3HaueHntl. Cohe-
pHUECKH-CHMMETPHYHbIE METPHKH, ONMCHIBAIOLIHE M0Je MaCCHBHOTO
3apSKEHHOTO HJIM HEHTPAJBHOTO Te1a, M aKCHAJNbLHO-CHMMEeTPUYHbIE
METPHKHY, ONHCHIBAIOIIHE II0JIe TSPOTEHHs] BHe MAacCHBHbBIX Bpallaro-
IIHXCA TEJA KOHKPETHOTO THIA, PacCMOTPEHBI COOTBETCTBEHHO B
pasn. 5.5 u 5.6. B Hux nokasaHo, 4TO NOSBJEHHE HEKOTOPBEIX CHHTY-
JAsSpHOCTeH B SIBHOM BbIP2XEHHH AJisi METPHKM BBI3BAHO JHIIL He-
yIauHbBM BHIGOPOM KoOpAWHATH. B pasa. 5.7 mawo onucanue Momenn
Beemeunoft T'enens, a B pasa. 5.8 — pewenne Tay6a — HeioTona —
TamOypuno — Yuru (Tay6a — HYT). ITocrennue wopnenu, BepositT-
HO, He ONKCLIBAIOT peasbHYI BcesneHHyl0, HO OHM HWHTEPECHBI CBOHU-
MU NaTOJIOTHYeCKHMH ri1o6a/IbHbIMH cBolcTBaMu. Hakonel, psaa apy-
THX HHTEDECHBIX TOYHBIX pellieHufl mpuBeeH B pasfd. 5.9.

5.1, IpocrpancrBo-BpeMms MUHKOBCKOro

[MpoctpancrBo-Bpemsi Munkosckoro (.4, m) sBAseTcs npocrei-
UM MYCTHIM TPOCTPAaHCTBOM-BpeMeHeM B oOLilefll TEOpHH OTHOCH-
TENBLHOCTH U B JEACTBHUTENBHOCTH NpelcTaBssier cofoH mnpocTpaH-
CTBO-BPEMsl CIIENHAJbHOH TEOPHH OTHOCHTEJNbHOCTH. MaremaTHuecKu
OHO ecThb MHOroo6pasue R* ¢ mI0CKON JIOpeHIeBOH METPHUKOH ).
B ecrecTBeHHBIX KoopAnHATaX (x!, #2, x5 x%) Ha R* MeTpHKY 1) MOXK-
HO 3amucaTh B BUIE

ds? = — (dr¥)” + (dx')? 4 (dx?)” + ()2 (5.2)

Ecau uenoab3yioTes cepudeckue noaspHele KoopAauHatel (i, r, 0, ¢),
rae xt=1, x3=rcos0, x2=rsin0Ocos¢, x'=rsinBsing, T0
MeTpHKa MPHHHMAaeT BUJ

ds? == —df* 4 dr® + r2(d6° + sin* 6 d¢*). (5.3)

OueBuAHO, 3Ta MeTpHKa, cuHryasapHa npu r = 0 4 sin 8 = 0, oanaxo
3TO NMPOMUCXOAHT HU3-3a TOTO, UTO HCNOJb3yeMble KOODAHHATH He fB-
JASIOTCA JONYCTHMBIMH B 3THX TOukax. UToGE! 10AyUHTL perysspHble
KOOPAHHATHbBIE OKPECTHOCTH, HEOOXOANMO HA KOOPAHHATH HAJOXKUTD
orpanuuenusi, HanpuMep 0 <<r<Coo, 0<<O<m 0<¢<<2m
J1s MOKPBITHS BCErO NMpocTpaHcTBa MUHKOBCKOTO HYXHBI 1Be TaKkHe
KOOPAMHATHHIE OKPECTHOCTH.

Jdpyras KoopAuHHATHas CHCTeMa noJyuaercs npu Bbibope onepe-
Jawuleli ¥ 3anasjabiBaiollell H30TPOMHBIX KOOPAHHAT U, W:

v=t+r, w=it—r =v=>w).
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Toraa merpuka umeer BHI
dst=—do dw + 1 (0 — )¢ (d6” -+ sin? 8 d¢?), (5.4)

rae —oo < v < 00, —oo < W < oo. OrcyTCTBHE B METPHKe 4Jie-
Hos dv?, dw? orpaskaer toT hakT, uTo mosepxHoctn {w = const},

r=0 t

W =const

2 = const

v =const

7

>e
a J

Puc. 12. Ilpocrpaucrso MunkoBckoro. MsorponHesie KOOPAUHATH © (w) MOXKHO

npeicTaBuTh CceGe B BHAE CXONALIMXCH (pacxoAsiuuxcs) cdepHYIeCKHX BOJH, pac-

TIPOCTPAHSIOUHXCS CO CKOPOCTBIO CBETA; OHH SIBJIAIOTCA ONepexaloliuMy (3amas-

OHBAWLIAMEA) BPEMEHHBIMH Koopauuatamu. Ilepecedenne noBepxnocty {v = const}

¢ MoBEpXHOCTHIO {w = const} saBasercs 2-cepoit. @ — KOOPAHHATHBE NOBEPXIIOCTH

v, w (0AHA KOOp/AHHATA oOnyileHa). 6 — miIockocTh (f, r); Kaxaas TOUKA H30-
6paxaeT 2-chepy paamyca r

{v ==const} wusorpomHB (1. e. W, =0=10,0.,8"), cm.
puc. 12,

B cucreMe KOOpAMHAT, B KOTOPOH METpHKA BbIPA)KaeTcsl B BHAE
(5.2), reomesnueckne uMeloT BHA x%(v) == b% -+ (9, rge b? n c* —
nocrosiuueie. TakuM 00pa3oM, 3KCIOHEHIHAABHOE OTOOpaKeHHE
expp:Tp = A onpenensiercs Gopmysoh

x (exp, X) = X + x%(p),

rae X¢ — gomnouentol X OTHOCHTEJBHO KOOpPAMHATHOTO 0asHca
{0/0x2} npocrpanctBa Tp. [TocKoMbKY eXxp sBJAsieTCA B3aHMHO OLHO-
3HauHHIM OTOOpa)KeHWeM Ha BCe MHorootpasue J, OHO NpeicTas-
aset cofo#t muddeomopdpuam mexny Ty 1 A. Cienorartenpro, JK-
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Oble 1Be TOUKH A MOXKHO COCLMHHUTH €JUHCTBEHHOH rE0AE3UUECKON
auHued. Otobpa)keHue exp OmnpeeseHo BcioAy Ha 1, 14
BCeX p, H B CHJy 3TOTO NPOCTPAHCTBO-BpeMsi (A, 1n) reofesHuecKH
TOJIHO.,

O6nacte Komn (Cauchy development) 6yayiero, npomaoro)
D+ (&) (coorBercTBeHHO D~ (¥)) mpOCTPAHCTBEHHONOLOGHON TUIIED-
NIOBEPXHOCTH & onpelensieTcsst KaK MHOXKECTBO BCeX Touek B J, Ko-

HaomponHas
eeayesut/ecwaﬂ

Hzomponneii KoHye
Oygyyeco

moyruy 0
Bpemerrunogodnag kpusaa
LaSHOMEDHD YTHOPEHHO2E
gouxeHus

/TosepxHocms
{x?=const}

D*(%)

of

Hsompontsid KoHye
npowinozo moyxd 0

Puc. 13. [Mosepxuocre Kowm {x*==const} B mpocTpancree-speMenn MuuKoB-
CKOTO 11 TIPOCTPAHCTBEHHONOLOUHbIE MOBEPXHOCTH P, F», KOTOPLIE He ABAAOTCH

nosepxuoctayu Kown. Bee HopMalbHbie K IOBEPXHOCTIM Py, &y Teode3nYecKHe
nepecekawres B Touke Q.

Topble 067aa10T TeM CBOHCTBOM, YTO BCE HENPOJOJKHMBIE B IIPO-
urtoe (Bymyluee) HeNpOCTPAHCTBEHHONOLOBHEE KPHUBLIE, NPOBeJEH-
Hbie W3 9THX TOuYek, mnepecekawr & (cp. ¢ pasp. 6.5). Ecan
DH(P)YU D~ (F)= A, T.e. ecln Kaxaasg HeNpOROMKHMAss HENpo-
CTpancTBeHHONOA0OHAs KpuBas nepecekaer &, 1o Takyio ¥ Oyrem
HasblBaTh nosepxrocTbro Koww. B mpoctpancTBe-BpeMeHn MUHKOB-
CKOTro moBepXHOCTH {x‘==const} o6pasyloT ceMeiicTBO nNOBEPXHOCTEN
Kown, nokpbiBaomux 4 noaHocTbio. MOXHO, 0IHAKO, NOCTPOHTH
HepaclWHpsaeMele NPOCTPAHCTBEHHONOAOGHDIE TOBEPXHOCTH, KOTOPbIE
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ne 6yayT nopepxuoctamu Kouln; Hanpumep, noBepxHoCcTH
P {— (N 4 (x1)?* 4 (x%)? 4 (x3)* = 0 = const},

rae o << 0, x* << 0, npocTpaHCTBeHHONOA0OHB!, HO JexKaT LeJdHKOM
BHYTPH H30TPOMHOT0 KOHyca mpouwioro Hadasa O u noToMy He B-
nsgores nosepxHoctamMu Kown (cm. puc. 13). B camom nmene, o6-
nacte Kown Gyayuiero nosepxHocTd Fg — 370 064aCTh, OrpaHuyeH-
Hag P, W CBETOBBIM KoHycoMm mnpountoro touku O. B cuay Jem-
Mbl 4.5.2, BpeMeHHNIONOOHbIE Teofe3NyecKiHe OPTOTOHAJBHHL K [O-
BepxuocTaM Fq. Ecau r = DH(Po) U D~ (Pg), To BpeMeHunogobHas
reojesnueckas, npoxonsmas yepes r u O, ABJAsieTCs BPeMEHHIOA00-
HO# reomesnueckoll HauGoablued JIIHHB MeXIy r U Fo Ecam xe r
He nexur B DH(Fo) U D~ (Fs), TO BpeMeHHNoA0OHON KPUBOH HaH-
Goabieil IJIHHB MEXKIY 7 1 P HE CYNIECTBYET, IOCKOJIbKY HJAH I Je-
&KHUT B obaactu ¢ == 0, u Toraa BooDlle HeT BPeMeHHNOAOOHbIX Ieo-
Ne3WYeCKHX, NPOXOASLIUX Yepe3 7 ¥ OPTOTOHAJAbHBLIX O, HJH I JEXKHT
B obaactn 0 << 0, x* >0, u Torga BpeMeHUNnoJoOHas reoaesnue-
cKasi, Npoxojasillasi uepe3 r W OPTOrOHaAbHasgs K Fg, CYLIECTBYET,
HO oHa He OyaeT KpHBOH HaubogblIel MIHHB MeXAy r H Pg, 16O
Ha Heli umeercss Touka O, conpsiKenuas K Py (cp. ¢ puc. 13).

Jas dccesegoBaHus CTPYKTYPbl OECKOHEUHOCTH B NPOCTPAHCTBE-
BpeMenn MUHKOBCKOTO BOCIO/Mb3YeMCS UHTEPECHBIM NPeACTaBJIeHHEM
3TOTO npocTpaHcTBa, npuHamiexamuM [lenpoysy. Ot H30TPONHbBIX
KOOPAUHAT U, @ TepeliieM K HOBHIM H30TPOIHBIM KOOpAMHATAM, B
KOTOPBIX GECKOHEUHOCTH U U W Npeobpas3osaHbl K KOHEUHBIM 3Haue-
HuaM. Ilasi 3Toro BBedeM COOTHOIIeHHaMH tg p = 0, tg ¢ = W Ko-
OpIHHATH p U ¢, npuueM —m/2 < p < /2, —a/2 < ¢ < @/2 (u
p 2 q). Torna metpuka mpocrpascrea (A, 1) NpUHEMAeT BUI

ds? =sec? psec?q (—- dpdqg + %sin2 (p — q)(d0* +sin*6 d¢>2)) ,
T. e. du3nUecKas METpuKa KOH(POPMHA METPHKe g—, IS KOTOPOH
ds?= — 4dp dg + sin®(p — ¢) (d6% + sin? 6 d¢?). (5.5)

DTy MeTpHKY MOXKHO NMpuBecTH K GoJjiee NPHBBIYHOMY BHAY, €C/H
BBECTH

V=p+gq, r'=p-—gq,
rue
—n <tV 4r<a, —a<t—r<a r' =0 (5.6)
torpa Bmecto (5.b) umeem
d§% = — (dt')? + (dr")* 4 sin®r’ (d6? + sin? 0 d¢?). (5.7)
Taxkum oOpasom, BCe NPOCTPAHCTBO-BpeMsi MUHKOBCKOrO H300pa-
)Kaercs obaacTbio (5.6) MeTpuKH

ds’ = % sec’ (% (' 4+ r’)) sec” (% (" — r’)) ds,
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rae d§ onpeneasercst u3 (5.7); koopauHaTh (¢, r) us (5.3) cBsA3aHH
¢ t/, r' COOTHOIIEHHAMH

pt=tg (5t +r)) +1g (5 =),
2r =tg (% @+ r')) —tg (% ' - r’)) .

Merpura (5.7) J0KaJbHO COBNAAAET ¢ METPHKON CTaTHYeCKOll Mo-
penu Diinwrelina (cM. pasa. 5.3), IPOCTPAHCTBO-BpEMs KOTOPOH nod-
HOCTbIO OZHOPOAHO *). MoxHO aHaJuTHYeCKH mpoaoaXkute (5.7) Ha
BCIO CTATHYECKYI0 MOZeNb DHHIITeHHAa, T.€. MOKHO MHPOIONKHUTH
KOOpAHHATH ¢/, r’ Tak, 4ToObl OHH MOKPHIBAJIM BCe MHOrooOpasue
RIX 83 roe —oo <<t/ <Too u 1/, 6, ¢ paccMaTpuBaioTcss Kak Ko-
opauHathl Ha S3 (C KOODAMHATHBIMH CHHTYJASAPHOCTAMU nipu r’ == 0,
r"=mnun0=0un0=mn nogobubiMu TeM, uto Gviin B (5.3); artH
CHHTYJIAPHOCTH YCTPAHAIOTCA NepexXo]oM K APYTHM JOKaJbHBIM KO-
OpAuMHaTaM B OKDECTHOCTH TOYeK, rie MeTpuxa (5.7) ocobenna).
Onyckas gBa H3MepeHHsl, MOKHO MPENCTaBHTh CTATHUECKYIO BCEJEH-
Hyo OJfiHumTellHa B BHAe nuaueapa x2-+ y?2 =1, BJIOKEHHOTO B
TpexMepHOe TIPOCTpaHCTBO MHHKOBCKOro ¢ MeTpuKoil ds? =
= —df2 4 dx? 4 dy? (NmOJTHOCTBIO CTATHYECKYI0 MOAEIb DHHIITel-
Ha MOXHO IOJVYUTH BJOXKEHHEM IMJAHHApa X2 -f y2 4 22+ w? = |
B TATHMEPHOE eBKJIMJIOBO IPOCTPAHCTBO ¢ MeTpHKOH ds? =
= —df? 4 dx? 4 dy? + dz? 4- dw?, cp. ¢ [141]).

Hrax, Mbl HMeeM C/IeAYOLLYIO KAPTUHY: BCE NPOCTPAHCTBO-BpEMS
Mupxkosckoro kKoupopmHo obsactu (5.6) cratuueckoil Mogean DiH-
uiTefina, T. €. 3aUITPUXOBAHHON o6/aacTu Ha puc. 14. MoxHO cunTaTn,
YTO rpaHana 3Tof 00JacTH OTpaKaer KOH(pODPMHYIO CTPYKTYpy Oec-
KOHEUHOCTH TPOCTpaHCcTBa-BpeMeHH Munkosckoro. OHa COCTOHT H3
H30TPONHBIX MOBEpPXHOCTEN p == 71/2 (o6o3HaueHHOH JT) n g=—mn/2
(o6o3nauenHo# J~) H BKJIWUYaeT B cebf TOUKH p = m/2, ¢ = m/2
(oGosnauennyio it), p = n/2, ¢ = —n/2 (0GoszHauenuywo %) u p =
= —n/2, g = —mn/2 (obo3naueHnyw i~). Jlwobas HanpasjeHHas B
Gyayilee BpeMeHHIOAOOHAs reoje3nyeckass B npocTpadHcrBe MuH-
KOBCKOTO ZocTuraet it (i7) npu 6eCKoHeuHO GOJbUIOM MOJI0MXKHUTENb-
HOM (oTpHIlaTe]pbHOM) 3HAUYeHHH cBoero adduHHOrO mapamerpa, u
MOKHO CUHTaThb, UTO Ji06ast BpeMeHnnoA006Has reogesndeckas Hauu-
HaeTcqd B i~ M KoHuaetcs B i+ (cp. ¢ puc. 15, a). AHAJOTHYHO MOXKHO
CYMTATbL, YTO H3OTPONHBIE Teofe3nuecKre HAUHHAIOTCA HA J~ ¥ KOH-
qaloTcst HA JT, B TO BpeMs KaK NPOCTPAHCTBEHHOTIOAOOHEIE Te0He3 -
yecKkHe HauMHaloTCs U KoHYatTes B (% TakuM o0pasoM, i+ u i~ MOKHO

*) Tlon 0aHOPOIHOCTBIO TNPOCTPAHCTRA-BPEMEHH 3/eCh HMeeTcs B BHAY CV-
LiecTROBAHNC IPYIILI H3OMETPHII, npeo6pa3oBaHUAMH KOTOPOH KaXIVio TOUKY Mpo-
CTPancTBa-BPEMCHH MOXKHO MepeBecTH B JOOYI APYryI0 TOUKY; OOLIYHO TaKas
rpynia npeoGpasoBaniil HAa3piBAaeTCA TPAU3HTHBHOH  (cM. cTp. 188). — [Mpun
nepee,
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paccmaTpuBaTh KakK H306paKeHHs BpeMeHHNOL00HOH OeCKOHeuHO-
et Gyayulero w npoutoro J+ u J~ — H30TPONHOH GeCKOHEUHOCTH
GyoyUlero U mpounioro u i® — NpocTpaHCTBEHHONOL00HOMH GecKoHeu-
HocTH. (OZHAKO 3TH YTBEPXKAEHHA HE OTHOCATCA K HEreoJe3HYeCKUM

™\
L
~.
i ’/<——f~/1
ﬂ+
Vs
! =0
11
. L >4_/t =z
5‘/ P
L
A
Y r
7 r'=sua

r’'=0

Puc. 14. Craruueckass BcesenHast JiHuwTefiHa, NpeACTaB/ICHHAs KAk BJIOXKEH-
HBH IHJIMHAD; KoopAuHATH 8, ¢ onymiensl. Kaxnzasi Touka mcoGpaaer n0JOBHHY
2-chepn mirowaasio 4msin’r’. 3amrTpuxoBaHHas 00JacTh KOH(pOPMIA BCeMY
NpocTpaHCTBY-BpeMeHH MHUHKOBCKOrO; ee rpanuiy (YacTb H3OTPONHBEIX KOHYCOB

TOUEeK i, I, i") MOXKHO paccMaTpHUBaTh Kak KOH(GOPMHYIO OeCKOHeUHOCTb HpO-
CTpaHCTBA-BpeMeHH MHHKOBCKOTO.

KPUBBIM: Hereoje3uueckas BpeMeHHNoAoOHAad KPHBAA MOXKET HauH-
HaTbcd, HampuMep, Ha J~ u KoHuaTbed Ha JT.) Ilockoabky moGas
noBepXHOCTb Koilin nepecexaer Bce BpeMeHHUNOAOOHbIe H H30TPOITHbIE
reo/le3uuecKue, TO OHAa JOJKHA BLITJAAETb KaK CeueHHe BCero Ipo-
CTpaHCTBa-BpeMeHH, focturaollee rpanunsl . Konpopmuywo cTpyk-
Typy OeCKOHEUHOCTH MOXKHO IPEACTABHUTb TakxkKe, HauepTHB JHa-
rpammy maockoctu (¢, r’) (cum. puc. 15, 6). Kax u na puc. 12, a, kax-
jas TOuKa 3TOi AHarpavMMbl H3o6paxkaer chepy S% a paaualbHble
H30TPOIIHBIE reoje3nyecKue H306paxaloTcs NPAMbIME, HAYIIHMH M0
yraom ==45°. Takoro popa auarpammoil MoxKeT ObiThb NpeACTaBJ/IeHA



‘(audsriiaud \ieHHrdooy o1HdEIOL dTI) () == 4 HHHHI® BH
MOROL H ‘HOMROL YOHHIELOHHId KOLOBIEK XMJOLOM €H BRUXEM ¢_7 ‘of ‘41 YOROL WoHHRLOIMOH BE ‘Add(-7 Lovskedgosh edhol
BBYKBY] "0I0MOE0MHHy HEHOWada-earonedidodi eeAodHS]] eWNedIRHY — g (9LOOHKhOHONDSQ OIAHWAODHOY OJ0 M oJOMOHOMHHY Bwadd

-ogLonedidodn semoiexedgoeH ((eleHETJOON BHIO ON4rol eHoMAUO ddemar) py 'oud BH 9l0eIrg0 KeHHEEOXHALMEE —» ‘G DU d

9 D
(r§-=d)2
o -? BUNIIHNEILOIZ BOHUIOOWOEH
= Z
e =5 BONIZANEIH052
1905037 “; )5 BOHPOLOUNNIWSOG

1-77.4
1su00 = d

3509 = o -29/NEOI2 BOHPOLOU

QUIDOHXO280//

(oKpOW ~OHHIOLIHDIUIOTL/
(oo-=7 oHbo Yy BIWIDD
o =) £ -NdwoWIIDd), 7

}5U07 =7 Jsuod= 4
hwo20oHx0390// QUIOHXZI90)/
1su0d =4 C\\iH&KW

(cot=p‘00=4)p

0=d



140 Ta. 5. Tounvie peutenusn

CTPYKTYpa OeCKOHEUHOCTH Jl000ro chepuuecku CiMMeTPIUHOro
npoctpaucrsa. Ha rakux auarpaMmax GeCcKOHEUHOCTh OyIeT H30-
GpaxkaTbca OAHON JHHHUEH, HAYAMO0 MOJNSPHBIX KOOPAHHAT -— IMYHKTH-
pPOM H HeyCTpaHHMble OCOOEHHOCTH METPHKH — ABOHHOH JHHHEN.
Kondopmnas crpykrypa npoctpanctsa MHHKOBCKOTO, OIHCaHHAS
3J1eCb, NPEACTABAACT COBOH TO, YTO MOMKHO OBLIO GbLI CUMTATH «HOP-
MaJbHBIM» [OBEJIEHHEM NPOCTPAHCTBA-BPEMEHH Ha GECKOHEYHOCTH;
ApyTHe THIIbl NOBEJAEHHS BCTPETATCH HAM B CJAEAYIOUHX pasfeax.
YrnovsHeM, HakKOHEI, YTO MOXHO MOCTPOUTH HPOCTPAHCTBA, JIO-
KaJgbHo copnapatouue ¢ (A, m), BO ¢ UHBIME (KpynHOMacliTaGHbl-
MH) TOMNOJIOTHUECKHMH CBORCTBAMH; 3TO NOCTHIAETCs OTOMKIAECTBJIe-
HueMm B A TOYEK, KOTOPble IKBUBAMEHTHBl OTHOCHTEIbHO AHCKPETHOMH
n3oMeTpun 6e3 pUKCHPOBAHHOHN TOUKH (HANPUMED, OTOXKAECTBJICHHE
TOukH (x!, X2, X3, x%) c Toukofi (x!, x2, x3, x* 4 c), rae ¢ — noCTOSAH-
Hasi, MEHSIET TOMOJOTHUECKYIO CTPYKTYpy R* Ha R3 X S!' u npusoaut
K TIOSIBJIEHHIO B IIPOCTPAHCTBE-BPEMEHH 3aMKHYTHIX BPeMeHHNOox06-
HpIX JuHui). OueBunno, (A, m) npeacraBiser coGOH yHUBEPCA/b-
HO€ HaKpbIBalOUlee NPOCTPAHCTBO [JS BCeX TaAKHX MPOU3BOJIHBIX
IPOCTPAHCTB; Noc/AeLHUe NOAPOOHO paccMoTpeHsl B [3].

5.2, IlpoctpancTeo-Bpems ae Currepa 1-ro u 2-ro poaa

[TpocrpaHcTBEHHO-BpeMeHHbIe METPHUKH [OCTOSIHHON KPHBU3HbI
JIOKAQJbHO Xapakrepuaywres ycaosueM Rapea = (V12) R (€acQba —
—gaafuc) . EMy 3xBuBaeHTHO paBeHCTBO Copeq=0=Rqp — (}/s) RGas,
H, CJeJ0BaTeNbHO, TeH3op PuMaHa ompepeasiercs ORHAM JIHUIb CKa-
aspom Puuun R. M3 cBepHyThIX ToxIecTB BuaHkn cpasy caenyer,
uTo R == const Bo BceM MpoCTpaHCTBe-BPEMEHH; AEHCTBUTENbHO, TH
NpoCTpaHcTBa OAHOPOAHEL. TeHzop DAHMITEHHA HMEET B

1 1
Rgp — ) Rgopy=— IRgab;

NO3TOMY 3TH NPOCTPAHCTBA MOXKHO CYUHTATh PELIEHUAMH yPaBHEHHH
[oJst B IIyCTOM TpOoCTpaHcTBe ¢ A = R/4 nay peileHusMH 119 uje-
aJbHOH KHUJIKOCTH C MOCTOSTHHON MIOTHOCTbIO R/321 1 ¢ OCTOSIHHBIM
nasaennem — R/32n. OpHako nocleAHsis TPAKTOBKA, [M0O-BHAHMOMY,
HelpueMJieMa, MOCKOJIbKY TOT/JAa WIH AaBJeHHe, HJIH [JIOTHOCTb
JOJIKHB! ObITh OTPHLATENbHEIMH; KPOMe TOr0, YPaBHEHHE IBUIKEHUS
(3.10) mas Takofl KHAKOCTH CTAHOBHUTCS HeONpeXeseHHBIM.
IIpoctpancTBo-BpeMsi MHUHKOBCKOTO sIBJISIETCS MPOCTPAHCTBOM
NOCTOSHHON KpuBH3Hb ¢ R = 0. [IpocTpancTBO MOCTOSIHHON KPHBH3-
Hel ¢ R > 0 ecTb npocrpancreo-gpems de Currepa 1-e0 poda, KoTo-
poe obaamaer TtonoJgorueit R! X S® (cM. WHTepecHoe OIHCAHHE
cBolicTB aToro npocrpasrcrsa B [152], npuHamaexamee [Hlpennure-
py). OHo HauboJslee mMpOCTO peasusyercst B BUAe runepbosonia

— +wz+x2+y2+zz=a2
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B IJOCKOM MSTHMCPHOM MpocTpancTBe RS ¢ MeTpuKOil
e dot 4 dw? + dy? 4 dy® + d2? = ds?

(puc. 16). Ha stom runepdoJionie MOMKHO BBECTH KOOPAHUHATHI
(¢, v, 6, ¢), onpeaesseMpie COOTHOIIEHHSAMH

ash(a=!f)y=1v, ach(@a ) cosy=uw,
ach{a="t)sinycos®=x, ach(a~'t)sinysinbcos¢ =y,
ach(a~!f)sinysinOsin¢ = z.

B 311X KOOpAMHATAX METPHKA HMeeT BHJ,
ds? = — dt* + o ch?(a~'1) - {dy? + sin?x (d6® + sin® 6 d$?)}.

Ocobennoctu Merpuxu npu 3 =0, y=nn 8 =0, 8 = n 00yca0B-
JIeHB! JIHIIb MOJSPHBIMH KOOPJAHHATAMHY; 38 HCK/JIIOUEHHEM 3THX TPH-
BHAJDbHLIX CHHIYJISIPHOCTEH, KOODAUHATH £, ¥, O, ¢ MOKPHIBAIOT BCE
NPOCTPAHCTBO Ipu  —oo0 <t <C oo, O0<Cy<<m 0O g,
0 << ¢ << 2n. TlpocTpaHCTBEHHBIMH CEUEHHAMM [OCTOSHHOTO ! §IB-
astorest cepsi S® MOCTOSHHON MOMOKUTENLHOH KPUBH3HBI, H OHH
npeacrasiaaiorT coboil nmosepxnocru Komu. VX reogesuueckue HOp-
MaJH NpCeACTaB/AIOT COO0H JHHMH, MOHOTOHHO CXOASLIHECS] 10 He-
KOTOPOro MHHHMAJbHOTO NPOCTPAHCTBEHHOIO DPACCTOSHHSA U 3aTeM
CHOBa pacxojdluuecs A0 GecKOHeYHoCTH (cM. puc. 16,a).
Ha runeposaouie MoXKIO BBECTH TaKXKe KOOPAMHATHL
a w+tv A Ox A Qy
t=aln « YT exe YT wio
B sTux KoopjiuHATAX METpHKA NPHHUMAeT BHUJ
ds? = — df2 + exp (2a~F) (d£2 4 dg? + d2?),

OIHAKO OIM IIOKPBIBAIOT JHMIb MOJOBHHY THNepOOJOKHIA, TaK Kak f
He ompepedennl npu ©w-+0v << 0 (cMm. puc. 16,6). Obnacte npo-
crpancrsa fe Currepa l-ro poga, agas xoropoil v+ w > 0, obpa-
3yeT mpOCTPAHCTBO-BPEMst CTAUUOHAPHOU modesu Bcemennoil, npen-
goxennoit bongn u Toamom [12] u Xoltom [80]. B stofi Mozmean
NpeanoaaraeTcs, 4To MaTepus ABHKETCS 110 TeoJe3HYeCKHM HOpMa-
asv x nosepxuoctsim {f = const}. ITockoabky npu 3toMm mnpoucxo-
IUT «paspexeHue» MaTepuu, TO IS NOAAEPXKAHHUS TOCTOSIHHOTO
3HAYeHHsT IFIOTHOCTH NPEANOoJaraercs HeNpepbelBHOE POKAEHHE HO-
Boit Martepuu. Bouau » I'oJn He nbITanuCh BBOAUTD YPaBHEHUS OIS
a5 sroil momean, Ho Ilupanu [135] n Xo#n u Hapaukap [82] same-
THJAH, UTO METPUKY CTalHOHAapHOH MOJeIH MOXKHO paccMaTpHBaTh
Kax pellleHne ypaBHeHnit dfinwreiina (¢ A =0), ec1u B fomosaHeHHE
K OOBIUHOI MaTepun BBCCTH CKAJISIPHOE TOJE C OTPULIATENbHOH MJI0T-
HOCTbIO 3Heprui. 10 «C-moge» BLI3BIBAJO Obl TaKXKe H HENpEpbIB-
HOe POKACHHE MaTepHH.

oz
w+v

2 ==
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Craunonapnas Mojdedb 00/aJaeT TeM [JOCTOMHCTBOM, 4TO ee
npejicKasaHus NpOCThl H onpeAesnenHbl. OQHAKO ¢ Hallell TOYKH 3pe-
HAsl y Hee MMEIOTCA JBa HEYJOBJETBOPHTENbHLIX cBoiicTa. Ilep-
BO€ — CYLIeCTBOBAHKHE OTPHUATEAbHOH 3HEPTHH, O YeM TCOBOPHJIOCDH
B pasa. 4.3. Bropoe — BO3MOXKHOCTb paCUIHpEHHs [POCTPAHCTBA-
BpeMeHH, CBfI3aHHAsl C TeM, YTO OHO ABJSAETCH TOJNBKO I[0JOBHHOM

H3ompontsre nosepxroviny
1=~ oo (2panuya cemu

7 Kogpguram) 7 . £=0
op
() CK
£ /e /ﬁ?ggj‘,{ ue /eogesuyeckue
= Hopranu
t=0;paccron-
HUE MEXG, G ?i%%otcm u psepxHocmu
2e0gesusech- Z=const
MU HOprMans,
MU MUHU -
MansHo
/4
4 — :
Bpemernunogodnas eeogesuvecsas, He
z =0 TIEPECERALOY AR [I08ELXHOCMU
? = const
a 0

Puc. 16. IlpocrpancrBo-Bpems Ze Currepa l-ro posa, npeicraBaeHHOe B BHAE
runep6oIOnAa, BJIOKEHHOrO B NSTHMEDHOE INIOCKOE NPOCTPAHCTBO (HA PHCYHKe
[Ba M3MepeHHA ONYUIEHH); a — Koopauuatsl (f, %, 6, ¢) MOKpHIBAOT Bech rumep-
Gonoun; ceverust {f = const} ABJAIOTCA NOBEPKHOCTAME KpuBH3HB k= -+ [,

6 — xoopaunatsl (¢, £, 7§, £) nNOKPHIBAIOT IOIOBHHY rHGepGOIONNA; NOBEPXHOCTH

{f = const} mBasIOTCH MIOCKHMH 3-NPOCTPAHCTBAMM; HX TEONE3HUECKHE HOPMAJH
PacXo[ATcss H3 TOYKH B OECKOHEUHO YAAJEHHOM IPOLLJIOM.

npocrpancrea ge Currepa l-ro poma. HecMoTpsa na 3T BO3paxe-
HHUS, TO-HACTOSIILEMY CIIPaBEAJUBOCTD CTALHOHAPHONH MOAENH Ompe-
ZessieTcs TeM, HacKOJbKO ee NpeldcKasaHWsd corsacymorcs ¢ Hab.io-
penusmu. Corsacus B Hacroglllee BpeMs, NO-BUAMMOMY, HET, HO Ha-
Oar0[eHUs elle He AAKOT AOCTAaTOYHO OCHOBAHHH A/ OKOHUATE]b-
HOT'O BBIBOAA.

Ilpocrpanctso ne Currepa l-ro poja reosesuuecky MOJHO, HO B
HeM CYLLeCTBYIOT TOYKH, KOTOPBIE HENb35l COEAMHMThL HHKAKOMH reome-
3MYECKOH. DTHM OHO CHJIBHO OTAHYAETCS OT NPOCTPAHCTB C NOJNOXKH-
TeJbHO ONpele/eHHON MeTPUKOIl, rie reojle3nueckas noJHOTa rapaH-
THPYeT BO3MOXHOCTb COedHHEHHF JIo0blX ABYX TOUEK 1O KpaliHeh
Mmepe oAHOH reoaesnuyecko#. IlososnHa npocrpancrsa ge Currepa,
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COOTBETCTBYIOLAs CTAlMOHAPHOH MOZeaH, He MOJHA B MPOUIIOM
(CyU1eCTBYIOT Ie0/Ie3HUEeCKHe, KOTOPbIe TOIHBl BO BCEM IIPOCTPAHCTBE
M TIepeceKaloT rpanuiy OO0JacTH CTALHOHADHON MOJeENH, [03TOMY
OHH HENOJHB B 3TOH 00/JacTH).

Uro6el HecaefoBaTh OECKOHEYHOCTh B IIPOCTPAHCTBE-BPEMEHH
ne Currepa l-ro poja, onmpelenuM BPeMEHHYIO KOOpAHHATY ' cie-
AyIolWuM o0pasoMm:

t'=2arctg (expa~'t) ——;— n, (5.8)
rae

——%n <t < %n
Torna
ds?=qa?ch(a~'t) - d§?,

rae ds? naerca gopmyaoit (5.7) nocne 3amensl r’ Ha y. Takum o6pa-
3oM, npoctpancTBo Ae Cutrepa 1-ro posa KOH(GOPMHO YaCTH CTaTH-
yecKofl Bce/leHHOH OfiHIITeliHa, onpefeseHHoH HepaseHcrsoMm (5.8)
(puc. 17, a). Onarpamma ITenpoysa ans npocrpancrBa jge Cutrepa
l-ro poma usobpaxena Ha puc. 17,6. IlomosuHa 3TOro pHcyHKa,
npencrabjJeHHas Ha puc. 17,8, uzobpaxaer Ty uacTh MPOCTPaH-
ctBa-BpeMenn e CHTTepa, KOTOpasi COOTBETCTBYET CTAalMOHAPHOMH
MOJEJH.

Mgzl BuauM, YTO B OTJHYHe OT HOpOcTpaHcTBa MHUHKOBCKOTO
B npoctpaHcTee ne Curtrepa l-ro poaa AMs BpeMeHMNOAOOHBIX H
M30TPOINHBIX KPHBBIX CYILECTBYeT Kak B GYIYILEM, TaK H B MPOLLIOM
IIPOCTPaHCTBEHHONOA00HAsT 6eCKOHEUHOCTh. DTO pas/jHuue COOTBET-
CTByeT CYIL{eCTBOBAHHIO B IpOCTpaHcTBe-BpeMeHu fe CuTTepa ropu-
30HTOB YAaCTHI H COOBLITHN AJS Teofe3HuYecKHX ceMeHCTB Halb.ioxa-
TeJsel.

Paccmorpum B nmpocrpanctBe ne Currepa l-ro poma ceMmeficTso
YaCTHL, HCTOPHAMH KOTOPBIX SIBJASIIOTCS BPEMEHHIOAOOHLIE reope3t-
yecKHe. DTH JHUHUH HAYMHAIOTCS HA MPOCTPAHCTBEHHONOAOGHOH Gec-
KOHEYHOCTH J~ M KOHUYalOTCs Ha MPOCTPAHCTBEHHONOAOGHOH Gecko-
Heunoctu J*. Ilycth p — HeKkoTOpoe cOOBITHE HA MHUPOBOM JHHHH
vactuusl O 3TOro ceMeficTBa, T.€. HEKOTOPHLIH MOMEHT €€ HCTODHH
(co6GeTBeHHOE BpeMsl, u3MepeHHoe BAOJAb MHpoBo# auHuu O). Cse-
TOBOIl KOHYC MPOLLIOTO COOLITHS p — 3TO MHOMKECTBO COOBITHH B
IPOCTPAHCTBE-BDEMEHH, KOTOPElE MOXKET YBHAETh HabJionaTesb, Ha-
XONAIIMICSA Ha yacTulle B 3T0 BpeMs (Habmiomartetr O). Muposne
JHHHY HEKOTOPBIX APVIHX YACTHI, MOTYT IepeceKkaTh 3TOT KOHYC, H
9TH yacTuiel HaOdonarens O moxer yBuiets. Ho moryr cyuiectso-
BaTbh YaCTHIbl, MUDOBBIE JUHHH KOTODPHIX HE NEPECEKAIT 3TOT H30-
TPONHBIH KOHYC H, TaKUM 0o0pa3oM, ellle He BHAHL Habmawogarenio O.
B Gosee mosaHne MOMeHTHl BpeMmeHH Habmofartenp O MOXKer yBU-
AeTb 60Jbllee YHCAO YaCTHL, HO ¥ B 9TH MOMEHTHl GyAYT CYLIECTBO-
BaTh YacTHIb, HeBHAHMBIE O,
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Mpl 6yaeM TOBOPHUTb, UTO YaCTHUbI, KOTOpble Habawodareds, O B
COOLITHH p MOXKET YBHAETb, OTAEIAIOTCS OT UacTHil, He BHANMBIX O

B 3TO BpeMsl, 20PU3OHTOM uacTuy Habdawdareas O 8 cobetruu p,

r'=0 r’=x

il

e
L N t=22), cpepa §°
[ty h | 9¢'= const
| 1L g
Bl <
)
LeTTTTTES e - e ) epepa §°
a Aunuu
o _apemenu
I(¢ =00) 9/(1":"") (£ = const)
A W Aureru
flosepxrocmu [ Sro &
¢ ﬁconst N b (x - const) |
T
:
[
A=0 i |
(wogpgurammas | 1
CURSYANITPHICTS ) Py

I (t =~o) (hoopguramHaa
CuHeYnaprocTs) Keopguramuas
0

cutizynapraems (X=0)
Puc. 17. a— npocrpancrBo-speMst Le Currepa l-ro poia goudopyuo obaacTil
— /2 <1’ < m/2 craTHueckKo#l BecesenHoil DiHwTefina; 6 — auarpavma [lenpoysa
npocrpanctea-spement Ze Currepa 1-ro poia; ¢ — auarpamva [lempoysa cra-
unonapuo#i moneau Bceemennoli. Ha amuarpammax a u 6 xawmias Touka usobpa-
Kaer 2-cepy mIomanbio 2w sin y; W30TPONHBlE JHHHH HPOXOASAT HOA YIVIOM 45°%;
% =0 " y =N OTOXIECTRBJITOTC,

9TOT TOPU3OHT ONpPeNeaseTCss MUPOBBIMI JUUHAMH YaCTHL, JeKallnX
Ha npenete BuauMoctH Habmiopatedd O. OrTMeruM, 4TO FOPH3OHT
GacTyll OTpeHeaeH, TOJbKO eC/H MHPOBbie JUHHH BCEX YaCTHIL Ce-
meficTBa u3BeCTHHL. Eciu HekoTOpas dacTuua JeKHT Ha 3TOM Tropi-
30HTE, TO p — 3TO COBLITHE, B KOTOPOM H30TPONULIT KOHYC MOMEHTA
«POXKAEHHS» 3ITOI yacTHUB nepeceract Muponvio aniuno O. C apy-
roil cropoubl, B npocrtpaHcTse MuUKOBCKOro B Ji060M COOLITHH p
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Ha muposofl JauHHM O MOXHO YBHIETb BCE APYrue uUacTHIDI, €CJIH
OHH [ABIXKYTCS 1O BPEMEHHNOZOOHBIM reogesuueckuM. [loxa ™Mbl
paccMmaTpliBacM TOJbKO ceMellcTBa reoje3uyeckux Habdaioaareded,

Muposas nurus O Yacmuya, sugras O
s p

lopusorm yacmuy
g 0sp

Yacmuyss, somopsre
ewge He gugHs! 08 p

\§
\\N

N
D
N

N

Mupossre  ~
V270 J

yacmuy

\
\
\

\
N
<l
T

N
N

Hsomponterd. Korye npownozo 0 6 p
aQ

Maposas nurnua 0

Bee amu yacmuyesi
6ugHs! 0 8 p

Mupossre
auRaL Jacmuy

e .
H30monksIu KoHYe
npouinozo J6p

Puc. 18 a—ropusour uacrum, onpeletseMbll KOHLPYIHIHEH TeoNe3nuecKux
KPHBLIX [PH MPOCTPAHCTBEHHOMNOAOOHON GeCKOHEUHOCTH npoIioro J H3OTPOMIBIX

reole3nvyecknx; 6 — OTCYTCTBie TAKOTO TOPH3OHTA NpH H3oTpomuoil J .

CYlLleCTBOBAHHE TOPH30HTA UYAaCTHI MOXHO CUUTaThb CJEACTBHEM
HPOCTPaHCTBEHHONOLOOHOCTH GeCKOHEYHOCTH Mpountoro (puc. 18).

Bce coBbiTHST BIIe H30TPONHOTO KOHYCA NMPOLIJIOr0 HEBHAUMBL U3
i Jo0 cobbiTus p HHKorma He Oblin BuAuMbl. Muposas aunnus O
uMeerT npeeablyio Touky Ha J*. B npocrpancrse-spemenn ge Cur-
Tepa l-ro poaa M30TPONHBII KOHYC MPOILJIOr0 3TOH TOUKH (moqayuae-
MBUT TpeIesbHbIM MepeXofoM B PeaJbHOM NPOCTPAHCTBE HJAH HENo-
CPEICTBEHIIO 113 KOH(OPMHOrO MPOCTPAHCTBA-BPEMeEHH) SIBJAACTCH
rpanuueil MekAy COOBITHAMH, KOTOPbIE XOTs Obl B KAKOH-TO MOMEHT
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BpeMeHH CTaHyT BuAuMbl HabmiomateneMm O, u COOLITHAMH, KOTO-

puie O Huxorzaa He yBuAMT. TaKyio NOBEPXHOCTL MLl HA3LIBAEM 20pU-

8OHTOM cObbITUll 6ydyujeco NanHOH MHPOBOH AuHnu., DTO TpaHuUa
+

Muposag »ususg 0

\ k\\
%

— . B
Codsimus, Komo- == g M30mponksill KOHYC
pbie 0 HiKo2ga ' 7 o= dygyiceo 06 p
HE Yeugum =t 7 P

fopusonm codsimud

.:?“‘\
&\\\\\\ |
\
|

<N 7 { A
?‘:‘ = J| ‘»{ npouwinoze 0
[aptisonm codsirid S X =X===
oygygezo 0 27N =
94 === ; =
==7 A S Ladsimusn, Ha Horo-
:'\ X . \\\\\ == o> pele 0 HUKOZga HE
== AN CMOXKEM NOGAUAME

\

P /‘/a,oa%m aurnug  fopesonm codsimud npownoee ¢ ¢ p

i° MUpOBAs IUHUR 2609€3UYECKIEO
wadnrogamens 0

yf

/'/l//?/]dll}l AUHUST HELOGESUYECKOZO
Hadirogamens R

H3omponKsid KoHye npauinoeo

0 8 D; 8 KOHEYHON UMOZE OH OXGATUT  [RpusoHm Code/mud G
6Ce NpoCmpay c/men-6pems 5 PLSORIT E006M wgyyeco g4 i

Puc. 19. g —ropusodr cobsituit Gyaywero aas vactuusl O, KOTOpHI Cyie-

¢TBYET, Korjga GeCKOHEYHOCTh OYAYLIEro g% npocrpascTeHHONONOGHA; i ado-
THYHO FOPHBOHT COGBITHI NPOILIOTO, KOTOPbIf CYIIECTBYET, KOTAA NPOCTPAHCTBENHO-

noro6Ha GecKOHEUHOCTb MNpouioro J~—; 6 — ecan 0eCKOHEYHOCTh OYAYILEro Co-

CTONT M3 M3oTponHON momepxuoetn I W us % xas renleanveckoro wat.ona-
Teqs O Be cyluecTByeT ropu3onTa cobuTnil 6yaymero. OAHAKO Y YCKOPSIOWErocs
Ha6moNaTC1A MOXKCT OBITb TOPH30HT COOBITHH OyAyuicro.

MupOBOI auHuM npoumutoro. HanpoTus, B mnpocrpascTBe-BpeMeHH
MHHKOBCKOTO 1IpeleNbHbll H30TPONHBIE KOHyC J000T0 reoiednue-
CKOTO HaGJoaTens BKIKUZeT BCe NPOCTPAHCTBO-BpeMd H, C/Ae[o-
BaTeNbHO, B HeM HeT COOBITHH KOTOPBIX reoJe3nuecKuil Habaonarens
HUKOTZA He cMoKeT yBHAeTh. Onnako, ecsin HabAI04aTelb ABHKETCA
PaBHOYCKOPEHHO, €0 MUPOBast JHHHSA MOXKET HMETb IOPH3OHT COObI-
Tuil 6ynymero. CywecTsoBaine TOPH30HTA COOBITAR OyRyiiero Ajs
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reoJe3HYECKOro HadA104aTeasi MOAHO PACCMATPHBATL KAK CJAEJICTBHE
npocTparcTBeHHonoqo0HocTH I+ (puc. 19).

Paccmorpum ropusoHt cobbrtuit mas madmogatedas O B npo-
crpaHcTBe-BpeMenu Ae CuTTepa u INpeanonokaM, UTo B HEKOTOPbIIl
MOMEHT COOCTBEHHOTO BpeMeHH (COOBITUE p HA ero MHPOBOH JHHHH)
€ro H30TPONHBIA KOHYC IepecexaeT MUDOBYIO JHHHMIO uacTuubl Q.
[Tocne storo nabmonarens O Bcerga mMoxer BumeTh uactuuy Q. Ho
Ha MUDOBCOH jauHuHM ( uMeeTcsl COOBITHE 7, KOTOPOE JIEKHT HA TOPH-
soute cobeituit Oyayuiero yactuusl O; O uuKorja He YBHIHT TeX
COOBITHH Ha MHPOBOH JuHWU Q, KOTOPbIE PACHOJIOKEHbLI TIO3JHEE 7.
Bousee Toro, aio6oe nanHoe cobbithe Ha MUPOBOH auinu O oTAeseHO
OECKOHEUHBIM MPOMEXKYTKOM COGCTBEHHOTO BPeMEHH OT COGLITHS,
KOrZla OH CMOXKET yBHJETb f, HO BMeCTe C TeM MeXJy JI0GbIM coBbl-
THEM BJOJb MHDPOBOH JUHHH Q #u COGBITHEM r, TIPEACTABSIONIHM CO-
6ol 00bIYHOE COGBITHE Ha 3TOH JMHMHM, MPOXOAHT KOHEUHOE BPeMsi.
Takum o6pasom, Habmogatenb O 3a 6ecKoHeUHOe BpeMsi BUIUT KO-
HEYHYIO Y4acTb UcTOpHH Q; BhIpamasce 0ojee QU3HUHO, Ipu HaGJIIO-
Aenuu vacTuubel Q HabmiomateseM O HPOMCXOAHT KpacHoe cMmelle-
HUE, KOTOPOe CTPEMHUTCH K GeCKOHEeYHOCTH IO Mepe HPUOJIMMKEHHS
HaOJ/10f1aeMblX Ha MHPOBOH suHMu Q cobbituii K Touke r. CooTBET-
CTBEHHO € YacTHIbl Q HUKOIAA HEIb3si OYAET YBUAETH COOBITUI, Cle-
AYIOLHX 3a HEKOTOPOH TOYKOH Ha MUDPOBOH JiuHuK O, a 6ausaexaliue
K Hedl TOYKH HaOMI0Qal0TCsl ¢ OYeHb OOJIBIIUM KPacHBIM CMELIeHHEM.

Nsorponublfi koHyc Oyayllero aw060i TOYKH MHPOBOH JHHHH §IB-
JseTcs TpaHHUel MHOMXKeCTBa TakHX COOBITHII B NMpOCTpaHCTBE-Bpe-
MeHH, Ha Koropbie O MOKeT BJAMATb HAUMHAS ¢ JAHHOTO MOMEHTA.
Yro6bl NOJAYYHTH MAKCHMaJbHOE MHOMECTBO TeX COGBLITHH B Ipo-
CTpaHCTBe-BpeMeHu, Ha KoTopble O MOXKeT BJAHATHL XOTh B KaKOH-TO
MOMEHT, BO3bMEM H30TPONHLII KOHyC OyAyllero npelefbHOH TOYKH
MupoBo#l Junuu O, pacno/oxeHHo# B OeCKOHEYHOCTH NPOLLIOro J;
HHaye roBOPS, BO3bMeM TpaHHUy OVAYLIEro 3TOod MHPOBOH JHHUH
(ee MOXKHO paccMaTpuUBaTh KaK H30TPOIHBLT KOHYC MOMEHTa POXKAE-
#ust yacruubl O). Takasi HeTpuBHAJbHAs 06/1aCTh CYLIECTBYET IJIsI
reofie3nueckoro HabJl04aTenss TOJAbKO TOTAA, KOrjaa GeCKOHEeUHOCThb
npomaIoro J - npoctpaHcTBeHHononobHa (u Toraa ona (paKTHIECKH
SBJISETCH TOPHU3OHTOM COOGBITHII npouwtoro vactuuwt O). M3 npuse-
JEeHHBIX paccyKAeHuil sCHO, 4TO B CTALlMOHAPHOH Mojaenu, rie Gec-
KOHEYHOCTb NMPOUIJIOTO AJIS H30TPONHBIX ¥ BPEMEHHIIOLOOHBIX reoje-
3HYeCKUX H30TPOMnHA, a GeCKOHeuHOCTh OYAVIIero npocTpaHCTBEHHO-
nono6Ha, JA060f QyHAAMEHTaMbHbII HAOMIOAATEdb HMEET OPH3OHT
COOHITHH OyAyllero, HO He HMeeT TFOPH30HTA COGBITHH NPOULIOTO.

OroxzecTBieHneM Touek npocrpaHctBa e Currepa l-ro pona
MBI MOXKeM [OJIYYHTb JAPYTHE JIOKa/JbHO-3KBHBAJEHTHBIC eMy IIpo-
crpaHcTBa. [lpocrefiinit cayuail — oToXKIECTBICHHE aHTHIOAANb-
HBIX TOuek p, p’ (cMm. puc. 16) na runepSoaone. Tlo1yueHnoe npo-
CTPaHCTBO He ODHEHTUPYEMO BO BpPEMeHH: ecid B p BpeMms TeueT
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B HANpaBiCHUH CTPCAKH, TO AHTHHNOAAABLHOE OTUAICUTHICHHE fpe-
Oyer, uTOOL OHO B p’ TEKJO B HaNpaB/JIeHHH INPOTHB CTPCIAKI, HO
Takoe OToxkJecTBJAeHHe Oyayllefl Npowmwoll NOJOBHHDLI H30TDONHOIO
KOHyca He/lb3s PaclpoCTpaHUTb Ha Bechb runcpdosoni. B padore
[19] mompoBGHO H3ydeHbl HPOCTPAHCTBA, noJydaloL{Hecs NPH TakHX
OTOXILECTBAEHHSX; B YACTHOCTH, B Hell nokasalo, 4To [POH3BOJIbL-
Has ToukKa B MOJYYEHHOM IMpPOCTPAHCTBE MOMKET OBITh COCIHHEHA
reoj1e3uyeckoil ¢ GO NPYyrod TOYKOH, €CJiH U TOALKO eCiH Ipo-
CTPaHCTBO HE OPHEHTUPYEMO BO BPeMEHH.

TTpocTtpancTBO nocTosinHON KpuBU3HE ¢ R <C 0 naswiBaercs npo-
crparcreom Oe Currepa 2-eo poda. OHo ofaamaer TOMo.10THEN
St X R?® u woxeT ObITb MPeJCTaBJIEHO B BHIAE Tulepdonouia

—u2—02+x2—{—y2—|—22=—1
B IJOCKOM MSITHMEPHOM NpocTpaHcTBe R® ¢ MeTpHKOH
ds? = — (dw* — (do)? + (dx)’ + (dg)* + (d2)”
B 3ToM mnpocTpaHCTBE CYLIECTBYIOT 3aMKHYThlE BPeMenHnoI0o0HDIe
JMHHH, OJHAKO OHO HE fBASETCS ONHOCBSZHLIM, H €CJad MLl passep-
Hem kpyr S! (uto0bl NOJTYUUTb €ro HaKPbIBaIoUlee NPOCTpaHcTBo R1),
To OyleM WMEeTb YHHBEDCAJbHOE HaKpblBalolliee NMPOCTPAHCTBO MPO-
crpancrsa ge Currepa 2-ro pola, B KOTOPOM HET 3aMKHYTHIX Bpeve-
HANOJOOHBIX JuHME. B naapsefimem nop npocrpancrsom ge Cur-
tepa 2-To pojia Mbl OyAeM NOApPa3yMeBaTh 3TO yHHBEPCadbHOe Ha-
KpBIBalollee POCTPAHCTBO; OHO HMeeT TOMOJOTHIo R
Metpuga 3TOro NpoCTpaHCTBA MOXeT OBITh 3aMHCaHA B BHIE

ds? = — df* + cos®t {dy®> + sh?y (d6* + sin* 6 d¢$?)}. (5.9)

Dta cucTeMa KOOPAMHAT MOKPBIBACT JAHLIL YACTb [POCTPAHCTBA H
HMeeT KaxKylluecs CHHryaspuoctd npu ! = ==n/2. [Ipocrpaucrso
LEJUMKOM MOMXKeT GbIThb NOKPBLITO KoopauHatamu (I, r, 6, ¢), B koTo-
pPHIX METpUKa NPUHUMAeT CTATHUCCKYIO dopMy:

ds?==—ch?r dt’* + dr? + sh?r (d0* + sin® 0 d¢?).
B Takom npeAcTaBJEHHH NPOCTPAHCTBO MMOKPLIBAETCH MMOBEPXHOCTS-
mu {#’ = const} ¢ HereogesnueckHMH HOpMaAAMH.

Jlas ucc/efOBAHUS CTPYKTYPHI GECKOHEUHOCTH BBEAEM KOOp M-
nary r’.

r'=2arctg (expr) —m/2, O0<r' < m/2.

Torpa moayuaem ds*==ch?rd$% rme d$® ompedensercss GopmyiIoi
(5.7); uHBIMU cJOBaMHM, Bce npocTpaHcTBo Ae Curtepa 2-ro poxa
koudopmuo obaactu 0 << r’ <C n/2 3fHITEAHOBCKOTN CTATHUECKOTO
unnuagpa. CoorsercTByomas fuarpamma [leHpoysa nprsefeHa Ha
puc. 20. M3oTponHyio u nmpocTpaHCTBEHHYH GeCKOHEYHOCTH B 3TOM
ciyuae MOXKHO NpeAcTaBasTb cefe Kak BPEeMEHHNOZOOHVIO MOBEpX-
HocTb. Tonodorust 37Ol MOBEPXHOCTH 3KBHBadeHTHa R! X 82
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Puc. 20. a— YHHBEPCA/IbHOE IPOCTPAHCTBO Je Currepa 2-ro pola xondopmuo
MOJOBHHE CcTaTHuecKoi BcestenHoll Dfinmrefina. Koopaunatw (7, 3 6, ¢) moxpw-
BAIOT JHUb H300paxKeHHYI0 Ha PHCYHKe POMOOBHAHYIO 08JacTh. TOria KaK KOOp-
nuyats (¢, r, 8, ) MOKPHIBAOT BCE NPOCTPAHCTBO. Bee reolesmueckie, opToro-
HaJbHBE K OBepXHOCTAM {f = const}, cxomaTcs B TOUKAx p m ¢ W 3aTemM pacxo-
IATCA B HOBYK Takywo ke poMmOomuanyw ofagacth u T. 4., 0 — Aunarpavva

ITenpoysa npoctpanctsa e Currepa 2-ro poda. DeCKkoneyHOCTH COCTOMT 13 Bpe-

MEHHRONOGHON NOBePXHOCTH I 1 OTReNbIbK Touek i+, i~ [IpuBeflens NMpocKLH

HEKOTOPbBIX BPGMGHHHO,U\OGHUX H3O0TPOIHLIX FCOAC3HIECCKIIX,
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B npocrpanctse ge Currepa 2-ro pofa Hesb3st HOCTPOHTb KOH-
dbopmHoe npeobpasoBanie, nepeBoAdllee BPEMEHHYIO OeCKOHeUHOCTh
B KOHEUHYI0 00J1aCTb, €CIM HE CKHMaTb CTATHUECKYIO BCEJEHHYIO
OitHWITeiHA B TOUKY (ec/d NpH KOH(POPMHOM 1peobpasoBaHMH Bpe-
MEHHas KOOpJAHHATa OCCKOHEYHOCTH CTAHOBHTCH KOHEUHOMH, TO Mac-
wrad NPOCTPAHCTBEHHOIO CeYeHHs YMHOMKAeTcs Ha GecKOHeuHbli
MHOKHTENDb), H NOSTOMY MLl H3oOpaxkaeM BpemeHunoxobuyio Oec-
KOHEUYHOCTb OTAEJbHO CTOAIUMHU ToUuKamy it, i

Junuu {y, 0, ¢ = const} sABASIOTCST TFeOAEIUUECKMMH, OPTOTO-
HaJbHBIMU K NOBEpXHOCTsM {f = const}; ouu Bce cxonsrcs B Oyay-
meM (COOTBETCTBEHHO B IPOLITOM) B TOYKAaX ¢ (COOTBETCTBEHHO p)
NPOCTPAHCTBA-BPEMEHH, U 3TUM CXOXKAEHHEM OODBACHSETCS HaJHUHe
Kaxymuxcs (KOOPAMHATHBIX) OCOOEHHOCTEH B IEpPBOHAYaAJbHOM
BuJle METDHKH. DTHMU KOODEMHATAMYU NMOKPLIBAETCS 0562CTh MEXAY
NOBEPXHOCTbIO { = 0 M H30TPOMHBIMH TOBEPXHOCTAMH, HAa KOTODBIX
reojle3i4eckHe HOPMaJid CTAHOBATCH BBIPOXKIEHHBIMH.

ITO NPOCTPAHCTBO 06JgafaeT ABYMs APYTHMH HHTEPECHLIMH 4Yep-
TaMu. Bo-nepsuiX, BC/IeICTBHE BPEMEHHNOAOOHOCTH OeCKOHEYHOCTH
B HeM Hurje Her mosepxHoctd Komm. XoTs U MOMXKHO MOCTPOHTb
ceMeHCTBA HPOCTPAHCTBEHHONOAOOHLIX IMOBEpPXHOCTEl (Hampumep,
noBepxHocTH {f’ = const}), KOTOpBIE HOKPBIBAIOT IPOCTPAHCTBO MOJ-
HOCTBIO, BCe XKe A5 JI000f NaHHOHW NOBEPXHOCTH TAKOIO ceMeHCTBa
CYLIECTBYIOT H30TPOIHBIE Ie0/[e3ndeCKHe, KOTOPhIE ee HUTJe He Tepe-
cekatoT. Eciy 3ajaTe HavadabHBle AaHHBle HA KaKOH-AMGO M3 3TUX
noBepxHoOcTell, 3a npegeaamu ee odaacru Koluy Hesb3si 4T0-aubo
npeacKa3aTh; TaKuM 00pasoM, ¢ NOBePXHOCTH {{=0} MOXKHO ZeaaThb
npeicKalaHus Julllb B 06JaCTH, NOKPHITON KoopAuHartamu ¢, x, 8, ¢.
JI1060H MonbITKe MpeAcKasaHnil BHe 3TOH 06JgacTH NPENsATCTBYET 10-
CTyIIeHHE «CBexel» HHPOpMaALHH U3 BPEMEHHUIOL00HOH OeckoHed-
HOCTH.

Bo-BTOpPBIX, B COOTBETCTBHHM C TEM, UTO BCE TeOJe3HuecKue Hop-
maau H3 f =0 cXoxstcs B p U ¢, BCe Teoje3WUecKHe H3 p B IPO-
moe pacxoiarcad (HopMaJibHO K moBepxHocTH {f = const}) u cHOBa
cxXolATcs B ¢. B NelCTBHTENbHOCTH BCE BpeMeHHNOA00HbBIE re01e3Hu-
yecKHe M3 JI00OM TOUKH 3TOr0 MpoCTpaHcTBa (M B npoumuioe, u B Oy-
aymee) QOKYCHPYIOTCS B TOUKY-H3oOpaKeHde, OT Hee CHOBA Pacxo-
AATCA U CHOBA (POKYCHPYIOTCS BO BTOPYIO TOUKY-H300paKeHue u T. L.
[TosToMy BpeMeHHIofN00HAS reoae3uueckas u3 p B Gyayllee HHKOT LA
He MOXKET JOCTHYb J B OTJHUUHe OT H30TPONHON reojesndeckoil B 6y-
oyuee, KOTopas AOXOHAHUT Ao J u ofpasyer rpaHuily OvAyLIero Tou-
ku p. Kax ciegcrsie Takoro pasauuusi MexKIy BPEMEIHIOLOOGHBIMH
M WU30TPOMHBIMH Teofe3uyecKMMu B OyayuleM TOuKkH p (T.e. TaM,
KyJa MOTyT OLITh NPOBEAEHBl M3 p HanpaBJeHHble B Oyayllee Bpe-
MEHUNOJO0HbIe JIHHHM) CYLeCTBYIOT OO/JaCTH, KOTOPBIX HeJb3s
JAOCTHUYb M3 p TO KakKoH-1ub0o reojgesnuyeckoil. MuoxkecTsoMm Touex,
KOTOPBIX MOXKHO AOCTHYb MO HaNpaBJeHHBIM B Oylyllee BpeMeHHU~
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nonoGHBIM JMHHUAM H3 p, OYIeT MHOKECTBO TOUEK, JCKAUIUX BhILIE
H30TPOIHOr0 KOHYCa OYAVLIEro TOUKY p; MHOMKECTBO TOUEK, KOTO-
pPBIX MOMKHO [IOCTHYL H3 p IO HaNpasjeHHbIM B OyAyllee BPeMeHH-
NOJO0HBIM reoje3nyeckKuM, 00pasyeT BHYTPEHHOCTb GECKOHEUHO
MOCJeN0BaTENBbHOCTH poMBoobpasHbIXx obJacredl, MOLOGHBIX TOMH, KO-
TOpasi MOKpBIBaeTcd KoopauHatamu (¢, x, 6, ¢). 3ameruu, uto Jio-
6yo Touky B obusactu Komu nosepxuoctd f =0 MOXKHO [I0CTHYb
C 9TOH TOBEPXHOCTH MO €AMHCTBEHHOH reo/e3MYECKOl HOpMaJiH, HO,
BooGIle roBopsi, N0 Touek BHe o6jactu Kolm Hedb3s nposecTH
reoJle3UYecKyo HopMadab K [ = 0.

5.3. IIpoctpancreo PoleprcoHa — Yokepa

Jo cux 1mop Mbl He HHTEPECOBAJHCb TeM, KaK CBA3aHbl ¢ peaJb-
Ho#l ¢usnueckoit Becenennoft Tounsie pemenud. Caenys DfHuTeliny,
Mbl MOXKEM CNPOCHTB: HaBAeTcs JIH NPOCTDPAHCTBO-BPeMs, KOTOpOe
SIBJISIETCS TOYHBLIM pelleHHeM I KakoH-Anbo moaxoismieid Gopmbl
MaTepuu ¥ NPH 3TOM XOPOLUO ONHCHIBAET KpPynHOMAacIiTaOHble CBOM-
cTBa nHadawonaevoil Beenenno#t? Ecan TakoBoe Hafigerca, To Mbl MO-
XKEM YTBEpXKIAaTb, YTO HMEeM PasyMHYI0 «KOCMOJIOTHUECKYIO MO-
JeJib», T. e, MoAeb hu3nueckoi Beenennoi.

OznHako MBI HE MOXKEM TOCTPOUTb KOCMOJOTHYECKYIO MOJAE/b, KO-
Topas Gpiia O6bl cCBOOOAHA OT HEKOTOPOH npuMecu puiaocoduu. B ca-
MBIX PAHHHX KOCMOJOTHSIX Yel0oBeK NpUMHchiBand cebe TOCIOACTBYIO-
mee nojaoxeupe B neHTpe Bceenennoii. Haunnaa ¢ Bpemen Konep-
HHKA, MBI TIOCTETNEHHO CMYCTH/JAMCh Ha CPEIHEro pasMepa NJaaHery,
00pallaIlyIocs BOKPYT CpefHEro pasMepa 3Be3[bl Ha OKpaHHe JHO0-
BOJAbLHO OOLIUHON TajJaKTHKH, KOTOpas caMa fBJsSeTCS BCEro JHUIb
usieHoM MecTHO! rpynmel rafakTHK. Mpl cTaju Tenepb CTOJb JIEMO-
KpaTH4Hbl, YTO He BO3bMEMCSl yTBepKIAaTh, OYATO Halle MOJOXKeHHE
B NIPOCTPAHCTBE XOTb KakK-TO BhigenaeHo. Benen 3a bouan {10] 6ynem
HA3BLBATh TPEANOJN0KeHHe O HEeBLIAENEeHHOCTH HAIIero IMOJ0XKEeHH
npunyunom Koneprura.

ITOT HECKOJIBKO TYMAaHHBI NPUHUMI MOMXKHO HHTEPIPETHPOBATH
caenyroliimM o6pasoM: npu BbGope mnoaxoxaaulero Macuitaba Bce-
JeHHas npuOJM3HTEABHO MPOCTPAHCTBEHHO OAHOPOLHA.

ITox mpocTpaHCTBEHHOW OZHOPOAHOCTBIO MBI MOAPA3yMeBaeM Cy-
I{eCTBOBaHHe AeHCTBYIOUIEH HA J TPYyNnnbl U30MeTpPUll, TOBePXHOCTH
TPAH3HTHBHOCTH *) KOTODPOH ABAAIOTCSA NPOCTPAHCTBEHHOMOAOOHBIMH
3-1oBepXHOCTSIMU; IPYTHUMH cJoBaMu, Jio6as Touka Ha OJHON U3
3THX noBepxHocTell 3KBHBaJeHTHA J1060H APYrofl TOUKe TOH XKe Tmo-
sepxnoctu. KoneuHo, Bcernennass He B TOYHOCTH MPOCTPAHCTBEHHO
OIHOPOLHA; B Hell CYLIeCTBYIOT JIOKaJbHbie HEOJHOPOJAHOCTH, TaKHe,

*} TloBepXHOCTBIO TPAaH3HTHBHOCTH Tpynnbl npeolpasoBaHuii Ha3bIBAETCA NO-
BEPXIIOCTh, KaxKjias TOYKA KOTOPOH MOXeT OblTb mnepeBeseHa mnpeo6pasoBaHueM
TPYNNEE B JOGYI0 APYTYIO TOUKY 3TO MOBePXHOCTH. -— [Ipun. ped.
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KaK 3Be3JLl H raJakTHKU. TeM He MeHee NMpelCcTaB sfeTcsi pasyMHbIM
NPeano10XnTh, 4To BcenenHas npocTPaHCTBEHHO OAHOPOIHA B A0~
CTATOUHO DOJLLIAX Macliradax.

XoTs Mbl M MOXKeM NOCTPOHTb MaTeMaTHYeCKHe MOJENH, yAOB/le-
TBOpPSAOULHE 3TOMY TpeGOBaHHIO OJHOPOIHOCTH (CM. caeayIoWui pas-
Aes), 1O HeNocPeACTBEHHO NPOBEPUTb OZHOPOAHOCTH € MOMOILLIO
HaOMIOleHHH TPYJAHO BCJENCTBHE TOro, YTO HET MpocToro crnocoba
u3Mepenis paccToAHuil A0 yHaJeHHbIX 0ObeKToB. DTa TPYAHOCTH
cMsryaeTcss TeM 00CTOATENbCTBOM, UTO B NPUHIHKIE MBI JOBOJBHO
JErKo MoxKeM 0o0Hapy:KuTb NyTeM HAGJIONCHHE BHEraJakTHYECKHX
O00BEKTOB M30TPONHIO (T. €. IPOBEPHTb, COBNAAAWT AU DPe3YJAbTAThl
nHabamoleHH! B pasJHUYHBIX HaOpaB/JeHHAX), a H30TPOIHA TECHO
CBf3aHa C OAHOPOANOCTbIO. BHINOJIHEHHBIE 00 cHX 1MOp HabJ01eHud
Mo MpOBepKe H30TPONHU MNOATBEPIKAAIOT BBIBOL O MNPUOIHKEHHOH
cpepruueckoll CHMMETPHH OKpyxalolieil Hac BceserHOI.

B wacriocty, ObliI0 MoKas3aHo, 4TO BHera/JakTHUECKHe paluOHC-
TOUHHKH pacnpeiesJeHbl NPHOJH3UTEIbHO H3OTPOINHO, a OOHApYKEH-
Hbll HeaaBHO (OH MHKPOBOJHOBOI'O H3JY4YEHHs B HMCCJIEI0BAHHOIM
ob6aacTy cnexTpa B BbICLIEN CTENeHH U30TPOTIEH.

3anucarh M MCCJAeJOBATh METPHKH 174 BCeX cayuaes chepuue-
CKH-CHMMETPHUHOTO MPOCTPAHCTBA-BPEMEHH BIIOJIHE BO3MOKHO. Kon-
KPeTHBIMH MPUMEpaMU NPOCTPAHCTB C TAKON CHMMeTpHuell ABJISIOTCS
pewenus MIapuwnabaa u Pafichepa—Hopacrpema (cm. pasa. 5.5),
KOTCpble, 0JHAKO, ABAAITCA ACHMITOTHYECKH IIJIOCKHMH OPOCTpaH-
cTBaMu. Boobule rosops, B chepHYeCKH-CHMMETPHYHBIX IPOCTPAHCT-
Bax ecTb caMoe OoJbllee [Be TOUKH, M3 KOTOPBIX IIPOCTPAHCTBO
npencTaBaserTcs chepuuecKu-CHMMETPUYHBIM. Takue MpOCTpaHCTBa
MOTYT CJYXKHMTb MOJACJAAMH NPOCTPAHCTBA-BpeMeHH BOJHM3H MaCCHB-
HOTO TeJda, HO eCJH NPHHATb UX B KauecTbe Mojesell BceaernHoi, To
9TO COrJacyeTcs ¢ M30TPONHEH IO AaHHBIM HaWuX HaOGJI0AeHHI
JHIIb NPH YCJAOBHMH, 4TO Mbl PacloJloXkeHsl BGIH3H KAKOH-TO BecbMa
cietnguueckoil Touku. McekmoueHneMm ABASIOTCA Te MOJAENH, B KO-
TopbIX Bcenennas M30TPONHA OTHOCHTENbHO KaxKAOH TOYKH B IIPO-
CTPAHCTBE-BPEMEHH; MO3TOMY Mbl OyaeM TpPakTOBaTh NPUHIHII
KornepHuxa Kaxk yTBepKJIeHHe O TPUOAHKEHHON cepuueckoll cuMm-
MeTpuu BceeseHHON OTHOCHTENBHO KaxKI0H TOUKH (MOCKOJBKY OHa
npubauKeHHO chepUyeCKU-CHMMeTpHUHa BOKPYT Hac).

Kax Obl10 noxkazano Yokepom [171], Tounas chepuueckas cum-
MeTPHS OTIOCHTEJAbHO KAXKAOH TOUKM 03HAYaeT, uTo BcenaeHnnas npo-
CTPAHCTBEHHO ONHOPOAHA M AOMVCKAeT 6-mapamMeTpuvecKyio rpyrmy
H30MEeTPHH C TOBEDXHOCTAMHM TPAH3UTHBHOCTH B BHAE NPOCTPAN-
CTBEHHONOAOOHBIX 3-1oBepXHOCTel mnocrosaxHo# kpususiiel. Taxoro
poma npocTpancTBa Ha3blBalOTCA nNpocrtpaHcTreaMu Pobeprcona —
Yorepa (nan ®@pudmana); npocTpaHcTBO MHHKOBCKOTO, NMPOCTPaH-
ctBa a¢ Currepa oBoHX PONOB SIBJSIIOTCH HACTHLIMH CJAyuasMH Mpo-
cTpaHcTBa PobeprcoHa — Yokepa obiiero Buga. OTciofa Mbl 38KT10-
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yaem, 4to npoctpaHncTsa PodeprcoHa -—— Yokepa 14101 xopomee UpH-
Oanzkelie K KPynuoMactaldioll reoMeTpHH HPOCTPAHCIBA-BPeMen
B 00/12CTH, AOCTYNHOH HAWIUM HaOJII0ACHHSIM.

B npocrpanctee Pobeprcona — Yokepa KOOPAMHATLI MOXKHO
BLIOpATh TaK, YTOOBI MeTPHKA HMeJa BHJ

ds?= — d? + S? (1) do?,

rae do® — MeTPHKA TPEXMEPHOTO NMPOCTPAHCTBA MOCTOSIIHOE KPHBH3-
Hbl, IPHYEM OHa HE 3aBHCHUT OT BpeMeHU. ['eoMerpus 3TOro TpexmMep-
HOTO NPOCTPAHCTBA CYIIECTBEHHO 3aBHCHT OT TOrO, MC/JOKHTEIbHA,
oTpunaTeIbHa WA paBHA HyJ o ero KpususHa K; monGopom QyHK-
He S MOXKHO HOPpMHPOBATh K Tak, uTOOH B MepBbIX [ABYX CJIvyasx
oHa Oblaa paBHa 41 wiaun —1. Toraa MeTpuxky do? MOXKHO 3anucarb

B BHIE (
do® = dy® + [ (x) (d6* 4 sin® 6 d¢?),
rie
siny nmpu K=-41,
fo)=9 =« wmpu K=0,
shy mpu K=-—1.
Ecau K = 0 nan K = —1, xoopauHara y npoberaer snaueHus ot 0

Jo oo, a npu K = +1 umeem 0 << y << 2n. pu K=0 nan K=—1
TpexMepHoe TnpocTpaHcTBo AuddeosopdHo R® u, Takum obpasow,
«BeckoneuHo»; korpa K = -1, oHo aguddeoMopdpHc TpexMepHOI
chepe S® H, cIeROBATENBHO, KOMIAKTHO («3aKPBITO» HJH <KOHEY-
H0»). MoxHO OblJIO OBl OTOXKIECTBHTL MOAXOASAIIHE TOYKH B 3THX
TpeXMEPHBIX NPOCTPAHCTBAX H NOJYUHTh HHbIE IJI00a/bHble TONOJO0-
TWH; B cjaydae OTPHUHATENbHON U HY/JIeBOH KPHBH3HBLI 3TO MOXKHO Cle-
JaTh Jaxe Tak, UToOBl B Pe3yJbTaTe MOJYUHJIOCh KOMNAKTHOE Tpex-
Mmepnoe mnpoctpancTBo [102]. Oanako Taxkas KOMIAKTHas HOBEpX-
HOCTh TOCTOSIHHOI KDHUBH3HLI He AOIYCKAaeT HUKAKOH HeNmpepblBHOM
rpynnbl #3omerpuil [175]: XoTa B KaxmOH TouKe CYILECTBYIOT Bek-
topsl KnssiuHra, oHM He 3aJ4aloT Kakoe-1u6o riofafabioe BEKTOPHOE
nojge KunnuHra, u JOKaJbHBIE TPYnnbl M30METPHUH, OnpeieasieMble
UMH, HeJb3s 00beIUHHTb B OAHY To6ansHylo rpynay. B cayuae Hy-
JeBOH KPHBU3HBI KOMIIAKTHOE MPOCTPAHCTBO MOKeT 00Ja44aTh TOJb-
Ko 3-mapamerpudeckoli rpynmoidl usomerpuii. Hu B oXHOM cayyae
T10JyueHHOE POCTPAHCTBO-BpeMs He GyjaeT uzorponueiyM. Mul ne 6y-
JeM JelaTb NOoLOGHBIX OTOXKAECTBJEHHMI, MOCKOJbLKY MOBOLOM JUIs
uayuenusi npocrpancrs Pobeprcona — Yoxepa Oblia HX H30TPOMHs
(1, caenoBaTesNbHO, HaJHuue 6-mapaMeTpHUecKoll TpyNibl H30MCT-
puft). B melcTBHTENbHOCTH €AMHCTBEHHLIM OTOXKIECTB/JIECHHEM, KOTO-
poe He NPHUBOLUT K AHHU30TPOIHOMY MPOCTPAHCTBY, fBJIACTCH OTO-
XKIECTBJICHHE AHTHIONAJILHBIX TOueK Ha S® B cayuyae MOCTORMHOM
TOJNOXKUATEABHON KPHBU3HDL.
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Cuumerpusa peurennii PobGeprcona — Yokepa TpebyeT, u10ObI
TEH30D 3HEPTUH-HMIIYJbCA HMeJ BHJ, COOTBETCTBYIOLLKII HAeaJbHOH
KHAKOCTH, IIOTHOCTH W M HAaBJEHHe p KOTOPOiH sBAsioTCs (yHK-
UHAMH TOJbKO BPEMEHHOIl KOOPAMHATH f, & JHHHH TOKa OIMCHI-
BalOTCA KPHBHIMH ¥, 8, ¢ = const (rak uro ¥, 6, ¢ — conyrcTByIO-
L(He KOOPAHHATHI). MOXKHO CYUHTAThb, YTO 3TA KHAKOCTb ONHCHIBAET
Marepuio Bo Bcenennoii B npuGauKeHHn paBHOMEPHOro «pa3Masbl-
BaHUfA»; Toraa QyHkuua S(f) XapakTepusyer NEBHALHMIO COCELHUX
JAUHUH TOKA, T. €. «OJIM3KHX»> raJaKkTHK.

YpaBHenue coxpaHenus sneprun (3.9) renepb NpHHEMAET BUA

h=—3(u+p S (5.10)
Ypasuenue Pafiuaynxypu (4.26) BBIMSIHT cAeAyowuM o6pasom:
4 (n 4+ 3p) — A = — 3§/, (5.11)

YpaBHEHUS TOJIS CBOAATCA K ORAHOMY YPaBHEHHIO [0 CYUieCTBY, 3TO
cooTHoureHue (2.35)]:

382 = 87 (uS?)/S + AS? — 3K. (5.12)

Korna 8§ 5= 0, cootHomenne (5.12) MOKHO NOJIYYHTb (C MPOU3BO/Ib-
uHM sHauenuem K) kak mepBwif uHTErpan ypasHennii (5.10), (5.11);
TakuM 06pasoM, OHO (aKTHUECKH CAYKUT IS OTOXKAECTBJEHUS TO-
crosHHofi K ¢ KpUBM3HOH TpexmepHOro mnpoctpancrsa {f = const}
¢ Merpuxoi do?.

PasyMHO npeanosoxuThb (CM. SHEPreTHUECKHE YCI0BHS, pasl. 4.3),
gro w >0 u p = 0. (B pefictBuTeIBHOCTH 110 COBPEMEHHBIM OLEH-
kam 107% r/em® = po = 107 r/em®, po > po = 0.) Torma, ecan
A==0, to u3 (5.11) BuaHo, uTo S He MomxeT ObIThb NOCTOSHHOIL;
¥Ha4e rOBOPS, H3 yPaBHEeHHH 1noJas ClIeAyeT, 4To BcenenHas XOJKHa
HJIM PACIIHPATHCA, UIW CKUMaTbCs. Habaoneuns noxasbBawoT (37O
erepsele obHapyxuau Cuaailipep u Xa66s1), 4To rajakTHKH yia-
JISIOTCS OT Hac, T. €. YTO B HACTOSiilee BpeMsi BeliecTBO BO BcelseH-
no#l pacwupsiercsl. [Tocnennue HabawieHns OaloT AJS COBPEMEH-
HOTO 3Havenus S/S aHaueHune

H=(S/S)|,~ 107" ger™"

(Mo-BMAMMOMY, ¢ TOUHOCTBIO KO MHOXKHTeNIs ~2). Orciona, coryac-
Ho (5.11), cmeayer, uro npu A =0 S pomkHa oGpaTUThCs B HYJb
33 HEKOTODBbIH KOHEUHBIH HHTepBas BpeMeHH [y B NIpolusov (BpeMs
fy u3Mepderca BAOJb MHPOBON JAuHuE Hawedl [anaxkTuxu), npuuem

-1 ¢
o <<H =~ 10" ner.

M3 (5.10) caexpyer, uto no mMepe paciuupeHust BceaeHHoll mioTiiocTs
yMeHblUaeTcd; B NPOLIJIOM, H8060pOT, oHa Obl1a BBIUIC I npuinMaJga
CKOJb yrofHo Ooabluue 3Hauenus npu S — 0. Ilostomy Touka, rae
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S =0, He 4BJageTcs TOJIbKO KOOPAMHATHON OCOGEHHOCTBIO, KaK MpH
BBefeHnn KoopauHat (5.9) Bo Bcenenno#t ne Currepa 2-ro pojfa; ToT
(hakT, 4TO NJOTHOCTL obpamaercs npu S =0 B GeCKOHEUHOCTD,
O3HauaeT, YTO HEKOTOPBIH CKAJsp, onpeaesseMblil TeH30pOM KPHBH3-
HBI, TOXKe OeckoHeueH. DTO Aejaer MOLOOHYI0 CUHTYJASPHOCTb Jaxke
cepbesdell, ueM Ta, KOTOpas BO3HUKAET B COOTBETCTBYIOLLEHl HBIOTO-
HOBCKOHl CHTyallMd; B O00OMX CJydasX MHPOBbIE JHHHH BCEX YaCTHIL
nepecexkaoTCs B OHON TOUYKE M IVIOTHOCTb CTAHOBUTCHA GECKOHEUHOH,
HO 3/eCchb CTAHOBHTCS CHHIYJSIDHBIM B TOuKe S = ( caMmo npocrpaH-
cTBO-BpeMa. Mbl JOMKHBI HCK/IIOUHTH 3TY TOUKY M3 NPOCTPAHCTBEH-
HO-BPEMGHHOTO MHOr0o00pasus, MOCKOJABKY B Hell He MOTYT BBIIOJ-
HATHCSI HHKAKHE H3BECTHbIE HHU3UTECKHE 3aKOHI,

DT1a CHITYJASIPHOCTH — HaubGosee yIMBUTEIbHOE CBOHCTBO pellie-
guit Pobeptcona — Yokepa. OHa BO3HHKAET BO BCeX MOJAEJAX, B KO-
TopbiX W+ 3p >0 1 A orpunarenbHa, paBHa HYJI0 WIN HMEeT He
CAHIIKOM 60JbllOe Mo/10KHTeAbHoe 3Hadenne. CHHryAsIPHOCTbL 03Ha-
yaer, uro y Bcenennoit (uam no xpaiiHelt Mepe y TOf ee uacTh,
0 pusMKe KOTOPOH MBI HMEeM HEKOTOpOoe MpeNCTaBJeHHE) HMeeTcs
HavaJo, oTAaJeHHOe OT Hac KOHEYHBIM NpoMexyTKoMm BpeMmenu. On-
HAKO 3TOT Pe3yJbTaT OCHOBAH HA NPEINOJOMNKEHHH O CTPOroi Mpo-
CTPaHCTBEHHOH OLHOPOXHOCTH U chepuuecKoi cuMmerpuu. XoTs 3TO
NpPeanoJ0KeHHe MOXKeT 0Ka3aThCA PasyMHBIM MpHOIHKEHHEM AJs
nocratouno OOJIbIINHX MacwTaGoB B HacTOsIllee BpeMsi, OHO, KOHEY-
HO, He BLINOJHSeTC JAOKaJbHO. MOXKHO AONYCTHTb, 4TO MPH M[pPO-
ClICXKHBAHMH 3BOJNIOLMM DBcejeHioll Hasal BO BPEeMEHH MeECTHbIE
HEOLHOPOAHOCTH HACTOJIBKO BO3DACTYT, UTO OHH CMOIYT BOCHpPENsiT-
CTBOBATh INOABJIEHHIO CHHTYJASDHOCTH, MPHBOAS K «YIPYrOMY OTpa-
JKeHuto» dacTell BcenenHoli. Moxer Ju nopoGHoe NPOH3OHTH H
COMepxKATCS JIH CHHTYJSPHOCTH B peafUCTHUYECKHX peLIeHHsiX ¢ He-
OJHOPOAHOCTAMH — 3TO LI€HTPaJbHble BONPOCH KOCMOJIOTHH; HX 00-
CyKIEHHUe COCTABJASeT OCHOBHOH mnpeameT 3To#t KHuru. Kar wul
YBHIMM, HMEIOTCST BeCKHe OCHOBaHHsI CUHTaTh, UTO (husHueckas Bcee-
JeHHast AeHCTBHTEebHO Oblla CHHTYJASIPHON B NPOILJIOM.

Ecan 3anana kakas-1160 pa3yMHas CBS3b MEXKAY p H W, yPaB-
Henne (5.10) MOKHO IPOUHTETPUPOBATH M HOJYUHTH W B OYHKIHH S.
JlaBieHne B HACTOSIIVIO 3MOXY OUeHb Maso0. Ecan p u A mONOKUTH
paBHBIMH HYJI0, TO U3 (5.10) Haxomum

= M
BT
rie M — nocrosnnas; npu 3tom (5.12) umeer Bux
5, M E
3S“~6~§—=—3KE~M. (5.13)

ITepsoe ypaBHenne BbipakaeT COXPaHEHHE MACCH NIPH HYJIEBOM aB-
JIeHHuHU, a BTopoe (ypasnerue Ppudmara) npencrasiser cobol ypas-
HeHHe COXPaHeHHs 3UEPTrHU /A CONYTCTBYIOLLEro oGbeMa MaTEpHH:
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noctosnuas £ — 370 CyMMa KHHETHYEeCKOH W MoTeHUHadbHOH 3Hep-
ruil. Ecan E <0 (1. e. K> 0), to S 6yner Bo3pacrath A0 HEKO-
TOPOTO MaKCHMAa/ bHOTO 3HAYEHUA W 3aTeM CIajieT JO HyJsd; eciu Ke
E=0 (r.e. K <<0), To S BO3pacTeT HeorpaHuueHHO.

SIBuple pelneHus ypaBHenuss (5.13) npuMyT mpocrtoil BHA, ecau
WX 3alicaTh 4yepe3 HOBbI BpeMeHHOH mapaMerp t(f), onpenedse-
Mbifl PABEHCTBOM

=87, (5.14)

TOTJda HMeeM

S:(g)(chr—l), t=—§—(shr——r) npu K= —1;
S=r, f=y 7 mpn K =0;
S:——g—(l-—cosr), t=———§—(r—sinr) npu K=1

(Cayuajo K = 0 coorBercTByeT BCesaeHHas OJiniuTtelina — ne Cur-
2

Tepa; oueBMAHO, TOTAa S ~ 13)

[Tpu p > 0 moBexeHHe KAUeCTBEHHO Takoe Xe. B yacTHoCTH, A7
p=(y— ), rae y=const, | <y << 2, nonyuaem 4rp/3=M/S%,
1 pelwenue (5.12) BOIH3N CHHTYJAPHOCTH HMEET BHA

2
S~13",

Ecan A << 0, To pelleHHe CBHIETENLCTBYET O pAacUIHPEHHH OT
HauaJbHON CHHTYJSPHOCTH K HEKOTOPOMY MAKCHMYMY C NOC/JedVio-
UM KOJJIaNncoM BO BTOPYIO CHHTYJAsipHOocTb. Ecnu A > 0, to aas
K =0 nin —1 pacwiupeHue NpOJOJMKAETCH BEYHO, U aCUMIITOTH-
yecku pelienue npubauKaercs K craunonapuoil momesan. Ipn K=1
CYNIECTBYET HECKOJbKO Bo3MOXKHOCTeH. Eciu A Cosablre HexoToporo
3HayeHnst Agpe (Ipu p =0 Agpur = (— E/3M)3/(3M)?), peue-
HYe HayuHaercst ¢ CHHTYJSAPHOCTH W ONHMCHIBAET BEYHOE pacllHpeHHe
C aCUMIITOTHUECKUM HNPUOJMIKEHHeM K craluoHapHoil modeqau. [lpu
A = Agpur UMeEeM CTaTHUeCKOe pelUeHHe — CTATUUECKYH) BCeALHHYIO
Sinwreina. [Merpuueckas dopma (5.7)— 3To yacTHLIH cayuail cra-
THUeCKOro perrenng JfiHmTeliHa ¢ w-+p = (4n)"!, A =14 8ap]
CyuiecTsyer cile peulelne, HayuHawoomleecs C CHHTYJASPHOCTH &
ACHMUTOTHUECKH NPHOIMIKAIONeecs K BCeJIeHHON JDiinwTefina, 1 pe-
[IeHle, HaudHalollleecs cO BCeJeHHOH DiHuITefiHa B OGECKOHEUHOM
npoui1oM H Bce BpeMs pacmupsaomeecs. Ecan A < Agypyr, HMeeTCH
ABa peLIeHHs: OHO ONUCHIBAET pacllMpeHde OT HauajbHOH CHHIY-
JASPHOCTH H 3aTeM KOJLIanc BO BTODPYIO CHHIYJSPHOCTb; BTOPOE —
c:KaTHe, Hauulialolleecs npu GeCKOHeuHOM pajuyce B OECKOHEUHOM
HDOUIOM, A0 HEKOTOPOr0 MHHHMAJBHOTO Pajuyca ¢ MOCAedYIOUH M
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pacmupenneM. ToapKo 3T0 nocjeaHee pellleHHe U pelleHHe, KOTopoe
B OECKOHCUHOM IPOIIJIOM ACHMITOTHYECKH MPHUOJIMKAETCH K CTaTu-
yeCcKOH Beejeniol, vorau Obl COOTBETCTBOBATb HabJswnaeMmoli Bcee-
JEHHOH 1i He HMeThb NP 3TOM CHHryJapHocTed. OpHako B 3TUX
Monessax Bcerxa S >0, yto, NO-BUAUMOMY, MPOTHBOPEUUT PE3YJib-
rTaTaM Hal.J1071eHUl KPacHBIX CMelleHuil daJjdeKHx raJakTHk [145,
146]. Kpome toro, MaxkcumaJgdbHas MJIOTHOCTb B 3THX MOJEJsX, OKa-
3bIBAETCS, HE CJAUIIKOM CHJBHO OTJMYAETCA OT COBPEMEHHOH MNJoT-
HOCTH, UTO NPUBOAUT K TPYAHOCTAM B OODSICHEHUM TaKUX SIBJEHHI,
KaK MHKDOBOJHOBOH (JOH H3/JYYEHHS U PAacIpOCTPAHEHHOCTb [eJus
B KOCMOCE: NePeduc/IeHHbIe AB/ACHAS CKOPEe BCEr0 CBHETEAbCTBYIOT
06 oucHBb ropsAucH MJIOTHOH ¢da3e B uctopuu Beenennoi.

Tak e KaK M B NPEABIAVIIHX CAydasiX, Mbl MOXKEM HOCTPOHUTh
koH(opMHBIe oTOOpaxKeHns npoctpaHcTs PoGeprcona — Yokepa B
cTaTHYeCcKOe NpPOCTPaHcTBO DinuiTefiHa. B xauectBe BpemMeHuol Ko-
opannartsel OvJIeM HCNO/J1b30BaTh NApaMeTp T, ONpPeleasieMblil COOTHO-
wennev (5.14); Torra mMeTpuKa NpUHHMAaeT BUX

ds?=8%(v) {— dv’ + dx* + [* (x) (d0* + sin®0 d$?)}.  (5.15)

B cayuae K= -1 oHa yxKe KOH(QODMHA CTATHYECKOMY IIPOCTpaH-
cTBy JiinmreliHa [1as coraacoBaHus ¢ o003HAUEHHAMH (GOPMYJIEI
(6.7) Hyxuo nonoxute v ==1, x =r’]. Takum o06paszomM, 310 npo-
CTpPaHCTBO OTOGpAXKaeTcs TOUHO HA TY YaCTh CTATHYECKOTO IIPO-
crpancrea DfiHiITeliHa, KoTopas omnpelensercs obaacibio 3Haue-
nuil 1. Korna p= A =0, 1 Mensierca B npefedax 0 <<v<<m u
BCe MPOCTPAHCTBO oToOpaxKaercs Ha 3Ty 06JacTh CTATHUECKOTO MPO-
CTPAHCTBA, a €ro rpaHulla — Ha TpexMepHble cdepnl T =10, T=m.
(Ecau p > 0, ono orofpaxaercad Ha o6JacTb, B Kotopo#i 0 << 1 <<
< a < @, TAe @ — HeKoTopoe uuciao). B cayuae K =0 npocrpas-
CTBO B TeX K€ KOOpAHMHATaX OKa3blBaeTcs KOH(POPMHO-INIOCKHM [CM.
(5.15)], Tax 4To nocsae KoOHGOPMHBIX npeobpasoBanuyl (cM. pasz. 5.1)
MBI I0J1y4HM 0TOOpazKeHre paccMaTrpHBaeMoro NpocTpaHcTBa Ha 06-
J1aCTh, NPEACTABASIOUIYIO IIPOCTPAHCTBO-BpeMs MUHKOBCKOrO B CTa-
THYeCKOiH BcedenHoll DfinwreftHa (cM. puc. 14); KOHKPETHBIl BHI,
o0gaactn oTo6pazKeHHus CHOBA ONpEeIAETCH 3HAUEHHSIMH, KOTOpPBIE
npunnvaer t. Ilpy A =0 uveem 0 <1 < 00, u, CJIe10BaTE/bHO,
310 npoctpancrso (kKoropoe npu p =0 mnpeacrasaser coboil mpo-
crpaticrBo Qfuuiteiina — ge Cutrepa) KoH(pOPMHO noJoBHHE 06Jia-
crtH, u3olpakalonieil npocrpancrBo-spems Mmukorckoro. B cayuae
K = —1 noayuaemM MeTPHKY, KOHQOPMHYIO YacTH Toil o6aacTtu cra-
THUECKOTO IpocTpancTBa JiHuITeiHa, Aaa Kotopoll /2 =t 4+ 1" =
= —n/2, n/2 =1 —r = —n/2, npuuem

"= aretg (thy (v +3)) +arctg (thy (1 —2)),
r" =arctg (th% v+ X)) —arctg (fh'zl— (v — X)) .
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Kakas numenHo yactb 3710l 06/1aCTH IOKPLIBAETCA, 3aBHCUT OT 0N.J1a-
cTH u3MeHenus 1; npu A = 0 paccmMatpHBaeMoe NPOCTPAHCTBO 0TOG-
paaeTcsi Ha BEPXHIOW NOJOBHHY.

; .\

A =0
<

T

x

a
FHr=x) it
< /losepxroemu .
< "t = cdnst
N}— Mupobs/e ~—y=
X=0 / W ONGPHEN
(Koopguramnas -~ vaemuy io
curdynapHocms ) F(=0) 2\r 2Ly F(t=0)

(KoopguKsamkas (roguguiamyas
CUHZYNAPHOCIS)  CUHEYNBPHOCTIS)

0 6

Puc. 2l. a—npocrpancrea PoGeprcona — Yokepa (p=A =0) xondopmusl
n306paKenlEIM Ha DHCYHKe OOJAcTsAM, KOTOPbIE COOTBETCTBYIOT TPeM CJAyYasM:
K=+41,0, —1; 6 — nuarpamma Ilespoysa npoctpanctea PoGeprcona — Yokepa
wpn K=+41 u p=A=0; s— anarpamma [lenpoysa mnpocrpancrea PoBepr-
cona — Yorepa mpu K =0 unu K=—1u p=A=0.

Hrak, Mbl YCT2HOBHJH, UTO 3TH MPOCTPAHCTBA ¥ HX IPAHULbI KOH-
hopMHBI HEKOTODO# (BooGIle roOBOPS, KOHeUHOH) 06JAacTH CTaTHYe-
cKoTO mpoctpancTsa diHmrelina (puc. 21, a). Onnako umeercs BaxK-
HOe OTJHYHE OT MNpeAbAYLIMX CJAydaeB: YACTb TPAHHIbI TEMNEPb He
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aBJsieTCcsl «OeCKOHEYHOCTbIO» B IIPEKHEM CMBICJIe, a IpeJCTaBaser
coB0l CUHFY/ASPHOCTB, B KoTOpo#l S = 0. (MoXKH0 cuuTaTh, 4TO KOH-
$OPMHBINI MHOXKHTE/b NEPEBOAHT OeCKOHEeUHYI0 06/1aCTb B KOHEUHYIO
nyTeM GECKOHEYHO CHJBHOIO CXKATHS, & CHHTYJAPHYI TOouky S =0
mpeBpallaeT B KOHEUHYI0 06/1acTb GECKOHEUHO CHJbHBIM pacTsike-
nueM.) BHocuMmble nmpu 3TOM B KOH(ODPMHble AHATPAMMBL OTJIHUHS
0 CYLLECTBY HEBEJHKH: MBbl [0-TIPEXKHEMY MOXKEM NOCTPOUTb AHa-
rpamumbl Ilenpoysa (puc. 21,6 u 8). B kaxgom cayuae, koraa p=0,
CHHTYJSIpHOCTb npH =0 u306paxkaercd npocTpaHCTBEHHONOLOGHOM
MOBEPXHOCTbIO. JTO COOTBETCTBYET CYLIECTBOBAHUIO FOPU3OHTOB ua-
cTuIl {ompeflefsieMblX TOYHO TaKk Xe, KdK B pasi. 5.2) B mpocrpas-
crBax Pobeprcona — Yoxepa. Korpa K = -1, rpaunna B Gyayuem
TaKXKe NPOCTPaHCTBEHHONOA06HA, H3 Yero cjefyeT CyLIeCTBOBaHHE
FTOPH30HTOB COOBITHHA A5l hyHAaMeHTanbHBIX Habaopgarened. Ecan
A=0,a K=0 uan K = —1, 10 GeckoHeuHOCTh OYIyIlero H30-
TPONHA, N B 3THX CJAydYasX HeT HHKAKUX [ODH3OHTOB cOoOHITHH Oydy-
mwero Aaa GyHaaMeHTaAbHBIX HaBMI0deHUT.

Ha stom 3Tane HaM caemyer pasoGparbcsi B TaKOM BOIpOCE:
npocrpancTBo fe Currepa 2-ro pofa MOXKHO NMPeACTaBHTb B pobepT-
COH-yOKepoBckoM BuAe (5.9) u 3arem oro6GpasuTb KOHQOPMHO HA
YyacTb CTATHUECKOIl BcesdeHHO# Jiiniutefina. Ecau ato npojenars, TO
MBI OCHApYy:KHM, 4TO KOOpjauHaThl PobGepTcoHa — YoKepa TOKpHI-
BalOT TOJBKO MaJylo 4acTb BCero NpocTpaHcTBa-BpeMenn. Muaue
roBops, NPOCTPaHCTBO-BPeMsi, ONUChIBAeMOe KoopauHatamu Pobepr-
cOHa — YOoKepa, MOXHO pacluupuTs. [103TOMYy HaM HYXHO MOKa3aTb,
4yTo BceseHHble PobGepTcoHa — Yoxkepa, B KOTOPLIX HMeEETCS MarTe-
pHs, Ha CaMOM [JeJjie HepacCIiupsieMbl.

DTo meficTBHTENBHO TaK, HOCKOMBKY npu p >0 u p=0 pis
JAI000ro BeKTOpa X B NPOM3BOJBHON TOUKE ¢ MOKHO NOKa3aTbh, YTO
reogesuyeckast y(v), mpoxoasiiias uepes g = y(0) B HampaBJe-
Huu X, YAOBJAETBOPSIET OHOMY H3 ABYX YCJIOBUMH:

1) y(v) MOXKHO NPOLOIKUTb Ha NMPOH3BOJIbHEIE TOJIOKHUTENbHbIE
3HAuYeHHs U WU

2) cylecTBYeT HEKOTOpOE 3HaueHne v == vy > 0, Takoe, 4To CKa-
JISPHBIY HHBAPUAHT

(Ry—5Rgy) (R~ 5 Rg") = (u+ A +3(p— Ay

ne orpanunuen Ha y ([0, vol).

SIcno, yto noBepxHocTu {f == const} asasoTcsd MOBEpXHOCTAMHU
Kouin B 3tux npocrpancraax. Jlagee, bl BUAHM, 9TO CHHTYJISPHOCTS
B HHX YHHBeEpCaJbHa B CJACAYIOLLIEM CMbICJIE: BCe BPQMGHHHOHO6HI)IG
X HM30TPOINHbIE TeOAe3HYECKUE, MPOXOAslIHe Yepe3 KHKYIO-JII/I6O TOUYKY
NpoCTpaHCTBA, ﬂpI/I6JIH7KHIOTCH K CHHIYJADHOCTH MNpH HEKOTOpOM
KOHMeYHOM 3HaueHHH cBoero ag¢unHoro napamerpa. (Ilockodabky
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U30TPOMHBlE T'eOAe3HUSCKHEe 0GpasyioT IpalHiy HPOULTIOro Kakioil
TOUYKH, BCEC HBHPOAOJI}KHMI)IG BpeMCHHHOﬂO6HbIE KPHUBbIE TARIKE CTPE~
MSTCSl K CHHTYJSPHOCTH.)

5.4. TIpocTPaHCTBEHHO-OAHOPOHbIE KOCMOJOIHYECKHE MOLENH

Kax Mpl BuAuM, B J1060M npocTpaHcTBe-BpemMenn Poeprcona —-
Yoxepa, B koTopoM p >0, p == 0 u noctosiHEAsl A He CJAHIIKOM Be-
BEJAMKA, HMEIOTCA CHUHry/AsipHOCTH. OAHAKO U3 3TOrO Heab3sl AejaTh
BBIBOJA O CYLUECTBOBAHHH CHHTYJSPHOCTE! B Oosiee peaiuCTHUECKUX
MOJEAAX MHUpa, YUATHIBAIOUIHX TOT ¢hakT, uto BceleHHasi He OAHO-
poaHa 1 He nzoTponHa. KoHeuHO, HUKTO He HaZeeTCs MOAYUUTh TOU-
HOE pellleHHe, KoTopoe OBl ONHChIBAJI0 BeesaeHHylo BO BCeX A€TaIfAX.
OpHako MOKHO HAaHTH TOUHBIE peHIeHHs ¢ MeHbLIHMK OrpaHHie-
HuAMH, 4eM B pelleHusx Pobeprcona — Yoxepa, KOTOpble MOIH Obl
CAYKHTb NPHEMJAEMOl MOIeabl0 BceseHHOM, H NOCMOTPETh, HMEIOTCS
B HUX CHHTYJSIPHOCTH MJIH HET; TOT (PakT, 4TO 3TH MOAeNH AelcTpu-
TEJAbHO COJEPXKAT CHHTYJAAPHOCTH, yKa3blBaeT Ha TO, UTO CYLIECTBO-
BaHWe CHHIYJSIPHOCTEH, BO3MOXKHO, $BJSeTCH OOMMUM CBOHCTBOM
BCEX NPOCTPAHCTB, KOTOPble MOXKHO IPHHATH B KAauecTBe pasyMilblX
moaenelt BeedenHoll.

Mpl noayyuM NPOCTOH KJacC TaKUX pelleHHii, ecyan, COXpaHss
TpefoBatne NPOCTPAHCTEEHHOU O00HOPOOROCTU (CTPOTHIl HPHHEHII
Konepuuga), orgaxeMcs oT TpeSOBAHHs HM30TPONHH (B HacTosUlee
BpeMs BceserHas KaxeTcd NpUOJN3UTEBHO H30TPOIHOM, HO MOraa
BLITL 3llaunTeJbHas AaHH30TPONHA B OoJgee panHue smoxu). Takuwm
06paszoM, B ITUX MOJeIAX HpeAnoJjaraercst CylleCTBOBAHUC TPYIIIE]
uzoMerpuit G,, opébutaMu KOTOpOH B HEKOTOPOH HacTH MOAETil AB-
JASIOTCH  TPOCTPaHCTBeHHONOA0OHble rumneprnosepxnoctn. (Opdura
TOYKH p nof pedictBueM rpynnsl G, eCTh MHOXKECTBO TOUEK, B KOTO-
pble MepeBOAMTCA TOYKA p NOJA ACHCTBHEM BCeX 3JIeMEeHTOB TpyTNIbl.)
Taxue MOLeNH JIOKAJIbHO MOXKHO TOCTPOUTH M3BECTHLIMH METOAAMH;
cayuail r = 3 paccMorpen B [76], cayuait r = 4 — 8 [87] (ecan
r > 4, NIpoCTPAHCTBO-BPeMs 110 HeOOXOAUMOCTH SIBJAsETCS NpoCTpaH-
creom PoGeprcona — Yoxepa).

Haun6osaee nmpocToft cayuall npocTpaHCTBEHHON OANOPOAHOCTH ——
3T0 KOTJa COOTBETCTBYIOWlAs Tpynna u3oMeTpuil abenesa; Toraa
npocTpancTBo otHocures K Tuny | nmo kiraccndukaunu Branku [7];
TaK UTO MPOCTPANCTBO-BpeMs ¢ TaKof rpynmnoil uzomerpuft 6yviev Ha-
3pIBaTh NpocTpancTBoM Tuna I Buanku. Mpl paccMOTpuM 1i€K0TopLIe
¢BOfiCTBA 3THX NPOCTPAHCTB U 3aTeM COpMY.IIPYeM TeopeMy, VI-
BepsK JAIOUIVIO, UTO CHHTYJASIPHOCTH HMEIOT MECTO BO BCEX HEMVCThIX
HPOCTPAHCTBEHHO-0AHOPORHBIX MOAE.ISIX, B KOTOPLIN VAORJIETBOPACT-
Csi YCJIOBHE BpeMeHunofo0Horo cxoxienns (pasi. 4.3).

HonycTyM, 4TO MPOCTPAHCTBEHHO-OAUOPOALOE HPOCTPAHCTBO-
BpeMsa o6Jjajaer abeseBOH Tpyninofl H30MCTPHI; Ads NOPOCTOTLI
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NPEAnoNoKHM, 4To A == 0 B uTo MartepHaJbHOe comepKuMoe Bce-
JIEHHOH NpeacTasjseT Co00H Haea/lbHYI0O KHAKOCTb 0e3 AaBJeHHS
(«opie»).  Torma  cyllecTBYIOT  COHYTCTBYIOLIME  KOOPAHHATHI
(¢, x, y, 2), B KOTOPHIX METPHKA UMeeT BH]

ds? = — dF + X2 () de? + Y2 () dy? + Z2° (1) d22. (5.16)

Ecmu coorHomenunem S? = XYZ sectu ¢yuxuuio S(f), To H3 3a-
KOHOB COXPAHEHHsI BHMAHO, YTO IJIOTHOCTb MAaTEPHH ONpeelsiercs
paBeHcTBOM 4mp/3 = M/S®, rpe M — nopxomsiuiuM 0Gpasom BbI-
6pannasa nocrosignas. Obllee peliieHHe NMOJEBBIX YPaBHEHHH MOMKHO
3anucaTh B BHIE

X=S(%)2$ma, Y=S(

tz/s 2 sin {a+ 47%/3)

§ =2 Mt(t +3);

2 (> 0) — nocrosinHasi, XapaKTepH3ywoliasi CTeNeHb AaHH30TPOTHH
(MBI MCKJIOUaeM WSOTPONHBIN chaydaft ¥ =0, coBmafamolul co
BcesleHHOU JHHITeliHa — ne Curtepa (pasy. 5.3)), a mocrosiHHas
a (—n/6 < a<{n/2) 3anaer HampasjeHue HauGojee GLICTPOro
paciunpennsi. CpeHsst CKOPOCTb PACLIMPEHHs ONpeNessieTcsi PaBeH-
CTBOM

£s
S

’

)2 sin (a4 2m/3)

npuueM

>
s _2!tty
VAT
CKOpOCTb pacmnpemm B HaHpaBJIeHHH X paBHa

1
‘j(_—_fz—t+~2—2(l+25i'na)

X 3t t+4 2 !

a ckopoctu pacupenus Y/Y, Z/Z B nanmpaBreHusix y u 2 AA0TCA
BBIpAXKEHUSMH, B KOTOPBIX o 3aMeHeHa COOTBETCTBEHHO Ha a-2m/3,
o -+ 47t/3. Takoe peleHne ONMMCHIBAET PACIIHPEHHE M3 CHJIbHO aHH-
30TPOMHOrO CHHIYJAPHOrO COCTOSIHMA npu ! == 0, npuBoAsilliee NPH
HOJBIIAX ! K MOUYTH H3OTPONHOH (hase, B KOTOPOH NPOCTPAHCTBO-
BpeMsl Takoe e, Kak BO BcesleHHoi Ofinureiina — ne Cutrepa.
Cpennss aiuHa S MOHOTOHHO BO3pACTAeT IO Mepe BO3pacTaHHs f;
NEePBOHAYAIBHO BHICOKAS CKOPOCTD e H3MeHeHHs (S~t" npu ua-
JAblX f) MOCTOSIHHO yOBIBAET (&~ npu Goablunx f). CiemoBa-
TeJbHO, B PaHHHe NEepHOABI aHH30TpPONHas BcejeHHasi 3BOJIOLHO-
HUpyeT OnicTpee, 4eM ee U30TPOIHbI SKBUBAJIEHT.

HomyctuM, 4TOo MBI paccMaTpuBaeM 3Ty MOJenb Hasajx BO Bpe-
MeHH H npuOaMKaeMcss K CHHryaspHocTd. [TepBoHauanbHOe NOYTH

6 3akas 381
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H30TPOIIHOE CIKATIE CTANET CH/bLIO AHU3OTPOINILIM 15 paile ile-
puonaut. [lpnm cOmem 3madennu o, T. e HOpH o % a/2, uleH
1 + 2sin(a 4+ 4n/3) Gyzer orpuunareasabiy. CacloBaredbilo, KoJ-
Jarc B HanpasJeIHN OCH 2 AOJMKeH MPEKPaTHThCS H CMCHUTLCS pac-
IYPEHHEM, OPHYEM CKOPOCTb pacllupeHust B J0CTaTOUllo MO3LHUE
MOMEHTLI BpeMeHu cTpemuTcesi k Oeckoneynoctu. Hanpotis, 5 Ha-
MpaBJeHi ocell ¥ U y Kodsaanc 0yaeT MOBOTOHHO CTPEMHTLCH K CHII-
ryaspHoctd. Taxnm o06pa3oM, IpH pa3BHTHH paccMaTpHBaeMoll
MOiead B OOGBLIUHOM HaNpaBJAeHUH BPEMEHH Mbl HMeeM «CHrapool-
pasHywo» CHHTYJADHOCTB: BAOJb OCH 2 MaTePHs KoJJalcHpyeT H3
6eCKOHEeUHOCTH, 3aTeM KOJJAMC mpeKkpailaeTcs I HadyuMHACTCs pac-
LIMpEeHHe, B TO BpeMs KaK B HallpaBJ/eHHAX ocell ¥ W y MaTepus
MOHOTOHHO pacLIMpsieTCss BO BCE MOMCHTB BpeMmeHH. Ecan 5 Taxoi
Bceesennoin MOxXKHO Oblio OBl HPUHATH Kakoi-nndo curialg, Hciy-
IIEHHBI B AOCTATOYHO paHHHE MOMEHTH BPEMEHH, TO B Hanpas,Je-
HU® ocu 2z Habaiogansoch Obl MaKCHMaJsJdbHOE KpacHOe CMCLIEHHE;
MaTepuio B 6oJee paHHHE MOMEHTHI BpeMeHH Mbl Hadgiolanu Obl
€O BCE YMEHbLIAIOWIMMCS KPacHBIM CMELUCHHCM, KOTOpOe nepexo-
AuJ0 Obl O Mepe yAaJdeHus B NpolLIoe B (PUOJNETOBOE CMEUleHHE.

Heckoabko nHAYe NPOUCXOAUT PA3BHTHE B ClIeLHAJBHOM caydae
oo =m/2. Torma o0a MHOXKHTEJIH 1 -+ 2 sin(« - 27/3) u
| + 2 sin(e + 47/3) obpamaiorcs B Hy. b H CKOPOCTH pacUIUpCHUSA
UMEIT BHJ

33
k_o 'ty v 2o
X 3 t+3 ¢ Y Z 3 i+

Ecan paccvarpuBath 00palleHHYI0O BO BPEMEHH MOJe1b, TO CKO-
poCTh KoJanca B HaNpapJeHHsX y W 2 aCUMITOTHYECKH 3aMel-
JAsieTcs 0 HYJd, a B HanpasdeHUHM x GeckoHeuHo Bospacrtaet. llpu
OOBIYHOM HAIIPABJEHHH BpeMeHH Mbl nveeM «8JAHHO0OPA3IYI0» CHH-
FYJSIPHOCTH: MaTePUsl MOHOTOHHO pacliupsieTcst BO BCEX HampasJe-
HUAX ¢ 0ecKOHeYHO OO0JLIIOH HauaJbHOH CKODOCTbIO pacllHpeHus B
HanpasJeHHH OcH X W 6e3 HaAuaJIbHON CKOPOCTH B HamnpaBJeHHAX
oceil y n 2. Kpacnoe cMelenne B HANPABJAEHHU OCH X OYLET CKOJb
yroano GoJbUIMM, 8 B HANPABJACHHH § U & — KOHEUHDBIM,

JaapHelillee Hccae0Banne MOKa3blBAET, 4TO B 00UIC («CHrapo-
o6pasioM») caydae, HECMOTPS 11a aHU3OTPONIIO pacuinpenns, cyue-
CTBYIOT MOPH3OHTHI YaCTHIL B KaxX/I0M Hanpas/Jendu. B cnennadasiiov
{«BannooOpasHOM») ciyuae B HampaB/JIeHHH OCH X HEeT HHKAaKHX ro-
PH30HTOB; AEHCTBUTEJIbII0, KOOPJAHHATBI 4acTHI, KOTOpbLle BHIHbLL B
MOMCHT fp U3 Hauaga xoopaunar (X, y, 2), Jexar BHYyTPH OeCKOoHCH-
HOTO LHJHBApA ‘

oty <,

rje

o= { (2L (1, + )" — (Slx) ",
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XoTaA MBI paccMOTpedi HPOCTPaHCTBEHHO-OAHOPOAHbIE MOIETH TOMb-
KO NpH NyJaeBoM AasieHHH H A = 0, J1erkKo MOXKHO INOJYUUTL CBOI-
CTBA STHX MPOCTPAICTB OpH 00Jee PeaduCTHUECKOM MaTepHadbHoM
COMEP/KINMON; €C/TH, HaIPHUMEP, MBI BO3bMEM HAeadbHYIO KHUAKOCTb
cp=(y—Du, y=const(l <y <C2) w1 cMecb GOTOHHOIO rasa
y BewecrBa ¢ p << w/3, nopenedHue BOAM3M CHHTYJISPHOCTH OVIAET
TakuM XKe, Kak H B cJAydae MNbLIH.

WHTepecHDIM CAeACTBHEeM OTCYTCTBHA TOPH3OHTA YacTHIl B Ha-
npasJeHuH OCH X B crenuagpHoM («0.1HHOOGpA3HOM») cIyyae fB-
JS1€TCS BO3MOXKHOCTD HENPEPBIBHOIO MPOAOMKEHNS PELICHUs 33 CHH-
ryJasipHOCTD. TToKkaxkeM 3TO B c/Iydae PEUICHHs IS NLLTH.

Merpuxa unmeer suj (5.16), npuueM Tenepo

X () =1 (-g- Mt 2))"/3, Y ()= Z () = (% Mt + z))%. (.17

Baepey HoBbIE KOOPAUHATH T, 1], YAOBJNECTBOPAOUINE YPABHCHUAM

t
2x " 4 dt TR
th G == eXP(WOS X(t))—" "

Torga moayuaem, uto merpuka (5.16), (5.17) B HOBBHIX KOOPJHHATAX
MMeeT BUIL

ds? = A (1) (— d” 4+ dn?) + B2 () (dy* + d2%),  (B.18)

rjue
A =en(~152) (Fue+0) " Bo=(3ue+3)"
(5.19)

npu 3ToM Bce mpocTpaHctso (mpu f > 0) orobGpaxaerca Ha 00-
nactb 77, onpeneasemyo Hepasencreamu v > 0, v — n* > 0. OyHk-
uua f(t,n) Tenepb 3ajaHa Kak peulemie ypaBHEHHUS

v = o Mt exp S EL (5.20)

rae ¢ > 0. Ha mrockoetn (v, 1) BBedeHbl KOH(OPMIIO-TIIOCKHE KO-
opaunarel. [Ipoekmus objacti 7°, OrpaHUueHnoll NoBepXHOCTHIO
t > 0, ua ary miockocTh H3oOpaxeHa na puc. 22. Ha stoit aua-
rpaMMe MIDOBbIE JHIHH HaCTHL H306DaXKaM0TCa MPAMBIMIA JTHHHAMY,
pPacxXoAANIMUCH OT Hauaaa.

Oyuriun A (L), B(!) Henpepbisuel npu ¢ — 0 csepxy. [Tosrowmy
pelields MOMKHO. NPOMOMKHNTE HElIPEPLIBHO U3 BEPXHeH [0aynao-
CKOCTI1 1@ BCIO ILIOCKOCTL (T, 1), nodoxue, 4ro (5.19) suimoa-
Hieres npcoay (5.20) — Buytpu 7° o uto BHEe ofaacTi 77 nMeer
MeCcTo DaBEHCTBO

((tr, 1)=0.

/s



Mupossie MUHUL 2aAGRMUN
x=const

flosepxHocmu
t = const

t= 0 (curzynapHocms)

lanawmunu, Komapsie He 8uUgHe!
Ous p

Mupossre rusuld
2anaxkmun; 06 p

suUguUm 3mu
2dnaKmunu
HTosepxtocmu
= const
CukzynapHocms

H3OMPONHsId KOHYC NPoUNoeo
6 p=(7,,0,0)

o

Puc. 22. IlpoctpanerBo Tuna I Buanky ¢ netieBuZHOM MartepHeit, oGaagawooluee

«GAHHOOOPA3HOA» CUHTYJSPHOCTHIO. @ — IIOCKOCTh (T, 7); H30TDONHLIE JIHMHUH

NPOXOAAT moA yraom =+45°; 6 — nomepeuHwlft paspe3 NMpoCTpaHCTBA B KOOPLHHa-

Ttax (T, M, y) (KoOpAMHATA 2 oOmylleHa), HA KOTOPOM BHIAEH CBETOBOH KOHYC

DPOUIIOro TOUKH p == (Ty, 0, 0). B HanmpaBsiesuy OCH Yy MMEETCH [ODH3OHT YaCTHIL
HO €ero HeT B HanpaBJaeHHd OocH X (T. e M)
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Torza dopmyna (5.18) maer CP-MeTpuKy, KOTOpasi BHYTPH 7° IKBH-
pasentHa (5.16), (5.17), a BHe 7’ sABJfETCH METPHKOH IJIOCKOro
npoctpaHcTBa-BpeMend. OHaKo 3TO pelleHHe He NPHHALJIEXKHT
kiaccy C!' nmpu mepexofe uepe3 rpaHuly 7°, W IVIOTHOCTh MAaTepHH
CTAHOBHTCS Ha 3TOH TrpaHulle OecKOHeYHON (IIOCKOJIbKY Ha HeH
S — 0). U3-3a Toro, 4To nepBhie NPOU3BOAHBIE KBAJPATHUHO-HEHHTE-
rpUPYEMBI, ypaBHeHHs DHHINTeHiHA HAa 3TOM rpaHule HEBO3MOMKHO
TPaKTOBAaTh AaxKe B cMbIc/ie 06001 eHnbIX QyHKOKUA (cM. pasa. 8.4).
Xotsi mpoJoMKeHNe pelleHHsl Ha TPAaHUIY eIHHCTBEHHO, HeT crnocoba
CIeJaTh ero oZHOPOAHBIM BHe o6aacTi 7°. Mtax, MBI noJdy4usu npo-
HOJ/DKEHWe /IS cJayuasl NblIHM; NOoXOGHBIM Ke 00pasoM MOXKHO IIpoO-
JOJIKUTb pellieHue B cJAydyae CMeCH BEllecTBa H H3JyUueHHS.

BepHeMcst Tenepb K pacCMOTPEHHIO HENYCTHIX [IPOCTPAaHCTBEHHO-
OIHODPOJHBIX MOoJenel obmero Buaa. CyliecTBoOBaHKE CHHTYJSPHOCTH
B TaKuX MOJR/SX NPAMO cjaelyeT U3 ypaBHeHusi Paliuayaxypu, ecan
MaTepus IBHKETC IO reofesnueckuM Ge3 BpalleHus (Kak 310 Oy-
IeT, HalpUMep, B cIydae OPTOTOHAJbHOCTH Fe0Je3HUECKHX K MOBEpX-
HOCTSIM OJZHOPOAHOCTH M NPH BLINOJHEHHH YCJOBHS BPeMeHHIOX0G-
Horo cOauxenus). OLHAKO CYUIECTBYIOT NPOCTPAHCTBA, B KOTOPBIX
BeIeCTBO OO6JafaeT yckopeHueM H TypOyJeHTHOCTHIO; BO3MOXKHO,
Kakoi-a1u00 M3 3TUX ABYX (HAKTOPOB MOXKET BOCIPENATCTBOBAThL MO-
ABJEHHIO CHHTyJAsipHOCcTH. Caenyiomuil pesyabTar, SABJASOUIHECS
yCOBEPLIEHCTBOBAHHEIM BAPHAHTOM TeopeMbl XOKHETa H dinuca [74],
TOKa3bIBAET, YTO B NEHCTBUTEABHOCTH HH YCKODEHHE, HH BpalleHue
He MOryT NOMEIUATh CYLIECTBOBAHHIO CHHTYJSPHOCTEH B 3THX MO-
Henax.

Teopema

Mogens (M, g) He MOXKeT GbITb BPEMEHHIOAOGHO Te0fe3HUeCKH
TIOJIHOH, ecJ/iH;

1) RapKeK? > 0 piist Bcex BpeMeHHNOJOOHBIX U H30TPOIHBIX BEK-
topoB K (3T0 cnpaBei/nBO, ec/H TEH30pP SHEepPTHH-HMIyJbca THnA I

(pasn. 43) up+pi >0, p +Zp,-—4nA>0);

2) CylecTBYIOT YypaBHEHHS JBHIKEHHS MaTepHaJbHBIX IOJeH,
s KOTOpbiX 3amaua KollM HMeer eJMHCTBEHHOe pelleHHe (CM.
1. 7);

3) naunubie Komu Ha HEKOTOpOH MPOCTPAHCTBEHHOMOXOOHOH
3-noBepXHOCTH JB WHBAPHAHTHH OTHOCHTEJIbHO Tpyninsl axnddeonmop-
dusMoB ¢, KoTopast TPAH3UTHBHA HA J6.

[TockodbKY BHYTPEHHSIS TeOMeTpHst # MHBAPHAHTHA OTHOCHTEb-
HO TPaH3UTHBHOHN rpymnasl AuddeoMopPH3MOB, NOCACAHHE ABJIAIOTCA
HU30METPUSIMA N MHOroo6pasue #4 mNOJHO, T.e. He MOXKeT HMeTh
Kpas. MoxHo nokaszatb (CM. pa3f. 6.5), 4TO H3 CYUIeCTBOBaHHA
HenpocTpaHCcTBeHHOMOKOOHOH KpHBOH, mnepecekawooulelt 46 Goaee
ONHOFrO pasa, CJAefyeT CyllecTeOBaHHe Aasi A HaKpPLIBAIOLLEro
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MHOT00Gpasus A, B KOTOPOM KamKias CBA3Nas KOMIOHeHTa ofpasa
NoBepXHOCTH J¢ OyIeT Iepecekartnes He 0oJce CAHONO pasa ¢ JO-
Goil HenpocTpancTBCHIIONO100HOH Kpusoi. Jlomycrnw, uro M ~—
BPCMENnoA0010e TeOie3HYeCKH [0JHOE MHOrootpasue, i noxa-
HKeM, 4TO 3TO NPOTHBOPEUUT YCAOBHAM (1)--(3).

TMycrs 6 — cBsi3nas KoMIoHeHTa ofpasza 76 B . Coraacio
ycaosnio (3), nanupie Koun na # onmopomun. ITostomy no yeso-
puto (2) obaacrs Kowu kaxoi-a1n6o obaacty ¥4 u3oMerpuuHa oG-

aactu Kowwu awboit  Apyroft nogobuoft odaacrtn F6. Beaeacrsue
3TOrO OAIOPOAHL! i TOBEPXHOCTH {s = const}, rne s ectb paccros-

une or J€, naMepenHoe BAOIb ['€OAE3UUECKHX HOpMase K 6, ecnn

odn Jexar suyTpu oOaacty Komu nosepxuocty H. ITH 1M0BEPXHO-
CTH NIOJZKHLI JeXaTh HAN LeTHKOM BHYTPH MM LEJIIKOM BHE 06Ja-
crn Komn 2, uGo B mpOTHBHOM c/ayuae Ha 6 cymecTsoBaIH Obi
5KBUBA/JENTILIe 004aCTH, KOTOPble HMean Obl HeIKBHBAJeHTHbie 00-
nactu Komn. ITosepxuocru {s = const} Gyayr mexars B ofaactu
Kowm nmocrosibKy, MOCKO/bKY OHH OCTAaKTCH MPOCTPAHCTBEHHOMNO-
N06HBIMY, W60 TpaHuua (ecin OHa cywectByer) odaactu Koun
IOBEPXHOCTH J¢ N0/KHa ObITh H3oTponHoh (pasm. 6.5).
Teogesuyeckas, opToroHasbHas K 6, OyaeT OPTOrOHAJLHON H
K mosepxHocTaM {s = const}, MOCKOJBKY BeKTOp JAeBHAUHH TOUEK,
OTCTOAIHX Ha PABHOM DACCTOSIHUH OT 6 BIOJb COCEIHUX FE0Ie3H-
YeCKHX, COXPaHseT OPTOTOHAJbHOCTH K 3THM TFe0J1e3MYeCKHM, ecJl
oH OblA OpTOrOHAaJeH K HuM HepBoHauaasHO. Kaxk n B pasm. 4.1,
MPOCTPAHCTBEHHOE pa3jeileHne COCEIHNX re0le3HYecKux, opToro-
HANLHBIX K €, MOMKHO 0XapaKTepu3oBarh MaTpHIeH A, xotopasd
eannuuna Ha J4. IToxa A He BLIDOXKIEHA, OTOOpakeHHe H3 € Ha
nosepxHocti {s = const}, 3azasaevMoe HOPMaJbLHBIMU reofesuue-
ckumu, OyIeT paHra 3, TaK 4YTO 3TH IMOBEPXHOCTH OYIYT pPOCTpaH-
CTBEHHOTIOIOOHLIMH 3-IOBEPXHOCTAMH, HAXOIAUIMMHUCH B TNpepesax
obaactu Komu #6. Pacxoxaenne
—1 d(det A
8= (det A)™ LA

3THX Te0Je3UeCcKX MOAYMHAETCst ypaBHeHwo Pafluayiaxvpu (4.26)
¢ HyJeBLIMH BpatnienueM u yekopenueM. [To yeaosnio (1) RapVeVe>
> 0 n1as Bcex BpeMeHHNOJ06HBIX BekTopoB V2. Cienosaredabno, 0
CTAHOBUTCS GECKOHEUHBIM, a MaTpHla A — BBIDOXKAENHOI NP HeKo-
TOPOM KOHEYHOM TOJOKHTEIbHOM HJIH OTPHIATENLHOM 31aYelliu So
napamerpa s. OtofpakeHue H3 F¢ HA TOBEPXHOCTL S == Sy MOXKET

HMeTh caMoe 0oJblilee paHr 2, Mo3ToMy Ha J€ naiigetcs ro kpafinei
Mepe 0aHo BextopHoe note Z, njs xotoporo AZ == 0. Murerpaab-

HBI€ KPHUBLIC 3TOTCO BEKTOPHOIO NOJA ABIAKTCA TEMH KDHBLMHE Ha 7.
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KOTOpDlE 0T00pakKanTes reode3NYecKUMH HOPMAISMU B OJHY TOUKY
Ha HOBEPXIOCTH § = $). Takum 06pa3oM, 3Ta IOBEPXIOCTh Oyer
camoe Goabliee asyMepHoi. ITockoabxy HPHJSI <|so| reomesnue-
ckne gexar B obaactu Kown nosepxHoctu 76, MOBEPXHOCTH S = Sp
OyAeT JexkaTh HJAH BHYTPH HAM Ha rpanuie 1ol o6aactu. CoraacHo
YCAOBHIO (1), TeH30D SHEPTHH-HMIY/Ibca HMEeT eIHHCTBEHHbI Bpe-
MenUnoAo0NLIfT coOCTBENHBIl BEKTOP B KamAoi Touyke. DTH cob-
CTBEHIIbIE BEKTOPBI 00PAa3yIOT BPeMeHHIOA00H0e BekTopHoe Cl-mode,
HHTErpasjJbHble KPUBBLIE KOTOPOIO MOXKHO paccMaTpHUBATbL KaK JHIHA
TOKa BellecTBa. Bcee JnHuM TOKA, NPOXOAsLINE Yepes S == So, HOIK-

HLl nepecekaTb #6. Ho rorza B cusiy OZHOPOAHOCTH Jf BCE JUHHH
TOKa, NPOXOAfIIHe uepe3 J&, NOMKHBI MPOXOAUTH M Uepes § = So.
Crnenosate/bHo, JHHUH TOKA 3a7aI0T Audpeomopdusy Mexay FE U

MOBEPXHOCTBIO § == Sp. DTO HEBO3MOXKHO, TAK Kak %—Tpexuepﬂaﬂ
NOBEPXHOCTh, @ § = Sp — JByMepHasi.

B camowm mese, ecaim Bce JIMHHH TOKA JOJKHBI IIPOXOIHTH uyepes
ABYMEPHYIO 1IOBEPXHOCTb, TO CJeAyeT 0XKHMAaTh, YTO MJIOTHOCTH Be-
mecrBa craner OeckoHeyHol. Taxkum o6pasom, Mbl YOEAHIUCH, UTO
KpynHoMacmraOHble BpallleHHe WJIH YCKODeHWe He MOTYT caMu [0
ceGe BOCHIPENATCTBOBATE NOSIBJIEHHIO CHHIYJISIPHOCTEH BO BCEJEHHOM,
noAuuHApIledcs crporoMy npunnuny Konepunka. 13 nocaenyomux
TEOPEM MBI YBHAMM, 4TO HEOJHODOAHOCTH TaKiKe He MOL'YT 3ampe-
TUTh CYLIECTBOBAHUE CHHTYJ/ISIPHOCTEH B MOJAEAAX MHPA.

5.5, Pewrenus Ilapuwuabna u PadiccHepa — Hopacrpema

XoTst NpPOCTPAaHCTBEHHO-OAHOPOANDLIE DPELIEHHsT MOTYT CJaYKUTb
XOPOIIMMH MOJRJAMH IJs KPYIHOMACIITa0HOro pacnpeneaeHus Ma-
Tepuu Bo BceseHHON, OHHM HEMPUTOAHBI, HANpUMep, AJs ONHCAHHs
JOKaJLHOH TI'eoMeTpHH [IPOCTPAHCTBA-BPeMeHH B CosneuHoft cucre-
Me. DTy I€OMEeTPHIO B XOpolleM MPHUOJHKEHUN MOZKIIO OINHCATh pe-
wenuem HIBapmmuabia, KoTopoe mnpeacrasfiser coboli chepuue-
CKH-CUMMETPHYHOE MYyCTOE IPOCTPAHCTBO-BPeMsl BHe chepHuecKH-
CHMMETPHUYHOTO MACCHBHOTO Tesa. Bce 3KCIEpUMEHTH M0 TpPOBEpKe
pasanuus MexkKJIy HbIOTOHOBCKOU TeopueH u obliell Teopuel oTHO-
CHTEJIbHOCTH, BBIIOJAHEHIDIE 10 CUX JI0p, (DakTHUeCKH OCHOBAHBI Ha
NpeICKa3aHuAX, CBSI3AIHLIX C 3THM pelleHHeM.

Merpuxy npocrpancrsa Ulsapuuniibia Mo3KIO OPeACTABHTL B
BUJC

o 2m 2m
ds’=—(1—==)de + (1= 22) LAt r2(d0? - sin® 0) dg?,
(6.21)
rae r > 2m. O4eBHANO, YTO 3TO IPOCTPAHCTBO-BPEMSi — CTaTHye-
ckoe (T.e. 0/0f npexcrasiaser co0oil IPaguelTHBII BpeMeHHII0A00-
Hplii  BexTop Kuaauura) u  chepHUCCKH-CHMMCTPHUYHOE, T. €.
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HHBAaDHAHTHO OTHOCHTE/JbHO rpynnsl usomerpuit SO(3), meiicTBylo-
wel Ha 2-cdepax {f = const, r = const} (cp. ¢ npusoxenuem bB).
Koopannara r 3amasa B 5TOH MeTrpuyeckoil ¢opMe BHyTpeHHHM 006-
pasoMm Tpe6oBaHHeM, UTOOBI MJIOLIAAbL 3THX MOBEPXHOCTEN TpPaH3H-
TUBHOCTH Obia paBHa 4mr? Pemenue Bapumnibga — acuMnro-
THYECKH IIIOCKOEe, HOCKOJBKY METPHKA NpH OONBIIMX ¢ HMeeT BHA
gab = Nav + O(1/r). CpaBHeHUe C HBIOTOHOBCKOH Teopuel (cp. ¢
pasi. 3.4) nokasblBaeT, YTO 77 HMEET CMBIC/] MPABHTAILHOHHOH MacCHI,
H3MepeHHOH Ha OeCKOHeUHOM YAAJeHHU OT TeJa, CO3AANLIEro AaH-
Hoe nose. Ciuefyer NMOAYEPKHYTb, UTO 3TO pelleHHe eIHHCTBEHHO:
ecsIM KakKoe-1u60 pelleHue ypaBHeHUH MOJA B IYCTOM MPOCTPAHCTBE
cpepHYeCKU-CHMMETPHUHO, TO JOKAJbHO OHO M30METPHUYHO DEIIeHHUIO
[MIBapumuasaa (XoTs B KakKOH-TO APYrofi KOOPAHHATHOH CcHCTEMe
OHO, KOHEYHO, MOXKET BHITJISII€Th COBCEM HHAUE; CM. MPHJI0KeHHE D,
a Takxke [6]).

O6vuno merpuxy IIBapuuasia npu 7, npeBLILIAOMUX HEKOTOPOE
3HaueHue ro >> 2m, MOXKHO paccMaTPUBATb KaK pelleHue BHe HEeKO-
TOPOro chepHUECKH-CHMMETPHYHOTO Tesla, BHYTPH KOTOporo (r << rq)
MeTPHKa HMeeT MHOU BHH, ONIpefe/seMblii TEH30PDOM 3HEepPrUH-HM-
nyJbca BellecTBa 3Toro tena. OMHAKO HHTEPECHO MOCMOTPETh, UTO
NOJIYYUTCSH, €CAM PAcCMAaTPHBATH 3Ty METPHKY Kak pellieHue B my-
CTOM NIPOCTPAHCTBE TPH BCEX 3HAYEHHSX T.

Torga merpuka ocobenna npu r =0 u r = 2 (UMeIOTCH TaKKe
TpPHUBHAJbHLIE CUHTY/ISIPHOCTH INOJSPHEIX KOOpPAMHAT mpu 0 =0 H
6 = x). CienoBaTeqbHO, MBI JOJKHB BHIPE3aTh TOYKHU, B KOTOPHIX
r=0 u r = 2m, U3 MHOroo6pasus, 3agaBaeMoOro KOOpAHHATAMH
(¢, r, 0, ¢), MOCKOABKY B pasi. 3.1 MBI NMPUHSJIH, YTO MPOCTPAHCTBO-
BpeMs NOJIKHO HpeAcTaBasTb co00H MHOroo6pasue ¢ JOPEHIEBOA
MeTpHKOH. Bolpe3aB NOBEPXHOCTh 7 = 2m, MBI pas3jiejuM MHOT006-
pasue Ha [iBe HeMmepeceKarouuecs KOMIIOHEHTH, B KOTophix 0<Cr<2m
u 2m < r <C co. TlocKO/MbKY Mbl NPHHSAMM, YTO IPOCTPAHCTBEHHO-
BpeMeHHOe MHOroofpasne HOJNKHO ObITb CBSI3HLIM, MBI AOJKHBI
6paTb B paccMOTPeHHE TOJLKO OAHY H3 KOMIIOHEHT M, OYEBHAHO,
BHIGpaTh NP 3TOM Ty, B KOTOPOH r > 2m, T.e. COOTBETCTBYIOILYIO
BHewHeMy nodio. ITocne 3Toro ™Mbl JOJXKHB 3a7aThCi BONDOCOM,
pacmupsieMo Jju MHoroo6pasue JA cO IUBApPUIIKILAOBOH MeTpH-
KOl g, T.e. CymecTBYIOT JH GoJbllee MHorooGpasue 4’, B KoTopoe
MOXKHO 6bl10 OBl BJIOKHTh J, U HYxKHOe uuca0 pa3 audpdepennupye-
Mast JIOpeHlleBa MeTpuka g’ Ha J', coBlajfawllas ¢ g Ha o6pase .
$1cHO, UTO pacIIMpeHHe MOXKHO OCYLIeCTBHTL B 00JacTH, riae r —> 2m.
Brluncienye nokasblBaer, 4TO, HECMOTPS Ha OCOGEHHOCTb METPHKIl
B [IBapUIIKJBIOBEIX KOODAHHaTax f, r, 6, ¢, npu r = 2m HU OXHUH
CKaNgpHBIH MOJHHOM TeH30pa KPHBH3HEI U METPHKH He pPacXOAHTCS
npu r > 2m. TO HABOLUT HA MbIC]b, YTO 0COBEHHOCTb HPH 1 = 2m
He SIBJISIETCSt HCTHHHON (hH3HUECKOH CHHIYJASIPHOCTBIO, @ CKOpee BCErd
OKa3plBaercs C/JeLCTBHEM HEYJauHOro BbIOOpa KOOPAHHAT.
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UroObl NOATBEPAHTD 3TO H NOKAa3aTh, 4TO (M, g) MOXKHO pacuiy-
pHTb, BBEIEM

r*as =r -4 2mln(r — 2m).

A
S 1 =2m/r
v=={-4r

-— OIlepexKarollast U30TPOIHAA KOOPAMHATA H

Torna

w=ft—r"

— 3anasfieBaolias U30TPONHAA KoopauHata. Mcenoansys koopauuaTs
(v, r, 8, ¢), noyunm MeTpPHKY g B popMme DIAHUHrTOHA — PHHKeJb-
cTeliHa:

ds?=— (1 — 2m/r)dv® 4+ 2 dv dr 4 r?(d6? + sin*0 d¢?). (5.22)

Muoroo6pasuem A sasiasercs obnacte 2m < r < 00, HO MeTpPHKA
(5.22) He cuuryJsipHa H Jaxe aHa/JUTHYHA Ha GoJsblieM MHOroof-
pasuu A, ana xoroporo 0 << r < co. Ta obmacrs mogenu (A’, g’),
ans koropolt 0 < r << 2m, dakTHuyecKH U30MeTpuuHa 06JacTH MeT-
puku IIsapumnapia, aaa kotopoit 0 << r << 2m. Vrak, ucnonansys
Apyrue KOODAMHATLI, T. €. BBOJAS HHOE MHOroo6pasue, Mbl paclliH-
puiu Merpuky lIBapumuapia tak, yTo OHa Tepecrana GbiTh 0cOBeH-
Hoit nipu r = 2m. Kak BunHo u3 guarpamMm Quuresabcreiina, B MHO-
roo6pasuy A’ TOBEPXHOCTb r == 2m usotponsa (puc. 23). Ona
ABJsieTcss cedeHnem B = const, ¢ = const npocrpaHcTBa-BpeveHy,
Kaxkjaass ee Touka usobpaxaer 2-chepy miomaau 4nr?. Ha stoi
auarpaMMe H300paxeHbl HEKOTOpble H30TPONIHBIE KOHYCHl H paiu-
aJbHBIE H30TPONHBIE reoje3HyecKue; H306paKeHbl TaKkKe MOBEPXHO-
cru {t == const}, u BHIHO, UTO { CTAHOBHTCA GECKOHEUHBIM Ha I10-
BEPXHOCTH ¢ == 2.

ITono6noe mnpencrasnenne pemenus Ilsapumuspna o6aagaer
TeM HeOOBIYHLIM CBOHCTBOM, YTO OHO HE CUMMETPHYHO BO BPEMEHH.
ATOro MOXKHO ObLIO OBl OXHAATb M3-3a HAJAAUHA IEPEKPECTHOTO
y1eHa (dvdr) B (5.22); KauecTBEHHO aCUMMETPUsl BHAHA Ha JHa-
rpamMme PuHKenbcTeliHA. SIpue Bcero oHa MPOSIBJASETCS B TOM, UTO
NOBEPXHOCTh r == 2m BeJleT ce0d Kak moJynponuunaemas MemGpana,
OpOmycKas HampasJeHHble B Oyfyliee BpeMeHUNoZoOHble HIH H30-
TPOMHBIE KPUBbIE TOJbKO H3BHe (r > 2m) BHyTpb (r << 2m). Hu
OIHa HanpaBJeHHas B NPOULIOe BPeMeHHNMoA00HAas WJIH H30TPOIHAN
KpHBast U3HYTpH r = 2m He MoxeT npubausursca K r = 0. Oxnako
mobas HanpasleHHass B OyAylilee BpPeMeHHNOAOOHAS MJIH H30TPOI-
Hasl KpUBag, nepecekiias r = 2m, gocruraer r = (0 B npenenax Ko-
Heynoro addunnoro paccrosuus. Ipu r = 0 cxansip R?04R peq pac-
xomurcst kKak m?/r8. Tlostomy r = 0 sBJIAeTCA HCTUHHON CHHIY/ISAP-
HOCTbIO; npoctpaHcTBo (A, g’) He uMmeer C2-paciuMpeHus uepes
r =10 (Ha caMoM JeJe oHO He nMeer paxe Cl-pacinpeHnus).



7=2m

U = Const

W = const ——

C
t
= Hadntogamens, gouxy i
05 YCKOREHHO [ipU
t=const” noCImOSHHOM

JHaveRuu 1

—

Paguansio phgarowas
qacmuya nonagaem
HQ CUHZYAFPHOCITIG

v=const

r

Puc. 23. Ceuenne mnocrosiuubix 0 u ¢ B pemennn IIBapmumnmisia. @ — Kaxky-

asCsl CHUMYIAPHOCTb st r == 2/ [PH UCHOAL3OBAHHH KoopAumar (¢, r); 6 — Auna-

rpamya PuEKeAbCTEHNA, MOJAYUEHHAsT TepexoAoM K KoopAunatay (v, r) (JIHHIII

nod yraoM 45° aBasioTes anuuaMu v). IToBepxmocTh # == 2m — H30TpOMIAs 1O~
BEPXHOCTb, HA KOTOPOil [ = Q.
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Ecau BMECTO U HCNOAB30BATL KOODAMHATH @, TO MeTpika mpH-
meT nua g’

ds’ = — (1 — 2m/r) dw* — 2dw dr 4 r’(d0" - sin’ 0 d¢?).

Ona anaanruuna Ha Muoroo6pasun '/, 3agaBaemMoM KOOpAHHATA-
My (w, 7,0, ¢) npu 0 << r << co. CHOBa MuorodpasueM 4 sBIIETCA
obaacte 2m < r < oo, u HoBas o0aacte 0 <r < 2m nsoMeTpiyHa
obiact 0 < r << 2m wmetpuku lllBapumuapia, Ho 3Ta H3OMCTPHUSA
obpaulaer HalpasjaeHue BpeMeHu. B MHoroo6pasum A’ nosepx-
HOCTb f = 2171 CHOBa $IBJSIE€TCS M30TPONHON TMOBEPXHOCTBIO, Mei-
CTBYIOLEH Kak mnoaynenpoHuuaemas meMBpana. OxHako Ha 3TOT
pa3 oHa MpOoHHIAEMAa B HPOTUBONOJOKHOM HANpPaBJeHUH BPEMEHH;
npolnycraeT u3BHe (r > 2m) BHYTPb (r <C 2m) TOJBKO Hanpar.cH-
HbIe B TNPOLLUJIOE BPeMEHUTIOA00HEE HAYM M30TPONHBIE KPUBLIE.

Ha cayowm pese MoxKHO ocyiiecTBUTh 06a pacurupenns (A', g7)
u (A", g") onnoBpevento, T. e. CYIIECTBYeT ellle MHOroodpasue J*
¢ Merpukoi g*, B kotopoe u (A’, gy, u (A", g’’) Moryr ObLITb H30-
METPHYHO HOTPyXKellbl TaK, YTO OHH COBIAAyT B obJjactu r > 2m,
KoTopas H3oMeTpuuyHa mnpocrpadctBy (A, g). Takoe pacumupensoe
MHOToOOpasue ObL10 moctpoeno Kpyckamnom [95] UrToOwl nmoJayunTh
ero, paccMorpum (4, g) B KoopAuHarax (v, w, 0, ¢); Torna Mer-
pHKa UMeeT BHI

ds* = — (1 — 2m/r)dov dw + r* (d0® 4 sin® 8 d¢?),
TIe £ ompejeaseTcs PaBeHCTBOM

.;_(z;—w)zr—}-len(r—Qm).

Taxnm obpasom, 2-npoctpanctso O = const, ¢ == const npencras-
JE€HO B H30TPONHBLIX KOH(OPMHO-IIOCKMX KOOPJAHHATAX, NOCKOJBKY
npoctpaHcTso ¢ Merpukoil ds? = dv dw njaockoe. Camoe obuiee KO-
OpAMHATHOE MpeodpasoBaline, OCTaBJSIOLIEE METPUKY 3TOro 2-Ipo-
CTPaHCTBA KOH(MOPMHO-TIVIOCKOH, a 00e KOOpAMHATHI 1130TPOMHBIMH,
umeer Bug v = 0'(v), @ = w/(w), rie v u W — NpPOU3BOJIbHbIE
Cl-pyuxunn. IToayuaromasics npu 9ToM METPHKA HMeEeT BHI

h:__(l_zi_ii) do

r do”

7
el

UtoOBl NPUBECTH €€ K BHAY, KOTOPBII COOTBETCTBYET TOMY, UTO
BELI0 TOJAYYEHO paHee AJAs TPOCTPAHCTBa-BpeMeHH MIHKOBCKOro,
TOJIOK 1M

1

’ 14 7 ’ ’

?(U — )’ t—-—-_Q..(U _{_&)

H npuieM K CJACAVIOIEMY OKOHYATEJbHOMY BBIPAXKCHHIO!

ds? = F*(t', XY (— d"? 4+ dx?) + r2 (¢, x)(d0? +sin’ 0 d$?).  (5.23)
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KoHkperTHbili BHA 3TOH METPHKH Ompeie/sieTcd BbiOOpoM (yHKIHH
v/, w’. Kpyckaa sreiGpan
v =exp(v/dm), @’ = exp—(—w/dm).

Toraa aasi r uMeeM ypaBHEHHE

(') — (&) = — (r — 2m) exp (r/2m), (5.24)
a pas F — dopmyay
r m?
Fre=exp (— 55 ) - 162 (5.25)

Ha muoroo6pasuu J*, onpeneasieMoM Koopaunaramu (¢, £, 8, ¢)
mpu (¥)2—(x')?<<2m, ¢yekuuun r u I [3apmaBaemble (5.24),
(5.25)] nonoxurenabHsl W aHaautHyHel. [lycte Mmerpuka g* HaHa
dopmynoit (5.23); obaacts I npocrpancrsa {.4*, g*), onpeleneH-
Hasi HepaseHcTBoM X’ > |t’|, usomerpuuna (M, g), T.e. 06JacTH
pemenuss Ulsapumwuasbaa, aas koropo# r > 2m. O6aacts x' > —t’
(o6aactu [/ u I/ Ha puc. 24) u3oMeTpHUHA OMEpexalolleMy pac-
mupenuto Ouukenbcreiina (A’, g’). Ananoruuso, obaacts x' >t/
(o6nactu [ u /I’ Ha puc. 24) uzoMeTpHuHa 3amasfbBalolEMy pac-
mnpennto Ouukeascreiina (A, g”). Umeercs raxxke obaacts [,
onpefessieMass HepaseHcTBoM X' << —|#’|, Koropas ToOXe OKasbl-
BAETCH H3OMETPHYHON BHewlHeMy pewtennio IlBapuwuiabaa. Ee
MOXKHO paccMaTpHBaTh Kak APYTyI0 aCHMITOTHYECKH-IVIOCKYIO BCe-
JEHHYIO 10 Ty CTOPOHY IUBaPIUIIHIbAOBCKON «ropsoBuHb». (Paccmo-
rpuM ceueHue {=0; 2-chepn {r == const} BuiraagAT npH 060Jb-
IIHX ! TaK e, KaK B €BKAHAOBOM MPOCTPAHCTBE; OJHAKO IIPH Ma-
JABIX 7 WX IJOIIaAb yObIBaeT K MHHHMAaJbHOMY 3HaueHHwo 16mm? u
3aTeM BHOBb BO3DAaCTaeT, CJIOBHO 3TH 2-ctepsl paclIUpsIOTCS B APY-
rOM acHMMTOTHYECKH-TIOCKOM 3-mnpoctpaHcTBe). M3 puc. 24 BuaHo,
yto obaactu I’ u I] usomeTpuuHsbl onepexamliemy, a obaactu I’ u
I’ — 3anasppiBatoliemy pacmupennio ®unkesnbcrelina obaactun [’
W3 ob6aactn I B o6acTb I’ He POXOAHT HU OAHA BpeMeHHIIOJO0HAS
WJIM H30TponHas kpusas. Bce HampasseHHble B Oylyllee BPeMEHH-
nofo6Hble 1 H30TPONHLIE KPHBble, KOTOpble NepeceKkalT YacTb Io-
BEDXHOCTH 7 = 2/, ONMCHIBAEMYIO Tenepb ypaBHeHueM ¢ =|x’],
CTPEMATCS K CHHTYJASPHOCTH TPH { = (2m-+(x")?)", ang xortopoti r==0.
TMogo6uo 3TOMY HalpaBjAeHHBIE B NPOULIOE BPEMEHHNOAOOHBIE U
H30TPONHbIE KPHBLIE, Mepecexkawinue ' == —|x’|, crpemsites K ApY-
rofi CHHryssipHocty npu t’ = — (2m + (x’)2)", rue cHosa r = 0.

Pacminpenne Kpyckana (A*, g*) —ellHHCTBEHHOE aHaJ/HTHUe-
CKOe U JIOKaJbHOe HepaciiupsieMoe pacmupenue pemenus IBapi-
muabAa. Beoas HOBBle onepexaiouive W 3anasiblBalollHe H30TPOI-
Hble KOODAHHATHE

v” = arctg (v/ (2m)™ %), w” =arctg (w’ 2m)™"),

1
_n<vll+wll<n, ____2_n<v//<__;_n’ -—-én<w”<%n,



1 r = const<m
=00 // =2
N Carr- | v/
C //ﬂpygm g — 7= const »2m
7
r=const
>2m 7’ \ ;
A /
t=0—"" p
_ 7/
t=const
/ F=oco / r :0
t =0 (curneyrgp-
/-/06’/)%6 )/7 r=2m
a 7= const<2m
r=0 Vew’ =unp2
T\ eunzynsprocmas 7= const<2m
8 dygyyert )
= s+ \ it
r=2m i r=2m
2 F* r=const»2m
r=const >2m
.7 * S /7 = oo
w="% e
P17 ! i
& - flosepxrocms
Kowru
=0\ ,
A A W ~7/2
# = const
/4
- =00
t=const i 8
£=c UK.
CUHYARPHOCTIE 8 NPOLUAD,
¢ =const r=0 (p% &-;/” =p_ A /4 M)
2

P uc. 24. MakcumasbHoe aHasuTHYecKoe pacummupenue pemtenus IIpapumuabna.

Kooprunatet 6, ¢ onyuieHe; 430TPONHBE JIMHHH [POXOUAT NOX yrioM 45°

Hosepxuoctu {r =rconst} omuopozms.. a — nuarpammua Kpyckasna, Ha KoOTOpO#

H306paKkeHbl ACHMNTOTHYECKH IiockHe obaactd [ u I’ w oGaacru I, II’. pas

KOTOpHIX 7 < 2m; 6 — puarpamva Ilenpoysa, usobpaxawomas KoHGOpMHYo Gec-
KOHEUHOCTb H JABE CHHIYJISIPHOCTH.
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MOXXHO noctpoutp Juarpammy llenpoysa aas pacuupenns Kpy-
ckafta (puc. 24,6). Ee MOXHO CPaBHHTL C AHarpaMyofl s 11po-
crpadcTBa Mmaxkosexoro (cM. puc. 15, 6). Tenepp Mol uveev 0ecko-
HeyHoCTH Oyayllero, NPOIVIOTO M M30TPOMIYI0 0eCKOHCUHOCTh AJd
Kax10# M3 acUMITOTHUECKH-JIOCKMX obaactell [ u I’. B otinune
oT mpocrpauctBa MHHKOBCKOTO KOH(OpPMHAsS METPHKA Telcphb He-
npepuiBHa, 110 Heauddepenuupyema B touxax L.

Ecau Mbl paccMOTPHM H3OTPONHBII KOHYC OyAVILEro Kakoli-1ubo
TOYKH BHe 7 = 2m, TO paauajbHas reojesndeckasi, HanpasJeHHas
o pajgHycy HapyKy, Aocruraetr GeCKOHEUHOCTH, a lalipaBieHHas
BHYTPb JOCTHUFAET CHHTYISPHOCTD B OYAYIIEM; ecau Touka JeXKUT
BHYTPH r = 2m, To 00e 3TH recZe3HUcCKHe 10Naai0T Ha CHHIYJAp-
HOCTb, X BCce Oyayllee 3TOH TOUKH KOHUAETCH 3TOH CHHTYJSPHOCTDLIO.
Taxum ob6pasowm, Jwobast Touka BHe r = 2m MoOXKeT u3bexkaTb CHHIY-
JAAPHOCTH (M, CJAeJOBATEIbHO, CHHIYIAPHOCTL HE «YVHHBEPCAIbHA»
B oranune oT npoctpanctsa Pobdeprcona — Yoxepa), HO KaK TOJIBKO
yacTula oOKa3a’aacb BHYTPH r = 2m, oHa 00d3aTeJbHO JOCTHIHET
cuHryasipgocti. OxasweiBaercsi, 5T0T ($axT TeCHO CBS3aH ¢ TeM 006-
CTOSITEALCTBOM, YTO KaxKjJas Touka BHYTpu odaacti [/ usobpaxaer
2-cdepy, KoTopasi ABJSETCS 3AMKHYTOM JOBYIIEUHON MOBEPXIIOCTHIO.
D710 03Hauyaer CAeAYIOUIEe: PACCMOTPHM Kakyk-audo 2-chepy p (Ha
puc. 24 ouna usobpaxaercsd ToukoH) u ABe 2-cepbl ¢ u s, oOpaso-
BaHHLIE OTOHAMY, KOTOPLi€ HCHYLUEHBI C MOBEPXHOCTH p B OLHH H
TOT K€ MOMEHT BPEMEHH OT LEHTPa N K LEHTPY NOBEPXHOCTH p.
Ilaomans ¢ (oma paBHa 4mr?) Gyger OoJblue, a IL10maip S OvAeT
MeHblIe 1J0LaTl p, ecan Bee Tpu cepnl Jgexkar B obaacti ¥ = 2m.
Ecnau ke Bce onu sexar B obmacru /I, rpe 7 <C 2m, to nJjollany
obeux chep: u g, u s OYAYT MeHble nioumafn p (Ha puc. 24 3Haye-
HUe r yOblBaeT B oOgactu [/ npu IBuKEHMH CHI3Y BBepx). B Takowm
clydyae MBI TOBOPUM, UTO p siBJAseTCd 3aMKHYTOH JOBYLIEUHOH [O-
BepXHOCThIO. Kaxkpag Touka BHyTpu oOaactn [[” aBiaserca 3aMKHy-
TOH JIOBYLICYHOH NOBEPXHOCTBIO [pH OOpallleHuu BpeMeHnu (cyuie-
CTBOBaHHE 3aMKHYTBLIX JOBYILEYHBIX MOBEPXHOCTEH — HE0O0X0IHMOe
CJIEACTBHE TOro OOCTOSITENIBCTBA, YTO IMOBEPXHOCTH r = const mpo-
CTPAHCTBEHHOMOAOOHBI), H COOTBETCTBEHHO BCe YacTHILI B obJaa-
et [/ posxkiel OLITH «IPHINEJTbIIAMH» M3 CHHIYJsPHOCTH B Mpo-
uoM. B ra. 8 MBI yBHAHM, YTO CaMO CYLIECTBOBaHUE CHHTYJSIPHO-
CTell TeCHO CBSI3aHO C CYUIECTBOBaHMEM 3aMKHYTLIX JOBYLICYHBIX
noBepxHocreil,

Peuienine Paiiccuepa — HopacrpevMa ofnncniBaer HPOCTPaHCTBO-
BpEM$ BHE 3JeKTPHUECKH 3apPSKEHHOro chepHuecKu-CHMMETPUUHOro
teda (KoTopoe, ofHaKo, e o6Jafaer HH CIHHOM, 1M MarHUTHBIM
AUTOABLHEIM MOMEHTOM, BCJEIACTBHE UEro 3TO pellelide He MOMKET
CAYEKNTL XOPOLUM OTHCAIHEM 11048 TATOTEHHS BOKPYT 9.JIEKTPOHA).
CuoeoBaTeblio, TEH30P IHEPTHH-UMITYJIbCA TAKOI Ke, Kak Yy 3JeK-
TPOMArHHTHOIO 10Js, CO3LAHHOIO 3apsjoM 3Toro reja. Peurenie
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Paficciepa — Hopacrpema — eIHMHCTBEHHOE — aCHMITOTHYECKH-IIO-
cxoe chepHyeCcKn-CHMMETPUUHOE pellleHne ypaBHeHud Siiniureiina —
Maxkcsessa 1 J0KaJbHO OHO Hanmovuuaer pemrenne HIBapumnania:
CYIIECTBYIOT KOOPAMIATDI, B KOTOPBIX METPHKA MMEeT BHI
2 —l
e ¢
) drr

#E) i (1-24.0)
+ r2(d0* 4+ sin?0d¢?), (5.26)

ds?—= — (1 . Q;n

rjae m — rpaBHTalHOHHAS Macca M e — 3JEeKTPUUeCKHH 3apsj TeJa.
IT0 acUMITOTHUECKH-IIJIOCKOE pellleHue €CTECTBEIIHO PACCMATPHBATD
KaK pelleHde TOJAbKO BHE Tesla, a BHYTPH AOMXKHA OBITh KaKas-TO
opyrasg MeTPHKa; HO HHTEPECHO MOCMOTPEThb, UTO I[OJYUHTCS, €C/IH
MBI OVJeM CUHTATh, UTO pEUIeHHe HMEeT CMBLICA HIJs BceX 7.

Ecan e* > m? MmeTpuxa HeocoOeHHA Be3Je, 32 UCKIOUEHHEM He-
yerpanuMoil ocobeHnoctd npu r =0, KOTOPYIO MOXKHO paccMaTpu-
BaTbh KaK TOUEYHBIH 3apsij — UCTOYHHK m0Jd. Eciau e? << m?, meTpu-
Ka HMEET OCOOENIICCTH TaKKe B rp U I—, THE re = m == (m? — e2)';
OHa peryJspHa B 00JacTax co >t > ry, rp >r>r_ur.>r >0
(ecau @2 = m?, CyIIeCTBYIOT TOJABKO MepBas M TpeThs obaactu). Kak
u B cayuae IBapumusapaa, 3TH CHHCYJASPHOCTH MOXKHO YCTPaHUTh
BBeJEHHEM MOJIXOAAIINX KOODAHHAT H pacllHpeHHeM MHOrooGpasust
0 TOJIVUEHHUs] MaKCHMaJbHOrO aHAJUTHUECKOTO MHoroobpasus [21,
64]. T1aBible OTIWYNS BO3HUKAIOT HM3-34 TOTO, YTO MIIOKHTEIbL Ie-
pen df? umMeer aBa HyJas, a He onauH, Kak B cayuae [lIBapuuruabaa.
B wacTHOCTH, 3TO OPUBOAHT K TOMY, UTO TepBast W TpeThsd ob.ja-
¢t — ofe cTaTtHyeckne, TOra Kak Bropas 004acTh (ecau oHa cylle-
CTBYET) — MPOCTPAHCTBEHHO-OHOPOAHA, HO HE CTaTHUHA.

HToOB NOJAYVUHTE MaKCHMaJbHO pacllipeHHOe MHOTOOGpa3ue, Mbl
Oyaey AeflcTBOBATh AHAJOTMUHO IUBAPLIINILAOBY C/lAyual. Baeaem
KOOpIHHATY r*:

* dr
r= 2m e’
LA
r + r?
TOrAa AJs r > r.,.
r‘Z 2

* + . - ) — = - 2 2
rr=r-4 p— In(r—r.) P In(r—r-) mpun e < m?,
fe=r4-mln (r—m)f——r_m mpu  e"=m’,
* : L2 2 r—m 2 2
r'=r-+min(r —2mr+¢e) + —rarctg—— npn e >m

BBO,‘UI onepexKalome H 3anasinipaionlye Koopinuarn v, w

v=t+r, w=t—r,
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npusegeM MeTpuky (5.26) K M30TPOMHOMY BHIY
ds? = —(1— 2 %) do dw + 7' (d6? + sin* 0 d¢?). (5.27)

B cayuae e® < m?® ompepeauM HOBble KOOPAHHATH 0”7, @” cJepyio-
muM obpasom:

v” == arctg exp (ﬁ;Tf: v) ,  w”==arctg (—— exp (—”i: w)) .
+

Tonna mMetpuka (5.27) npHHUMaeT BUA
9 2m & 4
ds* =\1——+ -7 )64 —(———r—)z— cosec 20” cosec 2w” dv” dw” +
-+ r*(d6° 4 sin*0d¢?), (5.28)

rje r ompefleisieTcsi HESIBHO YPaBHEHHEM

tg v’ tg w” = —exp (———”2:2 = r) (r—r)(r— I

+

H o == (ry)2(r-)2 MakcuMalbHOe pacHIHpeHHe MBI NOJYYHM, €CaIH
npumem (5.28) B KauecTBe MeTPHKH g* a B KauecTBe J* — Makcu-
Ma/JbHOe MHOroo6Gpasue, Ha KOTOpPOM g* NpuHamIexuT kiaaccy C2

Iuarpamma Ilenpoysa 3TOro MaxKCHMajbHOTO PaCUIHPEHHS NPH-
BefleHa Ha puc. 25. MMeerca 6eckOHeuHoe 4HC/IO ACHMIITOTHUECKH-
MJIOCKUX ofJjacTell, The r > ry; ouu o603HaveHsl uuppon I. dtu 06-
JaCTH COGdHHeHBbl npoMexyrounbiMu obsaactaMu [l u III, rhe
ty>r>r_ur->>r >0 coorBercTBeHHO. [To-npexxneMy B Kax-
ook o6aacta [/l uMeercss HeycTpaHuMas CHHTYJSPHOCT npu 7 == 0,
HO B oriHune oT pelleHus IlIBapummuapia oHa BpeMeHunogo6Ha, U
Hanpas/eHHas B Oyaylilee BpeMeHUNOAoOHas KpuBas u3 obgactu /,
nepecekarpllas MOBEPXHOCTb 7 == i, MOXKET H30exKaTb 3TOH CHHrY-
asgprocty. Takast KpuBas MOKeT npolTH uepes obnactu 11, 111 w 11
U MOSIBUTbCS B JAPYTOH acUMITOTHYECKH-NVIOCKo# obaactu /. BosHu-
Kaet 3aXBaTHIBAIOLIAs] BOBMOXKHOCTh COBEPLIUTD NyTEIIeCTBUE B ApPY-
THEe BCeJleHHBbIe yepe3 «XOHbl», MpojeaaHHble 3apsanaMu. K coxade-
HHIO, CKOpee BCEro TAKOH IyTelIeCTBEHHHK He CMOXKeT BepHyThCs
o6paTHO B Hamy BceseHHYIO H pacckKasaTh O TOM, YTO XKe OH BHAEN
<O Ty CTOPOHYY.

Merpuka (5.28) aHanuTHUHA BCIOAY, 3@ HCKAIOYEHHEM NOBEPXHO-
CTH I == r_, Ha KOTOpPO# OHA mO MeHblue# Mepe kiaacca C% Moxzo

77 /I'

BBECTH APYyrue KOOpAUHATHEl U'° H W

117 r4 —r—
v =arctgexp{ ———v},
g exp ( 2nr2~ )

’ —ry -
W' =arctg ((— exp) T w) ,
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| lgousonm Kowa

— g%
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j'b
(r=o00)
io’ S I %K I l-”
S . —f= AN ”.
S SN : DOCMParcT-
AR A G- 6enHoe

( " =0 )g'\ N _-'-_‘ /) \ r= f'.,. covone
Qgropogusle nosepx- g \ t=0
Hocmu A\ //‘.M\ m\ ‘ (r=o0)

2 : 14
7= const TR
m\‘.\\\:/
!i‘ 7 Mr=0

7 / (CUHZYNGPHOCTIS )
r= ;
Qpmozonanstsle /

nosepxHocmuU
Z == const
Puc, 25. Ouarpamma ITeHpoysa Ijs MakCHMaJbHO DACUIHPEHHOro pemtenust Pafice
cuepa — Hopnerpema (e? < m?). DBeckoHeuHas ILlenb aCHMITOTHYECKH ILJIOCKHX
obaacrel I (00 > r>ry) coenunsercs obgactavua Il (rq >r>r.) w
HI (r— >r>0); gaxnaas o6Gxacts [/I orpaHuueHa BpeMeHHNOLOOHOH CHHTY-
AfpHOCTRIO npu r =0,
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rie n — Ueaoe 4ucao, npuuyeM A = 2(r+)?(r-)2% B sTux xoopauHa-
Tax METpPHKA aHAJHTHUHA BCIOJLY, 34 HCK/IIOUEHHEM 7 == ry, I'le oHa
no Mellbluei vepe xaacca C2 Koopanuatel v, @'’ — ananutuue-
ckne dyukuun Koopaunat v’ u W’ BClOAY BHE NOBEPXHOCTEN 7 == ry.
u r=r_. Takum oOpa3om, Muoroobpasue A * M0OxKeT ObITb NOKPLITO
AHAJIHTHUECKUM aTJacOM, COCTORIIMM H3 JOKAAbHLIX KOOPAIIHATHBIX
OKDECTHOCTEH, onpepeasieMbXx Koopaunartamu v/, w’ npu r #r_ u
koopauHatamu v/, @’ npn r %= ry. B atom arnace merpika aHa-
JUTHYHA.

B cayuae e® = m? paclunpense OCyIIecTBJACTCH NOAOOHBIM Ke
o6pason; B caydae e = m? Moje/]b HepacllupsieMa VKe B HCXO[I-
HEIX KoopauHatax. J{unarpammul [lenpoysa Aas sTux AByX ciydaes
npuBeseHsl HA puc. 26.

Bo Bcex 3TuX caydasx CHHTYJIAPHOCTb BpeMeHurogobmna. ITo
o3Hayaer, uto B orauuue ot peulenus Isapumuanga speveHuno-
H00fHbIe ¥ H30TPOMIIBIE KPUBLIE BCErja MOTYT M30eXaThb BCTPEUH C
CHHTYAsipHOCTBI0. PAKTHUECKH 3TO BBINISIAUT TaK, CIOBHO CHHIY.IsIp-
HOCTH OTTAJKHBAIOT YACTHIILI: BPEeMEHUIIONOOHbIE Teofe3nvyecKre He
MOTYT CTOJKHVTBCSI € CHHTYJISIPHOCTBIO, XOTA 3TO MOXKeT NPOH3GHTH
C pamuaJbHBIMH H30TPOTIHBIMH TE€ONE3UUECKUMH U HEre0Ae3uIeCcKH MH
BpeMeHUnofo6upMu KpusbiMu. C/lef0BaTENbHO, 3TH NPOCTPAHCTBA
BpeMeHHNono0Hb (10 He U30TPONHBI) H Te0Je3udecKd noaHbl. Bpe-
MEHHTIONOOHMI Xapakrep CHHIFYASPHOCTH 03HAUAET TakkKe, 4TCG B
3THX NpPOCTPaHCTBaxX HeT nosepxHocrteidl Kowuu: st ai000ft faHHON
IpPOCTPAHCTBEHHONOAOOHOI [IOBEPXHOCTH MOXKHO HAATH BpEeMEHHIO-
AOGHVIO HAM M30TPONHYIO KPHBYIO, KOTOPAsl LOCTUFAET CUHTYISDPHO-
CTH, He Mepecekasi aTy moBepxHocTh. HampuMep, B ciayuae e? < m?
MOXKHO HAfTH NPOCTPAHCTBEHHONOAOOHYIO MOBEPXHOCTL &, KOTOpast
mepecexaer JIBe aCHMOTOTHUYECKH-TIockue obmaactu [ (cm. puc. 25).
Omna Gymer mosepxnocTbio Komwn ans atux AByX obaacrefl [ u co-
ceqnux odaacrefi I1; wo B coceanux 6onaee nos3gHux ob.gaacrtax [
CYLIeCTBYIOT HalpaBJCHHbIE B MPOULJIOE HEMPOACJNKHUMbIE BPCMeHH-
noMoGHBIE U M30TPOIHbIE KPUBLIC, KOTOPbIe MOAXOAAT K CHHTYJSIP-
HOCTH, HO He MepPCCeKalT NoBepXHocTh r = r_. [lo3TOMYy MOXKHO
CKa3aTh, YTO 3Ta MOBEPXHOCTb NMpeacTabaseT coboli ropusont Kouu
oynyiwero aasg ¥. PacumupeHue pelleHus 3a Npeiedpl r = r_ He
onpeneasercd AauueiMu Komu Ha &. TlponoskeHnie, KOTopoe MBI
MPOU3BEJH, SIBJSETCS €IMHCTBEHHBIM JIOKaJBHO HepacIIHpsieMbiM
AHAJHTHUECKHM IPOI0OMKEHHEM, HO CYIIECTBYIOT JApyrue, HeaHaJu-
tuueckue C®-NIPOIOMIKEHHUs, YIOBJACTBODSIONE YypParHEHUsiM OHH-
mwreiina-Maxcseana.

Habawaarear O, ubs MHpOBas JUHHA OCTAGTCS BHE F ==ry H
nponosxaercss 1o OeckoHeuHocTH Oyayiero it (cM. puc. 25), nHa-
Gaionasa Obl yacTHLYy P, rnepecekaronlyio NOBEPXHOCTb F = ry, ¢ Oec-
KONEeYHLIM KpacHbIM cMeulenneM. B obGaactun [l vexay r=ry u
r = r_. MIOBEPXHOCTH r == const NpoCcTPaHCTBEHNONOLOOHH U, CAeMI0-



A = m
r=0
(cuney190HoCm6)
/
4 S
r=0
(cut2ynaprHocms )
rK
r=a
(curzyaapHocms) r=oo
r=m_"P
lTogepxrocmu
t =const
r=g0
(cutrzynaprHocms) =0
JHOPOGHEIE NOBEPXHOCTIL
P r = const
r=m
t =const
a
?
r=¢0
(cuneynapHocms)

Ogropognsie
NOBEPXHOCITIL
¥ r=const

2uc. 26, Ouarpamva ITenpoysa 4Js MakcHMaJbHO PACUIMPEHHBIX peineHuii Pafics

cnepa — Hopaerpema: e = m”(a), e* > m” (5). B ueppom ciayuae mieercs Occ-

KoHeuHasn lenb obaacrteft [ (00 > r > m), csizanupix obaactsamu [11 (m >r > 0),

Touxky p He ABAsIOTCH YacThio CHHIYJaapHocTH 7 =0, a NpeacTaBasiorT co00H
HCKAIOUHTEABHBIE TOYKH 1d OCKOHEUHOCTH,
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BaTeJbHO, KaxKAas TOUKa pHCyHKa usobpaxaer 2-chepy, xoropas
SIBJIAETCS 3aMKHYTOH JoByledyHol noBepxHocTeio. Habawonparens P,
nepecekawlU Uil MOBEPXHOCTb ¥ = r—, o6o3pena Obl BCIO HCTOPHIO OA-
HOH M3 aCHMNOTOTHUECKH MJIOCKHX o0JacTeil 3a KOHEUHOE BpeMs.
O6bexTs 3Tofl 06/1acTH MO3TOMY ObLIH Gbl BHIHBI ¢ OECKOHEUHBIM
(broJeTOBBIM CMELIEHUEM IO Mepe npuOJuKeHHsT K i+, DTo Aaer
OCHOBaHHe AyMaTb, YTO [OBEPXHOCTb 7 == r_, BO3MOXHO, HEYCTOH-
YdBa OTHOCHTEJbHO MaJblX BO3MYILEHHH Haya/JbHBIX JaHHBIX Ha
MPOCTPAHCTBEHHONOLOOHO! MOBEepPXHOCTH & M 4YTO Takue BO3Mylle-
HHf, BooOlle TOBOPSA, NPUBELYT K CHHTYJAPHOCTH Ha 7 = I'—

5.6. Pewenue Keppa

O6biuHo acTpoHOMHuUecKHe OODBEKTHl BpamATCs, H MO3TOMY
Hesib3sl CUMTATH, YTO MMOJE BHE HX B TOYHOCTH C(epHueCKH-CHMMET-
puuno. Peuenne Keppa — eAMHCTBEHHOE M3BECTHOE TOYHOE pellle-
HHE, KOTOPOE MOXKeT CAYXKHTb Al ONUCAHUA CTAUHOHAPHOIO Oce-
CHUMMETPHYHOIO aCHMITOTHYECKH-IVIOCKOTO IOJIS BHE MaCCHBHOIO
Bpauamoouerocss obvekta, OHO OyJer BHEINHHM pelieHHeM TOJbKO
/IS MACCHBHBIX BpAIlAOUINXCS [oJeHd ¢ KOHKPeTHHM HabopoM
MYJBTHIONBHBIX MOMEHTOB; /ISl TeJl ¢ APYTHMH MYJbTHIOJNBHBEIMH
MOMEHTAaMH BHellHHe pewleHus OynyT uHbIMH. OjfHako pelleHue
Keppa siBasieTcs1, no-BHAMMOMY, €AHHCTBEHHO BO3MOXKKbBIM BHEIIHHM
pelleHneM AJs YepHBIX AbIp (cM. pasd. 9.2 u 9.3).

D10 peleHHe MOKHO 3amucaTh B KoopAauHartax Boitepa u JIuna-
KBHCTA (7, 0, ¢, {), B KOTOPHIX METPHKA HMEET BUA

a5 = p* (L2 4 40) + ¢+ + @) sin’ 0 g —

+ 20 (asin®0 dé — i, (5.29)
rne
pZ(r’ O)Erz-l-a?cosze )% A(r)ErQ—er+a2,

m M @ -— NOCTOSIHHBIE, IPHYEM M SIBJIsSETCS Maccodl, a ma — MOMEH-
TOM KOJHYECTBA JBHKEHHS, KOTOPbIE KaK Obl H3MepeHbl B OeCKOHey-
Hocty [16]; npu @ = 0 3T0 pelieHye NEPEXOAUT B LIBAPUINHJILAOBO.
SIcHO, YyTO »Ta METpPHKA HHBAPUAHTHA OTHOCHTEJIBHO OLHOBDEMEH-
HOTO ofOpalleHus ¢ U ¢, T. €. OTHOCHTEJIbHO npeoGpasoBaftus {— —i,
¢ — —¢, x0T OHa M He HHBAPHAHTHA OTHOCHTEIbHO OfpalleHHs
OJlHOro ToabKO ! (32 HckaUeHHeM caydas g = 0). Droro ciaego-
BaJ0 O2KHJAThb, NOCKOJIBbKY NPH 0OpalleHHH BpPeMeHU BpAlIlaIOLHACH
O00BeKT MeHsIeT HalpaBJeHHe CBOEro BpalleHHs HAa IPOTHBOIOJOXK-
Hoe.

Ecan a2 > m?, 1o A > 0, 1 npuBelleHHas MeTpuKa 0OcoOeHHa
T0MbKO npu 7 =1{0. 3Ta CUHI'YASAPHOCTb B AeHCTBUTENbHOCTH fB-
JIF€TCA He TOYKOH, a KOJIbIOM; B 3TOM MOXKHO yOeIHTbCS NPH mepe-
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xoze K KoopaunaraMm Keppa — Iluabaa (x, y, 2, £), rac
x4+ iy=(r-ia)sinBexpi S (d¢ + ar™! dr),
=rcosh, f= S (dt4 2+ a)A™ dr) —r.
B 3THX KoOpAHMHATAX METPHKA NPHHHMAET BHJ

ds? =dx? + dy® 4+ d2? — df* +

2mrd rixds 4 ydy) —a(xdy —y dx) dz N
+ o | N ordimydn) 28 i)

2
’

(5.30)

rfe r Kak (QYHKUAS X, y, 2 ONpefe]seTcs ¢ TOYHOCTbIO A0 3HAKA
ypaBHEHHEM
rt—w 4+ 22—a)r*—a’2*=0.

IMpu 7 == 0 nosepxHocT {r == const} Ha mWIOCKOCTH X, y, 2 ABJA-
10TCs KOH(OKAJBHBIMH 3MJIHNCOMAAMHY, BBIpOKAAOIUMUCS npu r=0
B qucK 22+ y? < a? 2= 0. Koabuo x%- y? = a?, 2 =0 37010 AH-
CKa SIBAAETCS MCTHHHOH CHHTYJISPHOCTbIO KPHBU3HBI, MOCKOJbKY Ha
HeM PaCXOTHUTCS CKaISPHBIN NOMHHOM RgpegR0¢d, Ho na camoMm nu-
cke (BHe KoJbplia) /000K CKaAsipHBIA MOJTHMHOM KoHedeH. Uro6wl 110-
JyYuTh MaKCHMaJbHOE aHAJIUTHYECKOe pacIlHpeHHe TOT0 pelleHus,
MOYKHO aHaJUTHUYECKH NPOLOMNKHTb QYHKIHIO 7 OT TOJOXKHUTEAbHBIX
K OTpHIATeJbHHIM 3HAUCHHAM uepe3 OTKPBITHIA Huck X2+ y? << a?,
z2=0.

s 3TOrO NpUCOEAMHHUM IPYLy0 NJIOCKOCTb, ONPEAeasieMyio KO-
opauHaramu x’, y’, 2/, Tax 4TO TOUKM HA BepXHell CTOpPOHE AHCKa
x4+ y? < a? 2 =0 B maockoctu (%, Yy, 2) OTOKAECTBJASIOTCS C TOY-
KaMM C TeMH XK€ KOOPAMHATAMH X H Y HA HHMKHEN CTOPOHE COOTBET-
CTBYIOLIEro JHMcKa B maockocTd (¥, y’, 2’). AHasoruyHo, TOYKH C
HMXKHeH# CTOPOHBI JHCKA B IWIOCKOCTH (X, Y, 2) OTOMKAECTBJSIOTCS
¢ TOUKAMH ¢ BepxHe#l CTOpoHBl nAucka B maockoctu (X, ¥, 2')
(puc. 27). Merpuka (5.30) oueBHAHBIM 006pa3oM pacipocTpaHsercs
Ha 3TO pacliupeHHoe MHOTooOpasue. B obmactu (&', y/, 2') oma mo-
npexHeMy umeeT BHA (5.29), HO 3HAUEHHS r HE IOJOKUTEJIbHBI, a
orpuuarebHbl. [Ipi GOJbLUIMX OTPUIIATENBHBIX 7' IPOCTPAHCTBO CHO-
Ba acHMNTOTHUYECKH-IIOCKOe, HO TENephb Macca oTpuuiaresabHa. [lpu
MaJblX OTPHLATEJNBHBIX & BOJH3H KOJBIEBOH CHHTYJISIPHOCTH BEKTOP
0/0¢ BpeMeHunomo6eH, Tak YyTo OKpyKHOCTH [ = const, r = const,
6 = const ABJIAIOTCA 3aMKHYTBIMH BpPEMEHHITOLOOHBIMH KPHUBBIMH.
3Tn KpuBble MOXKHO AedOPMHPOBATH TaK, UTOOBI OHH NPOXOILHJH
yepes MOYI0 TOUKY paclinmpeHHOTro mpocTpaHcrBa [23]. Pemenne
Keppa reomesnueckd HeNOJHO BBHAY KOJBIEBON CHHTYJASPHOCTH;
OBHAKO ee JOCTHUTAIOT TOJBKO Teé BPEMEHHNOLOOHBIE M U30TPOMHBIE
reofe3uyeckue, KOTOpbe JeXaT Ha 3KBATOPHAJbHOH MJOCKOCTH B
Tolt yacrtu, rae r > 0 [23].
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Paciiapenne B cayuae a® < m? HeCKOJBKO CJI0KIIEe u3-32 cylie-
CTBOBAMNS ABYX 3HaueHuit r: re=m-+(m2—a?) n r_=
=m —(m?—a®)"s, npu xortopsix A(r) obpauiaerca B HYJb. DTH
NOBEPXIIOCTH MOAOOHLI MOBEPXHOCTAM 7 == 7, U 7 = f_ B pCLUIEHUH
Paficcuepa — Hopacrpema. Ias NpoLoKeNnss METPUKH Yepe3 3TH

NOBEPXHOCTH mepeiigeM K koopamHaraMm Keppa (r, 0, ¢4, us), rae
du, =di+(*+a)A7dr, db, =dé+aA™"dr.

Torna na wmHorooOpasuu, onpejenseMoM 3THMH KOOPAHHATAMH,
MeTpUKa HMeeT Bilj

ds’=p*d0* — 2asin’8dr dp, +2drdu _+
+ o2 [(r? + a® — Aa’sin? 8] sin? 0 dp > —
—dap~’mrsin®6d¢ du, — (1 —2mrp=?)du,?, (5.31)

oHa aHaJINTHUHA NpH 7 ==ry U r == r—. CHOBA Mbl HMeEeM CHHIY/IAP-
HocTh npu r = 0, KOTOpast UMecT Ty ke (GOopMy KOJbLA H OMHCAH-
HYIO BBLILIE reode3ndeckyro cTpyKTypy. Merpury Keppa moxHo pac-
WKPHTbh H HAa JPyroe MHoOroodpasne, OmpeaeqeHHOE KOOPAUHATAMI
(r,0, ¢, u_), roe

du_=dt — 2+ o)A dr, d¢_ =dd—aA" dr,

a Merpuka uyeer sua (5.31) ¢ samenoft ¢, u. ma —¢p_, —u_. Ma-
KCHMAJIbHOE aHadHTHUECKOE DACLIUpPEHHe Moayuaercss KoMOuHamuen
3THX JABYX pacumpenuil, kak B ciyuae Paificcuepa — Hopretpewma
[15, 23]. Ero raofadbiasi CTPYKTYpa OuUeHb [10X0xKa Ha CTPYKTYPY
pewenusa Paficciepa — Hopacrpeva, 3a TeM HCK/JIIOYEHHEM, 4TO Te-
yiepb BO3MOKHO NPOAOJIKEHHE Yepe3 KOJbLo K OTPHIATeIbHBIM 3Ha-
gyennam r. Ha puc. 28, a nokasana koudopMHas CTpyKTypa pelieHust
BIOJIb ocu ciyMeTpun. Obaactu / COOTBETCTBYIOT aCHMITOTHYECKH-
miaockue o6JacTi, B KOTOPBIX r > ro. O6nactu I (r— <<r <<ry)
CoZepKaT 3aMKHYTbie JoByLIeuHble mnoBepxHoctH. O6mactu 11/
(—oo < r < r.) cojepiKar KOALIEBYID CHHIYJASPHOCTL, B .JII0GOH
o6aacti [/] uepes KaxKAVIO TOYKY MOMHO TMPOBECTH 3aMKHYTYIO Bpe-
MeHHTI0100HYIO KPUBYIO, B APyrux AByX obgactax (/ u [[) Her Hu-
KaKHX HAPYIICHUH MPUUMHIIOCTH.

B cayuae a®?=m? r, u r_ coBnazaoT u obsaactu [/ oTCyTCTBYIOT.
Makenadbioe  pacilupeHiie [OX0XKe Ha pacliupenne peluenus
Paficcnepa — Hopaerpeva npn ¢2 = m2 O kondopmuoll cTpyrrype
BAOJb OCH CHMMETPHH AJAS 3TOTO ¢Iydasi MOJKIO CYAHTb N0 puc. 28, 6.

Pewrenime Keppa, 6yvavud cTaHIHOHAPILIM H OCECHMMETPHUHDIM,
MMEeT JBYXIIapaMETPHUECKYI0 TPYNIy H30MeTpHil; oHa 1HeolX0dHMO
adeneBa [26]. CaemoBartedbHO, CYLHIECTBYIOT [Ba HE3aBHCHMBIX KOM-
MYTHDYIOWUX BekTopHbIX moas Kuaauura. Mveercst To/bKo ofHa ux
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JuHefiHas xoMGuHauus K¢ KoTopas BpeMeHHNnoJgo6Ha [pH MpPOH3-
BOJBHO GOMBIIMX MOJMOKHUTENbHBIX U OTpULaTedbHBIX 7. KpoMe TOroO,
MOKHO COCTaBUTH JUHEAHYI0 KoMOuHanuo K% 3THX noJeH, PaBHYKO

Puc. 28, Koudopmuas ctpyxtypa pemenuss Keppa BIOJB OCH CHMMETDHH

0<a®<m(a); a*>=m?(0). IlyHKTHpHHE JIMHHH COOTBETCTBYIOT JIHHHSM

r=const; o6mactu I, Il u II] B cayuae (a) pas3LeJNAOTCS MNOBEPXHOCTAMH

r=ryu r=r—, a obnacru I u Il B cayuae (6)— NOBEPXHOCTbIO I — M,

B ofoux cayuasx CTPYKTypa NpPOCTpaHCTBa BOJH3H KOJBLEBOM CHHIYJSIPHOCTH
Takasl ke, KaKk Ha puc. 27,

HyJ 0 Ha ocu cuMmMerpuu. OpOutel Bekropa Kuanuura K@ ompepe-
JISIIOT CTAHIMOHAPHYIO CUCTEMY OTCUeTa: 06BEKT, IBUKYIIUICH BAOMIb
OJIHOH UX 3THX OPOHT, U3 6ECKOHEUHOCTH BBITVISLHT CTAHIMOHAPHBIM.
OpGuret Bexropa Kuanunra K¢ npeactaBiasiior co6o#l 3aMKHYTHIE
KPHBble, UTO COOTBETCTBYeT BpallaTeJbHOH CHMMETPHH pelleHHs
Keppa.

B pewennax HIsapumwuabina u Paficcnepa — Hopactpema Bex-
top Kusnsra, BpeMeHnnoo6HbIft npu GoJbILINX 7, BpeMeHHnoqo6en
BCIOAy B o6JjacTH | W CTAHOBUTCH H3OTPOMHBIM Ha MOBEPXHOCTSX
r=s2m W r==r, COOTBETCTBEHHO. ITH MOBEPXHOCTH H30TPOIHLI.
Otcioia cieayer, uTo yacTulla, KOTOpas NepecekaeT OAHY M3 ITHX
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NOBEPXHOCTEH, B HampaBjeHHu OyAYLIEro He MOXKET BEPHYTbCH B
NPeXHIOI0 06/1acTb. DTH NOBEPXHOCTH SIBJASIOTCH rpaHuueil Toll o6-
JIaCTH DEIUeHHs, H3 KOTODOH 4acTHUBl MOTYT JOCTHUbL GECKOHEYHO-
ctH J* nannofi obaacti /, 0 OHH HA3BIBAIOTCA 20PUBOHTAMU COBbI-
Tuid sroin J+. Ilna nabaiofarens, ABHKyllerocs B o6aactu [ no
Kakoit-1u6o opbure Bektopa Ko, OHM SIBAAIOTCH (PAKTHUECKH TOPH-
30HTaMH COOBITHH B CMBIC/]E, YCTAHOBJEHHOM B pasi. 5.2.

Jes cummempuu
/ (5:0)

IxeamopuansHas
NI0CKOCIN6

(0=r72)

fl0660xH 006
npegena emayuo-
HapHOCIU
_,.ﬂ‘ . Jpeocpepa
nr \ 1lopusotm
codsimud
r=r,

Korrsyesas
CUZYATPHOCTIS

Puc. 29. Pemenne Keppa npu 0 < a? < m? sprocdepa Jexnr Mexly npefeib-
HOH MOBEPXHOCTBIO CTALHOHAPHOCTH H F'OPH3OHTOM 7 == r4, UacTHIE MOTYT YHTH Ha
6eckoneunocTh u3 ofaacti I (BHe ropusonTa CoOHTHE r = r4), HO He u3 06.a-
cren /1 (Mex«:ny r=r, r=r_) u III (r < r_; 9Ta 06JsacTb COMEPIKHT KOJb-

LEeBYI0O CHHTYJSIPHOCTD).

Hao6opor, anga pemenns Keppa sekrop Kunauara K npocrpan-
CTBEHHONOJOOEH B HEKOTOPOH 06/acTH BHe f == r,, HasblBaeMoi
apeocgepoti (puc. 29). Buemneil rpanuneil stoit obaactu sBiasgercs
MOBEPXHOCTb r == m - (m? —a%cos 0) "2, Ha kotopoli K® u30TpOMeEH.
Oua HaswIBaercsi npedesbHOU NOBEPXHOCTHLIO CTAUUOHAPHOCTU, TaK
Kax fiBJIgeTcs IpaHulel o6JacTH, B KOTOPOH yacTHNa, ABHXKYUIASCS
10 BPeMEHHNOJNOOHOH KPHUBOH, MOXKET HAXOAHThcH Ha OpPOHTE BeK-
topa Kunannra u takum 06pasoM 0CTaBaThes B IOKOE OTHOCHTEb-
Ho GeckoneunocTu. IlpefesbHast noBePXHOCTb CTALMOHAPHOCTH Bpe-
MeHunogo0Ha, 3a HCK/AIOYEHHEM JABYX TOUEK HA OCH, B KOTOPLIX OHA
H30TPONHA (B 3THX TOYKAX OHA COMNPHKACAETCH C TNOBEPXHOCTBIO
r==r;). Tam, rae oHa BpeMeHHNOZOOHA, €€ MOryT IepecekaTb H
BXOAsilIHe, W BBIXOAfAIHe yacTuubl, [losroMy ona He sBasieTcs ro-
pusontoMm cobuitTuit Aast J+. TopusonroM coGuiTuil B AeHCTBHTEND-
HOCTH sIBJISIETCS MOBEPXHOCTb F == ry = m -+ (m? — a?) ", U3 puc. 30
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BHAHO, 1IOUEMY 31O Tak. Ha wnewm }I30()p'd7K€II’d IKBaATOpHAADHAA 110+
CKOCTB 0 == 71/2; Ka}Iasi TOYKa Ha TOM PUCYIKE [IPCACTABASET CO-
6oit opOuty BekTopa Kuaaunra K¢, T. e. crauuotiapHa OTHOCHTCb-
HO J7. Maaple Kpyru M300pazKaior OJ0KEHHE (PPOHTA CBETOBOTO

=7

___Topusorn
Coosimuu
r=17r, +

T Slosepxnoems
npegena cma-
Quonaprocmu

Puec. 30. Dxsaropraabuas niaockocTs peruenist Keppa upu m? > a® Kpyru uso-
GpakaoT noJoxKelHe depe3 KOPOTKOE BPEMs! BCHBIILEK CBETA, H3TYYEHUbX HCTOY®
HHKaMH, KOTOpPhle 0G03HAUEHD JKHPHBIMH TOUKAMH.

HMTIyJIbCca depe3 KOPOTKOe BpeMsl 110cae H3JAYYelnst 13 TOUeK, H30-
OpasKeHHBIX UYEPHLIMH KpyxKKaMu., BHe npeiesabHOll MOBEpPXHOCTH
cTanuoHapHocTH BekTop Kmaamura K@ BpemenuunofobeH, T. e. Jje-
JKUT BHYTPH CBETOBOTO KOHyca. JTO O3HAYAET, 4TO Touxa Ha puc. 30,
usobpaxalomas OpPOHTY TOYKH BCIOBIIKH, JEXKHT BHYTPH (BpouTa
BOJHb CBeTa.

Ha npeneqapHofl 1OBEPXHOCTH CTAUHOHAPHOCTH BexkTop K® H30-
TPOIEH, H TOYKA, H300paKaomas opOuTy TOUKH BCILILIKH, JeKHT Ha
dponTe Bodibl. OnHaKO QPOHT BOJHE JEKHT YACTLIO B, & YACTBLIO
BHYTPH IpejiejbHON [IGBEPXHOCTH CTALHNOHAPHOCTH. [103TOMY YaCTH-
1a, ABHAVILASCH IO BPEeMEHHNOZOOION KpHBOIl, MOMKeT ¢ 3Toil mno-
BEPXHOCTH YiTH B O€CKOHEUHOCTL. B sprocdepe MemKAy npeiedbHON
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[OBEPXHOCTLIO CTANMONAPHOCTH U NIOBEPXHOCTDIO ==/ BeKToD K-
auHra K¢ npocTpanCcTBEHHONOMOOCI, ¥ TOUKA, H300paKalomas op-
OHTY HCIVCRAHNsI, JAXKHT Ble Gpouta Bognbl. B aroit o6aactu npe-
MeHHToI00H0e 1 H30TPOITHOE IBHIKEHIHE HEe MOMKET NPOHCXOMHTDH
no opGute Bexropa KHaMHHra M 103TOMY yacTHIAa He MOXET OCTa-
BATLCH B 1IO0KOE OTHOCHTE b0 GeckoHeuHocTH. ONHAKO 1DJOKEHHS
BOJHOBLIX ()PONTOB TAKOBLI, YTO UACTHLIL( MO-MIPEHEMY MOTYT nepe-
ceyp MPCAEIBIVIO IIOBEPXHOCTL CTAIlMOHADHOCTH M VHATH Ha Gecko-
Heudocts. Ha moBepxHOCTH 7 = ry BeKTOp K% nO-NpexHEMY TPO-
CTpAHCTBENON0106eH, 10 (PPOHT BOJHDBL, PACXOAAUINIICT CT YACTHILBI
Ha 9TOIH NOBEPXHOCTH, JEKUT HEJHKOM BHYTPHU 3ITOH [OBEPXHOCTH.
DTo o3Hauaer, yTO YAaCTHLA, ABHXKVIIASICS [0 BPEMEHHIOAOOHOI
KPHBOI1 U3 KAaKOM-JH0O0 TOUKH lia WJIH BHYTPH INOBEPXHOCTH © == Iy,
e MOKeT BBIfiTH H3 00.1aCTH, OXBATHIBACMOIl 3TOH NMOBEPXHOCTHIO, H
poctHub OeckoHeuHocTH. [TosTOMy MOBepXHOCTH 1 == ry sIBJAseTCA
ropu301TOM COOBITHIT Aas1 I+ 1 H30TPOIIHA.

Xorsa Bexrop Knaaunra K@ npocrpaHcrsenHonofoben B sproce-
pe, moay.ib K'RUK( Ry 6usekropa Kusaunea Ki,Kp) oTpuuartesnex
BCIOAY BHE r = ry, 3a HCKJIoueHneM ocu K == 0, rjie OH paBeH HyI10,
[Tostomy Ha K* u K® nararusaercs 2-MOBEPXHOCTb U, CI€A0BATE]b-
HO, B KaXJIo TodKke BHE 7 ==ry, 32 HCKJIIOUEHHEM OCH, HMeeTcst
nauHefinasn -koMOnnauusg K® u K¢, xotopas spemenunonotua. Taxkum
o6pason, petenne B aprocdepe B HEKOTOPOM CMBIC/IE JIOKAJABHO CTa-
[HONAPHO, XOTS  HE CTAHUHOHAPHO OTHOCHTEIbHO OECKOHEUHOCTH.
Oanott aunelinoil komounaunu K¢ u Ke, xoropas 0slaa Obl BpeMeHHu-
nonobHa BCIOAV BHE r == ri, He cyliecTByeT. Beanuuda GuBexrtopa
Kusnunra Ha 7 = r ofpamiaeTcs B HYJAb U MOJ0XKHTEIbHA BHYTPH
370l moBepxuoctd. Ha 7 =r. o6a Bektopa K* n K® mnpocrpan-
CTBEHHOTMOJOOILI, HO CYILECTBYET HX JuHefiHasa KoMOWHALUSA, H30-
TPOTIHAA BCIOJY Ha »Toil moBepxHocTH [25].

Paccayrorpenusie HaMu cBolictsa aproceprl u ropusoHta codbl-
THit GYLYyT Urparth BaXKNIYIO pOAb NMPH PAacCMOTPEHHH UYEPHBLIX JBbIp
B pas3d. 9.2 u 9.3.

[Tono6uo Tomy kak pewenus Pailiccuepa — HopacrpeMa MOXKHO
paccMarpuBath kak petnenve papumnabaa npu Haauunn 3apsna,
mveeTcs cevefictBo ananornunelX peurenuii Keppa [23]. FIX raodadas-
HBIE CBOIfCTBA Bechva 1I0NOKU na csoficTBa pemrednst Keppa Ges
3apsaa.

5.7. Mojean Bcenennoint Méaensn

B 1949 r. Kypr T'énear onvéauxopaa crarbio [62], koTopas 3a-
METHO CTHMY/JHPOBAJTa M3YUeHHe TOYHBIX pelleHHil, 6os1ee CIOKHBIX,
yeM paccMorpennbie Bbime. OH ga.g1 Toulloe pelleHHe ypaBHEHHIT
Ofinmreiina ¢ Marepuell B Blige nIeadbHON KHAKOCTH 03 TaBIEHHS.
(Toy = plgliy, TAC 0 — MJIOTHOCTH MATEPUH H g — HOPMHPOBAHHBILII
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BeKTOp 4-ckopoctu.) MHoroo6pasuem A sBasercs R a Merpuka
3amyuchlBaeTCsl B BUAE

ds? = —df* + dx* — ;—exp(Q V2 ox)dy?+ dz2—2exp(4/2 ox) di dy,

rae o > 0 — nocTosiHHAA. Y PaBHeHHs MOJs YAOBJISTBOPHAIOTCH, €CJIH
u=209/0x" (1. e. u*=106%) u
4mp = 0’ = — A.

[Mocrosnuas o GpakTHUYECKH SIBJASIETCS YIOBOH CKOPOCTHIO BPAICHHSA
BEKTOpa MOTOKa #%.

3To mpocTpaHCTBO-BpeMst of1afaer S5-napaMeTpPHueckod TPaH3H-
THBHOH rpynnof H30MeTpuH, T. €. ITO INPOCTPAHCTBO-BPEMS TMOJI-
HocThI0 oAHOpoAHo. (I'pynna TpansutwBHa Ha J,ecin oHa oTOOpa-
®aeT J06yi0 Touky A Ha J100yio Apyryio Touky J.) Jlannas mer-
pHKa SBJSIETCS NPSMOA CYMMOH METDHKHU gi:

ds?= —d¢* + dx* — -;-exp (24/2 ox) dy? — 2exp(4/2 ox) dt dy

Ha MuorooGpasuu J,= R®, onpexessieMOoM KoopauHaTaMmu (¢, x, y),
H METPUKH gt ‘
d822 =dz*

Ha mHOroo6pasun A2 = R!, onpenensieMom Koopausatoii 2. Uro6u
OMHCAaTb CBONCTBA 3TOTO PEllleHHsT, IOCTATOYHO paccMoTpeThb (A1, g1).
Beengem Ha | HOBbIe KOOPIHHATH (¢',r, $):

exp (V2 ox) = ch2r + cos ¢ sh 2r,
oy exp (4/2 ox) =sin$ sh 2r,
1 S 27 l
tg 5 (¢ + ot —/21) =exp(—2r)tg 5 ¢;

TOria MeTpHKa g; NPUHHMAaeT BHJ

ds;2=20=2(— d'2 4 dr2 — (sh*r —sh?r) d¢? - 2 4/2 sh?r d¢ d¢'),
rie —oo <t/ <oo, 0Lr<<oo u 0<<P<<2m, npuueM ¢ =0
OTOXKAECTBAsSETCI ¢ ¢ == 271; BEKTOp MOTOKA B 3THX KOOPAMHATAX
paBeH u=(0/4/2)8/0¢'. B sToM BLIpaKeHHH LTS METPHKH BUAHA
BpamaTe/ bHasi CAMMETPHS] 3TOTO PelleHHs OTHOCHTE/IBHO ocH £ = 0,
ITyrem Toro mau HHOro BHIGOPA KOOPAUHAT MOIKHO JIOOYIO JIHHHIO
TOKAa BEIIECTBA CAEIATH OChIO CHMMETPUH.

Ilosenenne monean (.1, g1) unmoctpupyer puc. 31. Cserosbie
KOHYCBHl Ha oci r = 0 coiepxarT HanpasjeHHe 0/0!" (BepTHKaIbHOE
HanpasJeHde HA AHarpaMMe), HO He COJep:KaT FOPH3OHTANBHBIX Ha-
npaB/aeHuil 0/0r u 0/0¢. Ilo Mepe yzaJieHHs OT OCH CBETOBBIE KO-
HYChl paCKpPbIBAIOTCS M [OBOPAYUBAIOTCS B HANPaBJIEHNH KOOPAHHAT-
HOH JIMHHU ¢, TAK YTO OPH pajuyce r=ro=In(14+4/2) 0/6¢ siB-
JSIeTC U30TPOIHBIM BEKTOPOM, 2 OKPYXKHOCTb pajguyca fo BOKPYT
Hauaja oKasblBaeTcs 3aMKHYTO! u3oTponHo# kpusof. [Ipu Goabuinx
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3Hauenusix r 0/0¢ cTaHOBUTCS BPEeMEHHIOAOOHLIM BEKTOPOM, U
OKPYIKHOCTH TOCTOSIHHBIX 7 # £ 1peAcTaBIsOT cOO0H 3aMKHYThIE
BpeMenunono0unie kpusble, [Tockoabky (A4, gi) obaazaer 4-mapa-
MEeTPHYCCKOIl TPAH3UTHBHOH TPYNNOH H30METpHil, TO NOJydyaercs,
410 uepes Kamaylo Touky (i, g1), a ¢1e10BaTeqanlo, il yepes Kax-
nyio Toury peutenu#t I'énens (4, g) NPOXOAHT 3aMKHYTas BPeMEHHU-
nofofHas reojesuueckas.

Bce 5T0 maeT ocHOBaHHE AyMaTh, UTo peutenne ['éxesasn ne mveer
dusgyeckoro cuvpicaa. CyuiecTBoBaHME 3aMKHYTBIX BPeMeHHNOL00-
HHIX KPUBHIX O311ayaer, 4TO B A HET BJOXKEHHBIX TPEXMEPHDIX I10-
BepxHocTell 6e3 Kpas, KoTopble OLLIH Obl BCIOAY NMPOCTPAaHCTBEHHO-
mofo0ubl, HOO 3aMKHyTas BpeMeHunoJoOHAas KpHBas, Nepecexuas
TAKyIO MOBEPXHOCTH, MEpecexaer ee HeYeTHOE YHCIO0 pa3. ATO O3HA-
yaer, yTO KPUBAs He MOKeT OLITb HENMpPepPBIBHLIM 00pa3oM CTANYTa B
TOYKY: HenpephiBHAsA AeopMalus MOMKeT H3MeHUThb YHCIO0 mepece-
YyeHHH JHIb HA YeTHOe UHCJA0. DTO B CBOIO OYEPEeAb NPOTHBOPEUUT
TOMY, 4TO MHOrooGpasue 4, Gyayun romeovmopdno R*, 01H0CBA3HO.
CyurecTBOBaNKe 3aMKHYTHIX BPEMEHUNOL00HBIX JHHHI 0311a49aeT Takx-
JK€ HEeBO3MOXKHOCTb B A KakoH-1160 KOCMHYECKOH KOOPAHHATHI Bpe-
Menn f, Koropasi Bospacrtaga Obl BIOJb J000I BpeMeHHIOXOOHOMH
WJIH M30TPONHON KPUBOI, HanpasJeHHOU B OyayLIee.

Pemenne T'énens reopesuueckn noaHo. [Joerenue reopesuue-
CKUX MOXKeT GbiTb OIHcaHo ¢ MoMombio pasbuenns Ha (A4, g1) H
(Mo, g2). TlockOABKY MeTpuKka gs Ha JAp IJIOCKas, KOMIIOHEHTA
B J; BEeKTOPAa, KacaTeJbHOTO K Te0fe3NYecKOH, MOCTOsHHA, T. e.
KOOpAuHaTa 2 3aBHCHT JHHefHO oT adduHHOrO napamerpa Ha
reopesuueckodi. [Tostomy pocraTouyHo omucaTh INOBeAEHHE TIeoje-
suueckux B (M), g1). M3oTpomHble reojesnuyeckue, NPOXOASILUE
yepes TOUKY p Ha OCH KoopauHart (puc. 31), nepsoHaua/blo
pacxoaaTcst (y OCH), AOXOAAT KO KayCTHKH r=In(1 4+ V/2) n 3a-
TeMm cxoadrca X Tourke p’ Ha ocu. [loBeneHue BpeMeHHNOROOHOMN
reo/le3N4ecKoil aHaJOTHUHO: OlH JOCTHTal0T HEKOTOPOTo MaKCHMa/Ib-

HOTO 3HaueHHs fr, MEHBLIEro uem ln(l +1/2), U CHOBa CXOMASTCSH

k p’. Touky g ¢ r> n(1 4 4/2) MOXKHO COCAUHNTL € p HEKOTOPOIL
BpeMeHnnonoGHoll KpuBoll, HO He BPEMEHHNOAOOHOH HJIM H30TpOI-
HOil reoxe3nyeckoil.

JanpHelitige Jertanu cBoOIcTB peluenust 'émenss MoKHO HaHTH
B padorax [62; 96].

5.8. Npocrpancreo Tay6a — HYT

B 1951 r. Tay6 moayun1 npocTPAHCTBEHHO-OJHODOJHOE peLIeHHe
ypasnenuii dfinwTeiina B myCTOM NPOCTPAHCTBE ¢ Tonojorueil R} S3
I MCTPHKOT
ds’=— U~ "df + 20)° U (d}p + cos 8 d9)° +

4+ (& 4 ) (d0° +sin"6d¢?), (5.32)
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rie ( ;
_ 2(mt -+ [7)
U(t) - 1 —}— 12 + 12 ’

m u | — 110J10KUTeIbHbIE OCTOSIHHEBIE. 31eCh 0, ¢, P — KOODPIMHATHI
Ditepa na S® u, caemosatedbHo, 0Ty <<4dn, 0<<O0<m,
0 < ¢ < 2. Dra MeTpuKa ocobenna npu =ty = (m == (m? 4 )",
rae U = 0. Ee MO:XXHO NPOJOJIAKHUTE Yepe3 3TU ITOBEPXHOCTH H TOIY-
YUNTh INIPOCTPAHCTBO, HalineHHoe Heioomenov, TavOypuHo u YHTH
[115], no npexpue uyeMm mnepeliti K OOCYIKAEHUIO 3TOTO pacllMpeHusd,
paccMOTPHM NPOCTOH ABYMEPHBIH NpuUMep € MOXOXKHMHU CBOHCTBAMH,
npunafaexawuii Musnepy [105]. 1o npocrpancTso 06.1aj1aer TONO-
gorueit S' X R, a metpuxa g onpenpesercs Gopmyaoi

ds® == — 71 dF + ¢ Ay,

rie 0 << ¢ <€ 2m. Dra merpuxa ocobenna npu { = 0. Ecan npuuars,
yto MHoroodpasue A onpeledsercs KoopAuHaraMu Y H f, npuyeMm
0 <<t<Coo, 10 (M, g) MOKHO paCWIHPHTb, BBOAA ¢ =P — In £.
Toraa nosyuaem MeTpuxy g’

ds’ = 4 2 dy/ df - ¢ (dp')2.

Merpuka g’ apanutuusna Ha MHoroo6pasun ' ¢ TomoJoruei
ST X R!, koTtopoe omnpejesserTcs KoopamHaTamMu )’ u 1, Tmpuyem
—oo < t <C oo, OBaacts ¢ > 0 npocrpanctsa (MA’, g’) uzomMerpuy-
ua (J, g). OcHoBHble uepThl npocTpancTBa (A’, g') MOXKHO NOHATH
u3 puc. 32. B ofaactu { < 0 uMeroTCcss 3aMKHYThie BpeMeHHNoA006-
HblE JIHHH, HO HX HET TaMm, rjae ¢ > 0. OgHo ceMefiCTBO H30TPOIHBIX
reojiesuyeckux H3o6pakaercsd Ha puc. 32 BePTUKATBHBIME JHHHSIMY;
oHu nepecexalor nosepxuocts [ =0. [pvroe cemefictBo npubau-
Kaercsl K [ == 0 1o crnnpaJju, HO HUKOT/lA He NepeceKaer 3Ty MOBEpX-
HOCTh. AQQUHHBIE ANHHLI 3THX re0Je3MUYeCKHX Bcerga KoHeunnl. Ta-
KM oépasgrxr, pacwupenne (A’, g’) He CUMMETPHUHO OTHOCHTEIBHO
IByX CeMeHCTB H30TPOMHBIX Te0Ae3WUECKHX, XOTS HCXOAHOE Ipo-
crpancrso (M, g) ObLI0 cumMerpuuHbiM. OZHAKO MOMKHO 341aTh
npyroe pacuinpenue (A, g’’), B KOTOPOM 3TH aBa cemelicTBa Me-
usitotest poasnMu. JIast storo onpezeaum ¢’ kak ¢” = ¢ + Inf. Nu-
TepBaJ, onpeleasomi MeTpuky g/, paBen

ds’= —2d " di 4 ¢t (d )%

Merpuka g amaautuuna Ha wMHorooGpasunm ' ¢ tomoJsorueil
St X R!, onpeneasievom ¢’/ # HepaBeHcTBOM — 00 << { <C 00, O6-
dacte ¢ > 0 npoctpanctsa (M, g”’) usomerpuyna (A, g). Onpe-
AeaHB Tak ', Mbl B HEKOTOPOM CMEICJIE «PaCKPYTHIH» BTOPOE Ce-
MeflcTBO M30TPONHBIX T€0Te3HYECKHX TaK, 4T0Gbl OHU IIPEBpaTHAUCH
B BEPTHKAJAbILIC JAHUMH, H TENePb HX MOKHO MPOACIKHTL yepes
{ == 0. OaHaxko npm 3TOM MBI «HAMOTa/JH» MEPBOC ceMelicTBEo, Tak



\

lTosepxrocmu S=const

Toyxu Nosepxroemu
T=00NSY, IKEUBSANEH T
Ho18 OMHOCUMENSHO
oynnel G

Puec. 32 [Isymepumi npuvep Musmepa. a — pacmnpenne o6mactu / 3a rpa-

Huny f==0, B oBsacrb //. BepTuka/bHble H3OTPONHHE TEONE3HYECKHE IOJHH,

HO 3aKpyyuBawlluecss — HeT; 0 — YHHBEDCaJbHOE HaKpHBawllee NPOCTPAHCTBO

ABJSAETCH NPOCTPAHCTBOM MHHKOBCKOro., OTHOCHTENIBHO AHCKPEeTHOH MOArpymmm G

rpynnsl JIopeHIla TOUKH § SKBUBAJEHTHH. AHAJOTMYHO, TOUYKH p, {, I' SKBHBAs

JIEHTHH. PHCYHOK (a) mnosyuaeTcs OTOXIECTBJICHHEM 9KBHBAJIEHTHBHIX TOUEK
B obsacrax [ u I/,
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YTO €ro reoJe3HdyecKkHe CTaJH COUPATbHBLIMU, H HX yKe HEeTb3s MpO-
goMKHUTh uepe3 ¢ = 0. Taxum 00paszoM, Mbl HMeeM j1Ba HEIKBH-
BaJEHTHBIX JIOKaJbHO HepaclWlUpsSieMblX aHAAHTHUECKHX PacUIMpeHUs
npocrpancTsa (A, g), npudeM obe reofe3nueckux HenoJHbel. CBsi3b
MeXAYy 3TUMH JBYMsi PacIMpPeHHSIMH XOPOIIO BHAHA NPH mHepexone
K HakpbIBalolleMy NpoCTpPaHcTBy napsl (A, g).

OxaszblBaercs, YTO TAKMM HAKPHLIBAIOIHUM NPOCTPAHCTBOM fABJS-
erca obnacts [ gBymepHoro mpoctpancrBa Muukosckoro (A, n),
coflepXKallasics BHYTPH CBETOBOTO KOHyca OyAyHIETO TOUKH p
(puc. 32,6). Usomerpuu (A, n), ocraBasiollbe HENOABHKHOH TOU-
Ky p, 06pasyioT ogHonmapaMeTpuueckyio rpynmy (rpyuma Jloperia
LISt METPHKH 1)), OpOUTAMM KOTOPON SABJAAIOTCA rHiepboan {6 =
== const}, rae 6 = 2 — 2, a f, ¥ — o6bluHble KOOpAHHATH MHHKOB-
ckoro. ITpoctpancrBo (A, g) ecThb GaKTOP-NMPOCTPAHCTBO NMPOCTPaH-
cra (I, n) no auckpernoi noarpynne G rpynnet Jlopenua, KoTopast
coctoHT u3 A™ (n uesoe), npuuem A otoSpaxaer (%, X) B

(fchn+ Zshx, Xchn 4+ fsha),
HHAYE TOBOPSH, OTOKIECTBJAIOTCA TOUKH
(fchnm + Zshnan, fchan+ 7 shnan)
NpH BCeX LeJbiX 7, © B J OHM COOTBETCTBYIOT TOUKe

t=?7(22 —), y=arth (%)

He#crue rpynnsl usomerpun G B ofaactu I — co6CTBeHHO pas-
puiBHOe. JlefictBie rpynnsl H na mHorooGpasuun A HaspiBaercs cob-
CTBEHHO PA3PbLBHBLM, ECTIH:

1) y kaxpoll Toukn g € A uMeercss OKpecTHOCTb 24, Takas, 4To
AN U = D nna moboro A < H, KoTopblil He SABJASETCS €XUHH-
Uel rpynnol;

2) Toukd q,r N, kotopele npu aw6oM A & H ynoBaeTzopsior
yeaosuio Ag = r, 06/aa0T COOTBETCTBEHHO OKPECTHOCTAMH %4 M
', rakumu, uto B(U) N U’ + & upu nwobom B < H.

Yenosue (1) osnavaer, uyro ¢axtop-npocrpancrso A/H saBas-
eTcsl MHoroo6pasueM, a ycaoBue (2)— 4To 3T0 MHoroo6pasue xayc-
nopdoso. Takum o6pasom, dagrop-npocrparctso (I, n)/G ectb xa-
ycnopdoso npocrpancrso (A, g). HefictBue G co6CTBEHHO pa3phiB-
Ho Takxke B obmacrax [+ II(i > —X%). CnenosarennHo,
(I + 11,7)/G — roxe xaycaopdoso MPOCTPAHCTBO; HA CaMoM Aelle
oHo coBnapgaer ¢ (A’,g’). Ananoruuno (I + //I,n)/G — xaycmop-
doso npocrpancrBo (A, g”7). Orciona BHIHO, IOYEMY OLHO ceMei-
CTBO H30TPONHBIX Te0fe3H4YeCKHX MOKeT ObITb BHIGPAHO MOJHBIM B
pacunpesun (A’, g’), a Jnapyroe ceMeHCTBO — B pacilHpeHHH

7 S3akas 381
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(A", g’). Kasadocp Obl, MOXKHO 0CYILECTBUTL 00a pacllHpeHns
oxHospemenno. Onnaxo neficteue rpynnel G B ob6aactu (I+H11+4111),
T.e. npu I > —|%|, yrosaersopser auiib yeaosuwo (1), a yeaosue
(2) mns Touek ¢ Ha rpaHuue Mexay / u [l Touek r Ha rpauHuue
mexay [ u [1] we seinoanserca. ITostomy (akTop-mpocTpaHCTBO
(I 41+ 1, n)/G He xaycnopthoBo, XOTS U SIBJASETCs] MHOTOOGpa-
3ueM.

JrtoT TN HexaycaopdoBa NMOBeJEHHsI OTJIHYAETCs OT MpHMepa,
npuseferHoro B pasf. 2.1. Tam MoxKHO OblIO NPOBECTH HENPEphIB-
Hble KPHBble, KOTOPble PA3BETBJASIOTCS TaK, UYTO ABE €€ BETBH YXOIAT
B pasHble obsactu. Takoe nosefeHne MUPOBOI JUHUH Hab/Ir0LaTeNs
npejcrasiasercd KpafiHe HeyAoOHbIM. B mmHorooGpasuu (I + I 4
4+ I11)/G wer pasBerBiasiolwluxcs Kpusbix. Kpusbie u3 o6aacru /[
MOKHO npofosaxkutb B I/ unu B 11, Ho e B 00e 314 06JaCcTH OLHO-
BpeMeHHO. DTO MOrJo Obl CAYKHTH OTHPABHON TOUKOH I/ TaKOro
ocnab/ienus Tpe6oBaHHs XaycAop(OBOCTH MOJAeNH NPOCTPaHCTBA-
BpPeMEeHH, HpH KOTOPOM [AONYCKAIOTCA CHTyalUHd OIHCAHHOTO 37€Ch
THNA, HO HCKJ/IOYAlOTCS Te, KOTOpble NPHBOAAT K OH(YPKAUMH KpH-
BbIX. Jla/ipHeHlINe De3y/abTaThl N0 HeXayCAOP(HOBEIM MOILENSM TPO-
CTPaHCTBA-BpeMeHH MOXHO Halith B pafote [66].

Moxno yGenutbes, uto yeaosuio (1) ynosiaerBopsier fefictere G
Ha M — {p}. Caenosareanno, mpocrpanctso (M — {p},n)/G sB-
JfeTcs B HEKOTOPOM CMBICJIe MAaKCHMAaJbHEIM HexaycHaopdoBBIM pac-
wupenneM npocrpanctsa (A, g). OAHaKo U OHO TeOofe3WUYecKH He-
NOJHO, U6O0 eCTb Ie0Je3HYecKHe, KOTOPEle NPOXOASAT uepe3 TOUKy p,
KOTODPYIO HaJo YRAJIHTb. ECAH Ke p OCTABUTh, TO AeHCTBHE IPYNIIHI
He yZOBJETBOpPsieT yc/aoBHIO (1) u mostoMy ¢(akTop-nmpocTpaHCcTBO
H|G He Gymer maxe HexaycZOPGHOBBIM MHOroo6pasuem. Paccmo-
TPHM, OJHAKO, PaccjoeHue JHHENHBIX penepos L(A), 1.e. coBoKyn-
nocts Beex nap (X, Y) X, Y& T,, nuHeiiH0-He3aBUCHMBIX BEKTOPOB
BO BCEX TOYKAX ¢ & J. Jlefictue siaementa A rpynnsl usomerpuit G
na A uHAynHpyer onepaunio A, na L (), KoTopas nepeBoAHT pe-
nep (X, Y) B touke g B penep (A.X, A.Y) B Touke A(g). dra omne-
pauus ymosJeTBopsieT ycaoBuio (1), nockoabky paxe gasa (X, Y)e
& Ty, ALX %= X1 A.Y 5= Y, ecau, koneuno, A He ecTb TOXKIECTBEH-
Hoe npeo6GpasoBaHue; OHa yAOBJETBOPSET TaKkKe ycaosuio (2), ecan
naxe X n Y sexar Ha H30TPONHOM KoHyce p. Takum oGpasoM, dax-
Top-npocrpanctso L (A)/G — xaycpoppoBo muorootpasue. OHo
SIBJISIETCSI PACCIOEHHBIM MPOCTPAHCTBOM Haj MHoxKecTBoM J/G, Ko-
TOpoe caMo He xaycAop(oBo u naxe He MHOrooG6pasme. B ompene-
nennom cmbicae L(A)/G moxHO Obi1o 6Bl paccMaTpuBaTh KaK pac-
caoeHue JIMHeRHBIX penepoB Aad npoctpancrea J/G. Tor daxr, uto
paccjaoeHue JIHHEHHBIX DEenepoB MOXKeT HMeTb HYXKHble CBOHCTBA,
Jlazke eCsid CaMO IPOCTPaHCTBO HMH He 06/a7aeT, NPUBOAUT K MEIC-
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JIH O NMOJE3HOCTH H3YUYEeHHS CUryJaspIIoCcTell ¢ TOUKH 3peHus paccJoe-
HHs JHeHHbIX penepoB. OOWHKi NOAXOL K 3TOMY yKasaH B pasi. 8.3.

BepueMmcs Tenepb K 4yeTnipexMepHoMy npocTpaHcTBy Tay6a
(M, g), rae A — 310 R' X 8% a merpuka g gana Gopmyaoit (5.32).
[TockonbKy J OAHOCBS3HO, MbI He MOXEM, KaK B ABYMEPHOM MpH-
Mepe, TIOCTPOHTE HakpblBaoulee npoctpancTBo. OIHAKO MOXKHO M0-
JYUUTB TOXOXKHUI pe3yabTaT, paccMarpuBas A Kak PacCaoeHHOe
npocTpaHcTBo Hald S? co croem R X S, npoexiust paccaoeHus
M — S? onpepensiercss Kax (4,9, 8, ¢)— (0, $). PaxTudecku 31O
npoussenenne ocH ! Ha paccaoenne Xonda SP— S? [162], y KoTo-
poro umeercs ciaoii St. Ilpocrpancrso (A, g) momyckaer 4-mapa-
METPHYECKYIO TPyNIy H30METPHil, INOBEPXHOCTAMU TPAH3HTUBHOCTH
KoTopo#l siBAsiOTCA 3-cdepn {f = const}. Dra rpynna usomerpui
orobpaxaer cjon paccaoeHusi A — S cHoBa B ¢JOM, TAK 49TO
H30MeTPHYHLl Bce napel (F,g), rae F spiagerca cioem (F =~

~ R'X S n g — MeTpuka, HHAYUMPOBAHHASA B CJO€ YETbipexmep-
Hofi MeTpuko# g Ha . Cuoli F MOXKHO paccMATPHBAThL Kak MJIO-
ckocth (¢, V), a merpuka g na F noayuaercs u3z (5.32) or6packl-
BaHieM uietoB ¢ df u dg, T.e. g onpenesieTcs KBaAPATHUHOMN tbop-

MoOH
ds' = — U'd#* + 412U (dp)* (5.33)

Kacaresnbuoe mnpocrpanctso I, B Touke g & M MOWXKHO pasJo-
KUTh Ha BEePTHKAJLHOE MOANPOCTPAHCTBO V/,, KOTOpOE KacaTesbHO
K CJIOI0 F M HaTSHYTO Ha BEKTODH J/0f u 0/0y n Ha TOPU3OHTAMD-
HOe NOANpOCTpaHCTBO H,, KOTOpOe HATSHYTO Ha BEKTOPH 0/00 u
0[0¢ — cos B0/dp. JlwoGoil BexkTop X & T, MOKHO HPeJCTaBHTh Kak
cymmy Bektopos Xy, Jexamero B V., u Xy, Jexawero B H,
Torpa metpuky g B T, MOXKHO 3amucaTh TaK:

gX, V=g, Xy, Y)+ @+ P gu(nX, n,Yy), (5.34)

roe gy==g, a gy — obblunas MeTpuka Ha 2-chepe: ds?=d@’
4-sin? 0 d¢®. Hrak, xoTsi MeTpUKa g W He ABJAETCs NPAMOH CyM-
Moit gy u (P-4 ®) gy (mockoabky R!'X S® He ecTh mpsMoe npoHs-
Benenue S? u R' X S'), Bce XKe JOKAIBHO €e MOKHO PACCMATPHBATH
B BHJie TAaKOH CYMMBL. :

Furepecyiolasi Hac 4acTb METPHKH g COAEPIKUTCA B gy, H IO-
9TOMY MBI PACCMOTPHUM aHA/JIHTHUECKHE paclunpenns naps (¥, gv).
Basap ux B Tako# e KOMOWHAUMH ¢ METPHKOI gm 2-chepsl, Kak B
(5.34), ™Mbl moay4YMM aHAJHTHUECKHe pacUIMpeHHs TPOCTPaHCTBA
(A, g).

Metpuka gv, onpeneaseMas dopmyaoi (5.33), umeeT ocoBeHHO-
cru npu ¢ == f., B Kotopulx U = 0. OxnHaxo, ecan B3saTh MHOroo6pa-
sue Fo, sagapaemoe P u - << < fy, (Fo, gv) MOKHO PaCUIHPUTh,

a0q )

7’0
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BBeJA KOOPAHMHATY

’ 1 dt

Torpa nosnyuaem Metpuxy g{/, LV KOTopoH
ds?=41dy’ (IU () dy’ — db).

Jta MeTpuKa aHaJuTHYHA Ha MHoroo6pasuun F’ ¢ TomoJorned
SUX R, onpenensieMoil KoopAHHATaMu ', ¢, 1ipudeM —oo << f.< oo.
B obnactu - <t <ty (¥, g,) usomerpuuna (Fo, gv). B aroit
00/1aCTH HET BPEMEHHMNOAOOHBIX KDHBBHIX, HO OHH eCTb npu f < f_
uit>1,.

310 oyeHb MOXOXKe Ha CBOHCTBA PAacCMOTPEHHOrO paHee [po-
crpancrsa (', g'), 3a UCKJIIOUEHHEM TOTO, 4TO Ternepb BO3HUKAIOT
ABa ropusoHTa (mpu f==1¢_. H ¢{==1{.) BMECTO OJHOTO TOPH3OHTA
(npu ¢t = 0). OxHO ceMellcTBO H3OTPONHLIX TeOJE3HYECKUX mepece-
Kaer o6a ropusoHTa {=1_u [ =1y, a Apyroe ceMelCTBO OIHCHI-
BaeT CNHpaJd BOKPYT 3THX NOBEPXHOCTEH U HENOJIHO.

Kax u npexjie, MOXKHO NPOU3BECTH HHOE pacLIMpPEeHHe BBEIEHHEM
KOOPJLHHATHI

w 1 dt
P “‘b_ﬁg U "

[Ipn aToM mosyuaem MeTPHKY gy, AJNA KOTODPOH
ds?=41dyp” (IU (t) dp” + df)

M KOTOpasi aHaJHTHYHA Ha MHOTooGpasun F ”, ompene/sseMoM Koop-
nuHaTamu ¢ M £, — oo << co. DTa MeTPHKA TOXKe H3OMETPHYHA
(F, gy) B obaactu {- <t<t,. Cpsb MEXKAY DasHEIMH DacuIHpe-
HUSIMH CHOBA MOJKHO IIPONEMOHCTPHPOBATH, NEPeHa K HAKPHIBAIO-
IEMY NPOCTPAHCTBY. HaxprBarouium IpocTpaHcTBoM &, ABJASETCH
MHOTOOGpasue &, ompejesseMoe KOOpiHHATAMH — oo < P < 0o ¥
- <t<t,. Ha &, merpuka g, MoxeT ObITb 3aliCaHa B H30TpPOI-
HOH opme

ds? = 412U (¢) dy’ dy”, (5.35)

rie —oo <P < oo, —oo <P’ < oco. Ee MOKHO pacliMpuTh moO-
A06HO TOMY, KakK 3TO ObLJIO CAEJIAHO B Cjyuae peleHus PaficcHepa —
Hopncrpema. BruiGepem Ha &, HOBBle KOOPAMHATH (4., U.) H
(-, v-):

us = arcig (exp %i—) Uy = arctg(— exp (— %))

rae
by — i fy —to

C+ = Tmt 05 1 T (B
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3neck n > (mty ++ ) /(mi_ 4- ) — HekoTopoe 1enoe uncao. Toraa
MeTpHuKa gy, nojaydyennaa us (5.35) atnM npeofpasoBaHueM, aHAU-
THYHA Ha MHoOroo6pasuu &, H300pa:KeHHOM Ha pHc. 33, npHyeM

/A

\ /7

(3
L W
77 Nit=t

OgHOopagHsIE NDBEPXHOCMIU
I=const (spemerunagod -
HGIE QROLIMG! S0¢/171761)

QoKa00gHs/E 1086DXHOCMU
T=L0NSE (NPOCITIPAHCITIBEHHO-
NOYOTHSIE GRIUMS! 20411161)

Puc. 33. Inarpamma Ilenpoysa MaxkCHMaJbHO paCIIMPEHHOTO HAXPLIBAIOLIETO

NPOCTPaHCTBA /MUt JABYMEPHOro cedyewuss npocrpaHctsa Tay6a — HYT; usobpa-

WeHbl Op6uThl rpynnsl u3oMeTpud. IlpocrpauncrBo TayGa — HYT u ero pacuu-

PeHusi nOoJYYE€HB H3 4YaCTH 3TOr0 IMPOCTPAHCTBA OTOXKAECTBJEHHEM TOUEK IIpH
AefCTBUH NHCKPETHOH MOATPyNnbl TPYMNIbl H3OMETPHH.

KOOPAHHATH! Uy, U4 aHAJMTHUYHBl Be3jle, KpOMe NMOBEPXHOCTH § = f_,
a KOOpAHHATHI U_, U_ — Be3le, KpoMe { ==1{,; Ha CBOMX IOBEPXHO-
CTSIX HEaHaJUTHYHOCTH (U4, Uy) W (U—, U_) TPHUHAAAEKAT MO Kpah-
Hell Mepe Kaaccy C3. 3xech nMeeTcsi onpeneseHHoe CXOACTBO C pac-
IHMpeHueM TI0CKOCTH (f, r) peuwenns Paiicciepa — Hopacrpema.
IMpoctpancTBo (¥, gv) obaanaer oZHOMAapaMeTpUyecKo# rpym-
no# usomerpui, opOHTH KoTopol u3c6paskeHnt Ha puc. 33. B6anzn
TOYeK py4, p— 3Ta rpynna Aedcreyer nofAo6Ho rpynne Jloperua B
IABYMepHOM npocTtpaHcTBe MuHKOBckoro (cm. puc. 32,6). Ilycte
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G — muckpeTHas NOATPYNNA CPYNNBl H30METPHH, NOPOXKAEHHAS He-
TPABUHAILHLIV 37evenToM A nocaenneil. (Fo, gv) npeacTaBaser co-
Gofi ¢daxrop-npocTpaHcTBo oxuoft w3 obaacreit (//,, gy) mo G.
(F' e, yn(F”,8,7) SIBISIIOTCS COOTBETCTBENNO  (PAaKTOP-NPOCTpaH-
ecvBavn (I_ 411+ 11, gv)/G n (I4+ 11+ 1], gv)/G. Tlo-
ctpous daxrtop-npocrpanctso obaactu ({4 - 11y 4+ 1-), vMul morau
6Ll MOAYYHTH XaycLopPpoBO MHOr00Gpa3ue: 310 COOTBETCTBYET TOMY,
4yTOGbl  PACIIKPATH Yy MOBEPXHOCTH == {;, KaKk NMpPH NOCTPOEHHUH
(F’, g,/), ay nosepxnoctu { = t_, Kak nupu nocrpoennu (F”, gv”).
Tak xe kax B npuvepe MnsHepa, B3sB (YakTOP-IIPOCTPAHCTBO BCEro
npoctpancTsa F 06e3 TOYEK P4 U p—, OJAy4aeM Hexaycaop(poBo MHO-

roo6pasue, a B3sAB (BakTOp-NMPOCTPaHCTBO &, MOJAYUHM MPOCTPaH-
CTBO, KOTOpOe He XaycriopdoBo M He MHorooOpasue. AHAJOTHYHO
npuMepy Musnepa, GakTop-poCTPAHCTBO PACCHOCHHS JHHECHHBIX De-
nepoB Hag F obpasyer xaycaopthoso MHOroobpasue.

KoMmOuuupys atn pacmupenus miockoctu (f, P) ¢ KoopAHHATaAMH
(0, ¢), MOXKHO NOJYYHTH COOTBETCTBYIOILHE PAaCIIHPEHHS ueTbipex-
MepHoro npocrpaHcrBa (4, g). B wuwacrtHocTH, IBa paclunpenud
F’, gy un (F7, [PUBEAYT K ABYM DAas3JHYHBIM JIOKAJbHO He-
paciuxpsieMblM paclIupeHusiM npoctpaHncrsa (A, g), KoTopbie oba
reofesnyeckyl HemoHHI.

PaccmoTpuM 0HO M3 3THX pacwupennit, cxkaxem (A, g’).
3-cepsl, IBJSIOMINECS TOBEPXHOCTAMH TPAH3HTHBHOCTH TPYIIbl H30-
METPHH, TPOCTPAHCTBeHHONOAOOHH B obaactn f— << ¢ < f; u Bpe-
MeHunono0Hbl npu £ > fL n ¢ < f_. [loBepxHOCTH TPAH3UTUBHOCTH

= 1{_ u t=1{; u30TponHBl H 06pasyT ropusoHt Komwm aas -
00l NpPOCTPAHCTBEHHO-NOAOOHON TMOBEPXHOCTH, COZepiKallefics B
f_ <t <ty nockosbky B of6uacTax t<Ci- u {>{f; HuMelOTCH
BpeMeHHIIOTOOHEe KDHBLIE, KOTOpPble HHKOTIA He IepeceKkainT co-
OTBETCTBEHHO ! =1f{_. u ¢t =1, (B 3TUX 06JacCTIX CYyIIECTBYIOT, B
YaCTHOCTH, 3aMKHYyTble BpeMeHHNopobHble Kpusble). OBnacTb mpo-
CTpaHCTBa-BpeMeHH [ <! <{{, KOMNakTHa, H BCE Ke HMEeITCs
BpeMelnnono0OHble H H30TPOMHblE Treole3nueckHe, KOTOpble BCe
BpeMsi OCTAlOTCs BHYTPU Hee ¥ HemoJaHbl.. Takoro poga mnobefeHue
6yaer paccMOTPEHO No3JHee, B IJ. 8.

Bosee noapobuoe onucanie npocrpancra Tay6a — HYT moxHo
Haiitn B patorax [103, 109].

5.9. IIpoune TOuHBIE peLieHUs

B s7oft rmaBe MBI paccMOTPeIH DAL TOYHLIX PELUEHHHA U HCNOIb-
30BaJIM WX JAJs TOTO, UTOOBl AaTh NMpHMepsl PasaUUYHBIX IM106aJdbHBIX
CBONCTB, BoJiee ofllee HCCAEAOBaHHE KOTODPBIX Mbl XOTHM IPOBECTH
nosanee. XOTd JIOKAALHO H3BECTHO MHOI0 TOUHBIX DelleHud, Juulb
OTHCCHTENBHO MaJjoe YHCI0 HX H3yyeHo raobagvHo. B 3akiaoyeHne



5.9. pouue TouHvle petienun 199

3T0fl raBbl OTMETHM BKpATIle ABA APYIUX MHTEPECHBIX ceMeHCTBA
TOYHDBIX pelleHuH, raodadabnbie CBOHCTBA KOTOPHIX H3BECTHBI.
[TepBoe U3 HUX COCTaABJRIOT pELUEHHS B BUJE NAOCKUX BOAH B NYy-
cToM mpoctpalcre-BpeMedd. Ouu roMeoMopdHL R% ¥ MOKHO BHI-
GpaTh Takue raobagabHble KoOpAMHATHl (Y, 2, u, v), npoleraioliue
3HAYEHHA OT —00 [0 -+00, B KOTOPBIX METPHKA HMeeT BH]

ds?=2dudv + dy?+ dz* + H (2, y, u) du?,

H=(y*—2") [ () — 2yzg (u),

u f(u), g(u) —nponssosbHbie C>-QYHKIMH, XapaKTEPU3YIOUIHE aM-
MWIUTYAY U HOJSPH3ALUIO BOJHBL. DTH NPOCTPARHCTBA HHBAPHUAHTHLI
OTHOCHTEJBHO IATHIAPAMETPHYECKOH TPymHilbl H30METpHIT, KOTopas
KpaTHO-TPAH3NTHBHA Hd H3OTPONHBIX ItoBepXHOCTAX {u = const};
ocobuifi MoAKAacc, B KOTOpoM f(u) == cos2u, g(u)= sin2u, apony-
Cxaer ellle OJHO BeKTOpHOe noJge Ku//HuHra, T.e. Takne OJHOPOAHBIE
NPOCTPAHCTBA HHBAPHAHTHBL OTHOCHTENbHO  6-mapaMeTpHyecKoi
TPpynnbel M30MeTPHHA. DTH NPOCTPAHCTBA HE COHEPNKAT 3aMKHYTHIX
BPEMEHUNOAOOHBIX WM H30TPOIHBIX KPUBBIX, OJAHAKO B HUX HE MO-
Ker ObiTh noBepxHocteln Kowmy [124]. JlokaabHble cBoficTBa 3THX
NpPOCTPAHCTB AeTanabHO usyuensl bounu, IMupanu n PoGunconom [13],
a riaobanapuble — [TeHpoysom [124]. Ousar u [Hwoxnur [118] uccie-
noBanau raobanbHble CBOHCTBA TAKOrO MPOCTpaHCTBA ¢ 6oJiee BBHICO-
kolt cummerpuell. B pabote [89] Xaun u [lenpyos pacemorpenu, Kak
pacceuBaloTCsl ABe VAApHble MJIOCKHE BOJHBI M KaK 3TO MPHBOAUT K
CHHIVJASIPHOCTH.

Bo-BTOPHIX, Mbl OTMETHM 5-I1apaMeTpHUecKoe CeMelCTBO TOUHBIX
pewleHuil ypaBHeHH# OlHlTefiHa — MakcBensa 06e3 HMCTOUHHKOB,
nafinennoe Kaprepowm [24] (cm. takxke [37]). B 310 cemefictBo B Ka-
yeCTBe YaCTHBIX cayuaeB BxoAaT peitienust lIpapumnanaa, PaficcHe-
pa — Hopacrpema, Keppa, pewenne Keppa ¢ sapsaoM, pellenue
Tay6a — HYT u me Currepa l-ro u 2-ro pomnos. OnucaHue HEKO-
TOPBIX UX IJI06aJbHBIX CBOHCTB AaHO B [22]. Hecko/NbKo KOHKDPETHBIX
Fememf{, TECHO CBSI3aHHBIX ¢ 3TUM CeMeHCTBOM, pacCMOTpPEHbl B
45, 90].

rie
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[lpuuunHuas cTpykrypa

Coraactio nocryaaty (a) pasi. 3.2, 3 oZHOH TOUKH MHOrooGpa-
aust A K APYTOH MOXKIHO MOCJATh CHIHAJ TOMBLKO B TOM C/Iyuae, ecju
3TH TOYKH MOI'YT OBITb COE€JMHEHbl HENPOCTPAHCTBEHHONOL00HOH reo-
Jgeauueckor. B sTol raase bl 3afiMeMcs AadbHeHIIHM HCC/Iel0Ba-
HHEM TaKOro pojJa NPHYMHHBIX OTHOLIEHHH H NOJYYUM PSI pe3y.b-
TaTOB, KOTOpble GYAYyT HUCNOJb30BaHb B M. 8 M5 HOKa3aTeabCTBa
CYLLECTBOBAHUA CHHIYJ/ISDHOCTEH.

B pasa. 3.2 ormeuanoch, 4TO H3yu€HME MPUYHHHBIX OTHOLIEHHUIT
9KBHBA/JIEHTHO H3YYeHHIO KOHPOPMHOH reoMerpun MHoroodpasus A,
T. €. MHOXKECTBA BCEX METPHK g, KOHPOPMHBIX (PH3HUECCKON METpH-
ke g (g = Q2g, rage Q — nedyneBasi Cr-dbyukuud). I[Ipu Taxoro
poia KoH(pOpMHOM nNpeobpa3oBaHUH METPHKM reoje3HuyecKkass KpH-
Bas, BOOOILE TOBOPS, HE OCTAHETCS I'e0fe3UUecKoll, ecu TOJbKO OHA
He H30TPONHas, HO Laxe B nociefHeMm ciayuae ap@UHHBIN nmapamMerp
BJOJIb KPHBOH mepecTaHeT ObiThb adduHHBIM. Takum o6pasoM, B
GOMBIIHHCTBE CAyYaeB reofie3ueckasl NoaHOTa (T. €. BO3MOXKHOCTDb
IPOAJNHTL BCe reojesHueckue A0 JMIOOBIX 3HaYeHHH HX adHHHBIX
napaMerpos) OyLeT 3aBHCETb OT KOHKPETHOro KOH(MOPMHOTO MHOXH-
TeJsl; cAef0oBaTe bHO (HCKAIOYAs crelua/]bHble CAyYyaH, ONHCAaHHBIE
B pasn. 6.4), noJHOTa He fIBJsIETCA CBOHCTBOM KOH(OPMHOH reoMer-
pun. Kaapke [33] u 3efidept [157] noxasanu, 4To IpH BHINOAHEHHH
HEKOTOPBIX (DHU3HUECKHX PA3yMHBIX yCJAOBHH NPUYHHHOCTH Jiobast Jo-
peHLieBa MeTPHKA KOH(OpPMHA MeTpUKe, B KOTOPOH BCE H30TPOIHbIE
reojiealueckie # BCe HanpaB/eHHble B OyAyllee BpeMeHHNOLOOHLIE
reojesnyeckne IOJNHBL. [e0/e3nyecKyio NOJHOTY Mbl PacCMOTPHM
no3jHee, B I'. 8, Ile OHA CAYXKUT OCHOBOH I/ Onpele/eHus CHHIY-
JSIPHOCTH.

B pasza. 6.1 Mbl 3aHuMaeMcst BONPOCOM OPHEHTHPYEMOCTH BpeMe-
HHUTIOLOGHBIX M MpPOCTpPaHCTBeHHOMOZOOHBIX Gasncos. B pasa. 6.2
IOaHbl ONpefeJgeHHsT OCHOBHBIX MPUUMHHBEIX OTHOLUIeHHH u Oojee WH-
pPOKOe onpeleseHue HenpOCTpPaHCTBeHHONoAoOHON KpHBOH, momy-
cKaloliee He TOJAbKO KyCO4UHYIO ZH(b(epeHLHupyeMOCTh, HO H IIPOCTO
HenpepbiBHOCTh, CBoMcTBA rpaununsl GyAyLIEro HEKOTOPOTO MHOMKeE-
CTBa paccMOTpeHbl B pasf. 6.3. B pasz. 6.4 obcyxaaercsa psj yciao-
BUH, KOTOPbIE HCKJIUAIOT HapylleHHe HJAH O6JH30CTb K HapYIUIEHHIO
npuunnHoctd. TecHo cBa3anHble Mewzay cobofi NOHATHS 06JacTH
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Koun u riaobajabHoll runepO0oaHUHOCTH BBeleHBl B pa3d. 6.5 u 6.6,
a B pasi. 6.7 onu HCHOJb30BaHbl AJA A0KA3aTeJbCTBA CYLECTBOBA-
HHs HENpOCTPAHCTBEHHONOAOOHBIX TEe0Je3HUYEeCKHX MaKCHMa/dbHOH
IOJIMHBl MeXAY ONpeleseHHRMH napaMu ToYex.

B pasa. 6.8 usnaraercs MerTon MOCTPOEHUS NPHYHHMON TpaHUilb
npocTpaHcTBa-BpeMeHy, nNpuHamdexawuii [epoxy, Kponxeimepy
u Ilenpoysy. KoHkpeTHbii npuMep TaKofi rpaHuusl jaer KJacc
aCHMIITOTHYECKH [UIOCKHX MPOCTPAHCTB, KOTOPLIH HCCAEAYeTCs R
pasn. 6.9.

6.1. OpuenTHpPYEMOCTH

B 6mmkalimell Kk HaM 08JacTH NMPOCTPAHCTBA-BPEMEHH «CTpEaIa»
BpEMEHH 4eTKO 3aJaHa HalpaBJeHHEM POCTa 3HTPONHM KBA3HH3O/IH-
POBAHHBIX TepMOANHaMHuecKHX cucTeM. OIHAKO He BIOJHE SCHO,
KaxoBa CBfI3b MEXKIY 3TOH «CTpesofly BpeMeHM H APYTHMH <«CTpe-
JaMH» BpPeMeHH, KOTOpble ONpele/sioTcs pacluupeHueM Bceesennoft
U yC/IOBHEM H3JYHeHHS B 3/JeKTPONHHAMHUKE, HHTEPECYIOUHHCS 3TUM
yuTaTeab MOXeT HalfiTH OOCy’KAeHHE 3TOro Bompoca B padorax {63,
79, 81, 83]. IlpeacraBasiercss QH3UYECKH PAZYMHBIM TNPEAINOJIOKHTD,
YTO CYIIECTBYET JIOKaJbHasl TePMOAHHAMHYUECKAS «CTpeaas» BPeMelHq,
3a/laHHasi HeNpPEepPBIBHBIM 006pa3oM B KaxKAOH TOYKE, HO MBI OTpaHH-
uumcsl TpefoBaHHeM, UTOOBI HMeJach BO3MOXKHOCTL 3afaTh Hemnpe-
PBHIBHO pasjieleHne HenpOCTPAHCTBEHHOMOAOOHBIX BEKTOPOB Ha ABa
Kiacca, OfUH M3 KOTOPBIX, MO HalleMy BHIGODY, Ha30BEM KJIaccoM
BEKTOPOB, HamnpaBJeHHbBIX B OyAyllee, a APYroH — K1acCOM BEKTO-
poB, HanpaBJeHHbIX B npomoe. Ecau rakoe geneHne BO3MOXKHO, TO
6yneM TOBODHTb, UTO NPOCTPAHCTBO-BPEMS OPUEHTUPYEMO HO 8pe-
MeHU.

B HexoTOpBLIX THNaX MPOCTPaHCTBA-BpeMeHU 3a1aTh TAKYO OpH-
eHTAUMI0 0 BpeMeHH HeBO3MOokHO. [IpHMepoM CJayKHT npocTpaH-
CTBO-BpeM#, OCTPOeHHOe u3 npoctpaucTsa ae Cutrepa (pasn. 5.2)
OTOXKJAECTBJEHHEM TOYeK, MOJyYyaeMbiX OTpaKeHMeM OTHOCHTEJbHO
HayaJa OSTHMEDHOro ofbeMJiollero npocrpaHcrsa. B stom mpo-
CTPAHCTBE CYLIECTBYIOT 3aMKHYThie KpHUBHIE, HE FOMOTOIHBIE HYJIIO,
npu 06X0Je 10 KOTOPLIM HanpaB/eHHe BPeMeHH MeHseTcs Ha obpar-
Hoe. Onnako siCHO, 4TO 3Ta TPYAHOCTb MOTJa Gl OBITh yCTpaHeHa
IIPOCTO CHSITHEM OTOMKAECTBJEHUS TOUEK, M 3T0 (PakruHuecKd Bceraa
BO3MOKHO: €CJIM NIPOCTPAHCTBO-BpeMsi (A, g) He OPHEHTHPYEMO IO
BPEMEHH, TO OHO HMeEeT IBYKPAaTHOe HAKPBIBAIOLIEe MPOCTPaHCTBO

(A, g), KOTOpOE OpHEeHTHDYeMO. A MOKHO ONpeJeJUuTh KaK MHOXKe-
ciBo map (p, @), roe p= M, a oo — 0/lHa U3 ODHUEHTAUMH BpeMeHH
B p. Torma BMecTe ¢ eCTECTBEHHOH CTPYKTYPOH U Ipoexiunen
. (p, a)— pMA siBASIETCH [ABYKPATHBIM HaKPBIBAKOUIUM MHOTOOGpa-
sueM 1as M. Ecoiu A 1BycBsizuo, 10 (A, g)OPHEHTHPYEMO M0 Bpe-
venu. Ecau A onHOCBSI3HO, TO (M, g) HEOPHEHTHPYEMO 110 BpeMeHH.
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Ho (M, g)— opuenrupyemo. B nociaeayounx pasgenax mbl 6yaem
npeanosararth, UTo HMEET Mecro OJHO U3 AByX: aubo (A, g) opueH-
THPYEMO 1O BpeMeHH, Jubo Mbl paccMaTpHBaeM OPHEHTHDYEMOe IO
BpeMeHM HakpblBaiollee NMpOCTPAHCTBO. Ecau MbI cMOXKeM [0Ka3aTh
HaJIMuHe CHHTYJASPHOCTEH B HaKphIBAIOUEM IIPOCTPAHCTBE, TO OHH
JLOJIKHBI ObITh H B (A, ).

MoxHOo 3a7aThCsl TAKHM BONPOCOM: SIBJSIETCS JH IPOCTPAHCTBO-
BPEMSI NPOCTPAHCTBEHHO-OPDUCHTUDYCMBIM, T. €. MOKHO JH Pa3NeJUTh
HenpepuIBHEIM 00pa3oM 6a3uchl H3 TpexX MPOCTPAHCTBEHHOMOAOOHBIX
oceil Ha JeBble U npasele? [epok [51] ykaszaa ia MHTEepeCHYIO CBSA3b
MEeXJAy MPOCTPAHCTBEHHOH M BPEMEHHOH OpHEHTHPYeMOCThIO, CJe-
AYIOILYI0O H3 TOTO (akra, YTo HEKOTOpble 3KCIEPHMEHTH B (H3UKE
3JeMEHTapHBIX YaCTHII HE HHBAPHAHTHBI OTHOCHTEJNbHO 3apsiL0BOTO
CONPSXKEHHS WM NPOCTPAHCTBEHHOTO OTpPaxKeHUs (HJIU TOrO U IPy-
roro Bmecte). Bmecre ¢ TeM HMEIOTCS TeOPETHYECKHE OCHOBAHHA LJS
YBEPEHHOCTH B TOM, UTO BCE B3AHVOJACHCTBUS MHBADHAHTHLI OTHO-
CHTETbHO KOMOHHALNHU 3aPANOBOr0 CONPSKEHHS, OTpaXKeHusi u obpa-
wenus spevenn (CPT-teopema, cM. [164]). Ecin cuurars, uro napy-
IIeHHe HHBAPHAHTHOCTH OTHOCHTEJNbHO 3apSIIOBOTO CONPSXKEHHS H
IPOCTPAHCTBEHHOTO OTpPaKeHus B CJaalblX B3aHMOAEHCTBHAX — HE
J0Ka/JbHOE fBJeHHe, a MPOUCXOJUT BO BCeX TOUKAX MPOCTPAHCTBA-
BPEMEHH, TO K3 3TOTO cJeflyer, uTo npH o6xoAe no mobol 3aMKHY-
TOH KPHBOW Takue XapaKTeDPHUCTHKH, KaK 3HAK 3apsiia, OpHEHTAlHsA
fasnuca NIPOCTPAHCTBEHHOMOAOOHEIX OCell M OpHEeHTAllusi BpeMeHH
MOTYT H3MEHHTbCS WJH OCTATbCA HEM3MEHHBLIMH JIHIIb BCE TPH BMe-
cre. (OObluHas teopus Makcsenna, B KOTOPOH 3J€KTPOMATHUTHOE
noJie HMEET onpele/eHHbH 3HAK B KaXKIOH TOUKE, He JONYCKAeT H3-
MEHEHHsl 3HaKa sapajna npu obxoAe 1o 3aMKHYTOH KPHBOH, HE TOMO-
TONHON HyJito, 6€3 H3MEHEHUSI OpHeHTauuy BpeMeHH. OTHAKO MOXKHO
OblJI0 OBl MOCTPOHTH TEOPHIO, B KOTOPOI rnosie ABY3HAYHO H MEHSET
cBOH 3HaK npu o6xoixe no Takoft kpusoH. Takas Teopus Gulia Gbl B
COTVIACHH CO BCEMH HMEIOIIMMHCS IKCTePHMEHTAMbHbIMH JaHHBIMH.)
B 4acTHOCTH, ecqaH NMpeanoaoXKHTb, YTO MPOCTPAHCTBO-BPEMs OpHEH-
THPYEMO 10 BpeMeHH, TO OHO HOJKHO OLITE M NPOCTPAHCTBEHHO-
opueHTUpyemMbiM. (PakTHYECKH 3TOT BHIBOA CJACAYET M3 OJHUX JHLIbL
IKCIepHMEeHTadbHBIX JAaHHBIX 6e3 HcnodabsoBanus CPT-teopembl.)

I'epox [65] noxaszan, uTo H3 BO3MOMKHOCTH 3a/aTh ABYXKOMIIO-
HeHTHBIE CIIMHODHBIEC NOJS B KaXKAOH TOuKe ¢ HEOOXOLHMOCTBIO Clle-
AyeT mapa’aelu3yeMoCTb NIPOCTPAHCTBA-BpeMeHH, T. €. BO3MOXKHOCTD
BBECTH HENPepPLIBHYIO cHCTeMy 0A3HCOB KacaTeNbHOTO NPOCTPAHCTBA
B KaxJ10# Touke. ([lasbHefmne cJAeACTBHS CYHUIECTBOBAHUS CIHHOP-
HBIX CTPYKTYpP mosyuennt 8 {56].)

6.2. TIpuunHHbIE KPUBBIE

[TpunnMas, 4To NPOCTPANCTBO-BPEMS OPHEHTHPYEMO MO BPEMEHH
B CMBICJe, PasbfCHEHHOM B NpeldblIyUIeM pasjiele, Mbl B RaAoil
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TOUKE MOXKeM Pasiedntb HeNpOCTPaHCTBEHIONOAOOIBIE: pegToph 1A
HanpasJeHHvie B Gyayiiee n B npow.ioe. Toraa aas M poxecrs & u
@4 MOXKHO ONpPENEeTNTb XPOHOA02UUECK e DYOyuiee [+(9®, ) mHONME-
cT8a P OTHOCUTEAbHO QU KaK MHOKECTBO BCCX TOUEK g 2/ m106vio
H3 KOTOPBIX MOXHO NOCTHYb ¥3 & 110 HAIpPABICHHORY g Gynyuree
BpeMeHunono6Hoil Kpusolt B 2. (Iloa kpHBOH MBI B cerga muveeM
B BHAY KPHBYIO HEHYJEBOH NPOTSAMKEHHOCTH; OMHa TOY g3 e cuura-
ercst kpuBoi. Takum obpasom, [T(F, U) ne Momer co nepxate &.)
(P, H) Gymem obGosnauath [T(F); [T(F) asagerqy OTKPLITBIM
MHOMKECTBOM: €ciu p & A MOXKHO A0CTHYL H3 ¥ 00 H anpaBAeHHOT
B Oylyulee BPeMeHUNOLOGHOH KPHBOH, TO HMeeTCs Mamjgas okpect-
HOCTB p, KOTOPYIO TOXKe MOXKHO JOCTHYb 110 TAKOH KPHUB qj.

Jlis 3TOrO OmpefeseHHs CYLLECTBYET AyaubHOe, B ExoTopoM «Oy-
ayliee» 3aMeHfeTCAd Ha <HpoluIoe» H - Ha —; 4TOSL ge noBTO-
pATbCs, Mbl OyleM CUHTATb Ayajblible ONPEleNeHUs I pe3yanbTarhi
CAMOOUEBHIHBIMH.

O6Gosnauum uepes J* (P, U) npuuunnoe 6yoyuiee ryoncecrea &P
oTHOCUTeAbHO 9L, OHO onpejesseTcd Kak OOBEeAHHEH ye P A o
MHOXKECTBOM BCeX TeX ToueK B %4, KOTOPbIX MOXKHO X octuup u3 &
mo HamnpasJleHHbIM B Oyfyllee HENPOCTPAHCTBEHHONOROBHBIM KPH-
BbIM B 2¢. B paszx. 4.5 MBl BHIeAH, 4TO HENPOCTPAHCTBE \yonoa06Hast
KpHBas MeXJy ABYMs TOYKAMH, KOTOPAs He SBISETCR y30TponHol
reosiesnuecKoil KpuBo#, Moxer 6biTh AePOPMUPOBANA BG BpeMeHHIIO-
NOoGHYH0 KPHBYIO MEXIy 3THME ToukaMu. IlostoMy, ecap 94 — ot-
KPBITOE MHOXKECTBO H p, 4, & 9(, TO KaK H3 yCJI0BHA

gt p, W), rel (g, U),
TaK W U3 YCJAOBUA
gl (p, U, rel (g, W)

cijeiyer, uTo rel™(p, %). Orcrona I (p, U) - I (p, 2) n
It (p, U)y=17"(p, W), rae ans moBoro MHOMKECTBa H, H osna-
yaeT 3aMblKaHHe, B

H=HNM—K)
o3HauaeT rpaHuny K.

Byzew cuosa Bmecto J*(P, A) nucarb npocto It (@) J+(P)
npefcrasaser cobod 00JacTb HPOCTPAHCTBA-BPEMEHH, B KoTOPOIL
coObITHA N3 & MOTYT NPHUMHHO BJMATL: Kak BHIHO y3 puc. 34,
J+(#) ne oOsi3aTebHO 3aMKHYTOE MHOXKeECTBO, JaXe ecay & npea-
cTaBasieT coboll opHy Touky. Keraty, 3ToT npumep A7 mocTpupyer
MOJIE3HBIN CNIOCO0 NOCTPOEHUS NIIPOCTPAHCTBA-BPEMEHH Q 331aHHBIMH
CBOWCTBAMH MPHYMHHOCTH: HAYMHAEM C HEKOTOPOTO MNocrpaHcTBa-
BpeMeHH (IpH OTCYTCTBHM APYTHX yKasanuit 510 Oyler ppocrpas-
¢TBO MHIKOBCKOro), Bbipe3aeM M3 Hero kakoe-aubo 3aMgyyroe MHO-
KECTBO H, €CH HYXKHO, CK/IeHBaeM ero MnoAXoAAuM 0Gpazom (7. e.
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OTOXAeCTBJAsieM TOUKH ). B pesyabrate nosayuaem CHOBa MHOrO-
ofpasne c JJOpeHLeBOll MeTPHKOH, T.e. NPOCTPAHCTBO-BPEMs, XOTs
OHO H BBITVISAHT HECKOJIbKO HEMNOJHbLIM, TOCKOAbKY HEKOTOpble TOUKH
Boipesanbl. OQHAKO BBILIE ObIJIO OTMEYEHO, YTO 3Ta HENOJHOTA MO-
KeT ObITh «HCnpaBJeHa» NOAXOAALIUM KOH(OPMHBIM Npeo6pa3oBa-
HHEeM, KOTOpOe NMepeJBHHET BhIpe3aHHble TOUKH B GeCKOHEUHOCTD.

HI3OmPONHpIE 26093~
yecwue 8719}, He nepe~
cenarowyue IHP) u re
UMErOLLLE HOHESHOIX

ADOHOI02UYECKOE
 bgyisee 12)

IMOYER 8 NPOUNOM &
g/lamﬂf/o&’ ToyKa, 65,0€3QHHAT U3 M
ygy4ee
)

H30mponHs/e eeogeu:

yecKue, NPoXOgRYUE

Yepe3 ¥ u odoasyrouyue

7P0ULTO8 MHOKECTIEA
&)

Puc. 34 [lpu yaanennn u3 npocTpaHcTBa MHHKOBCKOTO OfHOM TOYKH MPHYHH-
Hoe Oyaymee J+ (&) saMkHyTOro MHOXecTBa & He obss3aresbHO 3amMKuyTo. Ha-

XOfAMKecs 3@ 3TOH TOUKOH uacTu Tpanuus Gyaymero J* (&) moryr Gerth 06pa-
30BaHH H3OTPONHBEIMH TIEONEe3HYECKHMH CerMeHTaMu, He uMewmnmMid B A Ko-
HEUHBIX TOYEK B IIPOLLIOM.

Kontyp 6ydyujezo (horismos) das mHOXKeCTBA P OTHOCUTEALHO
%, ob6osnadaeMbiit uepes E+(P, 24), onpenensnercs kak JH (P, U)—
— (P, U);, 6ynem nucaty E+(F) BMmecto E+ (P, A). (B nexoro-
peix paborax orHoweHus p < It (q), pe=J+(q)) u p=E*+(q) obo-
3HaYalOTCsl COOTBETCTBEHHO Kak ¢ K p, ¢ < p u g — p.) Ecan 2 —
OTKPBITOE MHOXECTBO, COMacHo npeanoxenuto 4.5.10, Touku
E+(#, 24) pomxHBL JexaTh Ha HaNlpaBjJeHHHX B Oyayllee H30TpOIl-
HBIX Teofie3nueckux u3 &; eciw e 94 — HOpPMaJ/bHAs BbINyKJAasl
OKPECTHOCTb TOUKH p, TO u3 npemnoxenns 4.5.1 caemyer, gro
E+(p, ) cocToHT U3 HaNpaBJeHHbIX B Oyaylilee H3OTPOMHBIX reoje-
SHYECKHX B 24 ¢ Haua/ oM B p u ofpasyer B %4 IDAHHALY KaK XPOHO-
Jornyeckoro I+(p, 2¢), Tak u npuunHHoro J*(p, ) Gynyuiero toy-
K# p. B yactHoCTH, 3TO HMeeT MecTO B npocTpaHcTBe MUHKOBCKOrO,
rae Takyw rpanuny o6pasyer u3oTponHbiil KoHyc Toykd p. Ho B Go-
Jlee CIOXKHBIX CIydasXx Takoe He 0053aTeabHO.

Ias mociefylolero H3/joXKeHus yAOOHO paclIUPHTb ONpefedie-
HHe BPEMEHHNOZOOHBIX H HENPOCTPAHCTBEHHONOLOOHBIX KPHBBIX,
ocsnabus TpeboBaHHe KycouHOH nuddepeHuupyeMocTH Lo TpeboBa-
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HUA JAWLIb HENpepbBHOCTH. XOTs B TAKOM CJydae KPUBAs MOMKET H
He HMeTb KacaTeJpHOTO BEKTOpa, MBl BCE Ke CMOXKeM TOBOPUTh, YTO
OHa HeNpPOCTPAHCTBCHHONOJ00HA, €C/IH JoKa/dbHO J100ble 1Be TOYKH
KPHBOH MOXKHO CO@JAMHUTb KyCOYHO AH(epeHnnpyeMoil HenpocTpaH-
CTBEHHONOAOOHON KpuBOi. TouHee, GyneM TOBOPHUTb, UTO HENpephiB-
Hada Kpusasg y:F — JM, rie F — cBA3HBIA HHTepBaJs u3 R!, nanpas-
aena 8 Oydyujee u HENpPOCTpPAHCTBEHHONOOOOHA, eCan NJS KamKaou
t =& cywectByer ee okpectHocTs G B F U HOpMa/bHAs BbIIYK/IAs
OKpecTHOCTh 2 Touxu y(f) B J, Takue, 4to Ajas Jioboro i & Gy

vyl (v(), %) —v @),
ecau 4 <t u
vy eI (v, %) —v ),

ecau t << ty. Bynem rosopurs, uTo y Hanpasiena 8 Gydyuee u 8pe-
MeHUnoO06Ha, €CH Te e caMble YCJHOBHA BBLIMOJHAIOTCSH NPH 3a-
mene J Ha /. Bupelb, ec/ii He OroBapHBaeTcsi MHOE, NOJ BPEMEHHU-
NnoA0OHOMH WJIH HeNpOoCTPaHCTBEHHONOLOOHON KPUBOH Mbl OyaeM mof-
pa3yMeBaTb MMEHHO TaKyl0 HelpepbIBHYIO KPHBYIO, a ABe KDPHUBBHIE,
KOTOpBle NMOJYHaloTCs OJlHA U3 APYroil nepenapaMerpusanueil, 6yaem
cyntaTh 3SKBHBa/AeHTHBIMH. Ilocie Taxkoro o6o0IIeHHST MBI MOXKEM
JAoKa3aTb YTBepiKIA€HHe, KOTOpPOe HEOJHOKPATHO HCIOJIb3yeTcss B
ocraBuleficss yacty riasb. CHayasta JaJuM HECKOJbKO HOBBIX OIpe-
neJIeHUH.

Touka p 6yaeT Ha3LIBATBCS KOHEUHOU TOouKkol 8 Gydyujem Henpo-
CTPAHCTBEHHONOAOOHON KpuBok y:F — A, HampabijedHolt B Gyay-
mee, e/ A5 KaXKAOH OKDPECTHOCTH 7° 3TOH TOUKU CYLIECTBYeT Ta-
Koe 3HaueHue t = F, uro y(h) = ¥ pasa kaxnporo L = F npu f1=1.
HenpoctpancTBeHHonono0Has KpuBasi Henpodoascuma 8 6ydyuiee
(cooTBercTBeHHO Henpodoaxcuma e 6ydyujee 8 mroxecrse F), ecau
y Hee HeT KOHEYHOH TOYKHM B OyaylieM (COOTBETCTBEHHO HET KOHeU-
HOM ToYKH B OyayuieM B MHOXkecTBe &). Touka p Oyner HasblBaThCH
npedensHoti ToUKo! GeCKOHEUHO! NOCAeNOBATEIHHOCTH HENPOCTPaH-
CTBEHHOTIOAOOHBIX KPUBBLIX An, €CIH JI00YI0 OKPECTHOCTH p mepece-
Kaer 6eCKOHeuHOe YUCJ/I0 3TUX KpaBbIX. HenpocTpaHcTBeHHONONOOH A
KpuBas OyAeT Has3biBaTbCs NpedenvHoll Kpusoid moCAefOBaTENbHO-
CTH An, €CJIH HMeeTCs MOINOCJAEN0BATENbHOCTL Ay MOCAELOBATEN]b-
HOCTH An, TaKas, YTO AJS KamKAOH p S A, A, CXOAHTCA K p.

Jemma 6.2.1

[Tycre & — HEKOTOPOE OTKPHITOE MHOXKECTBO U NYCTb An — Gec-
KOHeyHas NOCJAeL0BaTeIbHOCTE HeNpOCTPaHCTBEHHONOAOOHBIX KpH-
BbIX B ¥, KoTOopble HenporoskumMel B #. Ecin p & & — upenensuas
TOYKa MOCJAEA0BATENbHOCTH A, TO 4epe3 P MOZKHO MPOBECTH HeENpo-
CTPaHCTBEHHONIOLOOHYIO KPHBYIO A, KOTOpas Henpopo/JxuMa B Oyay-
wee 8 & U fIBAsIeTCA NpeAeJbHOH KPUBOH NMOCAENOBATENbHOCTU An.
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HocratouHo paccaorpeTb ciydait & = A, 00CKOAbKY & MOXKHO
cuutaTh MHOrooOpasuem ¢ JopeHueBoii Merpukoi. HomycTuwm, uTo
@y — HopMa/bHaA BbINYKJAAs KOOPAMHATHAS OKPECTHOCTb TOUKH p

H3omponksre
2609€3UYECKUE,
npoxogRLLUE
vepes p

Puc. 35. Ilpoxoasimas yepe3 TOUKY p HENPOCTPAHCTBEHHONOAOOHASN NpeAesabHAS
KpHBast A [Jasi ceMeHCTBAa HENPOCTPAHCTBEHHOMOAOOHBIX KDUBBIX Apn; JJS ZTOrQ
cemeficTBa p fIBJAAETCS NpelesbHOH TOYKOM.

# uto %(g,a)— OTKPBITHIA ap KOOPAHHATHOrO pajuyca a ¢ IeH-
tpoMm B ¢. Ilycts nocrosinHasi b > 0 takoBa, uto %(p, b) cylue-
ctByer, u nycts (1, 0),— nocaegosateabHOCTb Ly [V 24y, cXons-
masic K p. Tar kak % (p, b)— KOMIAKTHOE MHOMKECTBO, OHO COAep-
JKUT npeieibHble TOUKH nocaenosaredbaoctd A (1, 0),. Jlobaq Takas
npeneibHas TO4Ka A0MKHA JexaTb Jubo B J7(p, %), aubo B
It(p, ), NOCKOAbKY B MPOTHBHOM CJyyae CyUeCTBOBaJd Obl
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OKPEeCTHOCTH 7’y TOYKH Y H 7’2 TOUKH p, KOTOpPbie HeAb3sl ObLI0 Obl
COeJMHUTH HEelIPOCTPaHCTBEHHONOAOOHOM KpuBolt B %4 IlycTh

Xy & I* (p, JMl)ﬂg?(P, b)

— OlHAa U3 3THX npefetbHbIX Touek (puc. 35) u A(l, 1), - cxoxs-
mascsa K Xy noamocaeioBatenbHocTb M3 A(l, 0),. Touka x;; Gyzer
TOUKOH Halleil npemeabHod Kpupodl A. Ilpojgo/kas mo HHAYKIMH,

OHPEIIGJIHM TO‘iKy )
xye (o, U)n%(p, i'b)

Kak NpelelbHyi0 TOUKY nociaegosateabHoctn A(i— 1, i— 1), npn
j =0 u noanocaexoBatesbHoctu A(i, j— 1) npu i = j = r; nycrs
tTakKe A(f, j)n — MOANOCACAOBATEIBHOCT MOJNOCAEN0BATEALHOCTH
A(1, 1), cxopamascs K Xqj. Hpyruvu croBamu, Mbl JeIHM HHTEPBAJ
[0, b] Ha Bce MeHbIINE W MeHbLINE OTPE3KU U [OJyYaeM TOUKH Halleld
npefeNbHOH KPHBOH HA COOTBETCTBYIOUIMX cdepax ¢ LEHTPOM B p.
TTockonbky JaroObie ABE TOUKH Xij (j == [) pasfesieHsl HenmpocTpaH-
CTBEHHONOA00HO, 3aMblKaHHe 00bEeANHEHHS BCeX Xi; (fj == i) macr He-
IIPOCTPAHCTBEHHONOAOOHYIO KPUBYIO A OT p = Xj A0 Xu = X;;. Te-
[epb OCTAETCH MOCTPOUTh TAKYIO MOANOCAEL0BATEIbHOCTh A, MOCIE-
HOBATEJbHOCTH An, 4TOOBl IS KAXKJOTO ¢ € A Aj; CXOAHJIAChL K .
dTo MBI cfleiaeM, BHIOHPAs B KAUECTBE Aj, WJEH NMOANOCTEL0BATeNb-
HOCTH A(m,n), KOTODPHIM  [epeceKaeT  KaKAbBIH U3 1IaPOB
B (Xmj, m~'b) mpu 0 << j << m. Takum obpasoM, L GymeT mpejpesn-
HOH KpHBOH 1OCJIe10BATeIbHOCTH An OT p RO Xy IlycTb Temeps
QU — HOpMaJbHasl BHIOYKIAs OKPECTHOCTh BOKPYT X1, IMOBTOPHM
IIOCTPOEHHUE, HCIOIb3ysl TENeph MOC/Ie[0BATENbHOCTh Ay, [locTymas
TakuM 00pa3oM, MOXKHO IPOAO/KHUTbL A HEOTDAHHUCHHO, i

6.3. AXpoHaJjibHble TPAHHIbI

M3 npennoxenus: 4.5.1 caexyer, uTo B HOpPMAaJbHOH BBIMYKJION
OKpECTHOCTH 2 rpanuua MHoxecTB J*+(p, 24) wiu It(p, 2) oGpaso-
BaHA HANpPaBJAEHHBHIMH B OyAyIlee H30TPONHBIMH Te0e3NYeCKHMH C
HauaJjoM p. JLIsl yCTAaHOBJEGHHS CBOHCTB rpanul; Gosee obLIero Tuma
BBeJeM [OHATUS aXPOHAJIBHOTO MHOXKECTBA M MHOXKeCTBa OyAyliero.

MHuoxecTBo &% HA3bIBAETCA QXPOHAAbHLIM (B JIHTEPAType E€ro
MHOTZIa  HA3BIBAIOT  «IOJYIPOCTPAHCTBEHHOMOMOGHBIM»),  €ciau
It (#)N & nycro, nHave roBopsi, eCJIH HUKaKue ABe TOUKH P He pas-
JeneHbl BPEMEHHNOL00HO. & Ha3bIBaeTCs MHOKCecTe0M Oydyujeeo,
ecan P D [T(F). Orverum, uto ecjan ¥ — MHOKECTBO OyIyuIero,
T0 M — P — MHOXKecTBO npouuioro. [IpuMepamu mMHOKecTB Gymy-
mero cayxat [T (AN) n J+H(AN), rae A — aw0boe mHOKecTBO. IlpH-
Mepbl aXPOHAJbHBLIX MHOXECTB JaeT CAeAyHUui QyHAaMeHTaabHbIH
pesysbrar,
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[Ipedaooicenue 6.3.1

Ecan & — MHOXeCTBO OyAVILEro, TO & (rpaunna &) npeacras-
aser coboli  3aMKHYTOe BJOXKEHHOEC axpoHaJbHOe TpPeXMepHoe
Ct-muoroobpasue.

Ecau g = &, 10 mobas okpecTHocTb g nepecekaer & u M — P.
Ecnu p & [+(g), To y TOUKH ¢ CyLlecTByeT OKpecTHoCTb 8 [~(p).
Caeposarennto, [+(q)c #. Amanornuno I—(q)c M — F. Ecau
re I+(g), To CyllecTBYeT Takas OKPECTHOCTb TOUKH 7, UTO

rolt(@cg.

Takum oOpasom, r He MOXeT mnpuHandexats . B Hekoropoh
oxpecmocm L, TOUKH ¢ MOXKHO BBECTH HODPMAJIbHBIE KOOPJHHATHI
(x%, 2%, %%, x%) ¢ Bpe‘VIeHI/IrIOILOGHbIM BexTOpoM J/0x* Tak, utoObl Kpu-

BBIE {x —const i=1, 2, 3} nepecexamu u I (g, %y,), n I~ (g, Uy).
Torma xaxpas u3 STHX KPUBBIX IOJIKHA CONEPKATb TOYHO OJHY

Touky &. Koopmumara x! 3TMX TOUeK Ao/KHA OBITh YHKIHEH

Junmuua or xf (i==1, 2, 3), mMOCKOJbKY HHKaKuHe JBe TOUKH &P
He pasjelieHs BpeMeHunonobuo. IlosToMy B3aMMHOOHO3HAUHOE
oTobpakenne ¢:F (| U, —> R3, 3ajaBaeMoe PaBeHCTBOM ¢, (p) = ¥ (p)
(i=1,2,3) naa pe?ﬂ%a, ectb romeoMop¢usM. Takum oGpa-

30M, (5”(]% $,) ectb Cl-atnac pas &. o

MuoxecTBO co cBoHcTBaMu &, NepeuyHcJ/ieHHBIMH B NPEJIOoNKe-
uun 6.3.1, 6ynem HasblBaTh axpowaisHoll epanuyetd. Tarkoe MHO-
KECTBO MOWKHO pasbuTh Ha 4YeThipe HENePECCKAIOIHUXCA MOAMHO-

xectsa Py, v, P—, Py CACAVIOMAM o0pasoM: AJs TOUKH =K4
HARAYTCS WAM He HANAYTCH TOuKM p, r & P, Takue, UTO P E
SE(Q)—gq, rE'(g)—g u pasiuuHBe BO3MOMKHOCTH OIpEfie-
MSIOT 3TH MOAMHOMKECTRA MHOMKecTBa ¥ 10 cJeipyiollel cxeMe:

ip Ap
G| LA
g 1% | #e

Eecnn g&= Py, T0 r=E7 (p), NOCKOJBKY reJt(p) u coraacso
npensoxennio 6.3.1 r& I (p). dro osmauaer, yto B ¥ HMeeTcs
H30TPOMHBIH Ie0Je3NYECKHA CerMeHT, NPoXoAduluil uyepes g. Ecunm
g= ., (coorsercTBenHo F_ ), TO g sBASETCA KOHEUHOH TOUKON
B OyaymeM (COOTBETCTBEHHO MPOIIJIOM) H3OTPOIHOH reojesuue-
ckoii B &¥. [loamuoxecTBo &, MPOCTPAHCTBEHHOMONOOHO (TOuHEe
HeMPUUKHHO). DTO pa3duenHe WJMOCTpUpyercs puc. 36.
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[osesnce ycaosue, onpejessiioliee NPUHALJNEKHOCTb TOUKH
OJIHOMY M3 MHOXecTB ¥y, Fiu ¥ jaer cienyioulas Jgemma, Ipu-
nangiexaias Ilenpoyay [128]:

Jemna 6.3.2 .

[Tycrs #° — HekoTOPAsi OKPECTHOCTD ¢ & &P, rae F — MHOKECTBO
6ynyuero. Torna

) u [T (= IT (P — ») caenyer, uto g = Py U P,

2) us I~ (9= I (M —F — W) caeayer, uto = P, U P .

Hocratouno nokasaTbh NYHKT (1), MOCKOABKY & MOXKHO CYHTATh
TakXe M rpaHulel MHOXKecTBa npouoro M — &. Ilycts {xn} —
fecKoHeyHas TOCaAeA0BATeNbHOCTL TOUeK B [*(g) N #°, cxoasmasca

Y

Puc. 36. AxpoHaabl:as rpanyna P MoxeT GHTb pasfiesiena Ha ueThHpe MHONKe-

CTBa: MPOCTPaHCTBENHOMON00HO .? H30TPOIHOE 97 # P4 (COOTBETCTBEHHO & —)—

KoHeyHas Touxka Oyiymero (COOTEeTCTBeHHo npomfroro) H30TPONHOH reogesnye-
ckoft B &.

K ¢q. Ecau It (q)yc It (P — #°), ot kKaxkmoro x, o & — W’ MOKHO
MPOBECTH HATPABJAEHHYIO B MPOLIJIOE BPeMeHHTOHOOHYI0 KDPHBYIO.
Ilo nemme 6.2.1 cywecTByer HanpaB/ieHHas B NPOULIOe HpeleabHas
KpuBasg A oT g fo (¥ — //’) ITockoabry I-(q)— oTKpbITOE MHOXKE-
cTBO u conepxutes B M — &P, [7(q) N ¥ nycro. Otciona A monxKua

ObITH BPEMEHUIIONOOHON reoe3nyeckol 1 Jexars B &. i

B xauecTBe WJAMIOCTPAUUN MPEIBIIYUIHX pPe3y.abTATOB paccMo-
tpuM J*(K) = I+(K), rpaHuly 3aMKHYTOTO MHOMXECTBa OVAaylie-
ro & . CoraacHo npennoxenuwo 6.3.1, oHa fBAsETCS aXPOHAMLHLIM
mMHoroobpasueM, H no JevMme 6.3.2 Kaxjaas TOUYKa MHOXKeCTBa
IK)— A npunannexur [J+(H)Iv nnu [JH(H)].. 1o osnauaer,
uro J(H)— K mnopoxkAaercs H30TPONHBIMH TeOIE3UYECKAMH Cer-
MEHTaMH, KOTOPble MOTYT HMeTb KOHEUHYI0 TOYKY B OyAyuieM B
JH(H)— K, Ho ecau OHH HMeEIOT KOHeuHble TOYKH B iIPOLIIOM, TO
06s3aTeNbHO TOMbKO B camoM J. Kak BuaHo us puc. 36, MOKeT cy-
IeCTBOBATb H30TPONHAd reofe3nueckas, NOPOXKAAIOLLAS CErMEHTH,
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KOTOpble BOOOIE HE HMEKT KOHEUHBIX TOYEK B IPOLIJIOM, 4 YXOIAT
B GeckoHeuHoCTh. OUEBHAHO, YTO 3TO HECKOJAbKO HAAyMaHHBIH TIPH-
vep, 1o [Tenpoys [124] noxasas, 4To aHaJOrHYHOE MOBEJAEHHE HMEeT
MeCTO B TAaKOM IPOCTOM cJyuae, KaK ILTOCKHE BOJHBI, APYTHMHU IPH-
MepaMu cayxar peilenusi ge Currepa 2-ro pona (pasa. 5.2) u Paiic-
cuepa — Hopacrpema (pasz, 5.5). B pasa. 6.6 mbr yBuanum, uro Ta-
KOe MOBeNeHHE CBSI3AHO C OTCYTCTBHEM IMoBepxHocTed Kouwm i
9THUX pelleHuH.

BynemM roBOpPHTb, YTO OTKPBITOE MHOMKECTBO @ — NPUUUHHO-
npocToe, eclu AJs KaxK[A0TO KOMIIaKTHOrQ MHOXECTBA

TN U=ETONU u T (NU=E (XNU).

DTO 3KBUBAMeHTHO yTBepKAeHHI0, uto JH(H) u J-(H) 3aMKHyTH
B U.

6.4. YcJ0BHSI NPUYNHHOCTH

[Tocrynat (a) pasza. 3.2 tpebyeT TOJLKO JOKAJAbHOM IPHUHHHO-
cty; ro6anbHble BONPOCH OCTAMOTCA MNPH 3TOM OTKpbITHIMU. Chemo-
BaTeJbHO, Mbl He HCKJIIOUMJIH TAKyH BO3MOXKHOCTb, UTO B GOJbIIHMX
macwiTabax MOTYT HaHTHCh 3aMKHYTble BPeMeHHNOLOGHbIe Teofe3H-
yeckue (T. e. BpeMeHumojpoOusle okpyxkHoctu St). Ho cyuiecrsoBa-
HHE TAKHX KPHUBBIX, NO-BUIUMOMY, NPUBEJO OBl K BO3MOXKHOCTH JIO-
rHYeCKuX 11apajoKCoB: MOMKHO NPEJACTABUTh CUTYAIlHI, KOTAA KOCMO-
HaBT Ha 3Be3Jl0JIeTe MOXKET COBEPUWHTb KDY IO TakKoil KPHBOH H,
BO3BpAaTUBIIHCL OOPATHO K CBOEMY CTapTy, IIOMELIaTh caMoMy cebe
craproBate B nepebll pa3. KoHeuHo, 3smece ecTh npornBopeuue
TOJIBKO C TIO3WIHMH 3JeMEeHTapHLIX NIpeAcTaBJeHu# o cBoBo4e BoOJH,
HO HX He Tak JeTrko OTOPOCHTb, OCKOJBKY 3TH NPEACTaBJIEHHS OINH-
parTca Ha YBEPEHHOCTb, YTO Mbl BOJbHBI OCYIIECTBUTH JIIOGOH BO3-
MOKHBIH 3KcnepumeHT. He uckiroueHo, 4To MOXKHO NOCTPOHUTH TEO-
puio, B KOTOPOH JOmyckaJuch Obl 3aMKHYTble BPEMEHHNOHOOHbIE
KpuBBIe, a npelacTaBieHue o cBo60ne BOMH ObIIO GBI KaK-TO H3MeHe-
HO (cM., nHanpuMep, [150]), HO mpolue npexcTaBuTh cebe, 4TO MPO-
CTPAHCTBO-BPEMsI YIOBJETBOPsET TPeOOBAHHIO, KOTOPOE Ml Ha3bI-
BaeM XPOHO.102U4eCKUM YyCcAO8UeM, & HMEHHO, UTOGBl B IPOCTPaH-
CTBe-BPeMEHH He OblI0 3aMKHYTHIX BPEMEHHIOLOOHBIX KPUBBIX.
Onanaxo Mbl JOJKHB MMEeTh B BHAY BO3MOXKHOCTb CYUIECTBOBAHHUSA
TOYeK (MOXKeT OBbITh, TaM, r/le MJIOTHOCTb MJAH KPHBH3HA OYEHbL Be-
JUKH), B KOTOPLIX 3TO yCJAOBHE He BHINOJHsieTcs. MHOXKecTBO Bcex
T@KHX Touek OyheM Ha3biBaTb MHOMKECTBOM, HAPYULAIOULUM XPOHOAO-
eu0; OHO XapaKTepU3yeTCs CJAeLVIOWIUM NpelNJokKeHHEeM:

Hpedroxenue 6.4.1 (Kaprep)

MHoxecTBO MHOrooGpasusi J, Hapyllaiollee XpOHOJOTHIO, eCTh
o0bejMHeHNe Iepecekalomiuxcs MHoxects Buna It(g)1-(q),
g M.
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Ecan ¢ upuHaaneXXuT MHOXKeCTBy MHoroobpasus J, Hapylialo-
eMy XPOHOJAOIHI0, TO AOJXKHA CylieCTBOBATH Halpap/ieHHasa B 6y-
Lylliee BpeMeHHNOAOOHas KpHBAfA A C KOHEUYHBLIMM TOUKAMH B MpO-
utom u 6yayuey B g. Ecan r & I=(q) 1 I+(g), To nafinyrest nanpa-
BJEHHblE B npouwioe u Oyayliee BpeMeHUNOA0OHbBIE KPUBLIE 1y H Wa,
coepnnsomue g u r. Torna p7'OA. w, Oyxer HanpasJeHHOH B
byayulee BpeMeHHNMOAOOHON KPHBOA ¢ KOHEYHBIMH TOYKaMH B MpO-
utom u 6yayuiem r. Boaee Toro, ecnu

rell@nrt@lnli=e)nIt p)l

pel” QNI (@=1"(E)NI"(p).

Jns sasepuieHus J0Ka3aTesabCcTBa 3aMETHM, YTO KaXKjas TOuKa 7,

B KOTOpPOW HapyllaeTcss XPOHOJOTUS, NPUHALJIEXKHUT MHOXKECTBY
I+H(ryN I+ (r). =

TO

[Ipedromncenue 6.4.2
Ecnu 4 KoMNakTHO, TO MHOXECTBO, Hapyllalolllee XPOHOJOTHIO
B M, IBISIETCS HENMYCTBIM,

A MOKeT ObITb MOKPBITO OTKPBITBIMH MHOXeCTBaMu Buua [+(q),
g . Ecam XpOHOJOrHYecKOe VCJOBHE BBINOJHSETCS B ¢, TO
g & It(g). Takum o6GpasoM, eciu OGbl XPOHOJOTHUECKOE YCJIOBHE
BLIIOMHAJOCh B KaXKI0H TOUKe, Hesab3st ObLIO Obl MOKPHITE A KOHeu-
HBIM YHACJAOM MHOXKECTB Buaa [7(g). i

W3 nosayueHHOrTo pesyabTaTta, HO-BHAHMOMY, Pa3yMHO cleJjiaTh
BBIBOZ, YTO IPOCTPAHCTBO-BPeMsi HeKOMIAaKTHO, [Ipyro#i apryment
NPOTHB KOMIAKTHOCTH COCTOHUT B TOM, UTO HHKaKo€ KOMIIAKTHOe ue-
ThipexMepHoe MHOrooGpasue ¢ JIODeHIeBOH METDHKOA Ha HeM He
MOXKeT OBITb OJHOCBA3HEIM. (CyulecTBOBaHUE JOPEHIEBOH MeTPUKIH
O3HayaeT, 4TO Xapakrepucruka Diaepa y(A) =0 ([162], p. 270).)

4

Kak wusBecTHO, x=2(—1)”Bn, rae B, = 0 — n-e uucao Berru
n=0
MHorooGpasust 4. B cuny gyansHoctu ([160], p. 297) B,,=By_,. Tax
kak By = B. = 1, 370 o3nauaet, uto B{ =0, oTKyZa B CBOIO OUe-
peap caeayer, uto my (M) 5= 0 ([160], p. 398). Takum 06pas3oM, KOM-
NaKTHOE TMPOCTPAHCTBO-BpeMsi ABJISETCS B NEHCTBUTEIBHOCTH KOM-
MakTHBIM MHOroo0pasueM, B KOTOPOM OTOZK/ECTBJEHbl HeKOTOpble
roukd. [lpencrasiasiercss ¢uauyecKdn pasyMHbIM HE OTOXKJIECTBJSTH
TOYKH, @ CUHTaTh, YTO MPOCTPAHCTBOM-BpeMeHeM SIBJASeTcs HaKpbl-
Balollee NPOCTPaHCTBO.
Mpbl 6ygeM TOBODHTb, UTO BLIIOJHEHO YCAOBUE APULUHHOCTU,
€CJIH HEe CYUIECTBYET 3aMKHYTLIX HEMPOCTPaHCTBEHHONOAOOHLIX KPH-
BbIX. AHasloTHYHO npeffoxerHuio 6.4.1 uveem
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Il pedaowenue 6.4.3

MHO0XKeCTBO TOYEK, B KOTOPLIX HapylUaercs yC/aA0BHE UPHUYHHHO-
CTH, €CTb OObeluHneHne HemepeceKaouxes vioxecrs suga J—(g)
NJtg), g A. o

B uacrnocty, eciu B TOuKe ¢ & J ycJA0BHE NPUYHHHOCTH HApy-
UIEHO, a XPOHOJOTHUECKOe YC/JIOBHE BBINOJHAETCSH, NOJXKHA CyLLe-
CTBOBAaTb 3aMKHYTasi H30TPONHAs reoje3ndecKas Kpusast y, IpPOXOJs-
mas uepe3 ¢. [lycrb v — abuunblll napamerp Ha y (paccMarpu-
BAeMbIH Kak oTo0pameHHe OTKPBHITOrC uHTepBanta uz R~! Ha ) u
nycrb ..., U—y, Ug, U1, Vs, ...— HOCAEAOBATE/IbHbIEC 3HAYEHHA U H (.
Torma Mbl MOXeM CpaBHUBAThb B TOUKE ¢ KacaTeJbHBIHl BEKTOD
d/0v|,_, u KacaTelbHBIl BEKTOP d/dv |,_,, ToMydeHHBI!l napads-
JeJbHBIM mepeHocoM npu o0xode no y. Ilockoabky o6a BexTOpa
HMEIOT OAMHAKOBOE HampaBJeHHe, TO OHH J0JKHbl OBITH NPOHOPLHO-
HaJbHBI 0[00 |,_, ==ad[dv |, . Muoxure b a HMeeT CJeyOUlHil

CMBICT: apPHUHHOE PACCTOAHHE Unty — Upn, IOKPHIBAEMOE IIPH N-M 00-
Xolle Mo y, paBHO a~™(v;— w). Otrcioga npu a > 1 v HHKOrZa He
JocTuraer 3Hadenusa (v — vo) (1 — a~1)~, u, Takum o6pa3oMm, KpH-
Basl y reoje3nvyeckd HemoJHa B OynylieM, HeCMOTpPA Ha TO, UTO
MOXKHO COBEpIINTb GECKOHEUHOE 4HCa0 060poTOB. AHAJIOTHYHO, eCH
a << 1, T0 y HemoJHa B NPOLIJOM, B TO BpeMsl Kak npu a = 1 oua
NoJIHa B 0GOUX HaIpaBJeHUAX. B AByMepHOH MOJeaH NMPOCTPAHCTBA
Tay6a — HYT, onucannoit B pasf. 5.7, cyllecTBYOT 3aMKHYTHE 1H30-
TPONHBIE TeOfe3uuecKue, KOTODble CJAYKAT INPHMEPOM cJiydas ¢
a > 1. TIoCcKOJIbKY MHOXHTE/b @ SIBJASETCH KOH(GOPMHBIM HHBapHaH-
TOM, 3Ta HEMOJHOTA He 3aBHCHT 0T KOH(OpMHOro MHoxureas. On-
HAKO TA4KOro pojia NMoBeleHHe MOXKeT BCTPETHTbCH JHLIbL NPH Hapy-
LIEHAYW NPHYMHHOCTH B TOM HJAMW HHOM CMDBIC/C; €CJIHM BLINOJHSETCs
yCJIOBHE CHJIBHON NPHYMHHOCTH (CM. HHXKE), MOAXOAsIiee KOHPOpM-
Hoe mpeoBpa3oBaHHe METPHKH NpeBpAalllaeT BCE H30TPOIIHBbIE Teoie-
3uyeckne B noJinble [33].

MHozxureqap a npuobperaer Gojee IHPOKHE CMBICA B CHJY Clle-
LYIOLIero pesyJ/brara.

flpedaromncenue 6.4.4

[Tycrs y — 3aMKHYTas M30TPONHAs reojleanyeckasi Kpusas, KoTo-
pas HermoaHa B OydyuleM; TOrjJa HalmeTcs Bapualud Yy, KoTopas
CIBHTAeT KaXAylo TOUKy y B OyAyllee, ¥ IIPH 3TOM INOJYyyaeTcs 3a-
MKHyTast BpeMeHHnoqo6Has KpuBas.

CorgachHo pasf. 2.6, Ha J MOXKHO MOCTPOHTH TOJIE JIMHEHHBIX
saementos (V, —V), HopMupoBaHHoe Tax, 4ro g(V, V)= —I. Tlo-
CKOJbKY Mbl MpejnosaraeM, 4to A OpPHUEHTHPYEMO BO BpPEMEHH,
MOJKHO COTVIACOBaHHBIM 00pasoM BbIGpATh OJHO M3 HANpAaBJIEHUi
(V, —V) u noayunTh B pe3ysabTaTe HamnpasJeHHOe B Oyayulee Bpe-
MeHHI0406Hoe BekTOpHOe mose V. Torga MOMKHO BBECTH TOJOXKH-
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TesibHO-ONPee e HHYIO METPUKY g’
g X, Y)=g(X, Y)+2g(X, V)g(Y, V).

[Tyctb ¢ — HeadQuHHBIR napaMeTp Ha y, KOTOPBII paBeH HYJII0 B He-
KOTOPO# TouKe g &y 1 415 Koroporo g (V, 8/0) = — 1/4/2. Toraa
t uamepsieT coOCTBEHHOE PACCTOsIHUE BAOJbL Y B MeTpHKe g’ u npobe-
raetr 3HauyeHus ——oo < f <C oo. PaccMOTpHUM BapHauuio y ¢ BEKTO-
pom Bap5ua1mn J/0u, paBublM XV, rae x — dyukiuusa x(¢). CornacHo
pasa. 4.5,

19 (i _?_) ( ) ( )
2 ou S\ 3 Tt ou " of au’dtdt

A CEr)

rae f(0/0t)=(D/ot) (0/dt). HonyctuM Tenepnb, 4to v — aduHHBIE
napamerp Ha y. Torza d/dv 6ymer nponopuuona.ien 9/0f: 0/0v ==
= ho/dt, rae h—'dh/dt = —f. Tloce onnoro o6xoma mo y BEKTOP
0/0v ymHoxaetcs Ha a > 1. CiiegoBaTeabHo,

<§>fdt=—1na<o.

ITosTomy, ecan Mbl Bo3bMeM (YHKUMIO ¥ (f) paBHOH
t
exp(g Py de 4 b7 ' in a),
0

rue b:(&dt, TO MOJYyYHM BapHalHo y B Oynyllee W 3aMKHYTYIO
BPEMEHHIIONO0OHYIO KDHBYIO. o

[Tpedrosncenue 6.4.5

Ecan

a) RapK*Kb = 0 nast moGoro usoTponHoro sekropa K;

6) BBHINOJHSIETCS THIOBOE YCJAOBHE: Kaxaasi H30TPONHAs reoje-
auyeckast ¢ KacatenbHbiM BeKTopoM K comepKHT TOUKy, B KOTOpOH
K{aRo) ca («KnK K* 5= 0;

B) B J BBINOJNHSETCS XPOHOJOrHUECKOE YCIOBHE,

TO B J BHIIOJHSIETCA YCIOBHE NPHUUHHOCTH.

Ecau 6Bl cyliecTBOBaJ/IM HENO/JIHblE 3aMKHYTHIE H30TPOINHBIE KPH-
Bbie, TO B CHJY NPeAbIAYIIEro NpeXI0XKeHHS HX MOXKHO Oblio 6wl
BapbHPOBATL TaK, YTOOBI MOJAYUYHTH 3aMKHYTble BPEMEHHIOLOGHLIE
Kpusbie. Ecau 6pl CyllecTBOBAJH MOJNHbIC 3aMKHYTBIE H30TPOMHBIE
JIHHILH, TO N0 npedioxennio 4.4.5 onn coldep:xaan 6bl conpsiKeHHble
TOUKH H, COTVIaCHO npeanoxennto 4.5.12, ux cHOBa MOXKHO Gbiio Obl
BADbHPOBATb K 3aMKHYTbIM BPEMEeHHIOLOOHLIM KPHBBIM. o
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M3 storo BuAHO, 4TO B (H3HUECKH PEATHCTHUECKHX pelIeHUsX
yC/JAOBHE NPHUYMHHOCTH H XPOHOJIOTHMUECKOE YCJAOBHE 3KBUBAJEHTHBI

Omoxgecmengiores
Hsompontas
" 2eogesuyecKasg
¥4 g Bejpesaemen

=" nonocka

4

v

Puec. 37. TlpocTpancTBO, B KOTOPOM BCIOLY BBIIONHAIOTCS YCJAOBHE NPHUHHHOCTYU

M YCJOBMe, BHIZEJSIONIEE [IPOILIOE, HO YCJAOBHE, BbeJsOlLlee OyIyuiee, B p

Wil ¢ He BenoJHsercst (Leficrsurtessuo, /T (p) =t (q)). Hakmou H30TPOIHBIX

KOHYCOB Ha UWJIHHADE YBeJIHYHUBAECTCH, NOKa OAHO H3OTPONHOE HanpaBJeHHe

HE€ CTAHET TIOpPU3OHTAJbHBIM, H 34T€M KOHYCbl CHOBA4 BBIIPAMJASAIGTCSH; H3 HpO-

CTpaHCTBA yAaJieHa 10J0Ca, TaK UTO OHA Da3pnlBaeT 3Ty H30TPONMHYK reoje3nye-
CKYIO, KoTopaf uHaue Obla OBl 3aMKHYyTA.

IMogoGHO 0TKA3y OT 3aMKHYTHIX BPeMeHHMNOAOGHLIX JHHHI, Mpes-
CTaBJSETCA PA3yMHLIM HCKJAIOUHTBL CHTYallUH, B KOTOPHIX OyAYT Cy-
H1ecTBOBATh HENPOCTPAHCTBEBHONOLO0HBIE KPHBbIE, BO3Bpallalouime-
Cfl CKOJIb YTOJAHO O/M3KO K CBO€M HCXOAHOH TOUKe WJH NPOXOASILIHe
CKOJIb YTOAHO O/IM3KO OT TaKHX HENpOCTPAHCTBEHHONOLOOHBIX KPH-
BbIX, KOTOpDble B CBOK Ouepeldb NPOXOAAT OeCKOHeuHO OJH3KO OT
HCXOAHON TOUKH meproit Kpusoll u T. K. Kaprep [27] ykasaua, uto B
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NeHCTBUTE/ILHOCTH HMeeTcs Dojee yeM cueTHas GeCcKOHeuHas uepap-
XHA TaKHX yCJOBHIl NIPHYHHHOCTH 60Jiee BLICOKOIro NMOpPALKa, OHH 3a-
BHCAT OT YKCJa W MOPsiiIka paccMaTpHBAEeMBIX NpelelbHbIX NpoLec-
coB. Mpl onuuem nepsple TP M3 3THX YCJI0BHE K 3aTeM copmyan-
pyem npemeabHO-CHJABHOE YCJIOBHE NPUYHHHOCTH.

[oBopaT, uTO B p=A BBHINOJHACTCS ycao8ue, svideatoujee 6yoy-
uiee (COOTBETCTBEHHO npowiasoe) [94], ecin B KaKA0# OKPECTHOCTH p

—

i

/. Beipesaemcs

<.
~
N

®\ H3omponHaa

ceogesuyeckas |UMOKGECMEnnoTes

Beipesaemen

Puc. 38. IlpocrpaHCTBO-BpeMsi, KOTOPOE YIOBJIETBOPSAET YCJIOBHI NPHUHIHOCTH

H YCJIOBHSM, BHIEISIOIHM NpOMITOe M OyAyllee, HO B TOUKE p He VAOBJIETBO-

psieT YCJOBHIO CHAbHON nprunnHocTH. C NOBEPXHOCTH UHJAHHAPA yHAadeHbl JABE
MOJIOCKH; CBETOBble KOHYCHl NPOXOASAT MOA yrjom £45°

COAEPKUTCS TakKas OKPECTHOCTb p, KOTOPYIO HUKaKasd HanpaBJeHHas
B Gynyuiee (COOTBETCTBEHHO B IPOILLIOE) H3 p HENpPOCTPAHCTBEHHO-
nojgoOHasa KpuBas He mepecexkaeT Gosee 0JHOTO pa3a. DKBUBAJIEHT-
HOe yTBEp:KAEHHE COCTOHT B TOM, 4YTO M3 paBehcrBa [+(q)= [+(p)
(coorBeTcTBeHHO U3 [~(q) =I—(p)) cnaenyer, uto ¢g=p. Ha puc. 37
JaH NpUMep CUTYalUHH, KOTJAa yCJIOBHEe NPHUYHHHOCTH H YCJIOBHE, BbI-
IeJsiolilee MPOILUJIOe, BHIOJHEHB! BCIOAY, HO YCJIOBHE, BbIAEASAIONLEE
Gynyliiee, He BBINOJHSETCH B TOUKE p.

[oBODAT, YTO B p BBINOJHSAETCS yCAOBUE CUALHOU NPULUHHOCTU,
ecy KaxAas OKPeCTHOCTb p COAEPXHT TaKkyld OKPECTHOCTh p, KO-
TOPYIO HHKAKasl HeNpPOCTPAHCTBEHHOMOAOOHAs KpUBasl He MepeceKkaer
GoJgee oaHOro pasa. Ilpumep HapyuieHHs 3TOro yCJAOBHS [aH HA
puc. 38.

[Ipedrosenue 6.4.6
Ecau ycaosua (a)—(B) npeanoxeHnns 6.4.5 BBINOJIHEHbI H, KPO-
Me TOro,
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r) J — M30TPONMHO TeOfe3HUECKH MOJIHOE MHOrO006pasHe, To Ha
M BLIIOJHSETCA YCA0OBHE CHIAbHOH NPHUYUHHOCTH.

Honycrum, 4To B p & A ycJA0BHE CHJIBHOHN MPHUYHHHOCTH e Bbl-
nonudercs. [lycts 924 — HOpMaJbHAs BbINYKJIas OKPECTHOCTbH TOY-
Ku p # 0ycth V, < U — OeckoHeuHast MocJel0BaTebHOCTb OKpecT-
HocTefl p, TakuX, 4TO J00as OKPeCTHOCTb p COLEPXKHT Bce V, ¢
jpocrarouno foapinmu n. Torpa nisd kKaxporo V, Gynper cyliecTso-
BATb HampasJeHHas B Oyayllee HeNpoCTpaHCTBEHHOMOKOOHAS KpH-
Bast An, KOTOpAasl BHIAJET 3a npefednl 20 m 3arem BepHercs B V.
ITo nemmMe 6.2.1 Halizercqa HenmpoROJNKHMAasi HENpPOCTPAHCTBEHHOINO-
nobHas KpuBas A, KoTopas OyAeT npelelbHOH KpPHBOH AJAs mocae-
HAOBATENBbHOCTH A,. HHKaxkue [Be TOUKH ) He MOryT HMeTb Bpe-
MeHUNoL06HOe pa3/escHue, UHAYe UX MOKHO OblIO 6bl COEAHHHTH
HEKOTOPON A,, Tak YTOOLI MOJyuu/Jach 3aMKHyTas HENpOCTPAHCT-
BeHHonmogo6Hasa KpuBasi. Takum oBpasoMm, A LOMXKHA GbITH H30TPOIN-
HOH reoaesnueckod. Ho mo ycnosusim (a), (6) u (r) A moJKHA
COAEpKaTb CONpsAXKEHHbIe TOYKH H, CJHEA0BATENbHO, TOUKH C BpeMe-
HUNOAOOHBIM pa3ieseHUeM. o

Caredcrsue

Ha J 6yAyT BBINOJHSTbCA TakxkKe YC/JIOBHA, BblessiiollHe Tpo-
waoe u Oyayliee, H60 OHH COHEPIKATCH B YCJACBHH CHJABHON npH-
YHHHOCTH.

C aTUMH TpeMs YCAOBUSIMH NMPHUMHHOCTH 60/ee BHICOKOTO MNOPsi/-
Ka TECHO CBSI3aHO ABJeHHe 3axgara. [Ipu nocTpoeHun HanpaBIeHHOH
B Oynylilee HEPOCTPAHCTBEHHONOAO6HON KPUBOH vy, KOTOpas HENpo-
pomkHMa B Gyayliee, BOZMOXKHEL CJAEAVIOUIHE BapHAHTHL:

1) KpuBasi BOHJET W OCTAHeTCs B KOMMAKTHOM MHOXecTBe &

2) xpuBas He OyJAeT oCTaBaThCA BHYTPH KaKOro-1u60 KOMNAKT-
HOro MHOXECTBa, HO OyJeT NOCTOSIHHO BO3BPALLATbCH B KOMIAKTHOE
MHOXecTBO ¥

3) KpuBas He OCTAHETCH BHYTPH KaKOro-JHGO KOMIAKTHOTO MHO-
xKecTBa & u He Oyaer BosBpallathcsi OoJiee KOHEUHOro uuciaa pas
B J1060€ TaKoe MHOXECTBO.

B TperheM cilyuae MOMXKHO CYMTATh, YTO Y YXOAHT K Kpamw Mmpo-
CTPAHCTBA-BPEMEHH, T.e. HJAH Ha 0eCKOHEYHOCTb, WJH B CHHIYJIAD-
HOCTb. B mepBoM © BO BTOpOM cjyyae MBI GyneM FOBOPUTb, 4TO Oy-
Oyujee y COOTBETCTBEHHO NOAHOCTHIO WM 4ACTUYHO 3aXBaveHO MHO-
xecTBOM ¥. Moxer nmokasaTbcsl, YTO 3aXBaT HMEET MeCTO TOJBKO
NpH HapyUWeHHH YCAOBHS HPHUMHHOCTH, HO NpPUMED, TNpHHAaIJIexa-
muii Kaprepy (puc. 39), noxaseiBaer, uTo 370 He 06g3aTenbHo. Tem
He MeHee CNpaBeJJIMBO CJefyiolllee NPeAJoKeHHe:

ITpedaroscerue 6.4.7
Ecau ycroBHe CHABHON MPUUHHHOCTH BLIMOJIHAETCS Ha KOMIAKT-
HOM MHOXecTBe &, TO He MOXKeT OhiTb HeNpOAOJKHMBIX B Oyayluee
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HerOCTPaHCTBQHHOHOJIO()HP)IX KPHUBbLIX C 6}’}Iy11lHM, NOJHOCTbIO HJIH
YaCcTHYHO 3aXBAUEHHBIM MHOXKecTBOM &.

& MOXKHO MOKPBITb KOHEUHBIM YHCJIOM BBIYKJIbIX HOPMAa/JbHBIX
KOOPAHHATHBIX OKDecTHOCTeH %4; ¢ KOMIAKTHBIM 3aMblKaHHEM, Ta-
KUX, 4TO Jw00yio %4; Jai0das HenpoCTpaHCTBEHHONOAOOHAs KpuUBas
nepecekaer He 60Jee oZHOTO pasa. (TakHe OKpecTHOCTd MBI OyneM

Omoxgecmeiarmes

D
Ii!

!
IR
|

0

o

—
9 X Omomgecimenaromes
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seauyurly
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Puc. 39. [TpocrtpanctBo ¢ 3axBaueHHBIMH HENPOCTPAHCTBEHHONOLOOHBMH JHHHAMH

HO 0e3 3aMKHYTBIX HeNDOCTPaHCTBeHHONoAoOHHX nuHul. MHoroo6pasue mnpen-

crapaser coboit R!' X 8! X 8! u onucwiBaercss koopAusataMu (f, y, z), npuuem

(t, y, z) oroxnmecrBasercs ¢ (L, ¥, 2+ 1)y uc(y, y+1, z-+ a), tae a— uppa-
UHOHAJbHOE YHCJI0. JIopeHlleBa MeTPHKA HMEeT BHI

ds?=(cht—1)?2(d*—dy*) + dt dy — d 22
a — cevenue {z = const}, mnoxaspiBaollee ODHEHTAUHIO H3OTPOIHEIX KOHYCOB;
6 — ceuenne f=0, noKasnBawIllee YacTb H3OTPONHOH reole3HYyecKoil.

HA3bIBATb OKPECTHOCTAMU AOKAAbHOU nputurnocTy.) JlioGas Henpo-
Jomxumas B GyAyliee HENPOCTPAHCTBEHHONOAOOHAs KpHBAs, KOTO-
pasi mepecekaeTr OJHY H3 3THX OKPECTHOCTeH, IO/IKHA ee MOKUHYTb H
He BO3BPAULATLCS B Hee. o

[Ipedaosmenue 6.4.8

Ecan Ha KOMIAKTHOM MHOXKeCTBe &P BLINOJIHAIOTCS yCJIOBHS, Bbl-
Jeasiioline Oyayllee HJAH MpPOLINOE, TO He MOXKET CYLlecTBOBATb He-
npojo/KUMas B Oylyllee HEeNPOCTPAaHCTBEHHONOA0OHAst KpuBas, Gy-
Iyliee KOTOPOH MOJHOCTbIO 3aXBaueHo . (DTOT pe3yabTaT NpuBe-
JleH 31ech, TIOCKOJBKY OH HHTepeceH caM 1o cebe, HO B najbHehIeM
OH HaM He MOHALOGHTCH.)

[Mycrs {74}, (=1, 2, 3)— cueTHblll 6a3UC U3 OTKPBITHIX MHO-
KecTB B A (T.e. 11060€e OTKPBITOE MHOM¥KECTBO B J MOMXHO NpeacTa«
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BHTb KaK HeKOTOpoe oObelUHeHHe MHOXKEeCTB 7°;). Ilockoabky Ha &
BBHINOJIHSIETCS VCJIOBHE, BBIAEIsIONIee Oy ayllee WK [pousoe, Jrodas
TOuKa p & F OyaeT uMeTb HOPMAJbHYIO BbIIYKJIYIO KOODLHHATHYIO
OKPeCTHOCTb %4, TaKylo, 4TO HUKaKas l1anpasjaeHHas B §yayiiee (co-
OTBETCTBEHNO B NPOULAOcE) HENPOCTPaHCTBENONOA06Has KpuBas,
BLIXOASIILAA M3 p, e Iepecekaer %¢ OGo/ee oxHOro pasa. Bmemem
dynxuno f(p), paBHyl0 HauMEHbLIEMYy 3HauelUIO o, NPH KOTOPOM
7, COLEpPXHUT P U caMa COLEPXKHTCS B HEKOTOPOI OKpecTHOCTH .

HonycruM, 4To nmeercs HenpozoaxuMasi B Oyayilee HeEmpo-
CTPAaHCTBEHHONIONOOHAA KpWBas ¢ OYyAYyUIMM, NOJHOCTHIO 3aKJIOUEH-
Hoiv B &. Ilyers Touka g & A rtakosa, uto A = A (] J*(q) comep-
xures B F. Onpenesany &y Kak 3aMKHYTOe HEMycToe MHOMXKECTBO,
COCTOfIIIEe U3 BCeX TOueK &, KOTOPBIE SBJAAIOTCH HPEAedbHBIMH TOU-
Kamu L. Ilyctb po & oo — Ta ToOuka, B KOoTOpO# [(po) paBHa Hau-
MeHblLIeMy 3HaueHHIO [(p) Ha Sf Torna uyepes po MOKHO IPOBECTH
HeNIPOJOJKUMYIO HENPOCTPAHCTBEHHONONO00HYIO KPHBYIO Yo, KaxXKast
TOUKa KOTOpo# Oyler mpelenbHol Toukod /. Hukakne IBe TOUKH Yo
He MOTYT MME€Tb BpeMeHHNOLOOHOe pa3jelielie, HHaue HEKOTOPHIH
cerMeHT A’ MOXHO GbLTO OBl AeOpMHPOBATH TaK, YTOOBl MOJNYUHTH
3aMKHYTVIO HENPOCTPAHCTBEHHONOAOOHY0 KpuByio. ClenoBaTe/bHO,
Yo OyZeT HenpOAOIKUMON H30TPONHON re0e3udecKol, KoTopas moJl-
HOCTbIO 3aXBaueHa B & W B HanpaBJieHud OYAYIIETro, H B HampasJje-
uuu npouoro. IlycTs &£, — 3aMKHYTOe MHOXKECTBO, COCTOsIee H3
BCeX NpelesbHBIX ToYeK 06JacTy vo (| /¥ {ps) (Mau, B ciyuae BBINOJ-
HeHHst Ha & YCJOBHs, Bbliedsiowero npouwioe, vyo (1 J7=(po)).
Sy C Sy, TOCKOMBKY KaxKaas Takas TOuka OyZeT TakikKe W Mpelelb-
HoOl Touko# A’. BBHAY TOro 4t0 7’5 (p) HE MOXKET COLEPKATb KAKHX-
Au60 TpeleqbHBIX TOUEK MHOKecTBa Yo (1 J¥(po) (cooTBeTCTBEHHO
vo N J=(po)), S+ Gyner TouHo Menbiie . Tak Mbl N0AYYUM Gecko-
HEYHYI0 TMMOCJAEL0BATEeNbHOCTh 3aMKHYTBIX MHOXKECTB o D ¢ D
DD ... . Kaxnoe ofg He nycro, ub0 siBasieTess MHOXKe-
CTBOM BCEX MpEeJAeJbHBIX TOUEK H30TPONHOH reojesuveckolr ¢ Gyny-
LIMM (COOTBETCTBEHHO C NPOLLIBIM), MNOJHOCTbIO 3aXBAUEHHHIM B
ve—t 1 J+(pp—1)  (coorBerctBeHHO B  yp—1 1 J=(pp-1)). Ilycts
Jf:ﬂg%lﬁ. [Tockonbky & KOMIAKTHO, K — HEIyCTOE MHOXKECTBO:

B
nepecedesye J000ro KOHEYHOro uuciaa MHOXKecTB S Hemycro. [o-

nycrum, r & K. Torna f(r) = f(pg) ansa Bexkoroporo B. Ho Wf(pﬁ)n

| $£p+1 MyCTO, M NO3TOMY 7 He MOXKET NpPUHALJIEKAThb MHOKECTBY
S a1, @ 3HAYUMT, H He MOXKET NpHHaldexarb 4. OTciofa SCHO, 4TO
CyLleCTBOBaHUE HENPOROJKHMOH B Oyayillee HepOCTPaHCTBEHHOMO-
JNOOHOH KpUBOH C ITOJNIHOCTBIO 3aXBaueHHBIM B & OYyAyLLUM HeBO3-
MOXKHO.

IIpuuunnble oTHOWEHUA B (M, g) MOXKHO HCIIONB3OBATH A5 BBE-
AeHusl Ha J TONOJOrHM, HasbiBaeMoli TonO4A02uel Aaexcandposa.
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3Ta TOMOJOTHS, B KOTOPOH MO OMpefiesieHuI0 MHOXKECTBO OTKPLITO
B TOM M TOMbKO B TOM CJyuae, eciu OHO fBJseTcss O0beAUHEeHHeM
ofHOTO uau OGoJblue MHOXecTB Buia I[H{(p)I-(q), pg= A.
It (p)NI~=(g) OTKPBITO B TONOJOTHH MHOr000pasus; nosToMy J1060e
MHOXKECTBO, OTKPBITOE B TONOJOrHH AJexkcaHApoBa, OyIeT OTKPHI-
TBIM 1 B TOMNOJIOTMH MHOroo6pasus, X0Ts o6paTHoe He 00s3aTEJbHO
BEPHO.

Bewezaemesn
N
> & &
H30MPONHeIE 260963UYECKUE
PN 74 4 §
AN

N S
Bsjpesaemes / N
S
/ $
I 3
Bolpesaencs §
S

Puc. 40. Ilpocrpaictso, YAOBJETBOPSAIOUlee YCIOBHIO CHIBHON NPHUMHHOCTH,
B KOTOPOM, OFHAKO, MaJjelillee H3VeHEHHE METDHKH MOXET NPHBECTH K TOABJIEHHIO
3aMKHYTBIX BPEMEHHNONLOOHBIX JHHHH, NPOXOAsmHX depe3 p C IOBEPXHOCTH LH-
JIHHApA yJaJieHbl TPH IIOJIOCKH; CBETOBble KOHYCHI NPOXOLST NMOA yriaom =45°

HonyctuM, oAHaKo, 4To Ha  BBINOJIHSETCS YCJIOBHE CHJIbHON
npuurHHOCTH. Torga Bokpyr J00600t TOUKH r & J Halizercs oKpecrt-
HOCTb JIoKaapHO!H nprunnHocty 2¢. Tononorus Anexcauaposa naphl
(2, glgy), KOTOpasi caMa paccMaTpPHBAETCS KaK MPOCTPAHCTBO-Bpe-

Msl, OUEBHAHO, COBMAaAaeT ¢ TONOJOrHell MIIOroo6pasus B OKpeCcTHO-
cti 2. Otciona ciaelyer, 4To TOMOJOTHs AJeKcanapoBa MHOroo6pa-
3us S cOoBMajpaer ¢ ToNoJorHell MHOTO0Opasus, Taxk Kak 4 MOXKHO
MOKPBITH OKPECTHOCTAMH JOKa/JbHOIl MPHUMHHOCTH. DTO O3HAUaer,
YTO NPH BHINOJHEHHH YCAOBHS CHJABHOH NDUUHHHOCTH TONOJOrHYe-
cxas CTPYKTypa INpPOCTPAHCTBA-BPEMEHN MOXKeT OblTb yCTaHOBJIEHA
M3y4eHHeM NMPHUYHHHBIX COOTHOLIEHHH.

Kak Bunno u3 puc. 40, gaxe Hajg0KeHHE YCJAOBHS CHJAbHOH TpHU-
YHHHOCTH He JHKBUAHMPYET BCe NMPHYHHHBIE NAaTOJOrHH; NDOCTpaH-
CTBO-BPEM$Sl HAXOAWUTCA Ha TPaHH HAPYLEHHS XPOHOJOTHYECKOTrO
YC/JIOBHA B TOM CMbiCJIe, YTO MaJieHliee H3MEHEHHE METPHKH MOXKET



220 Ta. 6. Mpuuunnas crpystypa

MPUBECTH K MOSIBJICHHIO 3aMKHYTHIX KPUBbIX. TAKoro pofa CHTyalust
He BBIMNSIAUT QU3NUYECKH peaJHCTHUECKOH, NOCKONIbKY ofHlas TeOpUs
OTHOCHTEJBHOCTH, MO-BHAUMOMY, ABJSETCS KJIACCHUECKHUM NpelesoM
elle HeH3BECTHOH KBAHTOBOH TEOPHH NPOCTPaHCTBA-BPEMEHH, a B

Ts2 )
/

L/

/7.;; (A)

A

gx)

X 4

—— 4
7

Puc. 41. Orkpnroe MHOXKecTBO @ B OTKpHTONH CO-TOmMOJOrMH Ha TNpO-
CTpaHCTBe T%Q () cummerpuuHmEx TeH3opoB THna (0,2) ma A.

5TOH TEOPHH HPHHLHMI HEOoNpeleseHHOCTH HOJKEH BOCIPENsTCTBO-
BaThb TOMY, YTOOBI METpUKAa MMeJ]Ia TOYHOE 3HAueHHe B KaxKIOH TOU-
ke. ITostomy, uTO6bl OBITH (PH3HUECKH OCMBLICAEHHBLIM, TO HJIH HHOE
CBOHCTBO NIPOCTPAHCTBA-BPeMeHH NO/KHO 00/alaTh ONpeaeeHHOro
pola YCTOHUMBOCTBIO, T.€. 3TUM CBOHCTBOM JOJXKHE 06JagaTh H
«Gaus3kue» npocrpaHcrtBa. [as NpuAaHUA TOYHOTO CMBIC/]A CJAOBY
«6au3kuily HeoOXOAMMO 3aZaTh HEKOTOPYIO TOIOJIOTHIO HA MHOXKe-
CTBE BCeX NPOCTPAHCTB-BpeMeH, T. €. BCEX HEKOMIAKTHBIX YeThIpex-
MEepHBIX MHOT000pasHi H JIOPEHLEBbIX METPHK Ha HUX. Mbl He Bynem
xacaTecd npobaeMbl 0oObeZMHEHHS MHOroo6pasuii ¢ pasJHYHBIMH
TOIHOJIOTHAMH B OLHOCBS3HOE TOMOJIOrHYECKOe NMPOCTPAHCTBO, a pac-
CMOTDHM JIHUIb BBeJEHHE TOMOJOrMH B MHOXKECTBO BCEX JIOPEHUEBHIX
Cr-merpuk (r == 1) Ha naHHOM MHOroo0pasuu. STO MOXKHO CAedaThb
Da3HbiMi cnocobamy B 3aBUCHUMOCTH OT TOrO, TpebyeM JH MBI, 4TOObI
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«Banskas» sMeTpuxka Oblia GJAH3KAa TOJAbKO 110 CBOHM 3HAUEHUAM
(CO-TonoJorus) HJAM Ke elle H N0 NPOMU3BOAHBIM IO k-TO MOpPAAKA
(Ck-tomosiorust), a Takxe OT TOro, Tpedyercsi JAd OJH30CTh Be3je
(OTKpBITASE TOMOJIOTHA) HJAH TOJBKO Ha KOMIAKTHBIX MHOXKECTBaX
{KoMnakTHas OTKpHITAsl TONOJIOTHS).

s Hauinx neselt uarepecHa orkpoiras CO-ronoaoeus. Ee MoxHO
onpefenuts caenyiomnm obpasom. Ilpocrpancrsa T (p) cummer-

puunbix TeHsopos Tuna (0, 2} B kaxpmolt Touke pe& A obpa-

3YIOT MHOrooopasme (C eCTECTBEHHOH cTpyKTypoil). T'ss (M) — pac-
CJIOeHHEe CHMMETPHUYHBIX TeHsopoB Tuna (0, 2) nan 4. Jlopenuesa
MeTpUKa g Ha A ecTb YCTAHOBJEHHE COOTBETCTBHSI MEKIY HEKOTO-

0 o o

peiM 3jeMeHTOM T (A) u Kamaoll TOUKOH p & A, u, CJenoBa-
TeJIbHO, €e MOXKHO pPacCMaTPHBaTh Kak Takoe CToOpa)keHune HJM
ceuenue g M — Tso (M), s KoToporo m g =1, rge s — npoek-
uus T3 (M)—> M, nepesoxsimast x & Tsy(p) B p. [yers @ — or-
KpPbiToe MHOKecTBO B T'so(M), B mycrs O (2) — MHOKECTBO BCEX
JdopenneBbix CO-MeTpuk g, Takux, uro g(A) comepxurca B U
(puc. 41). Torma OTKpPHTOE MHOXKECTBO JOpeHUEBHX C'-MeTpuK
B OTKpHITOH C®-TomoJsiorun ompejefsiercs KakK ofbeuHeHHe OJHOTO
uian GoJsee MHoxKecTB Buma O (2).

Bynem roBopuThb, YTO Ha J BBINOJHSETCS YCAO8UE YCTOUUUBOL
APUHUHHOCTY, €CIH TNPOCTPAHCTBEHHO-BPEMeHHAst METpUKa g HMeer
TAKY10 OTKPBITYIO OKPECTHOCTb B OTKPbITOl CO-TOMOJOrHH, UTO B JiO-
6ol MeTpuKe, NpUHAAJeKALCH 3TOH OKPECTHOCTH, HET 3aMKHYTBIX
BpeMeHUNORCOHEIX KpuBHIX. Mcnonb3oBanne Ch-TONOOrHM He npu-
BeJio 6Bl K OTVIHYMSIM, HO KOMIIAKTHAst OTKPBITasi TOMOJOTHST HeJOomy-
CTHMA, TaK KaK B HEH Ka)KJasd OKPeCTHOCTb J0G0oll MeTpPHKH COAep-
KHUT 3aMKHYThie BpEeMeHHNONOGHEIE Kpusble. JIpyruMd cjaoBamH,
yCJIOBHE YCTOHUMBON NPHYMHHOCTH O3HAyaeT, 4TO B KaxJIOU TOUKe
MOXKHO CJlerka pacIIHPHTb CBETOBOH KOHYC, He 1oJjyuyas NpH 5TOM
3aMKHYTBIX BDEMEHHUIIOA00HLIX KPHUBBIX.

[Tpedroscenue 6.4.9

YcioBre yCTOHYMBOH NPHUHHHOCTH BBINOJHSETCS BCIOAY B J,
€CJH M TOJBKO ecad cyuiectByer MyHKUusA [ Ha J, rpafueHT KOTo-
pOH BCIOJY BpeMEeHHNOA00eH.

3ameuanue. CDyHKLIHIO f MOXKHO MBICIHUTH KaK pPOLX KOCMHUECKOTO
BpeMeHHU B TOM CMbICJIE€, UTO OHA BO3pacTaer BAOJb Kax 10 Hanpas-
JIeHHOH B OyJylilee HENPOCTPAHCTBEHHOMOLOOHON! KPUBOH.

Jlokasareascrgo. VI3 cyiectBoBanusi GYHKUMH [ ¢ Be3le BpeMe-
HUMOJOOHEIM TPAJHEHTOM CJeAyeT YC/JAOBHE yCTOHUHWBOH NPHYHHHO-
CTH, NMOCKOJbKY 3aMKHYTble BpeMeHHN0A06Hble JHHHH HEBOSMOXHBI B
Jwo6oit Merpuke h, koTopast 6au3Kka K g HACTOJIbKO, YTO H3OTPOMHBIH
KOHYC KamJao# TO4KH p & J B meTpuke h nmepecexaer nmpoXoAsuLyio
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uepes p nosepxHocTb {f == const} rtonbko B p. Yro6b noxkasathb
CnpaBeJIuBOCTb OOPATHOrO yTBeDPKAeHHUS, BBefeM Ha M 00BEeMHYIO
Mepy u (oHa He cBfidaHa ¢ 0ObeMHON MepoH, 3ajaBaeMOfl MeTpu-
Ko# g), 1o KoTopoit mnoJaHblil oObem A paBeH eauHuue. OgunH us
cnocob0B BBEJEHUS 3TOH Mepbl COCTOUT B CJASAYIOUIEM: BhIOepeM s

M cuetnwit atiac (g, Po), B KOTOPOM P, (2L,) KoMnaktHo B R,
ITycrb po — ecTecTBeHnas eBKAUAOBa vepa Ha R4, u nycTh f, — pas-
JOXKeHue eIHHHULBl A atnaca (2, $q). Toria pu MOXKHO onpefe-

JUTh Kak
Z fa [Ho ]-I ‘;’a*Ho-

Tenepn, ecsid BBINOJIHACTCH YCJAOBHE YCTOMUMBOH MPUUHHHOCTH,
Hafinerca ceMmeilctBo JopeHnesbx Cr-metpur h(a), a [0, 3] co
CJeAYIOIIUMHA CBOHCTBAMHU:

1) h(0) siBasieTcss MPOCTPAHCTBEHHO-BPEMEHHON METPHKON g;

2) naa xaxpaoro a &[0, 3] B meTpuke h(a) HeT 3aMKHYTBIX Bpe-
MEHHNOJ00HBIX KPUBBIX;

3) ecan ai, az<1[0,3] u ay < @z, TO KaxKAbI BEKTOp, HEMpo-
cTpancTBeHHONOAOOHBIH B MeTpuke h(a), Gyaer BpeMeHUNOAOBHBIM
B MeTpuke h(az).

Mycets 8(p,a), pe= A —obvem obnactu [~ (p, A,h(a)) no
Mepe w, rae uepes I= (¥, 2, h) o6o3Haueno npoiiioe & OTHOCHTEb-
uo 2 s merpuke h. Ilna nanHoro sHauenus a < (0, 3) 0(p, a) 6ynmer
orpanuvenHofl (yHxuued, Bo3pacramlieldl BAOJNb KaXKJIOH Hempo-
cTpaHcTBeHHOTIONO0OHOH KpuBoi. OgHako 3Ta (YHKIHMS MOKeET He
ObITb HEMpepLIBHOM: KaK BHAHO H3 DHC. 42, MOXKeET 0Ka3aTbCd, UTO
HebOo/bII0e H3MEHCHHE I10JIOKEHHS 103BoJsfeT Halaoaare/]io YBH-
IeTb NMPOULIOe 33 «LIHPMOH» M TakuM 06pasoM yBeJHYHUTb 00beM
npoutnoro. C/enoBaTeJbHO, HAM HYXHO KakHM-To of6pasoM craa-
IuTh 6(p, @) Tak, 4ToOBl NOJIYYHTbL HENpephLIBHYIO (YHKLHIO, BO3-
pacramlyio BAOJb KaKIOH Hanpas/jeHHOH B OyAyllee ¥ Henpo-
crpancTBeHHononobHo#l B merpuke h(0) kpmBoH. DTO MOXKHO che-
Jath, NPOBOAs ycpelHeHHe no obsacti HaMeHeHus a. [lycts

0(p)=\6(p, a)da;

kS W)

noxaxem, uto 0 (p) HempepniBHa Ha .

Crawasla HYKHO I0XKasaTb, uTo 6(p) TOJIYHeNpephIBHA CBEPXY.
3ananum ¢ > 0; nycth B — map ¢ LeHTPOM B p, Tako#, uto o6beMm %
no Mepe u MeHbluie, ueM ¢/2. [lo csoicTy (3) mas a;, a, =0, 3]
¢ a<a, B # Haliferca okpecTHocTh & (a, 4y) TOUKH p, AJd
KOTOPOH

U™ (F (aa), 3, ha)nBl<[1(p, B, h(a)) N F].
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TlycTb 1 — MOJIOKUTENbHOE LleJ0e UKCJI0, Gogabluee yem 2e~!. Torpa

. 1. 1.

MBI OTIP€JIEJTUM MHOKECTBO & = H F (1 + 71/1“‘, 14+ —2—(t+1)n“) ,
i

i=0,1, ..., 2n. G siBAAETCT OKPECTHOCTBIO P H COLEPKHUTCHA B
F (a, a+n"") npu mo6om a = (1, 2]. TToatomy [ (g, M, h(a)) — B
P g
AN
fpownoe moysu p // /’\ '\
\/L’/' \\ \
// / \;‘/‘T\ﬂ/}ow/me moykug
7
Bspesaemen /
./ .\
/ N
/ \
/ \
/ \
/ \

Puc. 42. HeGosmbuiofi CABHT TOYKHM H3 p B ¢ TPHUBOLHT K GOJbLUIOMY H3MEHEHHIO
o0beMa mpowIoro 3ToH TOYKH. CBETOBBIE KOHYCH NPOXOAST HOA YTJIOM =45%
ylaJjeHa IM0JoCKa.

6yner comepxathes B I”(p, M, ha+n"")—B, ecn g=% u
a<|l, 2]. Orcrona
1

6 (q, a)<9(p, a—l—%e)—l—;e

H, caenoBarearpto, 0(q) << 0(p) -+ ¢, us uvero BugHO, uto 6 mosyHe-
npepbiBHA CBEPXY. AHAJOTHYHO J0KA3LIBAETCS, YTO OHA NOJyHEnpe-
pbiBHa cHH3y. UroOBl nNOAyunTh AuddepeHuupyeMyro QYHKIHIO,
MOXKHO ycpeAHHTh O ¢ mojgxoxsiulefl criaxupawpouied (QpyHKuHEH Ho
OKPECTHOCTH Ka)KAOH TOUKH. Brifupas MOCTATOYHO MAaJyi0 OKPECT-
HOCTb, MOKHO NOJNYYUTb QYHKIUIO [, TPAAHEHT KOTOPOIl Be3je Bpe-
MeHunofo0eH no Metpuke g. Herasau 3Toll npoueAypsl CriakUuBaHHUs
MOKHO HaliTi B paGore [167]. d

[TpocrpancTBennonofo6Hble  noBepxHOocTH {f = const} MoxHO
paccMaTpHBaTh B KAayeCTBE MOBEPXHOCTEH OHOBPEMEHHOCTH B IPO-
CTDAHCTBE-BPEMEHH, XOTSl OHM, KOHEUHO, He efuHCTBeHHbl. Eciym aTH
NIOBEPXHOCTH KOMIAKTHBI, TO OHH Bce AH(OGeoMOpdHbl 0gHA APYroi,
HO 3TO He 00f3aTeNbHO CHPaBeNIMBO, €CJM HEKOTOpble M3 HHUX He-
KOMITaKTHEL.
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6.5. O6aacrn Kown

B teopun HbioToHa nMeercss MrHOBEHHOE HafbHONEHCTBHE; MO-
3TOMYy, 4TOOb!I NpeAckasaTb cobniTHa B OyAYLIHX TOYKaX NpPOCTpaH-
CTBa-BpeMeHH, Mbl JOJIKHBl 3HAThL COCTOsIHHE Beell BceneHHoH B
HACTOSIMH MOMEHT BPEMEHH, a TaKiKe HaJIOXKUTb HEKOTOPbIe rpaHHy-
Hble yCJ0BHSI Ha GECKOHEYHOCTH, BPOJE TOTO, YTO IIOTEHIHAJ CTpe-
MmuTest K HyJ10. Hanpotus, u3 noctysaara {a) pasa. 3.2 cienyer, uTo
B TEOPHH OTHOCHUTEJBHOCTH COOBITHSI B PA3JHUHBIX TOUKAX MPOCTpaH-
CTBA-BpeMEHH MOTYT OBITh NPUUHHHO CBSI3aHBI TOJLKO B TOM CJayyae,
eCIH HX MOXKHO COE[MHHTb HENPOCTPAHCTBEHHOMOMOOHOH KPHBOIL.
Takum o6pa3oM, 3HaHHE COOTBETCTBYIOIIMX JAHHBIX Ha 3aMKHYTOM
MHOXKecTBe & (ec/M JaHHBlE H3BECTHBl HA OTKPBITOM MHOXeCTBe, TO
HA ero 3aMblKaHWU OHH MOJY4aIOTCS B CHJIY HENPEPHIBHOCTH) NMO3BO-
JHT yCTaHaBJHBaTh cOObITHA B obaactu D+ (&) Gyayuero &, Hasbl-
Baemolt obaactero Kowu 6ydyuieco MHOXKecTBa ¥ U OmnpenessieMoR
KaK MHOXECTBO BCEX TaKHX TOYEK p & J, ANg KOTODBIX KaxAaas He-
NpoJo/KMMas B NPOLIIOE HeNpoCTPaHCTBEHHONOAOGHas KpuBasd,
npoxojsaulas yepes p, nepecekaer & (ormeruM, uro DH(F)>D P).

ITenpoya [127, 128] ompenesnsier o6aactb Kown mHOXKecTBa &P
HEMHOrO HHAYe, 8 HMEHHO KaK MHOXECTBO BCeX ToueKk p & J, Ta-
KHX, YTO KaXAas HEeNpoAOJKHMas B INpPOILIOe BpeMeHUnojoOHAas
KpHuBas, IpPoXoAsmas depe3 p, nepecekaer &. Takoe MHOXKeCTBO MHI
OyneM o6o3nauat Dt (F). CnpaBefnus caeAyOUWHUE pe3yabTaT:

IIpedaoserue 6.5.1
D" (#)=D%(9).

Ouesuzno, DV (#) > DY (P). Ecau touxa g= M — DT (P), 10
y Hee eCTb oOkxpecTHocTb %4, He mnepecekawmas ¥. M3 g MoxHO
HPOBECTH HENPOLOJ/UKHMYIO B NPOILTIOe KPHBYIO A, KOTOpas He
nepecekaer ¥. Ecomn reANI™ (g, U), 7o IT(r, ) sBasercs
OTKPHITOH ~ OKPeCTHCCThIO ¢ B M — DY (9). Cuaenosarensho,
M — DY (P) — orkperroe MuOxectBO, a D' () — samkuyToe. [lo-
IyCTHM, UTO CyIIeCTBYeT Touka p & D' (#), y KOoTOpoil HMeeTcs
OKPecTHOCTh 7°, He mepecekaiomas DT (#). BuGepem Touxky x &
&1 (p, 7). U3 Hee MOXKHO NDPOBECTH HEIPOLOKHMYIO HEIPO+
CTPAHCTBEHHONOJOOHYIO KpDUBYIO Y, KOTOopas He mepecekaeT &.
Tlyers y, — mocJieioBaTebHOCTh TOUEK HA y, KOTOpas He CXOLHTCH
K KakoH-1u6o TOuKe, NpHYEM Y, JEXKHUT B OpounioM y,. Ilycts
W, — HopMaJibHble BBIIYKJblE OKPECTHOCTH TOYEK y,, mpuueM #°, 4,
He mepecekaercst ¢ #°,. IlycrTb, HaKoHel, Z, €CTb IOCJeLOBaTe/b-
HOCTh TOYEK, Takas, uTo

2l & " Unvt, ) N1 (24, A —P).
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Torga j0J7KHa CYUIeCTBOBATh HEMPOJO/IKHMAA BPeMeHHIIOA00HAN
KpUBasi ¢ HAYAJAOM B P, KOTOPAs NPOXOAHT Hepe3 KaxAylo TOUKY 2,
H He nepecekaeT ¥. Ho 370 NPOTHBOPEUUT YCIOBUIO, UTO P & DY (9).
CaegmoBateapo, DT (#) copepKuTcs B 3aMbIKAHHM D*(#), u no-
stomy DT (#)= D" (). 0

Ipannua obaacru DH(¥) B 6yaywen, 1. e. DH(F)— - (DT (PF)),
ouepuuBaer NpeResanl 00/acTH, KoTopas MoxKer OblTh HpelcxasaHa

PP uSE

WD uF

/y UK

Jpanuya (8) u
zpanuya (H*9)

F

rpanuya &) &
e,ga/mz{a #H*)

.

F

Puc. 43. O6racte Komn 6yaymero pt (&) u ropusont Koun B 6yAymem HY(P)
3dMKHYTOTO MHOXKecTBa ¥, KOTOPOE HACTHYHO H3OTPOMHO H YACTHYHO NPOCTPAH-

cTBeHHONOZOGHO, OTMernM, uTo ropusont H1 (#) ne obasaremsuno cpasen, Hso-
TPONHBIE JIHHHH TIPOXOAAT IIOJ yryom =+45°; ylaJjeHa I0JOCKa.

0 M3BECTHBIM JaHHBIM Ha &. DTO 3aMKHYTOE axpoHa/IbHOEe MHOXKe-
cTBO Mbl GyIeM HasbiBaTh eopu3oHToM Kowwu 8 Gylyujem MHOMKe-
crBa & u obo3nauum ero uepes H+(¥); xak BuAHO H3 pHuC. 43,
H+(&#) nepecekaer &, ecld MHOXKeCTBO & H30OTPONHO HJIM HMeeT
«rpatuiy». Yro6bl NpHUAATL 3TOMY BHIPAXKEHHMIO TOYHBIN CMBICI,
ompefienuM rpasuuy () axpoHaJbHOTO MHOXKecTBa & Kak MHOXKe-

CTBO BCEX TOUeK ¢ & &, B Kaxjao#l okpectHocTu %4 KOTOPLIX €CTb
Touku p < [~(q,U) ur = [+(qg, ), xoTOPbIE MOMKHO COEIAVHUTH He-
nepecekatwolleil ¥ BpeMenunonoGuoit kpusoft B 2. B cuay apry-
MEHTOB, aHaJOTHYHBIX TeM, YTO OBIJIM NPHBEJAEHbl B J0Ka3aTeJbCTBE
npegioxenus 6.3.1, nojaydaeMm, 4ro ¥ ABJASETCS TPEXMEPHBIM BJO-
xkeHHeim Cl-nofMHOrOO6pa3uneM, ecji HelmycToe aXpoHaJdbHOe MHO-
XKeCcTBO & He HMeeT I'PaHHUBL

8 3axas 381



226 Ta. 6. Hpudunnas crpysrypa

[Ipedaosicenue 6.5.2
Ias 3aMKHYTOro axpouaJdbHOro Muoxkecrsa & rpaunua (H+(#))
COBMNajlaer ¢ rpanuuen (¥).

[Tycts 24n — noc/1e10BaTeIbHOCTL OKPECTHOCTEH TOUKH ¢, NpH-
Haaaexaued rpannue (H+(%)), rakas, 4ro Ji06as 0KPeCTHOCTb g
colepXKuT Bce 2, ¢ pocraTouHo GoapWnM fn. B kammol oxpectHo-
cTH Uy HaUAYyTC TOUKM p = [-(q, Uyn) u ro = [1(q, U,), KOTOPHIE
MOXKHO COEAHMHHTL BPEeMEHHIOLOOHOH KPUBOH }.,, He mepecekamouleil
H+(&). 9o o3nauaer, uro ., He Moxer nepeceub D+ (F). Ilo npen-
noxeHHo 6.5.1 g=D" (#) u, crepopareasno, I~ (¢) =1~ (DF (#) <=
c I (PUDT(#). Takuu ob6pasoM, p, ROJKHA nexare B [~(P).
Kpome Toro, Kaxpuas HeNpoAo/KHMAas B HANpaBIeHHH MNPOULIOTO
BpeMeHHNofAo0Hasd KpHBas ¢ HA4alI0M B ¢ Jo/xkHa nepeceup &. [lo-
5TOMYy IPH KAKAOM 71 Ha KaxXA0H BPeMeHHNOAOOHON JUHHUH B U,
COCAMHAIOUIEH § W pp, A0MXKHE 6BITh TOUKA MHOXKeCTBa ¥ M, 3HAUUT,
g noJXHa npuHamsexath &. Tak Kak KpuBble Ap, He mepecekair &,
¢ Jexur Ha rpaHulle (¥). AHaJoruuHo JoKasblBaercs o0OpaTHOe
yTBepXKAeHHe. o

[Ipedaonenue 6.5.3

IMycry & — 3aMkuyTOe axponaldbHoe MHoxkectso. Torpa H+(P)
NOPOKAAETCH H30TPOIHBIMU Ie0/Ie3UUECKUMH CEerMEHTaMH, KOTOpbhIe
HJIU BOOOIIE He HMEIOT KOHEUHBIX TOUEK B MPOIIJIOM, HIH HMEKT KO-
HEYHYIO TOYKY B NPOLUJIOM Ha rpaHulie (¥).

MuoxecrBo F = DH(P)U [-(¥) sBadercs MHOKECTBOM MPO-

wJoro. CiegoBaTesbHO, B CHJY npeinoxenns 6.3.1, & -— aXxpoHanb-
HOe C‘-miﬂorpoc’)paBHe. H+(¥#) — 3aMxHyTOe noAMHOrooGpasne MHO-
rootpasus & . Ilycrs ¢ = (H+H(#)— rpanuna (¥)). Ecan g& &, 10
g = I1t(P), nockoneky g D+ (F). B cuay axpoHanbHocTH ¥ Hali-
JeTcs HOpMaJbHasi BbINYKJAs OKPECTHOCTb #° TOUKH ¢, KOTOpas He
nepecexaer [~ (%). Ilyctb Tenepp g & &, u nyctb #° — HOpMaJbHAA
BBINIYKJ1Aas OKPeCTHOCTb ¢, Takasi, 4TO HH OojHa Touka u3 I+(q, W)
He MOXKeT OBIThb coeluHeHa ¢ Kaxoi-1u6o toukoil us I~(q, #’) spe-
MeHHuIOJ00HOH KpuBOI, He nepecekatouell ¥. B mobowm ciyuae, ecan
p — Kaxkas-nubo touka B [*(¢g), AoMKHA HalTHChL HampaBJeHHAas B
NpoULJIOe BpPeMeHHTNORoOHAsl KpHUBag OT p L0 HEKOTOPOH TOUYKH H3
M — F — W, nockoNbKy HHAUe p Jaexkanaa Osl B DH(F). Orcrona,
coraacHo ycaoBuio (1) gemmel 6.3.2, mpuMeHEHHOMY K MHOXKECTBY

6yayuero A —F, umeeM ¢ =F yUF .. a

Caedcrsue

Ecnu rpanuna (#)= &, to H+(¥), Koria oH mne myct, aBasercs
axpoHaJbHBLIM TpexMepHbIM BJoxenHbivm Cl-MHOrooGpasmeM, KOTO-
poe NOPOXKAEHO H3OTPONHLIMM TeoJe3uuyecKHMH CerMeHTaMH, He
HMEIOIHMH KOHEUHBIX TOUEK B TPOLIJIOM,
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Henpuunnuoe mMHO:xKecTBO & Oe3 Kpast Mbl OyaeMm Ha3biBaTb 4a-
cTUuHOU nogepxrocToro Koutu. VHaue rosops, yacTHYHas NOBEPX-

gocTh Komu — 3T0 npocrpancTsento-
nofo6HAsA  THIEPHNOBCPXIOCTL, KOTO-
pyl0 HH OJHA HeNpOCTPAHCTBCHIOHO-
pobHast KpuBasi He nepecexaer 0 :lee
oanoro pasa. JlomycTum, uTO cCylle-
CTBYET CBSi3HAs NPOCTPAHCTBEHHONO-
pobHas runepnosepxnoctn ¥ (6e3
Kpasi), TIiepecekaeMas HENpOCTpau-
CTBEHHOTMOAOOHGH KPUBOH B TOUKAX P
B pe. TOraa p; ¥ ps MOXKHO COCJHHHTH
KpUBOR p, Jexauteli B F, 1 p Uk
GymeT 3aMKHYTOH KpHBOH, KOTOpas
nepecekaer & TOJbKO OAHMH pas. ITy
KPHBYIO HeJb3 HelpepLIBHBIM 0O0pa-
30M CTSIHYTb B HVJb, IOCKOJBKY TaKas
nedopMalus MOZXKET H3MEHHTb YHCJIO
nepecedyeHuil KpuBoi ¢ & TOJABKO Ha
yeTHoe uucjo. Takum obpasom, A He
MOXKET OBbITh OJHOCBSI3HBIM. JTO O3HA-
yaer, 4TO MBI MOTJIH OBl «pasBep-
HYTb» M, mepeliid K ONHOCBSI3ZHOMY
YHHBEpCaJbHOMY HaKpbIBAWIEMY
MHOroo6pasuw Aas J, B KOTOPOM
KaxKJasf CBs3Has KoMIOHeHTa o6pasa
& sBAsIeTC TPOCTPAHCTBEHHONOA00-
HOH THIepnoBepXHOCTbIO (6e3 Kpad),
a cJefoBaTeqbHO, YACTHUHON IIOBEpX-

Hoctbio Komu B 4 (puc. 44). Onnako
nepexol K YHHBEPCAIbHOMY HAKPHI-
BAIOLIEMY MHOTO00PAa3HIO MOXKET «pas-
BepHYTb» J Ooablie, ueM Tpebyercs,
M aTh B pe3y.JbTaTe TAKYI0 YacTHU-
HY10 noBepxHocTh Ko, Xxotopas 0Oy-
JeT HeKOMITAaKTHOIl gaxke Torja, Korja
& komnakTtHo. [lag ueneil moce1ylo-
IIHX IJ1aB ObLIO OBl XKeJaTeIbHO HMETh
HakKpbiBalollee MHOroo0pasue, KOTO-
poe pa3BepToiBaeT S Tak, uTOOB KaxkK-
Iasi cBA3HAs KOMIIOHeHTa ofpasa &
Oblja uacTHUHON MOBEPXHOCThIO Ko,
HO NpH 3TOM OCTaBa.jJach roMeoMopd-
Holt &. Takoe HaKpbIBAIOLLEE MHOTO-

T
=

Puc. 44, &% —cmazuas npo-
crpaHcTBenionofoduas — THIep-
nmosepxiocte Ges  kpas B A
Ona me gpasercss YacTHUHOH mo-
sepxrocteio  Komrn, O/HAKO
Kaxauii obpas ! (¥) mosepx-
HocTd ¥ B VHNBEpPCAJbHOM Ha-
KpbiBaoier Muoroo6pasmn A
Mmuoroodpasust ./ npeicTaBaseT
co0oll  YaCTHYNYIO TMOBEPXHOCTH
Komwn B .

obpasHe MOXKHO I[IOCTPOMTL [0 KpailHefl Mepe AByMA Pas3/H4HbIMH

crnocobaMmu.

8*
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HamoMunM, 4TO YyHHBepcadbHOe HaKpbiBalolilee MHOroo6pasue
MOXKHO ONpelednTb KaK MHOMKEeCTBO BceX nap (p, [A]), rie peE A n
[A] — Kk/macc 3KBHBAJEHNTHOCTH KPHUBBIX B 4 0T HEKOTOPO# (PHKCHPO-
BAHHON TOUKY § € A 10 p, TOMOTONHLIX 110 MOAY.I0 ¢ 1 p. Hakpwl-
Bawlece MHOroo6pasue Ay ONpeleIsercss Kak MHOXKECTBO BCeX Hap
(p, [M), rme [A]— Kjaacc 3KBUBAJEGHTHOCTH KPUBLIX OoT & 10 p,
FOMOTOIHBIX 110 MOAYJII0 ¥ 1 p (T. €. KOHIIBl HA NOBEPXHOCTH & MO-
ryT caBuratbcs no Helr). MoxkHO ckasaTk, 4T0 g — 3T0 HaubOIb-
mee HaKkpbiBaloliiee MHoOroofpasue, B KOTODOM KakjJas CBsI3Has
KoMIoHeHTa o6pasa & romeomopdhra ¥. HakpriBawlinee MHOroo6pa-
sue Mg [62] no onpeneseHHI0 — 3TO MHOXKeCTBO Bcex nap (p, [A]),
rge Ha 3T0T pas [A] ABasgeTcs K/1accoM 3KBHBAJEHTHOCTH KPHBBIX OT
(GHKCHPOBAHHOHA TOUKH ¢ IO p, KOTOPLIE NepecekanT & OMHHaKOBOe
YHCJI0 pas, NpHYeM epeceueHue B HanpapJjennd OyIdyHlero Cuura-
eTcsl IIOJIOKUTENBHBIM, 4 B HANPAaBJEHHH NPOLLIOro — OTPHIATENb-
HBIM. MoXHO ckasath, 4T0 A SBJASETCS HAUMEHbIIUM HaKpHIBAIO-
UM MHOrooGpa3meM, B KOTOPOM KaxKJAas CBA3HAA KOMIOHEHTa
o6paza ¥ meaur S ¢ Ha ABe 4acTH. B ofoux ciayuasx TOmosoruye-
ckas n nuddepeHunanbHas CTPYKTypa HAKphiBalollero MHOrootpa-
3usi ukcupyercss tpeGoBaHHeM, YTOGH NpPOEKLHs, OToOpazKalolas
(p, [\]) B p, moxanbrO Gpia auddeoMopdu3MOM.

Beegem D (#)==D+(#)U D—(¥). UYacruusasi 10BePXHOCTb
Komn & naspiBaercss eao6aasvroli nosepxrocteio Koww (uim mpo-
cro nogepxrocrero Kowu), ecau D(P)= M. Taxkum obpaszoM, no-
BepxHoCcTh KoM — 3T0 npOCTpaHCTBEHHONOAOOHAs THIEPHOBEPX-
HOCTb, KOTOPYIO Kam/Jasi HEIIPOCTPAHCTBEHHONOL00HAA KPHBAs Hepe-
cekaer TOuHO oauH pa3. Ilpumepamu mnosepxHoctH Kowu B
npocTpascTBe MUHKOBCKOro c/Iy:KaT noBepXxHocTH {x* = const}, Ho

runep6o10HILbl
{(x")* — (¥*)* — (x®)® — (x")* == const}

SIBJAIOTCS TOJbBKO YACTHYHBIMH TIOBepXHOCTAMM KoliH, NmOCKOJIbKY
M30TPOMHBIT KOHYC OYAYINEro Wiu IPOIIJIOTro B Hayaje CHCTEMbI KO-
opauuar GyayT ropusoHTaMp Koum And 3THX mOBepXHOCTel (cM.
pasa. 5.1 u puc. 13). To, 4uTo naHHAA NOBEPXHOCTL ABJAAETCH NMOBEPX-
HocTbio Kollld, — 3TO He TOJLKO CBOACTBO CaMON IOBEPXHOCTH, HO
TaxKxe H CBOCTRO OOBEMIIOWEro NPOCTPAHCTBA-BPEMEHH B LEJIOM.
Hanpumep, H0CTaTOYHO BBIPE3aTb M3 NPOCTPAHCTBA MHHKOBCKOr0O
TOJBKO OJHY TOUKY, KaK MOJYUYEeHHOE IPOCTPAHCTBO-BPeMsl BOOOIIE
He Gyner AOmMycKaTb HU OAHON nosepxHoctH Komrn.

Ecau s paccMaTtpuBaeMoro Muoroo6pasus 4 CyILIECTBYeT IO-
BepxHoCcTh Kowy, To, uMes HyKHble AaHHBIe HA Hell, MBI MOrau Obi
ONpeNe/uTh cOCTOsIHHe BceeseHHON B /1060 MOMEHT NPOLIIOro HJIH
Gynyuero. OMHAKO MLl HE MOXKEM codpaTh TaKie AaHuble, He nobbl-
BaB B OyAyIleM KaxXJIOH TOUYKHM MOBEPXHOCTH, 4TO B OO/bIUHHCTBE
cayyaeB HEBO3MOXKHO. Mbl He pacmosiaraeM BeCKUMH (H3HYECKHMH
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JOBOJAAMH AJs YBEPEHHOCTH B TOM, 4TO Bcenenmast gomyckaer mo-
BepxHoCcTb Kowuuy; nveercs Leablfl Pl U3BECTHBIX TOUHBIX PelleHHil
ypaBHeHHs JfiHliTeiina, KoTopsle ee He pomyckaior. Cpelln HUX OTNH-
caHHble B IM1. 5 npoctpancTso ge Currepa 2-ro poaa, rmiockue oJ-
Hel, npocrpanctso Tay6a — HYT, pewenune Paiiccuepa — Hopa-
crpema. [Tocaennee npencrasaser coGoft ocofo HHTEPECHBI cayuyaii:
NOBEPXHOCTb ¥ Ha pHC. 25 103BOJIAET NPEACKa3aThb COGBITHS BO
BHelIHUX obaactsix /, rae r > ry, U B cocefnux obaacrax I/, rue
r.<Cr<(ry, HO IPH 3TOM CyLIeCTBYeT ropuszont Komn r=r_
Touxu cocenneii obaactu [/ e nexar B DH{(P), ubo B 370i1 0baa-
CTH MMEIOTCH HEMpPOCTPAHCTBEHHONOROOHbBIC KPUBIE, KOTOPLIE HElIPO-
OOJKHMBl B HanpaB/JeHHH MPOLIIOrO H He NepecekaroT 7 —r_, a
cTpeMaTcst K ToukaMm it (MX MOXKHO CUHTATh PACIOJOMKENHLIMH Ha
OeCKOHeYHOCTH) HJ/IH K CHHTYJAPHOCTH 7 == 0 (KOTODPYIO Helb3s pac-
CMaTpHUBATh KaK yacThb NPOCTPAHCTBA-BpeMeHH, cM. pa3f. 8.1). B sty
06/1acTh MOXKET MOCTYNaTh AONOJHUTEAbHAS MH(OpMAalLna u3 6ecko-
HEeYHOCTH WJIH CHHTYJSIDHOCTH, KOTOpas HapyluT Aiobble npeickasa-
HUS, CAeJaHHBle HA OCHOBE OJHHUX TOJBKO HaHHbX Ha &. HMrax, B
ofuiell TEOPHH OTHOCHTEJNBHOCTH Halla CHOCOOHOCTh MpPeNCKashiBaTh
Oyaylnee orpaHuueHa KaK TPYAHOCTSAMH, CBSI3AHHBIMH C HEOOXOIH-
MOCTBIO 3H4Th JaHHbIe HA BCEH NPOCTPAHCTBEHHONOLOGHOM THOEPTIO-
BEPXHOCTH, TaK M TEM, UYTO JAa)Ke TAKOrO 3HAHHA MOMKET OKasaTbCsl
Hegocratouno. OHaKo, HECMOTPS HA TH OI'PAHHYEHHS, BCE ¥Ke MOK-
HO npeiAcKasaTh, NpaBiad, NPU ONpPeLeJeHHBIX YCHOBHAX CYLLECTBO-
BaHUE CHHIYJASIPHOCTEH.

6.6. F'no6anbHas rHNep6OIHYHOCTD

C o6aacTiMu pa3BUTHS TECHO CBS32HO CBOHCTBO r06a bHOMN IH-
nepGoaununocty [99). Muoxecrso A° HaswiBaercs eaobaisro eunep-
6oauteckum, ecau Ha A BBINOJHSETCA NPEANOJSOKEHHE 0 CHJABHOM
OPUUYMHHOCTH H €CaH AJs JI0OhIX ABYX Touek p, g & (N°), J+(p)[)
1 J-(g) xoMnakTHO u copepxkutTea B A°. B HekoTopom cMBICIe MOK-
HO CUHTAThb, UYTO 3TO ONpeRe]eHHe FOBOPUT O TOM, UTO HH OJHa TOYKA
us J+(p)NJ-(g) He npHHALJIEKUT KpPalO0 NPOCTPAHCTBA-BpEMEHH,
T.e. 6ECKOHEUHOCTH HJIHA CHHTYJsIpHOCTH. TepMuH «rJiodajabHas ru-
1epOOMHIHOCTE> BO3HHK B CBS3H C TeM, YTO BOJHOBOE ypaBHEHHe
C HCTOUYHHUKOM B BHie O-QyHRuuu B p &= A umeer B A e1HHCTBEHHOE
pemenue, ofpautatoiieecs B Hyap BHe A — [+ (p, &) (cM. 1. 7).

HanoMunwM, uto A HA3LIBAIOT NPUUUHHO-LPOCTbLM, €CIH LIS JI0-
6oro KOMNAKTHOTO MHOXKecTBa J, comepxkaueroca B A%, J+(H)
NN ul-(H)N N samrayTs B AN,

[Ipedaomcenue 6.6.1
OTkpeiToe rio6anpHoe runepbo/audeckoe MHOXecTBO A — npu-
UHHHO IIPOCTOE.
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[ycte p — n0bas Touka MHOKecTBa A°. JlomyctuM, 4YTO €CTb
TOuKa

g (p)— I (P)nr

ITockoabky A OTKPBITO, JOJKHA OBITh TOYKA r E(l+(q)ﬂ,/Y’). Ho
torna g JT(p)N 17 (r), uto HemosmoxkEO, Tak kak JT (p)NJ” (r)
JLOJIKHO OBITh KOMIAKTHBIM H M03TOMY 3aMKHYTHIM. TakuM o6pasom,
JF(O)NKH w T~ (p) NN saMxEyTH B N

TlomyctaM Temeps, uTo cyumectsyer Ttouka g (JT(H) —
— IT(#)) N #. TIycTs g, — GeckoHeUHAs MOC/IEN0BATENbHOCTD TOUEK
I (g) N W, cxomsituasicst K g, NUpUueM ¢,.; =1 (g,). Qast RQXA0TO 1
Jo (qn) (& OyneT KOMIAKTHBIM HENYCTBIM MHOXKecTBOM. [losTomy
ﬂ {7 (g)NH} Oymer menycreM MHOMKecTBOM. Ilycrs p — Touka
n

sToro MHoXkecTBa. Torja ¢, Mpu Bcex n OYAYT JexaTs B J' (p).
Ho J* (p) samxryro. ITostomy J© (p) comepxuT g. o

Caedcraue

Ecan X, u H, — koMnakTee Muoxectsa B A, JT ()N I~ ()
KOMITaKTHO.

MoxHO HaATH KOHEYHOe YHCJIO0 TOouek p; € A, A1 KOTODHIX
+
{Ul (pi)}Dyfl.
z

AHaJIOI‘I/II{HO, Cle,eCTByeT KOHEeUYHO€e YHUCJIO TOUeK (]]-, TaKPIX, YyTo JY’Q
COLEPXKHUTCA B
UJ (4,)-

Torna JT (K )NIT™ (K, comepxurca B
U (eani= (g

i
1 3aMKHYTO. a

B paGore [99] Jlepe nan1 uHoe, HO 3KBHBA/JEHTHOE BBEILEHHOMY
BLILIE OMpejesaeHne MI00adbHOH THMepOOJHUHOCTH; cefldac Mbl ero
chopmyanpyeM. Hdas touex p, g = M, nas xotopux B JH(p) 1 J=(q)
BBITIOJIHSIETCH YCJAOBHE CHABLHON MPHUYHHHOCTH, Mbl BBefem C(p, g) —
IPOCTPAHCTBO BCeX (HENpPepbIBHLIX) HENPOCTPAHCTBEHHONOLOOHBIX
KPHBLIX, COENHHAOINX p U ¢; IPA 9TOM DPHHHMAaeTcsd, YyTO ABe KpHU-
Bble V(¢) u A(u) npeacTaBIAOT OJHY H Ty € TOYKY MPOCTPAHCTBA
C(p, q), ec1u OHN 10JAy4uarOTCs OfHA K3 JAPYIOH Mepemnapaverpusa-
uuedt, T. €. eCau CYLIeCTBYeT HenpepbiBHAsS MOHOTOHHAsf (YHXUHA
f(u), raxkas, uto y(f(u))==%(u). (Ilpocrpancrso C(p, g) MOXHO
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sBectH, naxe ecau Ha JT(p) (1 J=(g) ycnoBue CHILHON MPHYHHHOCTH
He BwinmosHsercda.) Tonoaorus C(p,q) onpeneasercs 3agaHueM
okpectHocTelt Kpuso# y < C(p, §), COCTOALINX M3 BCEX Te€X KPHBHIX
B C(p, q), TOYKH KOTOPBIX B A J€KAaT B OKPECTHOCTH #° Touek vy
(puc. 45). Onpenenenne Jlepe [99] cocrout B TOM, 4TO MHOKeCTBO A
HasslBaeTca rjobajibHo runepbonaudeckum, ecau C(p, §) KOMIAKTHO
115 BceX p, g & A, DKBUBAJEHTHOCTb 3TUX OnpeledeHHil BHAHA H3
CleyOLIero peayabrara:

P uc. 45, OkpectHocts #° Touek kpuo#f y B J. Okpecrnocts ¥ B C (p. g) co-
CTOUT B3 BCeX KPHMBHX OT p 4O ¢, TOUKH KOTOPHIX JexaT B #°

IIpedaoxcenue 6.6.2 (3etighepr [156], I'epok [52])

[Tycre Ha oTkpbiToM MHOXecrBe N = J—(A°) () J*(A°) Bblmoa-
HsieTCs CHJIbHAs NMPHYHHHOCTb. Toraa njs riaofajbHO runepbosuu-
HocTH A’ Heo6XOAUMO H A0CTaToOuHO, uToObl npoctpanctBo C(p, ¢q)
OblJ10 KOMIIAKTHO s BCexX p, § & N

[Mpeanoaoxum cuHauana, uro C(p, ¢) komnaxrho. Ilyctb 7, —
6eckoHeuHasi mocsaefoBaTeabHocTh Touek Jt(p)(l J=(g), n mycts
An — IIOCJIEA0BATENBHOCTh HENPOCTPAHCTBEHHONOAOOHBIX KPHBBLIX OT
p IO ¢, TPOXOASIIHX Yepe3 COOTBETCTBYIOLLYIO rn. BBHAY KOMHIAaKT-
soctu C(p,g) cyulecTByer KpHBas LA, K KOTOpPOIl B TOIOJOTHH
C(p,q) cXomuTcs HEKOTOpas IOANOCAENOBATENbHOCTh A'n. IlycTh

Q¢ — rtakas OKPeCTHOCTh KpuBoi 2 B J, uro @ xkovnaxktao. Toraa
Q{ Gynet comepmartb Bce A'n, 4 3HAYMT, H Bce 1’y HPH AOCTATOYHO
OOMBIIHUX N, CJAeloBaTeJbHO, HMEETCH TOuka r & 24, Koropas siBJjsi-
eTcs MpefesbHOH TOUKOH noc/enoBatesabHoct 1. OueBHAHO, r Je-
xKuT Ha k. Takum obpasom, Jwdas GeckoneuHas NOC/JAeOBATE]b-
Hoctb B J¥(p)N J=(g) umeer mpenenntyio touky B JH(p) J-(q).
[Toaromy J*+(p) N J=(g) xomnakTHO.
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O6partuo, ponycrum J+(p) (1 J=(g) xomnakrno. Ilyctb 7, — Oec-
KOHEYHad [0C/JAeJ0BaTeAbHOCTh HEeNpPOCTPAHCTBEHHONOLOOHBIX KpH-
BbIX OT p 10 g. [To nemme 6.2.1, npuMeHeHHOA K OTKPHITOMY MHOXKe-
CcTBY M — ¢, B HeM CyILIeCTBYeT HamnpasJeHHAss B OyAylliee Hempo-
CTPAaHCTBEHHONOAOOHAST KpUBasg A ¢ HayaJoM B p, KOTOpas Helpo-
no/okuMa B A — g W A8 KOTOPOi HalJercs NOANOCJIef0BATEIb-
HOCTb A/p, CXOAfAILIAsiCS K 7 Npu KaxaoMm r & A. Kpusasi A D0/KHA
UMETb KOHEUHVIO TOUKY § B GYAyILEM, [OCKOJBKY, COTVIACHO Npemo-
Kennw 6.4.7, oHa He MOXKeT ObiTh HOJHOCTHIO 3aKmaiodeHna B OyAy-
meM B koMInakTHOM Muoxectse Jt(p) (1 J=(p) v He MoOXKeT MOKHHYTH
3TO MHOKECTBO MHaye Kax B 4.

[ycrs A — a1o6ast oKpecTHOCTE & B A, u nycTb r; (1<Ci<<k)—
KOHEUYHOe MHOXKEeCTBO TOYeK Ha h, TAKHX, UTO ry = p, rp = § H KaxX-
Jasi r; uMeeT OKPEeCTHOCTb #°;, YROBJIETBOPSOILYIO yeaosuio J+(7%) (1
O J=(7;) < 2. Torna ana gocratouno Goabliux n 4'n < 2. Creno-
BaTeablo, A'n cxoautes K A B Tonogoruu C(p, ), © IpOCTPAHCTBO
KOMITAKTHO. =

Casi3b Mex 1y 1M100aIbHON rHIepGoaHYHOCTbIO U obaacTamu Ko-
Wi yCTaHaBJAMBAETCA CJACAVIOUWIHMH YTBEDPHK AEHHAMMU:

[ped.ioocenue 6.6.8
Ecan & — 3aMKHYTOE axpOH&JNbHOE MHOKECTBO, TO

int D(?)=D(¥) — D (#),

eC/H OHO He IYCTO, ABJACTCHA ri106aJpHO anepc’)Oquecng MHOXK¢e-
CTBOM.

I[oxameM cHauaJia HEeCKOJBKO JICMM.

Jemma 6.6.4

Ecan p = DH(P) — HH(F), 10 KaxKjAasg HeNpoAOKIMAS B IIPO-
HIJI0€ HEeNPOCTPaHCTBEHHONOXOOHAST KPHBAs, NPOXOAALLAs depes p,
mepecexaer [~ (¥).

Mycts p = DH(F)— HH(F) u y— HenmpojoakuMas B OyAyliee
HEeNpOCTpaHCTBEHHONOROOHAs KpHBas, npoxoasuias yepes ¢. Toraa
MOKHO HAHTH TOUKy ¢ & DT (#) ) I+ (p) u HENPOJOIKHUMYIO B IIPO-
LIJT0e HENPOCTPAHCTBEHHOMOAOOHYIO KPHUBYIO A, NPOXOAANIYIO Yepes
Hee, Taklie, u4TO AJS KaxkI0H TOYKH X & A HallleTcA Touka y v,
aexamas B obaactu /—(x). Tak xak A mepecekaeT & s HEKOTOPOH
TOuKe X;, TO cywiectyer yi &y (1 I~ (F). mi

Caedcrsue

Ecan p e int(D(¥)), to mobas HENpomOTKHMAA HEIpoCTpau-
CTBeHHOMOAOGHAst KPHBAsl, NPOXOAALLAS yepes p, nepecexkaer [~ (&)
u IH(F).

Uneenm int (D(F)) =D (F)— {H*(F)U H-(#)}. Ecu pel*+(P)
waa I-(#), pesyabrar nojayuyaercs cpasy. Ecan peD+(P)— IH(9),
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10 pEP < D (F), 1 0TCI0Aa CHOBA CJAEAVET TO Ke VTBEpKIe-
HHE. o

Jdemma 6.6.5
B int(D (%)) Boimonnsercss ycloBHe CHIBHON NPHYMHHOCTH.

HomnycruM, yTo yepes p & int D (¥) npoxonut HenpocTpaHCTBEH-
HonoxoOHas kpusas A. CorlacHo mpebliylleyy pesyabTaTy, A0dK-
HBI CYLIECTBOBAThH TOUKI ¢ &A1/~ (#) u re ) NI (F). TTockoas-
Ky Touka r&J7(g), TO OHa MpHHAMJNEKHUT Takxke H [~ (F), uTo
NPOTHBOPEYUT axpoHasbHoctH &¥. Takum obpasowm, B int D(#) sw-
MOJIHSIETCS YCA0BHE NPHYMHHOCTH. Ternepb MOMYyCTHM, 4TO B p Hapy-
uraeTcsl yCJI0BHE CUABHOH npuunHHOCTH. Toraa, kax u B Jemve 6.4.6,
JOJXKHA CyL(ecTBOBaTh OECKOHeYHas NOCAeL0BaTeIbHOCTh HArpas-
JEHHBIX B OyAyllee HeNpOCTPAHCTBEHHONOAOOHBIX KPUBLIX Any, KOTC-
pasi CXOAHTCA K NPOXOAsllell 4epe3 ¢ HENPOJOJKHMON H30TDONHOM
reogesuyeckoit y. IIpu stom cyuecrsosaau 6ul toukn g & vy () [-(¥F)
urey 1 1H(F), u, c1e10BaTeNbHO, HAWIACL Obl HEKOTOPAS Ay, KO-
topaa nepecekaer [t(¥), a suauut, u [~(F). D10 NPOTUBOPEUHUT
axpoHa/JbHOCTH &. 0

Horasareavcrso npedaoscenus 6.6.8. Mel XOTHM I0Ka3aTh, 4TO
C(p, g) xomnakTHo, ecau p, q < int(D(#)). Pacemorpum cragaga
TOT cayuail, xorna p, g € I=(#), u npeAnonoxus, uro p e J-(gq).
[Tycrs hp — GeCKOHEYHAS NOCAEN0BATEIBHOCTDL HENPOCTPAHCTBEHHO-
noao6HBIX KPUBBIX, coefuHsAnWux p # ¢. Coraacuo aemme 6.2.1, 6y-
JeT CYLIECTBOBAThL HANpaBJdeHHas B OyAVIlee HEOPOCTPaHCTBEHHO-
nogoGHas npeieibHasl KPHBAad ¢ HA4yaJoM B p, KOTOpas HENpomoI-
xuMa B S — g. OHa JOJKHA HMETb KOHEUHVIO TOUKY B OyAyLIEM
B ¢, TaK Kak MHaue oHA rnepecexaa Obl &, UTO HEBO3MOZKHO, TOCKOIb-
Ky ge[~(#). PaccyorpuMm Tteneph cayuall, xorpa peJ{(¥),
g JH(P)N I+(p). Ecau xoHeuyHO!l TOUKOH NpeieTbHOll KpuBOH A
ABJSIETCS ¢, TO OHA W ecTb HCKoMas npefeabHas touka B C(p, q).
Ecnn g He sABJgeTcsl KOHEYHOH TOYKOH A, TO Ha Hell JOJKHA OBITh
tTouka ye [T(F), mockoabky A Henpozomxuma B JA — q. Tlycth
Ay — TIOANIOCE10BATEAbHOCTL, KOTOPAA CXOAHTCA K 7 AAs 1060

TOUKM 7 € A MeXAy p u g. IlyeTe A — nanpaeaennas B npounioe
npefesbHAsl KpHBas IOAINOCIEJOBATENBHOCTH A’y ¢ HA4aaIoM B ¢.
Ec/ii KOHEUYHOH TOUKOI B NMPOULIOM KPHBOH A sIBAsIETCH TOuKa p, TO
oHa ¥ 6yAeT HCKOMOH Hpele’bHON TOUKOH B C(p, q). HonyctuM, uto
p He IBJISIETCH KOHEUHOH TOYKOH KpHBOH A M OoHa He IIPOXOIMT uUe-
pes y. Torga Ha Heft JOJKHA GHITH HEKOTOpPas Touka 2z /- (P).
ITycts A”/» — NMOANOCAENOBATENBHOCTD A'p, CXOAALIASICS K 7 JUJIS JIIO-
6oit TouKH 7 € A Mexay g u z. ITycTs 7”7 — OTKpHITAsh OKPECTHOCTh
KpuBoOH A, He cogepxamas y. Torga 418 A0CTATOUHO GOJBIIHX 1 BCE
V' N IH(P) nonxubl npuHagmexats 7°. OLHAKO 3TO HEBO3MOMKHO,
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6o y — npenenpnast touka A’p. ITosToMy mpO/MKHA CyIIeCTBOBATH
HeNpoCTpaHCTBEHHONOA0OHA KpuBas oT p A0 ¢, KotTopasi 6yler mpe-
IeNbHOH TOUYKOH MOoC/Jef0BaTeAbHOCTH A, B mpoctpaHcrse C(p,q).

Cayuau, xorpa p,g1-(¥#) n p=st-(F), g = J+H(F), Buecre
¢ AyaJbHbBIMH HM CJAYYasMH, HCUEPTIBIBAIOT BCE BO3MOMXKHBIE KOMOGH-
naiuu. C/ie0BaTebHO, BO BCeX 3THX CJAyYyadx Mbl MOJyyaeM Hempo-
CTPAHCTBEHHONOAOOHYIO KPUBYIO OT p 10 ¢, ABJSAIOUIYIOCS Npeleb-
HOH TOUYKOW TNOCJAeN0BaTe/IbHOCTH A, B TOMOJOrHM NOPOCTPAHCTBA

C(p,q). o
HOZLOéHbIMI/I 2Ke paccy}KﬂeHHHMn MOXHO A0Ka3arthb

IIpedaoscenue 6.6.6
Ecnmn g = int(D(#)), 1o JH(P)N/-(¢) mim xoMnakTHO, HIAH
nycTo. o

UTo6bl nmoKasaTh, 4TO T100adbHo runepbonanyna Bea ob6racTh
D(%#), a He TONBKO ee BHYTPEHHAS 4YacTb, HEOOXOAUMO HAJIOXKHTD
HEKOTOpPbIE JOTOMHUTENbHbIE YCAOBUS.

[lpedaoscenue 6.6.7

Ecian & — 3aMKHyTOe aXpoHaJ/JbHOE MHOXECTBO, Takoe, UTO B
H(P)N J=(#) onHOBpEeMEHHO YIOBIETBOPAIOTCS U YCAOBHE CHIBHOH
NPUUYHUHHOCTH, U OJHO U3 CAEIYIOUIUX YCAOBUH:

1) HempuuYMHHOCTL (YTO HMMEET MeCTO, €CJAH U TOJbKO ecau &P
HETPHYUHHO) ;

2) KOMNAaKTHOCTb —
roraa D (#)— raobanabHo runepOoJHUECKOE MHOXKECTRO.

Honyctum, uTo B KaxoH-To ToukKe g & D(F) ycioBHe CHJIbLHON
NPHYHHHOCTH He BBInmoJsHsercd. Toraa B culy yTBepKAeHHS, aHaJO-
ruyHoro Jemme 6.6.5, yepe3 ¢ LO/KHA NPOXOAHUTL HENMPOAOMKHUMAS
M30TPOMHAs Teoje3nyeckasd, B KaXKAOH TOUKe KOTOpOH HapylleHa
CUJIBHAS MPHYHHHOCTB. Ho 3TO HEBO3MOXKHO, MOCKOMBKY Takas KpH-
Basg mepecekata Obl ¥. CuefoBareabno, Ha D(F) BhIIONHAETCS
CHJIbHAST IPHYHHHOCTD.

Ecau p, g=1-(¥), To BEIIONHSETCS YCAOBHE Npepaoxenns 6.6.3.
Korpa p = J-(&#), g = JH(¥), M0oKHO, KaK U NPH A0KA3aTEJIbCTBE
npenjoxenuda 6.6.3, nposecTu M3 p HanpabJeHHYIO B Gyayliee mpe-
LEJbHYI0O KPUBYIO A, a2 M3 ¢ — HAIpPAaBJEHHYIO B NPOIIIOE Npeaeb-
HYIO KPHBYIO A H BBEIGPAaTh MOLNOCAELOBATEIBHOCTE A, KoTopas
CXORMUTCA K 7 AMIS KAXKAOH TOUKH r Ha A wiu A. B cayuae (1) A me-
pecekaer ¥ B eAMHCTBEHHON Touke X. B ;11060# oKpecTHOCTH X GyayT
TOYKH KPHUBHIX A'', C JOCTATOUHO GOJBUIMMU 1 1, CIIeJIOBATENBHO,
BBHIY axpOoHaJIbHOCTH & B Hed OyIeT Touka x n= = A", NP. Or-
cja, x”n Oylder cXoauThCs K X. AHamoruudo, ¥/, OGymer CXOIHUTBCS

K £ =4 N&. Takum o6pasoM, £ = X 1 MOKHO COEIHHHTb A C A, 4T0
HpHBOlIHT K HenpoCTPaHCTBEHHONOAOOHON NpefeNbHOH KPUBOR B

C(p,q).
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B cayuae (2) mpeanoqo:Kium, uto ¢ He #ABJAGETCH KOHEUHOH TOu-
koli B Oyaymwewm xpupoil i. Torma ) noxkuner obaacts J= (%), no-
CKOJIbKY OHa nepecekaeT ¥ u B cuay npeLtoxKenns 6.4.7 gosaxna
BBIATH H3 KoMnaxktHoro MuHoxectsa J*(#)() J=(#). Tlostomy na A
MOXKHO HaHTH TOUKY X, KoTopas He JaexuT B J=(¥). daa kaxaoro n
BoibepeM Touky x”, & F(11”,. [Tockoabky ¥ KoMIaxTHO, HalayTcs
HeKoTOpas ToukKa y & ¥ U NOANOCAENOBATEIbHOCTE A7y, TAKKE, YTO
COOTBETCTBYIOMHEe TOUKH x'", cxomsites K y. Ionyctum, 4To y He
aexuT Ha A. Torga npu mocrtartouno Gosbuux n x”', 6yaer nexarsb
B Oylyulem J060# OKpecTHOCTH @4 TOUKH X. DTO O3HAYaeT, 4TO

xeJ-(#). Onnaxko nocielHee HEBO3MOXKHO, INOCKOJBKY X HAXO-
autea B JT(¥), HO He B KoMmakTHoM Muoxkectse J*(F)N J-(F).

ITosTomy % mpofiger uepes y. Anasoruyno, A Toxe mpoiaer yepes y.
Mrak, aTH KpuBble MOXKHO COCIHHHTb H TMOJIYYHTb NPEASTbHYIO KPH-
BYIO. o

M3 npennoxennn 6.6.3 ciaenyer, uro CYIECTBOBAHHE OBEPXHO-
cru Komy a1s OTKPHITOrO MHOXKecTBa A° 03HAuaeT rv106adbHYIO I'H-
nepboanunocts A°. M3 cienyiouiero npeasoXenns BHAHA CIpaBel-
JHBOCTb 06PATHOTO YTBEPAKAECHHUS.

IIpedaoocenue 6.6.8 (I'epok [57])

Ecsn OTKPEITOE MHOXKeCTBO A To6anbHo runepBogHyHo, TO OHO,
paccmarpuBaeMoe Kax MHoroofpasue, roMeomopduo RIX &, rxe
% — rtpexmepHoe MHoroo6pasue u {a} X & ectb nosepxuocts Kouwu
B MHoOrootpasuu A #1s xaxzuoro ¢ < Ri,

Kaxk » npn mokasarenncrse 6.4.9, BBemeMm na A mepy p Tak,
yToObl NMOJHbIE 06beM A 1o 3710l Mepe 6bl1 paBeH enunuue. s
pe N Beenem dyHkmuwo [t(p)— obvem obaactu J+(p, &) no
Mepe p. SlcHo, uyto [*(p)— orpanudenHas GyHkuus na A°: oua y6ol-
BaeT BAOJb JIOOOH Hanpas/eHHON B Oyayllee HENpOCTPAHCTBEHHO-
nofo6Ho# Kpusoit. Mbl Mokaxem, 4to riaobanbHas runepGoauuHOCTh
o3HayYaeT HempepelBHOCTB ft(p) Ha A, Tak 4To HaM He HYXKHO, Kak
npu JoKasaTe/lbCTBe npednoxenus 6.4.9, «ycpentsto» odbem Gymy-
mero. Jocratouno JHIIbL JoKasaTh, 4To [T (p) HempepbiBHA Ha JIO-
6ot HenpoCTPaHCTBEHHONOAOGHOH KpuBOfi A.

Ilycte re X, u nycTb xp, — GecKoHeyHas M0CJAEI0BATENLHOCTD
TO4eK Ha 2, JexalluX CTPOro B MPOIIIOM OTHOCHTEIbHO 7. Ilycthb

?—-—ﬂ J* (x,, &). Idomyctum, 410 fT(p) He moayHenpepbiBHa CBep-

n
xy B r<A. [Ipn 3TOM moMKHa CYILEeCTBOBATL ToUKa g=F — J+(r, ).
Torza r&& J- (g, &°); Ho xaxknas touxa x, =J-(q, &) u, caenosa-

TebHO, r & J~(g, &), UTO HEBO3MOXKHO, MOCKOIbKY, COIJIACHO NPEe-
Jaoxenuo 6.6.1, J-(q, &) 3amxuyto B A°. IlonoGupim ke oGpaszom
J0Ka3biBACTCS 11OJYHENPEPLIBHOCTL CHH3Y.
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ITo mepe ABMKEHHS TOYKH p B OyAyliee BAOJIb HENIPOLOTRKHMOHA
HeNpoCTpaHCTBEHHONOA00HOH KpUBOIl 7 Ha A” 3Hauenue [+ (p) pomx-
HO crpeMuthest K Hy10. Ilpedno/oxum, u4TO HMeeTcs HeKoTopas
TOYKA, KoTOopas JeXKHT B OyAviueM Jo6oi Touku. Torma HanpasiieH-
Hast B OyJyviiee KpuBas A BOAET B KOMIakTHOe MHOzecTBO J+(r) ()
(1J=(q) u ocramercs BHYTpPH €ro npu MOOOM r € A, 4TO HEBO3-
MOXKHO B cHAY npemqaoxenns 6.4.7, Tak Kak Ha J BbINoJHsercs
yCJI0BHE CUIbHOH MPHUYHHHOCTH.

Paccyorpuyv Tenepp omnpenedenHyw Ha A dyskuuio [(p)=
= [=(p)/[+(p). JlroGas noBepxHOCTb | = const GyAeT HENPUYHHHBIM
MIOXKECTBOM H, CONJIacHo npemioxenuo 6.3.1, BIOXKeHHBIM B A
rpexMepHbiM Cl—-mnoroo6pasueM. Ona Gyger TakKe MOBEPXHOCTBIO
Kown j1aa A°, notoMy 4To BAOJAb MIOObIX HENPOCTPAHCTBEHHOMOL00-
HBIX KPUBLIX [~ u [t cTpemsTcs K HyJa10 B NPOLLIOM W B OYAyLIEM
coorBercTBeHHO. Ha A” MoxHO BBecTu BpeMeHHNOAOGHOE BEKTOPHOE
nojse V u 3ajarh HenpepniBHOE O0TOOpaxKeHHe B, KOTOPOe NEPEeBOJUT
T04KH A° BIOJb HHTErpafbHbIX KPHUBBIX IOJS V Ha mNepeccueHus
stux kpusbx ¢ F(f=1). Torna (Inf(p), p(p)) ecrb romeomop-
dusm N Ha R! X &, KOTOpHIl MOXKHO NpPEeBPaTHTL B Aupdeomop-
(hU3M, eCJd CTJaANTD f, KaK NPY J0KAa3aTesJbCTBE NPeLIoxKeHus 6.4.9.

O

Taxum o6pasom, ecanm Bce IPOCTPAHCTBO-BpeMs IJ106aJbHO TH-

nep6oJaHUHO, OHO 06JafaeT BeCcbMa CKY4YHOH TONOJOTHEH.

6.7. CyuecTBoBaHUE TEOAE3UUECKNX

Baxuocry riaobanbHoit runepOOMHYHOCTH A I. 8 cBA3aHa €O
CJAeVIOIUM Pe3yJbTaToOM:

Ilpedaoocenue 6.7.1

ITyets p u g Jexar Ha raofafibHO TUNepPOGOANYECKOM MHOXKe-
cree A, npudem g & J*(p). Torna p u g MOXKHO COEIHHUTH HENPO-
CTPaHCTBEHHONOAOOHOH KPHBOH, AJHHA KOTOPOH He MeHblie IJIHHBI
060§ Apyrofl HempocTpaHCTBEHHONOAOOHON KPHBOH OT p HO 4.

Mbl paguM JABa J0Ka3aTeNbCTBa 3TOTO YTBEPKAEHHSA: I[EPBOE,
npudamiaexamee Asesy [4] u 3eiipepry [156], ocHOBaHO Ha HCIOJb-
3oBanuu KommnaxktHoctu C(p, g), a Bropoe (IPHMEHHMOE JHILUbL IPH
orkpeltoM A°) npepcraBisieT coBolf MeTOH NOCTPOEHHS CaMOH 3TOH
reoJle3Hyecxoi.

IMpocrpancteo  C(p,g) CONEpPKHUT NJOTHOE NOAMHOXKECTBO
C’(p, q), cocTosimiee u3 Bcex BpeMeHHNoxo6ubIX Cl-KPUBBIX OT p
10 ¢. JanHa onHoil Takoll KpuBO# ompepensieTcst (cp. ¢ pasd. 4.5)

Kak
q

o= (s (5 )" 0

P
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rae t ectb Cl-napaverp Ha L. Qynxuus L He BISETCH HENPCDLIB-
Ho¥t Ha C’(p, g), MOCKOIbKY J1106as OKPECTHOCTh A COJAEPAKHT 31ir3a-
roo6pa3Hwo KyCcOYllo MOYTH H30TPOIHYI0 KPHBYK NPOU3BOJILIO Ma-
Jo# AsuHbl (puc. 46). drta noreps HeTPePBIBHOCTH BO3HHKAET OT
TOTO, UTO MbI loJb3yeMcst CO-rtonogoruei, coraaclo Koropon Z1Be
KpuBble OJH3KH, ecad B A OJH3KH UX TOUKH, HO HE Tpeo ercs Oau-
30CTH HX KacaTeJbHBIX BEKTOPOB. MOKHO Gbido Gbl HAACIHTD

[fToymu nomarasg noymu
UFOMPONKHAa KPUBGA
omp gog 8uU

Puc. 46. 2/ — oTkphiTas OKPECTHOCTb BPEMEHHIOROGHOH KPUBOK A OT p o g.

B 2/ cymecTBYIOT BpeMEHHNOLOGHbIE KPHBHIE OT p 10 §, KOTOPHE MPHOJIHKEHHO

ABJAITCSA JIOMAHBIMH H30TPONHBIMH KPMBBIMH ¥ HMEIOT CKOJb YIOLHO MaJyio
ILJINHY.

C’(p,q) Cl-tononorueit u rtakuMm o6pazoM npugath L Hempepnis-
HOCTb, HO MBI He jAenaeMm atoro, ubo C’(p, §) HEKOMNAKTHO; KOM-
[aKTHOE NPOCTPAHCTBO MOJYYdeTCs TOJBKO [10CJAe MPHCOSHHUHEHUS
BCeX HenmpephiBHBIX HENPOCTPaHCTBEHHONOAOOHEIX KPHUBEIX. BMmecTo
5TOTO MBI moJbayeMcst CO-ronosoruefl ¥ pacnpocTpaHuM omnpenede-
uue L wa C(p, q).

M3-3a curHaTypbl METPHKH yBeJUUEHHE H3BHJIHCTOCTH BpeMEHH-
nofao6HOI KpUBOH cokpalaer ee Anudy. Takum o6pasom, L He moay-
HenpepblBHA cHU3y. OXHAKO HMeEeT MeCTo

Jdemmna 6.7.2
L nonynenpeprisHa cBepxy B CO-rtomosoruu ma C/(p, q).

Paccyorpum Bpemenunnofo6uyio Cl-xpusyio A(f) oT p Io ¢, upu-
yeM B KauecTBe mapaverpa BbibepeM AJIMHY AYTH OT p. B mocrartou-
HO MaJIOH OKPeCTHOCTH 24 KPHBOH A MOXKHO HalTH QYHKIHIO f, KOTO-
past paBHa ! 1 TakoBa, 4TO nosepxHoctn {f==const} npocrpancraen-
HOTOAOGHE! H OPTOrOHAMBbHE! K 0/0¢ [T. e. g"b/‘ |, = (0/04)"]. Onuu
crioco6 3aflaHHsg TakoH (YHKLHH COCTOHT B NOCTPOEHHH MPOCTPaH-
CTBEHHONOAOOHLIX Te0JAe3HuYecKHX, OpTOrOHaJbHBIX K A. [Masa
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AOCTATOUHO MaJoil OKPecTHOCTH 24 KpHBOIH /. OHM L410T OAHO3HAY-
Hoc otobpaxernne A” na 2., 1 3HaueHue | B HEKOTOPOil TOYKe p OKpe-
CTHOCTH %{ MOXKHO ONpeiequTb KdK 3Hauenuc { B TOH TOuKe 2, Ha
KOTOPYI0 oTo6pazxkacerca p. J1o0yio KpuBYIo y B A MOXKHO napamer-
pusosath ¢ynxuneii [. KacaTeabnbit sektop (0/0f), K p MOXKHO

NnpeacTaBHThL B BlIAE
0 a ab gy a
(2),) =1+

rie k — IpoCTpaHCTBeHHONOLOCHBI BEKTOD, JeXKalUid Ha NOBEpX-
Hoctu {f = const}, 1. e. k%[ =0. Toraa

o 9 _ gab apb aby
e((5), (57) ) =&l + 2k > 8%
OnnHako Ha A g“bf;af;bz — 1. Orcwona, upu naHHOM &> 0 MOXKHO
BHIOpPAaTh HACTOMBKO MaJayl okpectHocTh @ < AU, uto B U’
g“bf;af;b> — 1 4. [osromy mas awboit xKpuso#d p B U’

L) <(1+¢)" L[A]. o

Tenepb MBI onmpene’auM IJIHHY HEPEPHIBHOH HENPOCTPAHCTBEHHO-
NoA06HOH KPHBOH A OT p A0 ¢ caenyomum obpasoM. Ilycrs 24 —
oKpecTHOCTb A B J u nycTh [(2{)— HauMeHbLas BepXHssA IpaHb
AJIMH BPeMeHHNOJ00OHbIX KPUBLIX B %4 oT p #0 g. Torna Mbl onpege-
auM L[] kak HanGoabllyi0 HUXKHIOW I'paHb [(24) 1151 Bcex OKpect-
HOCTeH 24 KpuBOi A B J. DTO onpeneseHde JTHHBI MPHMEHHMO KO
BCEM KPHBBIM OT p OO ¢, B KaXJOIf OKPECTHOCTH KOTOPHIX Cylile-
CTByeT BpeMeHunonobuas Cl-kpuBasd, T.e. OHO MPUMEHHMO KO BCEM
toukam B C(p, ¢), KoTopble npuHaLiekatr saMplkanuw C’(p, g). Kak
Mbl sHaeM (pasf. 4.5), uenpocTpancTBeHHONOXOOHAS KpuBasg OT p
J0 ¢, eCJU OHa He ABJAAeTCHd H30TPOIHOH reoJe3HUecKOl KpHBOH 0e3
U3JIOMOB, MOXKET OLIThb AehOopMHDPOBAHA BO BPEMEHUIOAOOHYIO KY-
coyno C'-KpuBYI0 OT p RO ¢, @ M3JIOMDLI 3TON KPUBOH MOZKHO OKpPYI-
JHTb TaK, 4T00bl MOJIYYHTb BpeMenunonoouylo C!-KpHBYIO OT p 10 .
CuenoBareasto, Touku B C(p, g)— C’(p, §)— 3T0 H3OTPONHBIE T'eo-
mesuyeckue 6e3 H3JIOMOB (He COAepKallue COMPAKEHHBIX TOUEK), H
MBI NOJIOXKHM, UTO HX AJHHA paBHA HYJO.

Taxoe onpenenenne L mnpespaiuiaer ee B HOJYHENPepbIBHYIO
cBepxy dyukuuio Ha xkoMraktHoMm mnpoctpanctse C’(p,q). [Ha ca-
MOM JleJie, I0Ka HempepbhiBHAS HENMPOCTPAHCTBEHHONOAOOHAs KPHBas
yAOBJETBOPSIET JIOKAJBHOMY YCJIOBHIO JINMmuuna, oHa ancpgepennu-
pyema noutH scogy. [TosToMy aanuy Bce ellle MOXKHO ObIO Obl

ONpeAC/JHTb KaK ’
V(=2 (57 57)) o
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¥ 3TO He NPOTUBOpednso Obl BBEAEHHOMY BEIWE onpelnedeHuo.] Ecin

C’(p,q) =, vo C(p, q)-— HenycToe MHOKECTBO, TO p U § COEIH-
HSIIOTCSL H30TPONHON Teoje3nyeckoli 6e3 H3J0MOB;, KpOMe Hee Mexiy
p M ¢ He CYLIeCTBYET WHBIX HEeNpOCTPAHCTBENHONOJOOHBIX KPHBLIX.
Ecau C’(p, q) = &, 970 MHOMXKECTBO COJEPKHT HEKOTOPYI0 TOUKY,
B KOTOpO# L mocruraer CBOEro MakCHMAJdbHOrO 3HAYCHHS, T. €. Hall-
JeTcsl HeNpOCTPaHCTBEHHONOA00HAs KpUBAsd y OT p A0 ¢, AJHHa KO-
Topoll OoJbllle HaIM paBHA AJuHe Ja1000f Apyroil taxkoi kpusoil. Co-
rJ1acHo npeioxkennto 4.5.3, y q1o/1:KHA GBITh Feofe3nueckoii KpHBOH,
NOCKOJbKY HHaue MOXKHO ObLIO OLI HalTH TOYKH X, Y €y, KOTOpbIe
nAexaan O6bl B HOPMaJbHOH BBIIYKJIOH KOODHAUHATHOH OKPECTHOCTH
M MOTJIM Obl OBITH COCAMHEHB! [EOAE3UUCCKUM CErMeHTOM OGoJblei
IJIMHEL, YeM YacTb Yy MEXKAY X H Y. a

Hna Opyroro, KOHCTPYKTUBHOTO J[JOKA3ATEJbCTBA MbI BBeAEM
byuxuuo d(p, g) ot p,q & M, pauyw HyMo, ecin § & JH(p), a B
DPOTHBHOM CJyyae PaBHYIO HauMeHbLIeH BepXuell rpaHu IJuH, Ky-
COUHO HENpPOCTPAHCTBEHHONOAOGHBIX KPHBLIX OT p IO ¢, HanpasJjeH-
HbIX B Oyayutee. [OrMetuM, uto d(p, g) Moxer GbiTb GECKOHEUHOH.]
Ins muoxects & n 2 BBemem d(%,2¢), paBHYIO HaunMeHbIEH
BepxHell rpanun d(p, g) npu pe P, g = U.

Honyctuwm, uto ¢ = I+ (p) n d(p, g) xoueuno. Torna aaa J11060ro
8 > 0 moxHO monoGparbh BPEeMEHHNOAOOHYIO KPHBYIO A OT p A0 g

o I
nausoi d (p, q)—; 8 1 TaKyl OKPECTHOCTb ¢ TOUKH ¢, UTO A MOK-

HO nedopMHPOBATh BO BPEMEHHNOLOOHYIO KpiaBYio nanHel d (p, ¢) — §,
coeMHSAOILYI0 p ¢ J1000# Toukoll r & 2. CaenoBarteibHo, (yHK-
uust d(p, g) TaMm, rie oHa KOHeuHa, MOJdyHenpepulBHA CHH3Y. B 00-
mewm caydae d(p, g) He NOJyHernpepbiBHA CBEPXY, HO HMEETCH

Jenma 6.7.3
®yukung d(p, g) KOHeuHa H HeNpPephlBHA [0 p U ¢, KOTAA p U ¢
npHHaAIeXRaT r100aabHo THIEPOOJHYECKOMY MHOXKECTBY .

Cuauana bl gokazxeM, uto d(p, g) KoHeuna. ITocKo/IbKY Ha KOM-
naktHom wuoxectse Jt(p) 1/~ (g) BbNOAHAETCH YCJAOBHE CHIBHOM
NPpUYHUHIIOCTH, €ro MOXKHO [OKPDLITb KOHEHHLIM YUCJOM Takux Jo-
KaJbHO-NPHYHHHBIX MIOXKECTB, Kaxk/J0e H3 KOTOPBIX HE COMEpIKUT
HenpoCTPAIICTBEHHONIONOOHbIE KPUBHle IJIMHHee HeKoToporo e. Ilo-
CKOJBKY J100ast HelpoCTPAlCTBEHHONOA00HAA KpUBas OT p O ¢ MO-
KeT BOHTH B KaxX/IVI0O OKPECTHOCTb He ©OoJiee OHOTO pasa, OHa
AOJXKHA HMETb KOHEUHVIO J_‘LJII/IH}"

Ilpeanomoxusm rtemepn, uto p, g A’ CYyUIeCTBYeT Takoe Io-
crosguHoe § = 0, 4To KaXKAas OKPEeCTHOCTb § COAEPHHT TOUKY re&N.
115 KOTODOit

d(p, r) >d(p, q) +o.
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[Tycth ¥, — OeckOHeyHad MOCJACAOBATEJbHOCTh TOuek B A°, cXoms-
wasicst K ¢, st xotopoit d(p, xn) > d(p, q)+ 8. Torna us Kax-
IOH X, HO p MOKHO IIPOBECTH HENPOCTPAHCTBEHHOMOLOOGHYIO KpH-
BYIO An, HJHHZ KOTOpON Sosbure, ueM d(p, g)-+ 8. Ilo memme 6.2.1
CYLIECTBYET HANpaBJeHHAS B NPOLLIOE HENPOCTPAHCTBEHHONOZOOHAS
KPHBast A, KOTOpas NPOXOJHUT Yepe3 § 1 SIBJASETCS NPeReNbHOH KpHu-
BOH TMOCAEAOBATENBHOCTH An. IlycThb 94 — JOKaAbHO-NPUYHHHAS
OKPECTHOCTb TOUKU ¢. Torza A me Moxer nepeceub [—(g) [\ 2, ubo
B 3TOM CJ/1yuae OJHY U3 KPHBBIX A, MOXKHO 6bLIO OB fe(OPMHPOBATDH
B HENPOCTPAHCTBEHHONOXOOHYIO KPHBYIO OT p 10 ¢ ¢ JJMHON (oJblie
d(p, q). Tlostomy A (1 2 obszaTenbHo GyLer H3OTPONHOH eOLe3H-
YecKOH ¢ HayajioM B ¢, ¥ B Kaxa0# Touke x & A (12 bynxuns
d(p,x) Oymer umeTh paspeB Gouslue, uem §. IToBTOpeHHEM 3THX
®e apryMeHToB MOXKHO I0Ka3aTh, 4TO A — H30TDONHAs reoje3nue-
ckast ¥ uTO B Kaxnaof Touke ¥ & A dyukuus d(p, x) mMeer pa3pbiB
goaniie, yeM §. OTciona BUHO, UTO p He sABJASAETCS KOHEYHOH TOU-
KoM KPHBOH A, TaK Kax no npelioxkenuio 4.5.3 d(p, x) HempepriBHA
B JIOKA/JIbHO-TIPHUHHHON OKpecTHOCTH Touku p. C Apyrofl CTOPOHH,
% moamxua ObiTb HENPOROJXKHUMOU B M — p, U HO3TOMY, eClau OBl p
He OblJla ero KOHeuHOH TOYKOi, TO OHA AOJXKHA Oblia OB, COIVIACHO
npegoxenuio 6.4.7, BHIETH M3 KoMmnakTHoro MHoxectBa J*(p)[)
N J=(g). D10 nokaswsaer, uyro d(p, §) mNOIyHENPepbIBHA CBEPXY
na A°. i

Wcnomb3ys GyHKIHIO pacCcTOSIHHUSA, JIErKO MOCTPOHTL Teofe3uye-
CKYI0 MaKCHUMaJbHON AJHHBEL OT p JO ¢ B cjlydae OTKpHITOro .
Iycrs % < A — n0KaTBHO-NIPHUNHHAS OKPECTHOCTb p, HE COJAepKa-
mas g, u nyctb x & J¥(p) () J=(q) raxosa, uto dynkuua d(p,r)+
+ d(r, 9), r = U maxkcumnsupyercst npu r = x. [Iposesem uz p ue-
pes3 TOUKYy X HampaBJecHHYIO B Oyayllee reofe3ndeckyio y. Hdas Bcex
TOYeK 7 Ha y MeXAYy p W X OyHZeT BBHIIOJHATLCS COOTHOIIEHHE
d(p,r)+ d(r,q)=d(p,q). Homycrum, 4TO0 HMEETCSI TOUKA Y &
e J-(q) — g, siBngomascs nocaefHell TOUKoil Ha Yy, B KOTOPOH 3TO
cooTHOlIeHue BumoauseTcst. [Iycts 7 < A — J0KanbHO-IPpHYUHHAS
OKPEeCTHOCTb TOUKH ¥, He COAepKaIlas ¢, # NycTb TouKka z & J+(y) N
NJ-{g)N 7 taxoma, uro d{y, r)-+d{(r, ¢), r =7 pocruraer cgo-
ero MakcuMa.abHoro 3uauenus d(y, g) npu r = 2. Eciu 2z & vy, 10

d{p, 2)>d(p, y) +dly, 2) u d(p, 2)+d(z ¢ >d(p, g
YTC HEBO3MOXKHO. OTCIOILa BHAHO, UYTO COOTHOLIcHHEe
d(p, r)+d(r, 9)=d(p, ¢)

[OJIKHO BRIMOAHSATBCSH 045 Beex r &y {1 /- (q). BBuny KOMIakTHOCTH
J+(pyNJ—(g) xpuBas y LO2KHA HNOKHUHYTb J~(g) B HEKOTOPOH TOU-
ke y. JonyctuM, y = ¢; Torga y AOJKHA JeXKaTbh HAa HalpaBJeHHOH
B NPOLIJIOE M30TPOIHON reojie3nyueckoit ¢ HayaaoM B ¢. CoeHHHB Yy
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C A, MBl HOJY4uJId OBl HENPOCTPAHCTBEHHONOAOOHYIO KPUBYIO OT p
J0 ¢, BapbHUPys KOTOPYIO, MOXKHO OblI0 OB NOJAYUHTH KPHBYIO Gojiee
AAKMHAYI0, yeM d(p, ¢); HO 3TO HeBo3Moxmno. CileioBaTenbHO, y —
reofiesnyeckas Kpupas ot p 1o ¢ aauue d(p, g). o

Caedcrsue

Ecnn & — uwacruunas C2-nosepxHocTh Ko, TO K KaxA0H TOUKE
g = D+ (%) MOXHO NMpOBECTH HanpapleHHYI0 B OyAyliee BpeMeHH-
nono0HYI0 reoe3uuecKyio KpuByo Aaunnl d (%, g), oproronanpuyno &
1 He coJepxKallyo MexXAY & H ¢ COUpsKEHHYI K & TOuKy.

Cornacho npepaoxenuio 6.5.2, H+(¥#) n H-(¥) ue nepecexaror
& u, c1efoBaTelbHO, lie npuHaaaexar D (P).

[TostoMy u B cuay npeatoxkenus 6.6.3 D (&)= int D(¥) — rJo-
6an1bpHO runepbo/audeckoe MHOxkKecTBO. [lo mpemnoxenuto 6.6.6
¥ NJ-(g) xommaxTHO, H, caepoBareawto, d(p, q), p = F HOCTHT-
HET CBOero MakcumasabHoro 3uaueHuss d(%,g) B HeKOTOPOH TOuKe
re &. Ilpu aToM MexAy r U g OYIeT CYyllecTBOBaThL Ieoje3nueckas
Kpupas y naueel d(%, q), KoTopas, coraaclto Jjgemme 4.5.5 u mpex-
JoxeHuio 4.5.9, mo/KHa OBITh OpPTOrOHAJMBHA K & U He NOJMKHA
HUMeTb MEXKAY ¥ U ¢ TOUKY, COMPAKEHHYIO K P, o

6.8. IMpHunHHAg rpaHULa NPOCTPAHCTBA-BPEMEHH

B sroM pasnesne Mbl #310KuM B 00UIUX H4ePTAX MeTOA NPHCOEIH-
HEHHUsI TPAHUIIBI K POCTPAHCTBY-BPEMEHH, NPelJ0KeHHbI# ['epokom,
Kpouxetimepou u ITerpoysowm [60]. D1o nocTpoeHye 3aBUCUT TOJBKO
OT NPUYUHHON CTPYKTVPH (A, g), T. € B HEM He pasjM4aloTCs rpa-
HUYHBIE TOUKH, HAXOAAILMeCcd Ha KOHEUHOM DAcCCTOSHHU U Ha Gecko-
HeuHocTH. B pasx. 8.3 wMbl Zagum onucaHue APYroro MOCTPOEHHS,
NpH KOTOPOM TIPHCOEIMHSETCS TpaHHIla, NMpeACTaBIsdiollas JHUIb
CHHT'YJAsIpHBIE TOUKH. K COXaNeHHUIo, MOXOXKe, UTO MEeXKILY 3THMH I10-
CTPOEHUSIMU HET SIBHOH CBf3H.

Bynem npeanosaratb, uto (4, g) yAOBJIETBOPAET yCIOBHIO MPH-
yunnoctH. Torma mwoGast touka p B (M, €) ONHO3HAUHO ONpefpens-
ercs ee XpoHosoruyeckum Ovavuuy I+ (p) nau npouaeim I—(p), 1. €.

=1 @&l p)=I"Oep=q
Xpouoaoruueckoe npountoe #° = [~ (p) nwboit Touku p & A obaa-
Taer CAeyOUIMMU CBOHCTBAMU:

1) #° — OTKpHITOE MHOXKECTBO;

2) ¥’ — MHOXeCTBO Tpolsoro, T. e. = (W)= ¥’

3) #° He MoxXeT OLITb TIpeACTaBIEHO B BHAe OOBEIHHCHUS IBYX
coGCTBEHHBIX NOAMHOKECTB, 06/aga0mux cBoiicteavu (1) u (2).

MHoxecTBo ¢o cBofictBamMu (1)—(3) Mul GydeM HaselBaTh He-
pasAosKcUMbLI MHOMCeCT8OM npow.1020, cokpaitenHo HIT. (Onpene-
Jenue, fanHoe B [60], He BKIOYaer cBoiicTBa (1), Tem He MeHee OHO
3KBUBA/IEHTHO HAllleMy OIllpeleseHHio, MocKoIbKy B [60] mog «MHO-
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JKECTBOM MPOLIJIOro» MOLPAa3yMeBaeTCsi MHOMKECTBO, KOTOPOE PaBHO
CBOEMY XPOHOJIOTMYECKOMY MPOLIIOMY, a8 He TOJNbKO COAEPXKHT €ro.)
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Pnc. 47. Iuarpaymel Ilenpoysa npocrpancTBa MHHKOBCKOTO H IPOCTPAHCTBA
e Currepa 2-ro poixa (cp. pue. 15 u 20), Ha KoTopux wu3oOpaxeus: I'HII,
IpelcTaBasionee Ha gt TOUKYy p mnpocrpanctBa MunkoBckoro (a), u THIT u
T'HB, npeacrasamoiutee Ha J Todky p npocrpancrsa Ae Currepa 2-ro pozxa (6).

Anajoryuto OnpeeseTCs Hepa3fomumoe MHoxecrso bydyujeco
(HB).

Bce HIT nensitest Ha fBa kaacca: cobergennvie HII (CHIT), xoto-
pble ABJSIOTCSA NPOLIBIM KakKuX-1ubo Touexk B JA, U epanudnvie HII
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(FHIT), KoTOpble He SBJAAIOTCA NPOLIJILIM KaKHX-JHOO Touek B .
Wnes cocrout B TOM, 4ToObI paccmarpusats 3t [HIT u coorser-
cTBylonM obpaszom onpenedennsie [HbB B xauecrBe mpeacrasure-
Jel Touek, JeKalliX Ha NPHUHHHOH rpaHule (c-epanuya) npo-
crpanctBa  (#, g). Hanpumep, B npocrpanctBe MHHKOBCKOTO
3alUTPHXOBAHHYIO 00JacTb Ha pHC. 47,4 MOXKHO paccMaTpHBaTh B
KauecTBe MpeAcTaBuTeas TOUKH p Ha J+. 3aMerum, u4To B 9TOM NpH-
Mepe MHoroo6pasue 4 B nel1oM camo asiasercs u 'HII, u T'HB,
npuuem 3td HIT n HB moxHO cuntath npeacraButesamu Touek it u
i~ cOOTBETCTBEHHO. Beem TOukam KOH(OPMHOH rpaHUi(bl NPOCTpaH-
cTBa MHHKOBCKOro, 3a uckJwueHueM i% MOryr ObITh NOCTaBJEHB B
coorBercTBie ['HIT nau I'HDB. B HekoTopbix ciyuasx, TakuX, Kak
npoctpaHerBo ae Cutrepa 2-r0 poAa, rae KoH(oOpMHas TpaHULA
BpeMeHunogo0Ha, NpeAcTaBHTeqASIMM OAHOH H TOH K€ TOUKM rpa-
Huier MoryT 6bith # THD n 'HIT (puc. 47,6).

HIT Mo:xxHO oXxapaxTepu3oBaTb ¥ Kak MNPOLUJIOe HENnpOoLOJIKH-
MbIX B Oyayllee BpeMeHUIONOGHBIX KPUBBIX. DTO O3HayYaer, 4To mpo-
moe /= (y) Hempoao/KHMOH B Oyanyllee KPUBOH y MOXKHO paccMma-
TpUBATb B KAUeCTBE MPEICTABHTE/ S KOHEUHOH TOYKH y B OyAylLleM
Ha c-rpaHuue, Jpyras kpusas y’ B 6yayilem OyJeT HMeTh Ty Ke KO-
HEYHYIO TOYKY, €CJIH U TOJbKO ecan [~ (y) = I—(y).

IIpedaromcerue 6.8.1 (I'epox, Kponxetinep u Ilenpoys)

MiuoxectBo #° ecrb 'HII Torma u Toabko TOrAa, KOrpa cylle-
CTByeT Hempojo/KuMasi B OyAyllee BpeMeHHNOA0OOHAs KpHBAs Y,
nas xoropont [—(y)= #’.

[pexanosiokum cHauajla, 4TO HMEETCst KpuBas vy, AJAd KOTOPOH
I—(y)y=w. Tlycts #° = U U 7, rne % n 7’ — HEKOTOPBIE OTKPHI-
Thle MHOXKecTBa mnpolntoro. HaMm Hy»KHO mokasatb, 4T0 wian U < 77,
win 72 < %, Tlpennonoxum npotuBHoe: 94 He coAepXKHTICA B 7° H
7’ ue comepxutca B 2. Torpa MOXKHO HAHTH TOUKY § EU — 7 U
rouky r & 7 — . Ilockoabky g, r I~ (y), A0JKHB HaHTHCL TaKHe
Toukd ¢’, r' v, uto g=1-(¢’) u rel-(r'). Ho HesaBucumo ot
TOr'0, KAKOE M3 MHOXECTB, 2 uau 7°, cofepxKur 6ojee MO3AHION U3
Touek ¢’, +’, oHa OymeT comepKaTh TaKKe U ¢, U 7, YTO NPOTHBOPE-
YHT [EePBOHAYAJBHOMY ONpEeNeNeHUI0 § U f.

O6parHo, nonyctum, uto #° ecrb THIL. Torxa MoxHO AOCTPOHTH
BPEMEHUNIONOBHYIO KPUBYIO y, M5 kKotopoit [~(y)= #’. Ilpu stox,
ecsH p — Kaxas-1u60 Touka Muoxecrea #°, 10

w=1"(rni" MU —17p).
Oanako #° HepasaoKUMO, H notomy uian #° = [—(W (N I+ (p)), uiu
W —=I1-(—1I+(p)). Touka p wue coaepxurca B [I= (W —I+(p)),
TAK UTO BTOPAsi BO3MOXKHOCTb HCKJII0YaeTcsl.

3TOT BBIBOA MOXKHO nepedopMyJaupoBaTbh CAeyioliuM 0Opasom:
B #° Hafigerca Touka, Haxojdulascs B OyaylleM OTHOCHTEJILHO
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A106oi faHnok napol Toyek n3 #°. BuibepeM Tencepb cuCTHOE MJ0TIIOE
ceMelIcTBO Touek pn & #°. BosbMeM HEKOTOPVIO TOUKY §o & #°, Ha-
xonsauyiocst B Oyayuem po. ITockoabKy ¢o m py npunapiexar #7,
B OyaylieM 00CHX 3THX TOYEK MOXKHO I10A00paTh TOYKY ¢ & H°
u 1. A. Tax Kak KaxJaas TOUKA (n, MOJYUEHHAS TaKHM CIIOCOOOM,
JICXKHUT B TUPOILJIOM MOCAeAyIOIled TOUKH, B #° MOXKHO NOCTPOHTH
BPEMEHHTION00HYI0 KPHUBYIO, IPOXOASUIYIO Yepe3 BCe TOUKH MOCAeHO-
BATEJAbHOCTH.

Haa xaxaoi Touku p W W (1 I+ (p)— OTKpbITOE W HENYCTOE
MHOXK€eCTBO ¥ OHO JOJIKHO COAEp:KAaTh IO MEHblIell Mepe OJHY U3 Pa,
MOCKOJIBbKY 3TH TOYKH IVIOTHBEL. Ho A/as Kaxaoro k£ Touka pp JEXKHT
B MPOILJIOM §g, IO3TOMY caMa p JexUT B mpoutoM y. OTciona sicHo,
4TO Kamaasl TOUKa #° JeXKUT B MPOIJIOM Y, H, IOCKOJAbKY y NIPHHA-
JIEXKHUT OTKPBITOMY MPOIIJIOMY MHOXKeCTBY #°, LOJ2KHO HMEThb MECTO
paBseHcTBO #° = [~ (). o

O6osnayum uepe3 S muoxkectso Bcex HIT npocrpancrsa (A, g).
Torma J npejfcraBisieT BCe TOUKH A BMecTe ¢ ToukKaMu OyayIuef

C-TpaHulibl; aHaJoOrHYHO, J, MHOXKecTBo Bcex HDB mpocrpancrsa
(A, g), npencrasiaser J smecre ¢ npountoi c-rpanunef. Ilpuuun-

uole otHowenus I, J u E MOxHO pacnpocTpanuts Ha A u J cie-
aytouiuM o6pasom. O MHOXKecTBaX 24, 7° < M OyleM TOBOPHTb, 4TO

UsI (7, A) mpn UV,
UsI" (7, M) npd U <1 (g) nadHEKOTOPOH TOUKH ¢ & 77,
USE (F,H) wpn UST (P, M), wo UEI (V) A).

C yuerom atux orHomenuit HIl-npocrpancrtso J sBISETCS NPUYHH-
HeM mpocTpaHcTBoM [94]. CyimecTByer ecrecTBEeHHOE HHBEKTHBHOE
orobpaxenne [~: J —> S, KOTOpOe MEPEBOAHT TOUKY p & A B
I (p) = J. Do orobpaxkenue ABJAsSETCa H30MOP(HHU3MOM MPUUHHHOTO
orsowmenus J=, nockoabky p & J~(g) Torza u TOJBKO TOrAa, KOTAA
I-(p)e J-(I-(q), A). lTpuunuuoe oTHOIIEeHHE /= COXpaHAETCS TOJb-
Ko B oAHy cropony, T. e. p=l~ (V&SI (p)=1” (I (g), ). To-
ROOHBIM Ke 006pasoM MOKHO ONPeAeNHTb NPHYUHHBIE OTHOLICHHS
Ha A .

_ Tenepp Hawa weib COCTOHT B TOM, YTOGH KaK-TO COCTABUTH H3
JM u J mpocrpanctBo JA*, KoTopoe umeno 6l Bum A UA, rae A
MOXKHO ObI0 Gbl Ha3BaTh rpauuiefl mpocrpancrsa (A, g). Has
9TOro HaM Hy:KeH MeTOH OToxKAecTBiaeHns coorsercrsylomux HIT u
HB. Haunem ¢ moctpoeHust mpocTpancrsa M, npelcTaBIsIoLero
coboit o6beaunenne JA u A, B kotopom xaxnoe CHDB oroxaecrsie-
Ho ¢ coorsercreyiomum CHIL pyrumu ciaoBamu, ¥ cooTser-
crByer toukaMm J Bmecte co Bcemu I'HIT u THB. Oxnaxo, kak mo-
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KasblBaeT NpHMep npocrpaHcrsa fe Currepa 2-ro poaa, HeoOXOAHMO
ete 1 ortoxaecrsieHue HekoTopnix I'HIT ¢ onpenenennnimn T'HB.
OauH crnocob TakKoro mOCTPOEHHs! COCTOUT B Hafedenuu A+ TonoJo-
raefl ¥ B moc/edyiouleM OTOMKIECTBICHHH HEKOTOPHIX Touek A ¥ Tta-
kuM 06pasoM, 4ToObl 3Ta TONOJOTHS CTada XayclopdoBoil.

Kaxk 6pl10 ynomanyTo B pasi. 6.4, 6asucoM Tako#l TONOJOTHH B
TOTOJOrMYECKOM TNPOCTPAHCTBE A MOTYT CJAYKHUTb MHOMXKECTBA BHIA
I+(p) N I=(g). K coxamnennio, nogo0HbI METOX He MOKET ObITh NPH-
MeHeH AJist 3afaHust Gasuca TonoJorud A, nockoabxky B HA* MoryT
ObITb TOUKH, KOTOpPble HE NpHHaAIeXaT XPOHOJOIHIECKOMY MPOLIJIO-
My Kakoi-1u6o Toukn A ¥, Oanaxo 1onogoruo A MOKHO MOJTYyYHTb
TaKKe UCXOAA u3 MoABasnca, KOTOPLI COCTOHT M3 MHOXKECTB BHIA

I (), I (p), M—1I" (p) uw A — 1 (p). Cnenys 3TOH aHaJOruH,
[epox, Kpouxefivep u [TeHpoys mokasanu, Kax MOXKHO 3aAaTb TOMO-

aoruio Ha A ¥, Jlas HB ot = A onpeleaseM MHOXKECTBA
AN =(rred v VNS~ D),

H
AN={rred v =1 (W)>1T ()& st

nas HII B < A vuoxkectBa B™ n B onpeesiorcs: aHATOTHYHO.

OTKpHITBIE MHOXECTBA HPocTPaHcTBa A ¥ ompepessioTCsl TOrLa Kak

OBbeHHEHHST H KOHEUHble NepeceueHdsl MHOXKeCTB Bhxa £, o

B u B, Muoxectsa ™ u B'™ apasiores aHasoraMm MHO-

weers [T (p) u I (g) B JF Ecou, B wacrnoeru, =11 (p) u

7 =1"(q), 10 7 = 4™ Torza u Tosbko TOrza, Koraa g < I (p).
STu onpefeNeHus O3BOJAIOT, 0fHaKo, BKAOyuTh [HIT B Sint. MHo-

xeerBa S u B spamorea amasoravu M — 1T (p) u M — 17 (q).

OxoHUATeJbHO MBI MOJyuaeM HOpocTpaHcTBo A ¥, 0TOXKIecTBUB
B ¥ HauMeHbllee YHCJIO TOUEK, HEOOXONUMOe AJs NpeBpallenns A F
B xaycnopdoBo mpocTpaHcTBo. Tounee ™ — QakTop-mpocTpaHcTBO
M#[R,, Tne R, — nepeceueHue BCE€X OTHOIIEHHH SKBHBAJEHTHOCTH
R < M* X M*, nas KoTopeix J*[R xaycnopdoso. [IpocTpancrso A
o6aamaer TomoJorxedf, WHAYyLHpoBaHHOH w3 A% u coraacywomeics
¢ ToroJsioruell MEoroo6pasus A Ha noaMmHoxectse J < A *. Booblue
roeopsi, AuddepeHnupyeMy0 CTpPyKTypy MHoroobGpasus 4 Helb3s
pacnpocTpaHHTb Ha C-TPaHULY A, XOTH MOXHO 3TO CAeJaTh A1
yacTH A B 4acTHOM cJaydae, KOTOPLIH OyaeT ONMHcCaH B CJAEAYIOLIEM
paszene.

6.9. AcUMNTOTHYECKH MPOCThIE NPOCTPAHCTBA

[Tpu usyyeHu Takux KOHeUHBIX GHU3NYECKHX CHCTEM, KaK 3BE3MDl,
NPHXOAHTCA paccMaTpiBaTh ACHMNTOTHUECKH IIIOCKHE MPOCTpaH-
CTBa, T. €. NMPOCTPAHCTBA, METPHKA KOTOPHIX CTPEMHTCS K MET-
puxe npocTpaHctBa MHIIKOBCKOro Ha OOJBbUIMX PacCTOSHHSAX OT
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paccMaTpuBaeMoll cucTteMbl. [IpuMepaMH NPOCTPAHCTB, HMEIOUIMX
ACHMTTOTHYECKH TIJIOCKHE 00.1acTH, cayxkat pewenns lsapumunasia,
Paticcuepa — Hopacrpema u Keppa. Kax mbl Buaear B . 5, KOH-
dopMHAs CTPYKTypa H30TPONHOH OECKOHEYHOCTH 3THX MPOCTPAHCTB
u npoctpaHcTBa MuHKOBCKOrO oaMHaKoBa, 4to Aasqo [lerpoyay [123,
125, 128] ocHOBaHHE HCMOJAb30BATbH 3TO OOCTOATEIBLCTBO B KauecTBe
CBOEro POJAA ONpeleeHUst aCUMITOTHYECKH MAOCKOTO NPOCTPAHCTRA.
Xorsa Ilenpoys He HaksaawiBasa TpeOGOBaHHA CHJbHON IPHIHHHOCTH,
Mbl OyaeM paccMaTpUBATh TOJBKO CHJBHO NPHUHHHLIE IPOCTPAHCTBA.
Takoe orpaHuyeHue ynpolllaeT Aed0 H He NPHBOAUT K moTepe oOII-
HOCTH B T€X CHTYaIUsiX, KOTOPble Mbl XOTHM HCCJ/eL0BATh.
OpueHTHpyeMoe BO BpPEMEHH IPOCTPAaHCTBCHHO-OPHEHTHPyeMoe
CH/IBHO TIPHUYHHHOE NPOCTPAaHCTBO (A, g) HA30BeM aCUMNTOTUHECKL

NPOCTHIM, €CJAH CYLIeCTBYeT NPOCTPAHCTBO (M, g) W BIOKEHHE
0:M — M, pn KOTOPOM J CTAHOBUTCS MHOTOOGPA3HeM C I1aAKHM
kpaeM 04 B J W BLITOMHAIOTCS CJeIYIONIHe YCIOBHS:

1) na M cyllecTByeT rafxas (CcxkaxkeM, 10 MeHbLIEl Mepe KJac-
ca C°) dyHkuus Q, Takas, uto Ha 0 (A) GyHKUUSA Q MOJOKHUTENbHA
u Q2 = 0,(g) [r.e. g koudopmua g ua 0(A)];

2) Ha oM Q =0udQ # 0,

3) xaxpuasd H30TpONHas reojesnueckas B A 1MeeT JBe KOHEUHbIE
TOYKH HA O

Mu Gyznem obosuauate A U oM = A.

Ha camom gzese npuBeleHHOe ONpejeseHue — HECKOJBKO OoJee
obuiee, ueM HaM HeOOXOAHMMO: €My YIOBJACTBOPAIT H KOCMOJIOTHYE-
CKHe Mojenu, HanpuMmep npocrpancTBo fe Cutrepa 1-ro ponma. Uro-
Obl CY3HTb €ro A0 ACHMIOTOTHUYECKH TJIOCKHX TIPOCTPAHCTB, Mbl OyAeM
FOBOPHUTb, UTO TPOCTPAHCTBO (M, g) GCUMNTOTUHECKU NpOCTOE U ny-
cTOe, €C/IH B JOTNOJIHEHHE K ycaoBuaAM (1)—(3) oHO yHOB/IETBOpSAET
elle 1 yCJAOBHIO

4) Rup =0 na oTKphITOH okpectHocTH 04 B M. (DTO ycao0BHE
MOXKHO BHAOM3MEHHUTH Tak, yToObl BOIM3U 04 paspeliajoch NPHCYT-
CTBHE 3JEKTPOMATHHTHOTO H3JIyUeHHUs.)

Kpait 0/ MOXKHO CUHTATH HAXOJAUIUMCA Ha GECKOHEUHOCTH B
TOM CMBICJIE, UTO B MeTpuKe g J06oi ahPuHHEI napaMerp Ha H30-
TponHo#t reomesuueckofi B A HOCTUraeT HEOTpaHHYEHHO OGOJNBUIOro
3HaueHHs BOJAU3U O . DTO NPOUCXONUT NMOTOMY, 4TO adPHUHHBLIA na-
paMeTp U B METPHKe g CBA3aH ¢ apQHHHLIM MapaMeTpoM U B MeT-
puke g cootHowennem dv/dd = Q-2 Ilockoabky Ha OM Q =0, dv
pacxopures.

W3 yenosuii (2) u (4) caeayer, uto kpah O/ aBJIAETCS M30TPOI-
HOMl runeproBepxHOCTbiO. [leficTBHTENbHO, TEH30D Puyunr Rgp s
MeTpHKPI Fap CBA3aH C Rap A7 gap PABEHCTBOM

R)=Q7R,—207" (@), "+ {—7'9.,+307°Q 0} 5%,

lac a
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rae|osnavaer KopapuanTHoe 1H(G(epeHUHPOBAHNE OTHOCUTEIBHO Fqp.
Orciona

R=Q°R—6Q7'0,,48° + 30 0,945

ITocKoTbKY MeTpuka g, kaacca C®, 1o Ha .4, rae Q =0, R npu-
HaJdexuT kaaccy C!'. DTo o03Hauaer, uTo Q;CQMQ“”:O. Ho mno

yeqoBuo (2) Q5= 0, T. e Qicgcd—mmponmﬂﬁ BEKTOpP, a4 TOBEpPX-
HOCTb O (€ = 0) — u30TponHAas THIEPIOBEPXHOCTD.

B cayuae npoctpancrea MunkoBckoro 04 COCTOUT M3 ABYX H30-
TPOMHBIX MOBepxHOCTeH J+ 1 J~, Kaxkaass W3 KOTOPbIX HMEeT TOomo-
goruio R!' X 82 (3ameruwm, 4To eil He mpuHamiexar Touku 0, it i,
Tax Kak BGJAM3M 3THX ToueK KOHGODMHA® rpaHula He sBjsiercs
ryaJKuM MHorooGpasueM.) Mbl mokaxkeMm, UTO B AeHCTBHTENLHOCTH
I/ J1060T0 aCHMITOTHYECKH TPOCTOTO U MYCTOro MpocTpaHcTea O
HMEeT TaKylo CTPYKTYpY.

[Tockonbky O — U30TPONHAS NOBEPXHOCTD, JOKAABHO J J€XKHT
B ee mpourioM uau 6yayuieM. M3 storo Buano, uto 04 AOMKHA CO-
CTOATh M3 JABYX HECBSI3HBIX KOMMOHEHT J1 u J~, na KOTOPBIX pac-
MOJI0KEHbl COOTBETCTBEHHO OyayIie U NPOLIIble KOHUBl H30TPOIHBIX
reofeanueckux B . 0M He MOXKeT cOCTOATH GOJee ueM H3 JBYX
KOMIIOHEHT, 160 Torjaa Haujach Obl HEKOTOpas Touka p & A, U3 Ko-
TOpOIl OJHM HampaBJeHHble B Oydyllee H30TPONHble Ieofe3nyecKHe
wan 66 K OJHOHM KOMMOHEHTe, a Jpyrue — K Apyro#. MHoxecTsa
H30TPONHBIX HaNpaB/eHHl B p, BeAylllue K KaxKA0H H3 KOMIIOHEHT,
Ouiin Opl MPKH 5TOM OTKPBITHIMH, YTO HEBO3MOXKHO BBHIY CBA3HOCTH
MHOXKECTBA H30TPONHBIX HalpaBJeHud B Oynyliee B TOUKE.

Tenepb MBI YCTAHOBUM OJHO BaxKHOE CBOWCTBO paccMaTrpusae-
MBIX TPOCTPAHCTB.

Jemma 6.9.1
ACHMITOTHYECKH TPOCTOE W NycToe npocrpaHcrso (A, g) npu-
YHHHO MPOCTOE.

[Tycte #° — KomnaxTHoe MHOXKecTBO J. Hymxuo mokasatb, uto
Ka)kJasi H30TpoIHas Treonesnyeckas obpasylolias MNOBEPXHOCTH
J (W, H) uveer nmpounanlit KoHer B #°. Jomyctum, 4To uMeeTcs Ta-
Kasl H30TPOIHAs reoje3nyeckasi, KOTOpasi He HMeeT KOoHIa B #°.
Torna y nee He MOXKeT ObITb KaKoro-aM00 KoHa B A H OHA JOJXKHA
nepeceyb J~, YTO HEBO3MOZKHO.

ITpedaoscenue 6.9.2
AcuMnTOTHYECKH TPOCTOe M mycToe mpoctpaHctso (A, g) aB-
aseTcs raofaipHo TunepOoJHUeCKUM.

Hoxa3aTeabCcTBO aHaJOTHYHO J0KA3aTeIbCTBY Npelaokenus 6.6.7.
Ha 4 BBOmuTCS 3JeMeHT ofbeMa Tax, uToObl noJHb 00beM A 1O
3T0i1 Mepe Oblil paBeH efnHHle. BBuAy npuuMHHON npocToThl (A, g)
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Gyuruuu [=(p), npeacrasagiomue coboit o0bembl obaacteit [%(p),
genpepbiBubl Ha . [Tockonbky Ha A BbINOJHAETCS YCJIOBHE CHJ/Ib-
HOH mpuHunHHOCTH, [t(p) Oymer yObiBaTh BAOJAb KaXKAOH HANpaBJIeH-
HOH B GyIylllee HempocTpaHcTBeHHONoA0OHOM Kpueoll. Ilycts A —
Hempopo/KuMas B Oyayuiee BpeMeHunofoGHas kpupas. JlomycTu.

YTO MHOXKeECTBO F = ﬂh” (p) — He mycroe. Torga & MOJKHO OBITL
pe
GyIymuM MHOXKECTBOM H H30TPOIHbIE, NMOpOXKAalouiue rpanuny &
B J, He MOTYT HMETb NPOULIBIX KOoHUOB B 4. Takum o0pa3oM, oHH
JOJIXKHBI repeceyb J—, 4To CHOBA BeleT K nportusopeurio. Orciona
BHAHO, 4TO [T(p) cTpeMurcs K Hy/i0, KOTAA p yCTPEMJAeTca B OYIy-
mee 1o A. M3 3toro cieayer, 4To KaxKAas HENpOROKHMAsT HEHpo-
CTPAHCTBEHHONONO0HA KpHBasg [EePecekaeT TIOBEPXHOCTh o =
={p:ft(p)=["(p)}, KoTOopas Mo3TOMYy $BJSETCS I[OBEPXHOCTHIO
Kown nisa A. o

Jemma 6.9.3
[Iycte 7° — KOMIAKTHOE MHOXKECTBO AaCHMITOTHUYECKOrO Ipo-
cToro u mycroro npoctpanctsa (M, g). Toraa Kaxgas U3 H30TPOIHBIX

reofe3HuecKnx 06pasymmux nosepxuoctd I mepecexaer It or, J)
OJIMH pas; Touka Hapx J o3HauaeT rpaHuuny B .

Ilycte p& A, rme A —oaHa H3 H3OTPONHBIX I'€0JE3UUECKUX

o6pasywomnx . Torga mpoutoe muoxectso (B ) I~ (p, M)\ M
LOJIKHO OHTH 3aMKHYTO B A, H00 Kajasi U3 H30TPOMHKEIX Teoje-
3UUECKUX 00pa3yiouX TPaHUIB 3TOTO MHOMKECTBA, AOJKHA HMEThb

OyAYIYI0O KOHEUHVI0 TOUKY B I B Touke p. llockoabky Ha A

BHITOJIHAETCST YCJIOBHE CHJABHOH npuuun"octu, 4 — J (p, //7) 6ymer

wenycteM. Teneps mpeamosoxum, uro A & J© (#°, A). Torga mpom-

JIO@ MHOXKECTBO ﬂk (I™(p, A)N A) nomxuo GbTh HemycThiM. Of-
peE

HAaKO 5TO HEBO3MOMKHO H3-3a TOr0, UTO HM30TPOMNHBIE 00pasylomue

IDAHUIBI TOTO MHOMKECTBA NepeceKan GObl mpu stoMm J7. Tenepn

jomycrum obpaTHoe, uto A me mepecekaer JV (¥, J). Torpa

M — Ux(]— (p, J)(\ M) 6yner menycreiv. Ho 3To croBa Beger
pe

K TNPOTHBOPEYHIO, MOTOMY UTO H30TPOIHBIE 00DPAa3yIOLIHe [PAHHIIE!
IPOLIJIOrO MHOXKeCTBA U (J7(p, )N H) nepecerau Obl npu

=98
stom I, P O

Credcrsue
HOBerHQCTb It romosornuecksn  cosmagaer ¢ R X
X+, A)NOA).

+ P o
Tenmeps Mbl mokaxeM, uro I~ u M obramaloT Takoll Ke TONO-
Jdoryell, Kak M B cjaydae NpocTpaHcTBa MHUHKOBCKOTO.



6.9. AcumnroTunecku npocTole NPOCTPAHCTEA 249

ITpedaoscenue 6.9.4 (Fepok [59])

B acumnroTHyeckH MPOCTOM H HYCTOM NpocTpaHcTBe (A, g)
MOBEPXHOCTH IJT u IT Tomosornueckn SKBHBAJEHTHH R'X S,
a M TOMOJIOTHYECKH 3KBHBAJEHTHO R*.

PacemorpuM MHOxKecTBO N BCeX M30TPOMHBIX re0Je3HUeCKHX B .
[TockoabKY OHH BCe mepeceKaioT nosepxHocTh Koun 46, JokanbHbe
KoOpANHATE Ha N MOXHO 3aZaTh C MOMOUIBIO HANpPAaBJEHHH 3THX
reoJle3NUeCcKnX Ha Jf W JOKaJbHBIX KOOPAHHAT H3 TOUEK NEPECEeUeHHUs
¢ J6. druM Mbl npeppamaem N B paccJoeHHOE NPOCTPAHCTBO Ha-
npasJeHnil Ha J6 co ciaoem S2 OpHaxo Kakpasi reofesnyeckas mne-
pecekaer Takxke J*. [lostomy N sBisiercs paccioeHHBIM TIPOCTpaH-
CTBOM H Hax J*. B sTom cayuae cmoeMm siaserca S% Ge3 oaHoil
TOUKH, KOTOPas COOTBETCTBYeT H30TPOIHOI reofe3nyeckoii o6pasyio-
e J+, He npuHagIexalledl 4. JIpyrumMu cjloBamu, CJI0eM SiBJSET-
ca R2 CrenoBaTelbHO, NPOCTPaHCcTBO N TONOJOTHYECKH 3KBHBAJIEHT-
Ho J* X R: OpHako mnosepxHocTs J+  sxkBuBaseHntHa R!X

X I+, H)NoA). A0 corqacyercst ¢ TeM, uto N =& 6 X S2
JHUb NPH YCIOBHH, 4TO J6 =~ R3 nu I+ ~ Rt X S a

Kak mokasan Ilenpoys [125], us atoro pesynbrata Cjaefyer, uto
rensop Befing 419 MeTpuku g paBed Hy/M0 Ha I+ u J—. B xauectse
06G'bACHEHUA MOXHO CKa3aTb, YTO KOMIIOHEHTH TeH3opa Beiing pias
METPHKH g BBIPOXKAAIOTCH, T. €. B6aAu3u I+ u I~ oHu y6bIBAIOT KAK
pasauyHble cTeneHy adp@HHHOrO napaMerpa Ha U30TPONHON reoaesu-
veckoil. [lasee, B paGorax [114, 122] 6rin nonydeHsl B BHJAE HHTE-
rpajoB no J+ 3aKoHbl COXpaHEHHA AJS 3HEPTHH-HMIYJbCa, KaK Obl
H3MepeHHLIX ¢ NMOBEPXHOCTH JT.

H3zoTponHble TOBEPXHOCTH J+ u J~ COCTABJAIOT MOUYTH BCIO
c-rpaHully A (cM. onpefenesye B NpeAbIAYLIEM pasjene) NpocTpaH-
crBa (A, g). Urobbl yOeqnThbesi B 3TOM, 3aMeTHM, BO-IIEPBLIX, YTO

mobas Touxka p e I+ zamaer THIT I—(p, £) () A. Honyctum, uto
A — HempogoJaKumas B Oyayuiee kpusas B JA. Ecan Oyayme# xo-
HeuHoll Toukolt A sBasierca p e I+, to I'HIT I-()) cosmanaer ¢
I'HIT, koTopoe onpexensiercss Toukoit p. Ecin y KpHBO#t A HET KOHeu-
HOM TOUKM B OyaylieMm Ha J+, 10 M — I7()) 10AKHO OBITH IYCTBIM,
TaK KaK B NPOTHBHOM CJyyae U30TPOIHBIE reofiesnyeckue obpasyio-
mue /—()A) nepecexaau 6bl J+, UTO HEBO3MOXKHO: A He Ilepecekaer
J+. Takum obpasoMm, Ha KaxKAyk TOUKy 3 J+ npuxoAUTCA OAHO
T'HIT, u ewe oxno I'HII, csizannoe ¢ i+, ecTb caMo MHOT00Opasue A
apyrux 'HIT wer. Ananmornuno, muoxkectso Bcex I'HDB cocrassaeno
temu ['HDB, xoTopble cooTBeTcTBYIOT KaxI0H TOuKe J~ H OQHHM
I'HB, cooTBeTcTBYIOWHUM (™, KOTOpPOE CHOBA coBnanaer ¢ camum JA.

Temepn Tpebyercs NPOBEepPHUTH, He OTOKAECTB/ASAEM JH MBI Kakue-
un6yap THIT wau THDB, 1. e. vcravosuth, uto A ™ xaycaopdoso.
AcHo, uro Huxkaxue nsa T'HIT nau HB, coorBercrayionine J+ min
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J~, He 4BJIAIOTCS HepasnenumbiMu no Xaycnopdy. Ecau p = I, 10
MOKHO HalTH TaKylo ¢ & M, uro p & I (q, A). Torpa (I*(q, M) )ext
aBJaseTca OKpecTHocTbio B JAY* gas THIT I-(p, )N M, a

(IT(q, A) )t 6yner nenepecekatoueiics okpecruoctbio [HII, coor-
BerTcTBytoutero it. Takum obpasom, it orgennmo no Xaycaopdy ot
JM0060H TOYKHM MOBEPXHOCTH J*. AHAJOrHYHO, {~ OTACJUMO 1O Xaye-
Jopoy or awobofi Toukn J~. Takum o6pasoM, c¢-rpanuuna Jaw060ro
4CHMNTOTHYECKH IPOCTOTO M NIyCTOro npocrpancrsa (4, g) Takas
JKe, KaK y npocrpaHctBa MHHKOBCKOro, T. €. COCTOHMT u3 J+, I~ u
JABYX Touek i+, i~.

K unc/y acUMNTOTHYECKH MPOCTHIX H MYCTHIX NPOCTPAHCTB OTHO-
CATCA  NPOCTPAHCTBO MHHKOBCKOIO W aCUMITOTHUECKH IIOCKHE
NPOCTPAHCTBA, B KOTOPBIX €CTh TOJBKO OrpaHHUYEHHBIE 0O'hEKThI, Ha-
NpHMep 3Be3/bl, He HCIBITHIBAIOLLHE IPaBHTALMOHHOTO KoJanca, O-
Hako pewenus UIBapuinabaa, Paticcuepa — Hopacrpema nan Kep-
pa He BXOAAT B 3TOT KJACC, IOTOMY UTO B HUX HMMEIOTCH H30TPOIHbIE
reoJle3HYecKHe, y KOTOPbIX KOHEUHble TOUKH He JexaT Ha I+ uiun J—.
Tem He MeHee y 3THX NPOCTPAHCTB MMEIOTCS ACUMIITOTHUECKM IJIO-
cxue obsacty, NoROGHBIE TEM, KOTOpbIE CYLIECTBYIOT Y aCHMITOTH-
YeCKH IIOCKHX M NPOCTHIX mpocTpaHcTB. M3 aTOro BHAHO, 4TO cJje-
AYyeT BBECTH elle TNOHATHE €Aa60 ACUMNTOTUHECKU NAOCK020 U NnY-
croeo npocrpancréa (A, g) Kax NMpOCTPAHCTBA, AJs KOTOPOro Haii-
JLyTCSl aCHMITOTHYECKHE TPOCTOe W myctoe mpocrpancrso (A, g')
1 oKpecTHOCTb %’ Kpas O.M’ mMuoroobpasus JA’, Takue, uto 2 (| M’
H30MeTPHYHO HEKOTOPOMY OTKPBITOMY MHOXKecTBy 26 < J. Ilox at0
onpejieJeHHe NOAXOAAT BCE YIIOMSHYTHIe BBILIE cayuau. B pelieHusx
Paiiccnepa — Hopaerpema u Keppa cyuiectByioT GecKoHeuHble MO-
CJ1eJ0BAaTEJbHOCTH M3 aCHMIITOTHYECKH INIOCKUX of.gacrelt %4, KOTo-
pble U30METPHUYHBl OKPECTHOCTAM 24" aCHMITOTHHECKH NMPOCTHIX U MMy-
CTHIX mpocTpaHcTB. Takum o6pas3oM, B HUX H3OTPOIHbIE OecKoHeu-
HOCTH 00pasyloT OeckoHeuHble MocjaefoBaTe bHOCTH. OAHAKO MbI
fyneM paccMaTpHBaTh B 3THX MPOCTPAHCTBAX TOJIbLKO OJHY aCHMITO-
THYECKH MJIOCKYIO o06sacTb. Torna MoxHo cuutaTh (M, g) KOHPOPM-
HO-BJIOXKEHHBIM B NPOCTPAHCTBO (M, g) Tax, yTOBE OKPeCcTHOCTb 2/

kpasi 0/ B M Gbina uzoMerpuuna 24’. Kpait .4 cocTOUT TOMBKO H3
napel H30TPONHLIX NMOoBepxHOCTel J+ u J—.

Ofcyxaenne cnabo acHMITOTHUECKH I[POCTEIX M MYCTBIX INIPO-
cTpaHcTB OyAeT Npofo/:KeHo B pasf. 9.2 u 9.3.



['maBa 7

3agaua Kowwn B obued teopuu
OTHOCHUTEJIbHOCTH

B sto#t rmaBe BKpaTue paccMoTpeHa 3afava Komiu B obirell teo-
pHu OTHOCHTeJabHOCTH. Mbl poKaxKeM, 4TO UpPH 3aJaHHH ONpeLeJseH-
HBIX JaHHBIX Ha NPOCTPAHCTBEHHONOLOOHOH 3-MOBePXHOCTH & cylle-
CTByeT €IUHCTBEeHHast MakcuMmaabHas obmaacts Komwn D+ (#) u uro
MeTpHka Ha MHOxKecTBe 24 < D+ (%) 3aBUCHUT TOJBKO OT Hada/bHBIX
gaHHBIX Ha J= () (1 . Mbl yCTaHOBHM TakkKe, 4TO 3Ta 3aBHCHMOCTh
HenpepbiBHA, ecan 24 obJafaer KOMIAKTHEIM 3aMbiKaHueM B Dt (&),
O6cyKAeHHe 3TOrO BONPOCA BKJAKYEHO ClOjla KaK IOTOMY, 4TO OH
HHTEpeceH caM no cefe, TaK H MOTOMY, YTO IPH 3TOM HCIOJb3YIOTCH
HEKOTOphle Pe3yJabTaThl NpeAblAyllell T'ViaBbi, H, HAKOHEL, AJsI TOTO
yToGBl NOKA3aTb, UTO yPaBHEHHS moJs DHHIITENHA AEHCTBHTENBHO
yIOBJETBOPAOT moctynary (a) pasi. 3.2, corjlacHO KOTOPOMY CH-
HaJ MOXKeT ObITh mepefaH U3 OAHOH TOUKM B JIPVIYIO, TOJABKO KOTZa
3TH TOYKH MOXKHO COEJIUHHTb HEIPOCTPAHCTBEHHONOAOOGHOH KPHBOML.
OnnHako B fnocjeLylOUIHX TpeX IMaBax pe3yabTaThl AaHHOH IJ1aBhl
(dbakTHUeCKH HE HCIOJb3VIOTCS, H [03TOMY 4HTaTesab, GOJbllie HHTE-
PeCYIOUIHICS CHHTY/ISPHOCTSIMH, MOXKET €€ NMPOIYyCTHTD.

B pasn. 7.1 oOcyxkpaaercs cnenudHkKa paccMaTpiBaeMOH 3ajauu
H faua ee TouHas GopmyJaupoBka. Hdaa roro uroObl CBSI3b MEXIY
Ten3opoM Puuun 4 MeTPHKOH, yCTaHOBJACHHYIO B 06JACTH MOKPBITOH
OJNHON KOOPAHMHATHOH CHCTEMOMN, NPeACTaBHTbL B (opMe, CIpaBelIu-
BOH Ha BceM MHoroo6pasuu, B pasfi. 7.2 BBOAMTCA riobanbHas ¢$o-
HoBas MeTpuka g. Ha koBapuaHTHBIE IPOH3BOAHBIE PH3NUECKON MET-

PHKH g OTHOCHTe/JbHO (OHOBON METPHKH ¢ Mbl HajaraeMm uerhbipe
Kaau6poBouHbIX yciaoBus. IIpn aTOM HCK/IIOYAIOTCS YeThIpe CTENEHH
cBOGOMALI, COOTBETCTBYIOILHE BO3MOXKHOCTH IHubdeoMopdu3MOB pe-
wenuil ypaBHeHuid DUHIITEHA, U Mbl IPUXOAUM K NMPUBEJEHHLIM T'H-
nepGoMHYECKHM ypaBHeHUusiM JfiHLITeiHa BTOPOrO NOPsAKa AJsl MeT-
PHKH @ OTHOCHTEIbHO (POHOBOI MeTpHUKH g. B cmny ypaBEeHHH co-
XpaHeHHs 3TH KaanODOBOYHBIE VYCJOBHS BBHIOJHSIOTCA BO BCE
MOMEHTBHI BPeMEHH, ec/11 OHU U HX MepBble NPOH3BOJAHbLIC YIOBJIETBO-
PSIIOTCS B HAauaJbHBIH MOMEHT.

B pasxa. 7.3 6ymer moxkasaHo, 4To CYLIECTBEHHYIO 4aCTb Hayasb-
HbIX JaHHBIX 1Js ¢ Ha TpeXMepHOM MHoroo6pasun F MOXKHO BhIpa-
3UTb yepe3 JABa TPEXMEPHHIX TeH30pHLIX mojs ht, e wa &. Tlpu
3TOM TpexMepHoe MHoroobpasue ¥ BKJAaAbIBAETCS B YeThlpeXMepHOe
MHOroOGpasne A, a MeTpHKa g ompeaensercd Ha & Tak, yro het
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M 4% CTAHOBATCA COOTBETCTBEHHO NEPBOI U BTOPOI pyHAAMEHTA/Ib-
HBIMH GopMaMu Ha & B MeTpPHKE g. DTO MOXKHO CAe/1aTh TaK, 4T00kI
Ha &% BBLINOJHSJINCH KAJuOpPOBOUHbIe cOOTHOLIeHHs. B pasn. 7.4 Mbl
YCTaHOBHM HEKOTOPbIe OCHOBHBIE HEPABEHCTBA JJIs THNEPOONHYECKUX
ypasHeHuit Broporo nopsaka. OHH CB3BIBAIOT HHTErPaJjbl OT KBal-
PATHYHBIX BbIPaZKEHUI MO NEPBLIM NMPOH3BOAHBIM pPeIleHHil ¢ Hayalb-
HBIMY JaHHBIMH JJIs 3THX pelieHuil. B pasa. 7.5 Mbl HoKaxeM cylle-
CTBOBAaHHE H EXMHCTBEHHOCTb pelleHHil INpPHBEJEHHBIX YypaBHEHUH
Aimwretina ¢ T p = 0 (mycroe NpoCcTPaHCTBO) B BUAE MajblX BO3-
MYIIeH I KaKoro-1100 3aflaHHOTO PellieHns B NMyCTOM IIPOCTPAHCTBE.
[Mocse 3TOoro CyHIeCTBOBAHHE H €IMHCTBEHHOCTb JIOKAJbHBIX pellle-
Hull JJs IPOU3BOJNLHBIX HAUaJbHBIX JAHHLIX JOKA3BIBAIOTCS HMyTeM
JeJleHusl HayaJbHOH THHEPTNOBEPXHOCTH HA MaJjble IOYTH IJIOCKHE
06/1aCTH H NOCJTENYIONET0 COeJUHEHHS TONYUYEHHBIX PelueHHi,

B pasn. 7.6 Gyler mokas3aHo, 4To Npx (PUKCHPOBAHHBIX Hayalb-
HBIX JAHHBIX CYLIECTBYeT eNMHCTBEHHOEe MAaKCHMaJbHOe pellleHHe B
yCTOM IPOCTPAHCTBE M UTO €r0 3aBHCHMOCThb OT HAYa/IbHLIX JAHHBIX
B OmpefeNeHHOM cMbicsie HenpepriBHa. Haxonen, B pasa. 7.7 Mbl Ha-
METHM NyThb AJ5 PaclpoCTPAHEHHs 3THX PE3yJbTaTOB HA peLIeHHS
NpH HAJMUHK MaTEpPHH.

7.1. Xapakrep 3ajgauu

3agaua Komun ass rpaBHTAllHOHHOrO 10/ B HEKOTOPHIX BAXKHBIX
acnekrax OTJHYaAeTcs OT TOH XKe 3aZaud AAf ApPYyrux (u3nuecKux
noJsef.

1. Ypasuenus Jitnureiina Heaunednol. IIpasra, B 3TOM oTHOLIe-
HUY OHM He CJHINKOM CHJBHO OTJHYAIOTCH OT APYTHX NOJeH: XOoTd
9JIEKTPOMArHHTHOE, CKaJAfpPHOE M IIPOUME TOJA B 3aJaHHOM TPO-
CTPAHCTBE-BPEMEHH canmi no cebe MONUMHSIOTCS JHHEHHBIM ypaBHe-
HHAM, OHM 06pas3yioT HeJHHEHHYIO CHCTEMY NPH ydere HX B3aHMO-
peiictBuil. OTIHUUTENBbHBIM CBOHCTBOM TI'PaBUTALHOHHOIO II0OJS $IB-
JsieTcsl TO, YTO OHO TpeAacTaBiser cobolt mone ¢ camodelcTauem:
OHO HeJHHEHHO JaxKe B OTCYTCTBHe Apyrux noJaeft. Mmenno nosromy
rpaBUTAllHOHHOE ITOJIe XapaKTePU3yeT MpOCTPAHCTBO-BPEMsl, B KOTO-
poM oHO pacupocrpansercs. Jd mofyueHus peleHuil HeJHHelHbIX
ypaBHeHHIT OObIYHO MOJb3YIOTCA METOXOM TOCJAEe0BaTENbHBIX IPH-
OMMXKeHUH TaKuMU JHHEHHBIMH YpPaBHEHHUSIMU, OTHOCHUTEJBHO pellle-
HHH KOTOPBIX M3BECTHO, UTO OHHM CXOJSTCA K DEIUEHHIO HEJHHEHHOTOo
ypaBHEHUsS B ONpeJeJeHHOH OKPECTHOCTH HAYaJbHOH TOBEPXHOCTH.

2. JIpe MeTpUKH g; M gz Ha MHoroo6pasun A (Qu3HUECKH SKBH-
BaJIEHTHbI, €CJH cyluectsyeT Auddeomopdusy ¢l — A, KOTOPLIH
NepeBOAUT g1 U g2 (P.gi = g2); ACHO, UTO g; yNOBJETBOPSET ypaB-
HEeHHSIM TIOJISI, eCJH H TOJALKO €CJH MM yA0BJIeTBOpsieT g2. [TosTomy
pellleHusl YpaBHEHHH NOJAS MOTYT ObITh €IMHCTBEHHbl JHLIb C TOU-
Hocthio g0 nuddeomopdusma. Has roro urobrl H3 3TOTO Kiaacca
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9KBUBAJIEHTHOCTH METPHK BBIAEAHTb ONpPeNeJeHHbIA 4YJel, OMUCHI-
BAIOIIUIL NPOCTPAHCTBO-BPEMS, BBOAAT (DUKCUPOBAHHYIO «DOHOBYIO»
METPHKY H HaKJIaJblBAIOT UETLIPE «KAJIHOPOBOUHBIX YCJIOBUA» Ha KO-
BapUAHTHbIE NPOH3BOJIbIE (DH3NUECKOH METPHKH OTHOCHTEJIbHO (ho-
HOBOIl METPHKH. DTH YCJIOBHS YCTPAUSIOT UETHIPE CTENEHH CBOGOJBI,
COOTBETCTBYIOLHE YKa3zaHHbIM AubdeomopduaMaM, n o6ecneuuBaioT
eNMHCTBEHHOE PelleHue A5 KOMIOIEeHT MeTPUKH. Bee 310 anaioruu-
HO HAJIOXKEHHUIO ycaoBuil JIopeHIa Ha 3JeKTPOMATrHHTHOE MOJe /4
ycTpaHneHus ¢cBoGOAbLI B BhIGOpE KaJAHOPOBKH.

3. IlockosnbKy MeTpuka onpefe/seT CTPYKTYPY I[POCTpaHCTBA-
BpEMEHH, Mbl He 3HaeM 3apaHee, KakoBa ofsacts Kol HauanbHOH
NOBEPXHOCTH, a CJeJ0BATeJNbHO, He 3HaeM H 00/1acTH, B KOTOPOH
IOMKHO OBITh ompeleseHo peurenne. Jlaercss TOAbKO TpexMepHoe
MHOroo6pasue ¥ ¢ HEKOTODPLIMH HauaJbHLIMH HaHHBIMH @ Ha HeM U
Tpefyercss Ha¥lTH uUeThHIpeXMepHoe MHoroobpasne A, BJOKeHHE
0:% —> M n meTpuky g Ha J, yIOBJIETBOPAIOUIYIO YpaBHEHHAM DHH-
uwrrefiHa, HavaJbHBIM AAHHBIM HAa 0(¥) u TpebGOBaHMIO, YTOBH BJIO-
XKeHHe 0(¥) Obuto nosepxHocThio Kown B . Mbl GyeM roBOPHTD,
uto (A, 6, g), win npocro M, ecTb passurue napet (¥, o). Lpyroe
passutne (', 0’, g’) Tolt ke mapwl (¥, ®) HA30BeM pactuuperuem
passurus M, ecin cyuecrsyer aupdeomopdusM o MHOroobpasus
A Ha JM’, KOTOPBIK OCTaB/AseT 06pa3 ¥ TOUEUHO HENOABHKHBIM H
nepesoaut g’ B g (r.e. 07l 160" = id va &, u a.g’ = g). Mu noxka-
JKeM, UTO IIPU BBINOJIHEHHH Ha & ONpeleeHHBIX YpPABHEHUN C8A3U
pasButus (¥, @) CyLecTBYIOT H, Jajee, 4TO CVIIECTBYET pPa3BUTHE,
KOTOPO€ MaKCHMaJbHO B TOM CMBICJE, UTO SIBJASIETCA pacllHpeHHeM
Ja6oro Jpyroro passutHs napel (¥, @). 3aMeTuM, Opu Takod op-
MyJiEpoBKe 3ajaud KoWH yYTeHa BO3MOXKHOCTH NPOM3BOAHThL AH(-
tdheoMopu3MBI, TOCKOJIBKY BCSKOE PAasBUTHE npeacTaBaser coboi
paciupenune Ja06oro csoero auddeovopdusMa, COXpaHIIOMIErO He-
TOJBM:KHBIMH TOUKH 00pa3a noBepxHOCTH &.

7.2. TlpuBeneHnble ypaBHeHus: JiHTEHHA

B ri. 2 tensop Puuun Gl BBIpaXKeH uepe3 yacTHbIE MPOU3BOJ-
Hble KOMIIOHEHT METPHUYECKOTo TeH30pa 1o KoopaunaTtam. Jas meaei
sTOoM rJaBbl YXOOHO MOJYYUTh BHIpaXKEHUE, NPUMEHHMOE BO BCEM
MHOT0O06pasun J, a He TOJBKO 110 OTZEILHOCTH B Ka¥KAOH KOOPAHU-
HatHol oxpectHocTH. st 3TOR uesu BBefeM Hapaiy ¢ hH3UUIECKOH
MeTpuko# ¢ doHoByr Merpuky g. Ilpu nByx merpuxax tpefyercs
NCTOPOKHOCTh B OOpallleHNH C KOBAPHAHTHBIMHM H KOHTPEBapHAHT-
HEIMH uHAeKcaMH. (Bo n3bBexaHue NyTaHHIBl Mbl OTKaXKeMCs Ha
BpeMs OT OObIYHOTO NpaBuia NOAHATAS H ONyCKAHHS HHIEKCOB.)

KoBapuantuele n KoHTpaBapuanthble GOpMbl € U g CBSA3aHBI COOT-
HOLIeHHEM b b

a a __ AQU A

8V 8y, = 0% =8%8y,. (7.1)
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Y1o6HO NpUHATE KOHTPABAaPHAHTHYIO GOPMY METPUKE g% 3a OCHOBY
H CYMTaTh, YTO KOBapHaHTHas ¢opma Beiogutca u3 (7.1). Mcmomb-
3ysl aJAbTePHUPYIOIHI TEH30DP fabed, OllpeAeNeHHbIH (DOHOBOH METpPH-
KOW, MOXKHO NPEIACTABUTH CBSA3b MEXKIY Zqbp U £%° B CAENVIOLIEM $IB-
HOM BHJIE:

ar =3 €78 8" (det @) Aaceitinary, 7.2)

rue

(det )" = 4 888 " Naceroary

€CTL olpelae/UTeb U3 KOMIIOHEHT g‘“’ B 683HC€, OPTOHOPMHPOBAHHOM

OTHOCHUTEJIbHO METPHKHU .
PasHocTb CBSI3HOCTH T, onpenenﬂe\/lon MeTpI/IKOI/I g, H CBd43-

HOCTH F onpeﬂenﬂe’uou g, ABJAACTCH TEH30POM U MOKeT OBbITh Bpra-

JKeHA uepe3 KOBADMAHTHYIO NPOH3BOJHYIO g OTHOCHTENBHO I (cp.
¢ pasf. 3.3):

~ 1 7
ore,, =r, —TI%, ==g¢", (85,8.,8°F — g,,0°,0° — g,,6",0), (7.3)

rje BEPTHKaJbHOH uepToli o0o3HaueHa KOBapuUaHTHAA MPOM3BOAHASN
OTHOCHTEJBbHO I', a cUMBOJIOM O — Pa3HOCTb BEJHYUH ONPedeJeHHBIX
oTHOCHTeJBHO g U g. Torna u3z (2.20) caenyer, 4to

O8R5 = 01" 10 — 8T %aa1s 4 8T%4p 8T g — 8090 81 % (7.4)

Orcrona
) (Rab - %gabR) = gaigbf 5Rij +2 5gi(agb)j§ij - 6gai ég”’f?i; —
5 0¢R — 5 g% (0g"'Ry; + g oR,)) =
. . 1 . .
= 7 g" égabu‘f - gl<a‘pb)|i +3 g (V) — 848" 6Mlif) +
+ (unensl, comepxamue 6g0d” u égef), (7.5)
1 e -
P =", — 5 87°8,,8% = (det )7 ((detg) "), =
= (detg)™" 9", (7.6)
¢"° = (det g) 8"

Hanr noan cocrout B caeayiomeM. Beibepem noaxonsuyio doo-
BYIO METPHKY g W NPeICTaBHM ypaBHeHHS DHHWITeHHA B BUAE

R — 5+ Rg” =5 (R® — 3 Rg™) + R® — 5 g“R =8I, (1.7)
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J1o ypaBHeHue OyleM paccMaTpPHBATb Kak HeduHeiiHoe Ruddepen-
n¥anbHOe ypaBHeHHE BTODOrO NOPsAAKA 7 OnpeleseHus g uepes
ero 3HAYEeHHs ¥ 3HAUYEHHSI ero MepBhIX NPOH3BOJAHLIX HA HEKOTOPOIl
Haya/sbHOI noBepxHOCTH. Pasymeercs, utofbl 3Ta chcreMa Obliaa
NoJIHa, HyXKHO 3aJaTb ypaBHEHHs, KOTOPLIM MOAUHHAIOTCA (usuye-
CKHE TIOJIs, BXOAAILHE B TEeH30p 3Hepruu-uMnyabca 14, Omnaxko
Jaxe Torja, KOraa 3TO CHe/JaHO, MBI ellle He HMeeM CHCTEeMBI, KOTO-
pas OJHO3HAYHO ompelesseT Pa3BUTHE BO BPEMEHH uepe3 Hauajb-
Hble fgannple. IIpuunna sToro yxKe ynoMuHa/jdach: pelieHHs! ypaBHe-
Hufl Jdiinmrefina MoryT GbITb €IHHCTBEHHB! JIHIIL C TOYHOCTBIO JO
auddeomopbusva. s noayueHuns onpeaeeHHOTO PeLIEHHS 3TOT
NPOH3BOJI YCTPAHSETCS HAJOIKEHHeM UeThlpeX KaaubpoBOouHolx (CAO-
6ull Ha KOBapPHAHTHbBIE NPOU3BOAHBIE § OTHOCHTEIbHO (OHOBOI MeT-

puKHn g. Mul 6}’1161\-( NI0/JIb30BATBCA TAK HA3bLIBAEMBIMHU «TapMOHHYEC-
CKUMH» YC/IOBHAMHU:

,lbb — 4)bclc — 0’

KOTOpPble aHaJOrHuHBl KaaubpoBouHoMy ycjoBuio Jlopenna Al; =
B 3JeKTPOAHHAMUKe. BMecTe ¢ 5THM YC/I0BHEM MOJMYUUM npuseder-
Hble ypasHeHus JinuTelina

g%, + (wrenn ¢ ¢%, n $%)=16aT" —2R® + g*°R. (7.8)

M1 0603HauuM JIeBYIO YacTb ypaBHeHHs1 (7.8) uepes E%Pq(¢ed), rae
Eab.q — oneparop Jdnwrelina. Takum 06pasoM, OPH MOAXOMsIEM
BEIGOpe TeH30pa HEePrHH-HMIYJIbca MBI N0JyYaeM TuUnepOo/HYecKHe
ypaBHeHHs BTOPOTrO MOpsAfka H B pashd. 7.5 MpoieMOHCTPHDYEM Cy-
IleCTBOBaHHE H CJAMHCTBEHHOCTb ero pewlenufi. Ho 1o storo HyxHo
elile NPOBEPUTb COBMECTHOCTb TapMOHHYECKHX YCJIOBUE ¢ ypaBHe-
uuaMu Jinwrelina. Ilosichum 3To: MBI nmoayunau (7.8) u3s ypaBHe-
muf DitHwTeliHa, noJox)uB ¢, = 0. Temepn Mbl ZOMKHB yGeIUThb-
csl, UTO pellleHHe, K KOTOPOMY MpUBOAUT (7.8), meficTBuTeIbHO 06sa-
Jaer rtakuMm cBoHcTBoM. [as storo npoauddepennupyem (7.8) u
cBepHeM. [loayunm ypaBHeHHe BuAa

gif,lpbiii + Bcbilbc” __I_ chlpc — 163'5Tab;a, (7.9)

rfie TOUKOH C 3ansitofl o6o3HaueHa NPOU3BOAHAs OTHOCHTENbHO g,
a tensopnl Bcbiu CcP 3aBucsr ot g0, R%eq, g% u g%%.. YpaBHeHue
(7.9) mMoxKHO paccMaTpuBaThb Kak JWHeHHOe runep6oaHUecKoe ypas-
menue BTOpOTO mopsaiaka miasa Y. Torza, mockosabKy npaBasi 4acThk
obpaltaercss B HyJb, MOXKHO BOCIIOJIb30BATLCSA TEOPEMOH €AWHCTBEH-
HOCTH pellieHHsl JJIsl TAKHX ypaBHeHuil (nmpennoxenue 7.4.5) u noka-
3aTh, 4To P = 0 BCiOAY, ec/IH 3HAUEHHS 3TOH BEJIMUMHBI H ee mep-
BLIX TIPOM3BOAHBEIX DaBHBI HYJIO Ha HayaJbHOH NOBEPXHOCTH.

B cnenymoomeM pasjese Mbl YBHAMM, YTO NOAXOJSIIMM Anddeo-
MopdH3MOM Haya/JbHble JaHHBlE AJAs Pp MOKHO 0ODATHTb B HYJb.
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Ocraercs elle 110XK43aTb, YTO €AHHCTBEHHOe pPCIUEHIlE, 110.1yUYEeHHOE
HaJoXKeHHeM TapMOHHUYECKOr0 KaJuOpPOBOYHOrO YCJAOBHS, CBA3aHO
nudpdeomopdusmMom ¢ JOOBIM APYTHM pelleHueM ypaBHeHHi# iiH-
iTeflHA ¢ TeMHU Ke Havya/JgbHBLIMH JaHHBIMH. ITo OyAer CAeJaHO B
pasa. 7.4 nyrem crenuasJbHOTO BbiGOpa (HOHOBOIH METPHKH.

7.3. HauaabHuble naduble

ITockoabky (7.8) sBasieTcs runepOOIHYECKON CHCTEMONH BTOPOrO
nopsilika, MOKET MOKa3aThCs, YTO AJIS NMOJMY4YeHHsl pelleHus clelyer
3ajaTh 3HadeHus g u g, u° Ha HaAY4JIbHON THIEPNOBEPXHOCTH
0(%), rae u®— HEKOTOpPOe BEKTOPHOE noJe, KacaTeabHoe K 6(F).
OnHako atn 20 KOMIOHEHT He BCe CYIIECTBEHHBI HJH He3aBHCHMDL;
IIpH TIPOU3BOJILHOM H3MeHEHHH HEKOTODBIX H3 HHX pellleHHe camoe
Bosbliee mperepreBaer auddeoMopdHaM, B TO Ke BpeMs Apyrue
JOJIKHBl YAOBJIETBODSATb ONDPEHENEHHBIM YCJAOBHSAM COBMECTHOCTH.

Pacemorpum puddeomopdusm wisl — M, ocrapasiomuit 6 (%)
TOYEYHO HemOABHKHBIM. OH HHAYIHPYET OTOOPaKeHHe [y, NEePEeBO-
asiulee g B Touke p < 0(F) B HOBLIHA TEH30D W.g* B TOH Ke TOUKe.
Ecnu Bektop n, & T*p oproroHanen x (&) [r.e. n,Ve=0 nnsa
moboro Vee T, xacareabHoro X 6(¥#)] ¥ HOPMHpPOBAH Tak, 4TO
Ne8%ny = —1, TO MOAXOASIIHM BEIGOPOM W BEKTOD Mal+Z*® MOIKHO
clesaTb paBHBIM JIOO0OMYy He KacarelpHoMy X 0(%) Bektopy B TOH-
ke p. ClenoBarenbHO, KOMIIOHEHTH 11,8 He cyuecTBeHHb. C Apy-
TOf CTOPOHBI, MOCKOJBKY (b OcTaBiasger 0(F) ToueyHO HENOABHNK-
HbIM, MeTpuka Hfqp = 0*gqp, MHAyLMPOBaHHAs Ha &, OyAer ocra-
BaTbcs HemsMeHHOH. IT03TOMY TOJIBKO Ta 4acTp g, KOTOPAs JICKHT
Ha 0(%), HeoOxXoauMa s nosydyenus peieHusi. OcraabHbie KOMIIO-
HEHTHl f1,g%° MOXKHO 3aJaBaTb IPOM3BOJbHO; pelICHHE INPH 3TOM
camoe Gosbuiee npeTepnut guddeomopdusM. UroO6b NpHHATH K 3TOMY
BBIBOAY HHBIM IIyTe€M, BCHOMHUM, 4TOo Mbl copMyJaupoBadH 3ajfauy
Kommm a5 HayaJbHBIX HAHHBIX, ONpeJeJeHHBIX Ha abCTPakTHOM
TPeXMepHOM MHOroo6pasun &¥, u 3aTeM HCKaJH BJIOKEHHE ero B He-
KOTOpPOe ueThIpexMepHoe MHoroOpasue. Ha camoii nosepxmoctH &
HeJb3sl 33JaTh YeTbIpeXMepHOe TEH30PHOe IoJe Bpojie g, a MOKHO
BBECTH TOJIBKO TPeXMepHYyI0 MeTpHKy h, KoTopyio Mbl 6yleM CUHTAThb
NOJIOXKHUTE/IbHO onpefiejenHoll. KonTpapapuaHTHAas U KOBapHaHTHAsA
KOMIIOHEHTEHl h ¢Bsizansl cooTHOMmIEHHEM

h%®h,, = 6%, (7.10)

rfe Tenepb 8% — TpexMepnbiit Tensop na ¥. Brnoxenne 6 npeo6pa-
3yet g, B KOHTpaBapuantioe Tensopuoe nogae 0.4 na 0(¥), ob.1a-
Jaloliee ¢cBOHCTBOM

10,8 =0, (7.11)
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BBHAY [POH3BOJBHOCTH nag“b Mbl Telepb MoxkeM Ha 0(¥) 3azatp
TEH30DHOE IIoJIE g:

g =0,n% — ua®, (7.12)

rae u® — npousBoJsibHOE, He KacarteapHoe K 0(F) u BCIOAY OTJAHUHOE
0T HYJ/a BeKkTopHoe moJe Ha 0(%). Onpenensisi g, u3 (7.1), umeem

hao="0"Gap, 1ag" = —nguu’, guuu’=—1. (7.13)

Orciona hgp — MeTpUKa, HHAYUHDPOBAHHAS Ha P METPUKOH g,
2 u® — eJIMHUYHBIA BEKTOD, OPTOroHa’AbHbIH K 6(%) B MerTpHKe g.

[lonoxenue ¢ nepebIMH NPOM3BOAHBIMH g%, u° aHAJOTHUYHOE:

1,8 4 MOMKHO mpHBeCTH COOTBETCTBYIOUIMM Aupdeomopdhusmom
K JI00LIM Hamepen 3ajgaHHblM 3HaueHusaM. Oanako 3gecs HMeercs
JOTIONHATEVIbHAS COKHOCTb, COCTOAIAs B TOM, 4to g%% . 3aBHCHT
He TOJIBKO OT g, 10 H OT (OHOBOH MeTPUKU g. UTOOLI BHIpasuTh Cy-
IEeCTBEHHYIO 4acTb [1€PBOit NPOU3BOAHON g TOJBKO Yepe3 TEH30pHbIE
noJisl, 3aflanHble Ha &, MLl MOCTYIIUM CJeAyiolluM o6pasoM. Brenem
Ha & CHMMETPHUHOEe KOHTpaBapHAHTHOe TeH3opHoe moJge %0, Ilpu
BJIOKEHHH ¥4 otobpaxkaercst B TeHsopHoe nose 0,y ua 0(%). Ilo-
TpebyeM, uToObl 0.x*? OblIO paBHO BTOPOH (yHmaMeHTaILHOH Gop-
Me (cM. pasn. 2.7) nogmHorooGpasus 0(#) B merpuke g. Torma no-
JYYHM

e*xab = B*hace*hbd (ueget');d =
= 0,h%8,h" ((4°gu)yy — 0T attger). (7.14)

Hcenoassya (7.3), maxogum
1 ,
0% =5 0,h°0, 8" (— g,0,,8" " + g, '+ g ). (7.15)

O6paleHHeM 3TOr0 PABEHCTBA MOMKHO NOJYUYHTL BhIparKeHHe MJs
g*’ u° uepes 63

% ge = — 0" +0,h%0 g, i+ ul WD, (7.16)

rae WP — HexoTopoe BekTOpHOe moJe Ha 6(%). [Honxoasmum aud-
beoMOpdH3IMOM W €My MOXKHO NpHUAATh JdI000e HYXKHOe 3HaueHue.

TensopHble moas A% u %%° Hesb3st 3agath Ha P COBEPIIEHHO He-
3aBHCHMO, NOCKOJIbKY cBepTKa ypasHeHuil JDffHmreliHa (7.7) ¢ nq
AaeT ueTkIpe ypaBHeHHs, KOTOLIe He cogepxar g ,u‘u’, 1.e. BTO-

PHIX NPOM3BOAHBIX g, MMEIONIUX HEHYJIeBble NMPOEKUHY Ha HOPMAaJdb
K 0(¥%). Takum obpaszoM, JOJLKHBI CYLIECTBOBATL YETHIPE CBSI3H Me-

xay g%, g u° u n T, Ucnoapsys (2.36) u (2.35), HX MOKHO
y I¢ a ¥ .

9 3akas 381
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NpeicTaBUTh B BHAE ypaBHeHHil Ha TpexMepHoM Muoroobpasuun -
cd cd an* d
X aee — X Tt = 800" (T4 1%, (7.17)

R R = 28 haghys) = 838 (T, (7.18)

rae JABOMHON BepTHKaJbHOI 4eproit [ obo3Hauena KoBapHaHTHAs
Tpou3BoAHast Ha & oTHoCUTENAbHO MeTpuku h, a R’ ecTb ckaaspHas
KpHBHM3Ha, NolyyeHHas us h.

Takum o6Gpasom, HaHHble @ Ha &, HeOOXOAUMbIE A/t MOJYUEHHS
pelieHuns, COCTOSIT U3 HAYAJIbHBIX NAHHBIX AJAS MAaTeDHAMbHLIX NOJel
(Hanpumep, B cayuae cKaJsipHOTO MOJst ¢ OHH COCTOSI/IM Obl U3 ABYX
GyHKIMHA Ha ¥ — 3HAueHWsT ¢ U ee HOPMAJBLHOH TNPOU3BOAHON) u
ABYX TE€H30PHBIX NoJied A i ¢ Ha ¥, KOTOpble MOLUHHAIOTCS Ypas-
nenuam csasu (7.17), (7.18). Ilocaennue npeacrasasior coboit 3j-
JHUNTHUECKHE yDaBHEHHs Ha NMOBEPXHOCTH ¥ U HAK/IA]blBAIOT YeTbipe
cBA3M Ha 12 He3aBucUMBIX KomroHeHT (A%?, y2?). Ilpm stux ycao-
BHSX MOXKHO NOKa3aTh, 4TO BOCEMb M3 3THX KOMIIOHEHT 3aAal0Tcs
HEe3aBHCHMO, a OCTaBIIHEeCs YeThlpe HaXOASTCs pelleHMeM ypaBHe-
Huil cBsisu (cM., Hanpuwmep, [17]). ITapy (&, ®), y10BJIETBOPAIOULIYIO
3THM Tpe6GoBaHUAM, OyneM Ha3blBaThb KOMAAEKTOM HQYAAbHbIX OQH-
Hoix. CJeAYIOWMM HaluMM waroM OyAer BjokKeHHe & B NOAXOJsiIIee
YyeThIpeXMepHoe MHoroofpasue A ¢ METPHKOH @ M 3allaHue Zqy HA
0(¥) coornouennem (7.12) npu HekoTopoM BHIGOpe BexkTOopa u®.
[Tonoxnm u* = gebn,. Torpa u® Gyaer oproronanet x (&) B obenx

MeTpHKax: g u g. BocmoassyeMmcs Ttakike coBonofi BeGopa We B
BbIpAXKEHUH gablcuc u3 (7.16) mas toro, uro6sl 06paTUTbL P? B HYJb
Ha 0(¥). DTo npuBeleT K TpeBOBAHHIO

1 e
Wb = — gbc[dgcee*hed +__2_ nggcdlee*h b +
+ 1 (g 00" — g1 0,87).  (7.19)

[3ameruM, uto Bce mpoussoiuble B (7.19) xacareabssl K 0(%), Kak
i Tpebyercad TeM OOGCTOSTENbCTBOM, HYTO paccMaTpHBaeMble IOJs
JOJKHBl GbITb 3afadbl Ha OJXHOH TOJIbKO moBepxHoctd 0(F).] Has
BHINOJIHEHHs BCIOAY B A ycioBust P2 = 0 HyKHO, KpoMe TOTo, 4T00Ob!
BexTop PP u¢ ofpamaJjicsa B Hy/1b Ha 8(%). Ho 210 cpasy caenyer
U3 ypaBHeHUH CBA3U, ec1y HA 0(F) yLOBACTBODPAIOTCA NPUBEACHHBIE
ypaBHenus diiHmredHa (7.8). CiaefoBaTebHO, Mbl MOXeM NPHCTY-
naTh K pelleHHio ypasHeHuil (7.8) kak HequHelHON runepGosuye-

CKOJl CHCTEMBI BTOPOTO NOpPsiAKa Ha MHoroo6pasuu J ¢ MeTpUKOH g.

[Bamerum, uro mas ¢®¢ mbt uMeem 10 ypaBHeHuii; npu LOoKasa-
TeJbCTBE CYLLEeCTBOBAHHUS peleHuit 3Tux 10 ypaBHeHuit Mbl He OyjaeM
IeJHTh UX Ha CUCTEMY YpaBHEHHUI CB3H U CHCTeMy ypaBHEHHMH, onu-
CLIBAIOLIMX Pa3BHTHE BO BPEMEHH, M, C/1eJOBATEJbHO, HE BO3HHKAET
Bonpoca 06 yAOBJAETBOPEHHH ypaBHeHUH cBA3H BHe 0(F).]
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7.4. I'nmnepGonueckne ypaBHeHUs BTOPOTO MOPSAAKA

B s10M paszmese Mbl BOCIpOM3BeleM HEKOTOPbIE Pe3VJbTaThl OT-
HOCHUTEJIbHO TunepOOoJHYECKHX YPABHEHHIT BTOPOTrO HOPsiiKa, NpHBe-
nennsie B [40]. TIpn 3ToM Mbl 0606IHM WX Tak, YTOOBI OHH ObLIH
NPUMEHHMBI KO BCEMY MHOTOOOpa3uIO, a4 He TOJBKO K OZHOH KOOPD-
AHHATHON OKPECTHOCTH. DTH Pe3y/bTaThl GyAyT HCIOAb30BAHEL B T0-
CJACAYIONINX pasfenax AJf JOKa3aTelbCTBA CYLIECTBOBAHUA H eIUH-
CTBEHHOCTH Pa3BUTHH KOMIJIEKTAa HAYaJbHBEIX AdHHBIX (&, ®).

Beenem cnauana panx onpenernenuit. Mel 6ygeM I0JIb30BaThbCA
NPONUCHBIMHA JTAaTHHCKUMH OyKBaMU A5 0603HAUEHHsS COBOKYIHOCTEH
KOHTDAaBaPHAHTHAIX WM KOBADUAHTHBIX HHAEKCOB; TaK, TEH30D THIA
(r, s) Oymem sanuchiBaTh Kax Kl;, a unCJIO HHAEKCOB, KOTOpbIe
NPeACTaBASIOT CoBGUparTeabnslit nuaeke I, obosnaunm uepes |/, 1. e.
|/| = r. BBegem Ha J NOJIOKHTEABHO OTPENEJEHHYIO METPHKY €qp H

€)= €apCoq - .+ €pg, el ==eecd | era,
Nt o, o —— B e T —
¥ COMHOXKHUTeMel r COMHOKHUTE/NeH
rpe | {|=|J]|=r. 3arem onpeneaum | K';| (nnu npocro | K|), Hopmy

rensopa K';:| KI;|= (K';KLye;e’™)", rie 1moi mOBTOPSIOMMAMHCS
cobupaTe/lbHBIMH HHIEKCAMH [OJDPA3YMeBaeTCsi CBePTKAa MO BCEM
HHJEKCaM, KOTOpble OHM IpexcTaBasioT. YUepes | D™K', | (u1u npocto
|D™K|) Gymem oGosnauats |K'y.l, rae |L|=m, a uepra | o3Ha-
yaeT, KaKk H IpexJe, KoBapuautTHoe AnddepeHLHpPOBaHHE OTHOCH-
TeJBHO g.

ITyctp A’ — HeKOTOpOE BJIOKEHHOE NMOAMHOro06pasHe ¢ KOMIAKT-
HBIM 3amblkanueMm B . Torpa || K/;, A ||, onpegessiercss Kak

m Y2
Y, {aorkiipdot
p=0 &

rae do — oGbeMHBI 37MeMeHT Ha A°, HHAYLHPOBAHHBI METPHKOMH e.
3anaanm ewe ||K, A ll;» B BHOE TAKOrO Ke BLIDAKEHHS, HO C NPOH3-
BOJAHBIMH, B3fITLIMH B KacaTe/JbHOM K A° Hampasjienud. OueBHIHO,
1K, =K, AT ,,

Toraa BeKTOpHBIE NPOCTPAHCTBA TEH3OPHBIX noJjell KT, tuna (r, s)
SBJSIIOTCA N0 onpejeqaenuto npocrpancrsanu Coboaesa W {r, s, /),
€CJIH MX 3HAUGHHS M 3HAUYEHHMs WX MPOH3BOJHBIX (B CMbIcjae 0606-
weHHbIX GYHKUMI) ompeneseHsl moutH Bciogy Ha A (T. e. BCiony,
UCKJIoyast, ObITh MOXKeT, MHOKECTBO MEDPHI HYJIb; B OCTABILEfiCs YacTH
3TOr0 pasjesa IOYTH BCIOAY VYTBEpPKAEHHA CJeLYyeT IOHUMATb
B CMBICJIE «TIOYTH BCIOAY») U ecau || K!;, A4 ||, — KOHeUHAs BeJHUUHA.

[Tpocrpancreo CoGosiea ¢ HopMo# || , ANll, ABIAETCT GaHAXOBBIM

9*
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IIPOCTPAHCTBOM, B KOTOPOM TeH3opHble C™-moJss tuna (r, s) obpa-
3YIOT IJIOTHOE MOJAMHOKecTBO. Ecau e — gpyras HempepblBHAsi MO-
JIOXKHUTEJNBHO OIpese/eHHass MeTpuka Ha A, To HAWLYTCA TaKHe
NoJoXKHUTeNbHbEe TocTosiHuble C) u C,, uTO

CliK[JI<,K1jI,<CQIKIJI Ha N
CUK'y, K1, <IK, £, <CIK, £,

CnenoBatenbro, || , A |, Gyaer sxsuBasenTHONl HOpPMOH. AHalo-

ruuHo apyras douosas C™-Merpuka g’ OyaeT /aBaTb 3KBHUBAJEHT-
HYI0 HOpMY. B 1efiCTBUTEIBHOCTH H3 JBYX JIeMM, NPHBEIEHHBIX HHXe,
caenyer, uro nas g7 = W™ (A) u pasMepsocTu A°, Memblied 2,
HOPMa, TOJIyd4eHHAasl ¢ IOMOLIbIO KOBAaDHAHTHbIX MPOM3BOAHBIX OTHO-
CHTeJqbHO g”, CHOBA SKBHUBAJIEHTHA HCXOAHOH.

Tenepr Mbl IpHBeAeM TPH (PyHIAMEHTAJbHEIX De3yJjbTaTa s
upoctpancTs Co6oseBa. Mx JnokasaTesnbCTBa MOXHO TOJIYYHTD,
nosab3ysick kauroil CotoJesa [159]. ITpu aroMm norpebyiores caadble
orpannuenuss Ha Bug JA°. Dyjer n0CTaTOYHO HOTPeOOBATh, UTOGH
B Kaxjoii Touke p kpas OA MOXKHO OblJIO BJIOXKHTH B A moJo-
BHHY #-MeDHOTO KOHyCa C BePIIHHOH B p, TJe 7 — pa3MepHocTh A .
dro TpeGoBaHHe BHINOJHSAETCH, B YAaCTHOCTH, Korja Kpad Of°
raafgxai.

Jdeuma 7.4.1
CyuiecTByeT MOJIOKHTEAbHAS MOCTOSAHHAS Py (3aBucsias ot A,

e g), takas, uro |K|<<P,|K, ./Y’Hm Ha N pas moboro K/, e
e W™K ¢ 2m > n, tae n— pasmepHocth A

Ecmu K, e W™(A) 1 2m > n, T0 0TCIONA H H3 TOrO, YTO BEK-
TOPHOE [POCTPAHCTBO BCEX HENpPEpPHIBHBIX ToJelt K/; ua A ¢ Hopmoit
sulel siBJIeTcsl GaHAXOBBIM TPOCTPAHCTBOM, CJEAYeT HEeNpephIB-

! !
noers K/, ma A°. Amanoruuno, ecan K'; & W™*?, o K', 6yner
CP-nosem Ha A.

Jdemna 7.4.2

CyuiecTByeT HONOXKUTENbHAS TOcTOsiHHas P, (3aBucsauias ot A,
e M g), Takas, uto AJs MoGkX moJselt K';, LPo e W™ (K) c 4m=n
BHIIOJIHAETCS] HEPABEHCTBO

1K' LPq Kl << Pl K, H N liLy Nl

Ecnin n<<4 w 2m >n, To u3 3TOH M NpeAbAyiued JeMM cJe-
nyer, uto AAf JHoOHX aBYyX monet K/;, LPo& W™(A) ux mpous-
Begenue K/;LP, Takxe npunamaexur W™ (A°).
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Jenmma 7.4.3
Ecan A ects (1 — l)-MepHOe nNopMHOrooGpasue, rJaagko BJIO-
*KeHHoe B A°, TO CYIIECTBYeT MOJIOXKHTeJbHAs NOCTOsiHHAas P; (3a-

Bucamwas or A, A, e u g), Takasd, uro aas mo6oro noas K/; <
m+l; o
e W"" (&) BHIOMHSETCS HEPABEHCTBO

1K, A n <Pl K, K llms-

Mbl noKaeM CyIIeCTBOBAHHE M eIUHCTBEHHOCTb Pa3BHTHH KOM-
niekra (#, o), koria ht e Wite(P) u y2b = W (P), rae a —
mobas HeorpuuarenbHas uesnad. [Ecau nosepxHocth & He KOMIAKT-
Ha, 10 h*t = Wm(P) osnauaer, uto A%t = W™ (A) npu kaxoM-audo
OTKPBITOM HOAMHOMKecTBe N & ¢ KOMIIAKTHBIM 3aMbikanueM.] s
3TOTO JOCTAaTOYHO, uTOObl Ha & hoP mpumamnexana kmaccy Chae g
x2® — kJa1accy C3+%; HeoOXOJUMBIM YCJIOBHEM, CONJACHO JgemMe 7.4.1,
sIBJSieTCsl NpPHHAAMEXHOCTh h%® kmaccy C*t7 u x40 — kmaccy Cite,
Penrenne ans geb, kotopoe 1pH 3ToM 1oJydaercs, GyAeT npuHaiIe-
xaTh npocrpaHctBy W4 (J6) nas kaxAoH raamkofi nmpocTpas-
CTBEHHOMOLOOHOH MOBEPXHOCTH J8 H, CJeLOBATEJNbHO, NMPOH3BOJLHBIE
10 (2 + a)-ro nopsiika BKJIOUHTENbHO OYIYT OrpaHUueHbl, T.e. gt
6yner xnacca C+— na A.

Sty ycaoBus AudQepeHuupyeMOCTH MOXKHO OCJaabuTh Iad Cay-
yaeB, MNOAOGHBEIX YAADHBIM BOJHAM, KOTJa pelleHHe Ha BIOJHE «XO-
POLUMX» MUMEPIIOBEPXHOCTSX YK€ He NPHHALIEXKUT npocTpancray W
(cm. [29, 83, 120, 127]). Omnako He HalAeHO A0KA3aTejdbCTBA TEO-
peMbl CyNeCTBOBAHUS H €IUHCTBEHHOCTH L5 OOUIero c/aydasi, Korjaa
peiienvie He npuHaanexkuT W4 YciaoBHe NpuUHAAMEKHOCTH pelIeHUs
K knaccy W4 yxe camo no cefe ABJIAeTCA yJIydlUIEHHEM PE3y/JIbTATOB
npefulecTByomux pa6or [29], # TeM He MeHee OHO HECKOJLKO CHJIb-
Hee, YeM XOTeJ0Cb Obl, HOO AJNA ONpeAesNeHHs] ypaBHeHUH DHHLITENH-
Ha B cMblcje OOOOLIEHHBIX (YHKIHHA IOCTATOYHO HENPEPHIBHOCTH
MEeTPUKH H JIOKaJbHOH KBaJpaTHUHON HHTETPHPYEMOCTH ee 0600LIEH-
HBIX MPOU3BOAHBIX (T.e. npu g xaacca C° u npunaniexaimem W),
C zpyro#l CTOpOHBI, BCSIKOE YCJAOBHE NPHHAMIEKHOCTH Kiaccy We
npu p << 4 He rapaHTHPYeT €IHHCTBEHHOCTH TeOle3HUecKHX, a IpH
p << 3-— ux cymectBoBanus. CaMu MHl CTOMM Ha TOH TOYKe 3peHHus,
YTO 3TH Pa3JuUUsl B YCJIOBUAX NHPPepeHUHPYEMOCTH HE CYLLECTBEH-
Hbl, TIOCKOJBbKY, KaK 6bl10 06BbsACHEHO B pa3i. 3.1, Aaa Moxeau mpo-
CTPAHCTBA-BDEMEHH MOXKHO NPHHATb, UTO MeTPHKA NPHHAIJIEXKHT
ki1accy C=.

Urobw goKasaTb CYLIECTBOBAHHE K €JMHCTBEHHOCTb pPasBHUTHI,
Mbl YyCTAHOBMM cefiuac psfl GpyHAaMeHTaJ bHbIX HEPaBEHCTB (JIeMMbI
744 u 74.6) nas runepboJauuecKHX ypaBHEHHH BTOPOro nopsaxa,
UCIIONB3YS METOl, NOJOOHBIR J0KA3aTeNbCTBY TEOPeM COXPAaHEHHs B
pasz. 4.3.
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Paccmorpum muorooGpasue A Buma 56 X R', rae o6 — Tpex-
MepHoe MHoOroo6pasue. I1yctb 24 — OTKpPBITOE MHOXKECTBO M C KOM-
NAKTHBIM 3aMBIKaHHEM, ¥ KOTOPOro UMeeTcs rpaHuna 624 u KoTopoe
nepecekaer 6 (0), npuuem uepe3 B (f) oGozHaueHa MOBEPXHOCTb
7 X {t}, t=R' Tlycte U, u WU(") — e uactu U, 119 KOTOPHIX

Y

- _aw)

UE)

_H©)

oU %

Puc. 48. U ——OTKprTOG MHOXKECTBO € KOMIAKTHEIM 3aMblKaHHeM B MHoroofpa-

aun A = H X R'. U4 — ob6aacTb MHoKecTBa U, 115t KOTOPO# t=20,u U{H)—
obnacre 2 mexny t=0u t=1¢ >0,

coorBeTcTBeHHO >0 u ' >=¢>0 (puc. 48). ITyers g — doHOBas
C?~-meTpuka Ha %+, a e——-HOJIOH{I/ITeJIbHO onpenenennas Cl!=-me-
Tpuka. PaceMoTpuMm Tensopueie noas KY;, MopuuHSIONIHECT TUTep-
60JIHIECKOMY YDPaBHEHHIO BTOPOTO MOPAAKa BHAA

L(K)= A“K! 10y + B QJKQPIa -+ CPIQJKQP =F';, (7.20)

rie A — sopeHueBa MeTpuka Ha 24+ (T.e. CHMMETPUUYHOE TEH30pHOE
noJie curuatypsl +2), B, C 1 F — tensopHele noas tunos, o6o3Ha-
YeHHBIX HX IHAEKCAMH, I BePTHKAILHAA UepTa O3HAuaeT KOBAPUAHT-

Hoe AH(pQepeHInpoOBaHHEe OTHOCHTEALHO METPHKH g.
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Jdemma 7.4.4
Ecau

1) O%Q@J, axXpOHAJbHO OTHOCHTENbHO A, :
2) cyulecTBYeT HEKOTOpPast NOCTOAHHAS Q > 0, 175 KoTopoli Ha AL,
Aabtlatib < - Ql
H
ACW Wy 2= Qe W W,

past moGott [-dopMer W, yroBaeTBopsmollefl paBeHcTRY Aabzmwao,

3) CYIIeCTBYET HEKOTOpast IOCTOsHHASI Q,, Takasi, uro Ha U,

[AISQ [DAISQy, [BISQ, [1CISQy,
TO HaHZETCs HEeKOTOpas MOJOKHTe/bHAs focTosuHas P, (3aBucsulas
or U, e, g, Q, 1 Q), Takas, uTo AI% JoGoro pewenus K/, ypas-
nenns (7.20) cupaBensiHBO HEPABEHCTBO
IK, BEONULN<PAIK, FEO)N UL +[F, @) lo}-

HOna TeusopHoro mnoss K/; nmo aHaJorud ¢ TEH30POM SHEPrUH-UM-
nyJabca AJs CKaJspHOro I0Js efMHHUHOH Macch (pasum. 3.2) oGpa-
3yeM «TeH3op sHeprum» S°:

1 1
Sab —_ {(AacAbd -3 AabAca') Kljchled — AabKIjKPQ} eerlP'
(7.21)
Tenzop S® MOLUHHSETCA YCAOBHIO SHEPrOLOMHHAHTHOCTH (pasz. 4.3)
OTHOCHTENbHO MeTPHKH A (MHBIMH cJ0BaMH, ecju Bektop W, Bpe-

Mennnonofen oTocutensso A, o SPW,W,>0, a sextop S¥W,
HeInpoCTpaHCTBEHHONO00eH oTHOCHTeIbHO A). DBoJsee Toro, B cHJIY
yeqoBuft (2) u (3) 6YAYT CyuiecTBOBAaTh TaKHe IOJOXKHTE/bHbIE T0-
CcTOsiHEBlE Q3 U Q4, UTO

Qs (| KP4+ | DK< S®hatp <Q (I KP4+ IDKP).  (7.22)

Tenepb Mp npumerum gemmy 4.3.1 x S%, BuiGpaB B KauecTse %,
KOMIIAKTHYIO 006.acTb & H 10Jb3ysich 00BeMHBIM 3aeMeHTOM dd
M KOBapHaHTHBIM JuddepeHIIPOBaHNEM, KOTOpPHIE ONpeneqsioTcs
MEeTPHKOH g:

[ s?ude< | sdo,+

ge ()N U+ FONU+
t

+S{ S (PS"”r\a—FS“”m)déb}dz', (7.23)
O Loewrntl+

rie P — nojoxKuTedbHAs [OCTOSHHAA, He sasucsmas or  S%.
(B nmepBoM caaraeMoM NpPaBoH HacTH 10 cpaBHEHHIO ¢ JeMMoH 4.3.1



264 2. 7. 3adawa Kowt 6 obujell reopuit OTHOCUTEAbHOCTU

M3MeHeH 3HaK H3-3a TOro, 4ro 3JemeHT d§G, HOBepxXHOCTH 6 (f)
B3AT C TOH K€ OpHWeHTauuei, 4to W tp, T.e. d6y =1, ds, roe dG—
MOJIOXKHTEJIbHO oONpenestedHas Mepa Ha o6 (f).) BBuay Henpepnis-

HOCTH € u @ HaHAYTCs TakHe IOJIOXKHTeNbHBIE MOCTOSHHBIE Qs H (g,
yto Ha 94, OyHEeT BLINOJMHATLCH HEpaBeHCTBO

Qs do<<d << Qgdo, (7.24)

rae do — saeMeHT miaowanu Ha 78 (), MHAYLHPOBAHHBIA METPHKOH €.
Taxum o6pasom, B cuay (7.22) u (7.23) cyuiecTByer HEKoTOpas Io-
cTosiHHasA @, Takas, 4To

1K, 26 ONU, 1< {IK, 20N, 11*+
t t

+ S 1K, 96 ()N U, |\ 4t + S (St do) dt’ } (7.25)

0 0
Hs (7.20) caenyer, uTO
Sy = A%K! ;. FPoe’%;p -+ unenst, kpagparuunee no K/; u
KPqi., ¢ KoabduuuenTamu, comepxamumu A%, A%,
Reyess By u CPoy (7.26)

TTockoabky Bce KoapuLHeHTH HAa 2, OrpaHHYEHHl, CYIIECTBYET
Takasi NoCTOstHHAA Qg, UTO

St <Qs{|FF+|KF-+|DKP} (7.27)

CJenoBaTesbHO, HalijieTcsl MOCTOfAHHasA Qy INPH KOTOPOH B CHIY
(7.25) u (7.27) Oyner BHIIOJHATLCA HEPaBEHCTBO

1K, 260N, 1 <Q{IK #0)N2%,I°+

t
+ (1K, )N, 1 dF +IIF, wmn&};

0

3TO HEDPABEHCTBO MOXHO IpPeACTaBHUTbL B BH/IE
dx
& LQlrt o), (7.28)

t

x()={IK, ()N, 17 dL.

0

rpe

OTtciona
t

< e S o=ty (¢') dF. (7.29)

Y]
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[ToCKONLKY Y —— MOHOTOHHO pacTyiuas QYHKUHS £ M IOCKOJAbKY f

orpaHiueHo B %{,, CYIleCTBYeT Takad INOCTOsHHAas Q) KoTopas
oGecnieylBaeT BLIMOJIHEHHE HepaBeHCTBA

* << Quoy-
Hrak,

IK, ZONUL NS PAIK, 0)NUL N+ IF, U0},

rue

Py =(Qy -+ Qi)™ o

C mOMOLIBIO 3TOTO HepaBeHCTBa Mbl HeMe[JeHHO MOXKeM 10KasaTb
eIMHCTBEHHOCTh DelIeHHil JIMHEeHHbIX THNePOONHYECKUX YyDaBHEHHI
2-ro mopsiAKa, T. e. ypaBHeHul, a5 Kotopulx A, B, C u F He 3aBucar
or K. B camom gene, mycts K; u K%I; OyayT peileHHIMH ypaBHe-
uusa L(K)=F, npuueM HauajbHble 3HAUEHUS KAK HX CaMHuX, Tak H
HX NepBBIX NpoudBogHbIX Ha J6 (0)() 2¢ cosnanmator. Torna npensbl-
AYIHH pe3yJbTaT MOXKHO NPHMeHHTb K ypaBHeHnio L (K! — K2) =0
H MOJIYYUTD, YTO

I1K'—K?, () N2UL | =0.
Otcrona K! = K2 ga %4+ Taxkum 06pasoM, Mbl HMeeM

Il1pedaoocenue 7.4.5

ITycte A — nopennesa C'—-merpuka Ha & u nyctb B, C u F Jjo0-
KaJibHO orpanuuedsl. [lycrs #6 — A — HekoTOpAas NPOCTPAHCTBEHHO-
nogoGHasi W HeNpHUHHHAs OTHOCHTENBbHO A 3-moBepxHocTh. Toraa
pemeHue JHHelHOro yparHeHus (7.20) ofHO3HAYHO ONpellesieHO Ha
MHOXKecTBe 7’ < D+ (546, A{ €ro 3HAUYCHUAMH M 3HAUCHUAMH €ro Imep-
BBIX NPOM3BOAHBIX Ha 6 (1 J= (7, A).

CornacHo mpennoxenuio 6.6.7, D+(56, A) umeer sux 7 X Rl
Ecan ¢ €77, 10 no npeanoxennio 6.6.6 muoxecrso J/=(q) N J*+(5)

KOMITaKTHO H MOKeT ObITb B3SITO B KauecTBe %+. [}

Hrak, ¢pusnueckoe nose, NoAYHHAIOLIEECS JHHEHHOMY yPaBHEHUIO
Bupa (7.20), 6ymer yIOBJETBOPATH IOCTYAATy TNPHUYHHHOCTH (a)
pasx. 3.2 mpu yCJOBHH, UTO M30TDPONHBIN KOHYC B MeTpHKe A cosma-
HAaeT ¢ H30TPOTHBIM KOHYCOM IIPOCTPAHCTBEHHOBPEMEHHON METPHKY &
HJIH JIEXKHT BHYTPH HEro.

Uro6bl n0OKa3aTh CYIECTBOBaHHe pelleHunfi ypasHenuin (7.20),
HaM ToHafobsTcs HepaseHcTBa Adsi npousBomHbiXx K Gosee Bbico-
Koro nopsiika. Mpl npuMeM Tenepb, uTo (OHOBAs MeTpHKAa g IO
Kkpafinefi Mmepe KJaacca C5®, rne @ — HeOTPHLATEJBHOE LEN0E YHCIIO,

a MHOXeCTBO ¢ BO3bMeM TakuM, utoObl obaactb 7 (0) (1 2L umena
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IVIaKYI0 PpaHully u 4To0bl MpH 3TOM CyLIecTBOBaJ Axddeomopduam
A(F6 (0) N U) X [0, t]] > U,

o6Jaagaiouiit TeM cBOICTBOM, UTO AJs BeAroro 1 & [0, 4]
M6 )N U), 1= ONU,.

CrenmaeM 3ToT BhIGOp Tak, uToGH Ha moBepxHocTH ()N AU, cy-

LIECTBOBAJIH BEPXHHUE TpaHulbl Py, P,, P, njs nocTosiHHBIX P, Py, Py
B JemMax 7.4.1—7.4.3.

Jemma 7.4.6
Ecan soinonHeHsl ycaoBas (1) u (2) memMbl 7.4.4 n ecan
4) cymecTByeT Takas nocrostiHas Qs, NpH KOTOPOH

IA, Uf4ra<KQs 1B, Uil <Qs 1€, Uy lhia < Qs

[B cuny memMmel 7.4.1 3mechk copep:KuTcs W ycaoBue (3)], To cyue-
CTBYIOT TaKue HOJOXHUTENbHBIE MOCTOsAHHbIE Ps , (3aBucsumie ot 2,

e, g, a, Q 1 Q;), UTO BBIIOJHAETCS HEPABEHCTBO

1K, BONUs 1o <Ps,a {IIK, BO)N Uy Nisa +1F, 2 () lb1a}-

(7.30)
W3 nemmbt 7.4.4 MBl HMeeM HePaBEHCTBO AJs
1K, BHNUL N
UTo0bl MOJAYYHTh HEPABEHCTBO 415
1K, () NU b,

o6pasyeM TeH3op «3Hepruu» S s DepBHIX MPOH3BOIHBIX Kijen
NOCTYNHM, KaK mpexge. Jluseprenumo S|, MOMKHO IpH 3TOM BHI-

YHCAUTH AuddepeHinpoBanueM ypasHenni (7.20):
Sy = A“K' 10aFPg1e%e’ Qe p + (uennr, kpampatuunsie no K’y u
K!jeq ¢ KO3 dULHEHTAMH, 3aBHCALIUMH OT A A%,

~ = pI PI
Rfaery Riaefie, B @ry B 'qna, CP qs, CPlgpa); (7.31)

Pl
Bece 3ty ko3 duLHeHTH (3a_}1cxmoquHeM, 6bITh MOKeT, B g4

u CP/554) orpaunuenst na 24, B cayuae a==0. [Ipu unTerpupo-
Banuy no nosepxuoctd JG(I') 1 2. B (7.31) ugen, BKJIOYANIIHH

cPI
B™ " qna, uMeeT BHI

aab PR -S J ” 5
—_ S Aa K j]ch( QSIeK Rm@ceeQ ep dO',l. (762)
T ()N U+
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CyiuecTsyeT HeKoTopash HoctosuHast @ 14s Beex !/, IpH KOTopoil
puTerpad (7.32) Meublue HJIM paBeH Be/JMUHHE

@ | IDBIDKIIDKIdo<
e INU+
<—;—Q4 S [D°K[>+|DB [ |DK [ do. (7.33)
FE( N U+
Coruaacto Jemme 7.4.2,
DB F| DK | do <<
g )N U+ N ‘
<SPAIB, ) NUL K, FE)N UL,
rae 0o ycaosuio (4) u semme 7.4.3
IB, (') N U I < PsQs.

Orpanuuenne Ha uJeH, BkJodawwuil CP/qrnq, MOXKHO NOMYYHTH
NoZoOHBIM Xe oOpasoM. TakuMm o6pasoM, corgacHo Jemme 4.3.1,
Ha#ijercs NocTosiHHAsA @5, TaKas, 4TO BHIIOJHSETCH HEPABEHCTBO

{ (|D2Ki+IDKIQ)d0<Q5{ | (IDF-+IDKF) dot
FHHN U+ FEONU+

t
+ Ik #@)na, e+ § (DFF da}. (7.34)
0 U (1)
Us nemmnbt 7.4.4 caepver, uTo
| Ikrdo<ik w0, 1<
FenmnU+
<2PA{IIK, 2(O0)N U1 +IF, U2 (7.35)

CkaappiBast 970 HepaBeHCcTBO ¢ (7.34), moJyuaem

1K, 6 ONUL b <Q{IK, #(0)N %1 +
t

+ {IK, 28() N2, 1b*dt’ +IF, 2L () | } . (7.30)

0

rae Q= Q; - 2P,. M3 paccyxnennil, agaJoruyHblx Xoay HOKasa-
€JIhCTBA JleMMbl 7.4.4, ceayeT CYILeCTBOBAHHE HEKOTOPOH MOCTOSH-
HOH Q,, TIpu KoTopoi

IK, ONU < Q{IK, #0O)Ul+IF, 2@} (7.37)
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Torga us Jgemmer 7.4.1 cuaepyer, uro Ha %4, CIpaBelJMBO Hepa-
BEHCTBO

|KISPQAIIK, 6 0)N U, +IIF, 2 (#) o} (7.38)

Hcmosb3yss 3TO HEPABEHCTBO, MOXKHO NMOLOGHLIM Ke METOJOM I0-
Jy4ynTb HepaBeHcTBO aad [|K, #6(f) N2, |;. Huseprenuus TeH3opa
«IHEPrHH» NPHUBOAHUT K BHIPANKEHHIO BHAA
Q@ | (IDKP+|DBPIDKP)da. (7.39)
N U+

Cormacuo JemMe 7.4.2, BTOpoe cjaraeMoe OTPAHHYEHO BEJHUHHON
QsP21IB, 6 ()N U, 171K, 26(1)N U, 1,

rie no ycJjosuwo (4) MHoxute b | B, () N2, |l; onpenesen noutu
BCIOAY ¥ KBaJApaTHuHO-uHTerpupyeM 1o ¢, CaeioBaTe bHO, MBI MOKEM
noayuutb HepaBeHCTBO Aas [|K, 78 (1)1 2+ |; TeM Xe cmocobowm,
uro u aasa [|[K, # (1)1 2. . Tlpouenypa NOJydYeHHS HepaBEHCTB
JIJIS TPOU3BOAHBIX 0O0Jiee BBICOKOIO TOPAAKA aHAJJOTHYHA. o

Caedcrsue
CymecTByioT nocrosisuble Pg , U P, ,, TPH KOTOPBIX

1K, B8O N U Mo < Po, o {I1K, 260V N WU llysa +
K nata®, 78 0)N Ullsra 4 IF, U Tra)

1K, 2y llsra << P; 5 (TOT Ke MHOXKHTEJNDb),

rge u® — HeKoTopoe BekTopHoe C3*+a-mose Ha J6(0), mpuueM oOHO
HUIZe He KacaTesabHo K 76 (0).

Coraacno (7.20), npousBoauble K Broporo u 6o/iee BBHICOKHX MO-
pAAKOB MOTYT ObiTb BbipaxeHsl uepes moje F, ero npoussogHsie B
HanpasJenuu u®, K!;q. u® v npousronusie K B Hanmpasienusx, kaca-
TeqbHBIX K nosepxHoctH 46 (0). Vs nemmbr 7.4.3 caenyer, uto

A, 560N U lls+0 < P3Qs
IB, 56(0)N U lh+a < PsQs,
IC, 28(0)N U lhsa < PyQs,
IF, 8(00)N U lh+a < PsllF, U, |y,

(7.40)

Hrax, nomxHa CyIecTBOBATh HEKOTOpas HoCTosiHHasA Q,, TaKas, uTo
IK, #O)NU liya <Q{IK, #0)NUlsra+
+ 1K aut, 60N Ulsia+IF, Uy losa)  (7:41)
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BTopoli  pe3y/bTaT HENOCPEACTBEHHO CJeAyeT OTcCloAa, Tak Kak
KOOpAHHAaTa { orpaHuveHa Ha @ .. m]

Tenepb Mbl MOXKEM NPHCTYNHTh K JOKA3aTeJbCTBY CYIIECTBO-
BaHH{l pelleHHl JHHeHHbIX ypasuenuil suna (7.20). CHavamaa npen-

~

NoJIOXKUM, UyTO KomnoseHTol A, B, C, F, u u g saBasgiorcs anasu-
THYECKMMH (QYHRKUHAMH JOKAJbHLIX KoopauHaT x!, x%, x% u «*
(x*=1) B HeKOTOpPOH KOOPAMHATHOH OKPeCTHOCTH #°, 4 B KauyecTBe
HAuadbHBIX AaHHbXx K!;=K!/; n K';u*=K/; Bo3pMeM aHAJUTH-
yeckue GpyHKLHKU KoopauuatT x!, x%, x® wa 76 (0)(17°. Toraa us (7.20)
MOXKHO BBIYHMCJHTH YaCTHbIE IPOH3BOAHBIE KOMIOHEHT TeHsopa K
B HaNlPaBJIEHUH, He KacaTeabHoM K 58 (0): 0% (K! )[or?, 3 (K' ))[ot? dx?,
(K)o w 1. 0. uepes (K, u [K'; na #4(0). Takum o6pasom,
K’; MOXHO IpeACTaBHTb B BijAe (OPMAJBHOrO CTENEHHOTO PAAa
no x', x%, x® u ¢ BoKpyr Hayasa Koopauaat p. Ilo Teopeme Komu —
Kosasescko#i [36, p. 39] ator psig 6yAer CXOAUTbCSI B HEKOTOPOM
wape 7°(r) KOOpAMHATHOrO pajWyca r H [ACT  pelleHHe
ypaBHernuit (7.20) ¢ 3ajaHHBIMM HauaJdbHBIMH ycaoBusmu. [locre
5TOr0 Mbl BhIGepeM aHaauTHueckull atviac u3 C®-araaca MHoroo6pa-
sust M, nokpoeMm F (0) (1 2 KOOPAMHATHLIMH OKPECTHOCTAMH BHAA
7°(r) u3 3TOro artjaca H B Ka)KAOH KOOPAMHATHON OKPECTHOCTH IIO-
CTPOHM pelleHHe TaK, KaK 3To OBLIO0 clefaHo Bhlle. Takum o6pasom
MBI ToJiyyaeM pemeHde B obgaacti 2¢(f2) nas Hekoroporo fp > 0.
3ateM mnOBTOpseM 3TOT Ipolecc, HCnoapdys B (t2). [lo teopeme
Kown — KoBaJsieBcko#l OTHOLIEHHE MOC/Ie10BATENbHLIX HHTEPBAJIOB {,
L7151 KOTOPBIX CTeNeHHON SN CXOAMTCS, HE 3aBUCHUT OT HayaJbHBIX
LAHHBIX, H, C/1eJ0BaTeJ]bHO, pellleHHe MOXHO NPOAOJNKHTH Ha BCIO
o61acTb 244 32 KOHEYHOE YMCJIO LIAroB. DTUM [JOKasblBaeTcs cyllle-
CTBOBAHHE DelLIeHUH JMUHEHHBIX ypaBHeHuit Buna (7.20), koraa Koad-
GuUKMEHTH], IIpaBasi 4acTb W HayajbHble AAHHBIE, aHAJWTHUYHBL. Te-
nepb Mbl CHUMeM TpeGoBaHHe aHAJHTHUHOCTH.

[Ipedaooicenue 7.4.7
Ecau BoinoaHensl yeaosus (1), (2), (4) u ecan

5) FeWs3te(a,),

6) KW (#(0)NU), KeWHa(3(0)nU),

To ypaBHeHHe (7.20) umeer enmHcTBenHoe pemenue K = Wite (24,),
aJast xoroporo Ha #8(0) K!y=K!; u K!ju*= K.

JIlns [oKa3aTeqnCTBA 3TOrO YTBEPKAEHHS Mbl AlMPOKCHMHUDYeEM
K03 UUHEHTH W HAayaJbHble JAHHBIE AHAJHTHYECKHMH (yHKIHSIMH
U TIOKaxXeM, UTO MOJYYalOIIHecs MPH 3TOM aHAJUTHYECKHE DellCHHS
CXOAATCS K NOJII0, KOTOPOE SIBJSETCS peilleHHeM TAHHOI'O ypaBHeHHs
C 3afaHHBIMH HAayaJbHBIMH ycaoBusMmu. I[lyets A, (n=1, 2, 3)—

[OC/e0BATEILHOCTh AHAMMTHUECKUX TOJielt Ha 44, CHJBHO CXOAs-
wasca B Wit (2,) x A. ([oBopar, uTo A, CHJIBHO CXOAHUTCH K A
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B W™, ecau [|A, — Al,, cxoautcs k¥ ny/mo.) Ilyers B, C, u F, —
aHaJUTHUYeCKHe NOoJsd Ha @4,, Ha KOTOpPble CHJBHO CXOJATCS COOT-
ercTBeno K B, C u F B mpoctpaucree W3+e(@(.), u nycts (K,
1 K, — ananutnueckue noJss Ha € (0) () 24, cuabno cxoasummecs K oK
u K coorsercrBenno B W (8 (0)NU) u Weta (36 (0) N 2). Tlpu
KaXKJ0M 3HaueHWH n OyAeT CYIIeCTBOBATb aHAJHTHYECKOE pelle-
e K, ypasuenus (7.20) ¢ HavaapuniMd sHauenusaMu K./, =K./,
K paut=K,';. Corgacuo caeictBuio  Jemusl 7.4.6, Hopma
I1K,, 2 |ls+, Orpannuena opu n—> oo. Torjga no Teopeme Pucca [140]
cymectsyer nose Ke Wite(24,.) w noamocienoBaTeapHocTh K,y
nocjenoBareabHocTi K, Takasi, uTo aaa kaxzaoro b, 0<{bh<C4+ q,
DK,y ciaabo cxomuTes K D’K. ([TocnemoBarenprocts noaefl /.7,
Ha J° HaseBaercst cinabo cxopsimefiea k [{;, ecan

S[nIJJJ]dG —_—> S]IJJJIdG
N &
aast 6oro CT-moast J/j.)

[Tockosaeky A,, B, u C, cuapHo cxonsrea 8 W (24,) k A, B
n C, sup]A—A,|, sup/| B—B,| n sup|C—C,| 6yayTr cxoaurbcs
k Hyso. CremoBarenbHo, L, (K,) 6yaer ciaado cxomutwhes x L (K).
Ho L. (Ky)=F. u Fy cumbsuo cxogurca x F. Orciona L (K)==F.
Ha # ()N K.l u Kplpeu® 6ynyt cnabo cxoputbest K K/, u
KIp,u®, KOTopble NMOSTOMY MIOJKHBL OHTh PaBHE COOTBETCTBEHHO
oK!; u |K!;. Takum o6pasoM, K sBisercs pelieHHeM MTAHHOrO ypas-
HEHHS C 3aJaHHBIMH HAYaJbHBIMU ycaoBuaMU. CorJacHo upeisoxe-
HHiO 7.4.5, oHo enmucTBeHHO. ITocKoabKy Kaxaswiit TeHsop K, yno-
BJIETBOPSIET HEPaBEHCTBY H3 JeMMmbl 7.4.6, eMy OyneT yLOBIETBO-
pste 1 K. o

7.5. CyuiecTBOBaHUe M €1MHCTBEHHOCTb pelleHus 3anayu Koun
Js ypaBHeHHii JiiHwreiina ang nycToro npocrpaHcTaa

Pesyabrarhl mpeiblayliero pasfledqa Mbl HCIOJIb3yeM Tenepb B
sapaue Kown B obmmelt Teopun otHocuTenbHocTd. CHauasa pacemo-
TPUM ypaBHeHHst DiHIITelHA A4 ycToro npocrpancrea (T4 = 0),
a BJHSHMEe MaTePUH HcclaelyeM B pasm. 7.7.

IlpuBenennbie ypaBHeHus DUHIITeliHA

%y (37 = 8T — (R® — 4 Re™) (7.42)

npefcTaBdasiior coboll KBa3uJauHeilHble Tunepboauyeckue ypaBHEHHUSH
BTOPOTO MOPSiKa, T. €. uMetoT BUA (7.20), npuuem xo3pduuuesTs

A, B u C sasiores: dyukuusamu K u DK (s Hamewm cayuae A% = g@

SIBISieTCS Ha caMoM gede GbyHKumed ¢%° u me sasucur orT $%)).
Uto6pl [0KA3aTh CYLIECTBOBAHHME peLICHHH 3THX YPaBHCHHH, MBI
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HOCTYNHM CJledyoIluM o6pasom. BoabMmeMm HekoTOpoe moaxojsiiee

npobHoe mode ¢’%’ w uCmosB3yeM ero s olpejeseHHs 3HAUCHHII
koapdunuentos A, B u C B omepatope E. 3artem 6yjaeM pemarb
(7.42) nmpu 3THX 3HAUEHHAX YIKe KaK JHHEHHOe ypaBHEHHe C Ha-
yaJbHBIMK JAHHBIMH, ONpejae/seMbIMH ToseM ¢, W HOJYYMM HOBOE

nose ¢”%. TeM caMbiM MBI TOJYIAM oTo0paxkeHne @, MepeBofsilee
@’ B $”, u moKaxkeM, UTO NPHU ONpPelNe/eHHBX YCJIOBHSX 3TO OTO-
OpakeHue HMeeT HEMOJBHAKHYIO TOYKY (T. €. CyLIeCTByeT ¢, AJd
KOTOPOro a(@)=¢). DTa HENOABIKHAS TOUKA H GyHeT HCKOMBIM
pellleHHeM Hallero KBAa3UJHHEHHOro ypasHeHns.

BospMeM B kauecTBe (OHOBOH METPHKH pellleHHe YPaBHEHHH
DfiHwmTellHA B TNYCTOM IIPOCTPAHCTBE M BhLIGEPEM I[OBEPXHOCTH

HONU,. u 0UNAU, Taxk, wToOH OHH OBLIH NPOCTPAHCTRBEHHO-
nopo6HeIMH B MeTpuke g. Torga mo nemme 7.4.1 HaiimeTcss Taxas

N0JIOXKHTe/IbHAsl TOCTOsfHHAA Q,, urto Koabduuuentsl A’, B/, C’,
onpenensemble GyHKUHeH ¢’, 6yayT yaoBJIETBOPATH ycaosuaMm (1),
(2) u (4) remmpr 7.4.6 ¢ 3ajmaHHBIMH 3HAYEHHIMH Q, U Q;, ecam

TOJIBKO N
16", Uy lsra < Qu (7.43)
B stom cayuae u3 (7.41) umeem

167, Ut lsa <Pr o {ll B, HO)VNUllysq+ 11, 20N U q)-

Crenosatenpto, oroGpaxenue a:W*te(2 )—> W (2 ,) npeobpa-
ayer 3amxHyThlH map W (r) paguyca r (r < Q,) B W*re(2,) B cebs
IpH YCJIOBHH, UTO

o 1 -
o, 9 O)N U o< rPy "

I\, 6 ON oo <5 7Py 0" (7.44)

[TokaskeM, 4TO O MMeET HENOABUKHYIO TOYKY, €C/H BBHIIOJHAETCS
(7.44) n panuyc r JOCTATOUHO Mall.

JomnyeruM, uto @) u @) npuHamIexar mnpocrpaHctsy W (r).
Ioas @) =oa($)) u @) =o0(P;) YAOBIETBOPAIOT DaBEHCTBAM
E ($7)=0, E}($))=0, rne E]—oneparop Diinurefina ¢ kodd-
dunuenramn Af, B] u C], xoTopre ompegessiorcst ¢pyHKuMel ).
CJle10BaTENbHO,

E($) —8))=(E, — E)(#)) (7.45)

ITockoabky Koa>d¢uuuentsl A, B/ u C/ LuddepeHuHpyeMbly
o6pasom 3asucat or @, u D@’ nupu " u3 W(r), To cymecrsyer
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Takas nocrosmuast Q, uto Ha U
iA’l - A;'< Q4}¢’1 _¢/21’
IB,J_8/2\<Q4(|¢/1—¢/2l+[D¢’1_D¢,z‘)’ (7.46)
IC/I _0/21<Q4(|¢,1 'HD¢,1'_D¢/2
[Tostomy, B cuay JemMm 7.4.1 u 7.4.6,
|(E, — L )(¢”2)| 3rQ4P P7 als, a(|¢ 1_¢2l+ |Dg’, — D¢, D
Tenepp npumenum Jemmy 7.4.4 K 7.4.5, uTO6H IOJYUHTH HEPABEHCTBO
|87 — 8" U <SrQ[é, — ¢ Uy (7.47)

rae Qs — HeKOTOpasi MOCTOSIHHAS, HE 3aBHUCSIIAS OT f. TaKHM o6pa-
30M, Il JOCTATOUHO MaJblX r oToOpakeHue o GYAET CTArHBAIOILHM
no nopme [ [ (1. e. [fa($) —a(dy)li <[P —P.ll) 1 mocaenopa-
TenbHOCTL o (@) Oyner cuabHo cxoauThes B W! (%+) K HEKOTO-
pomy noqmo ¢. Ho no Teopeme Pucca us o (9’)) MOxHO BHGpaTh
TOJTIOCIe10BATENbHOCTb, 12060 CXOAAUIYIOCS K HEKOTOPOMY MOJIO
@ = W (r). CienoBaTenbHo, T0Je § TOMKHO COBIAZATH C @ u npu-
Hannemaﬂ) IPOCTPAHCTBY W(r). ITosTomy oro6paxenue (@) 6yaer
OIpe/eNEeHHBIM H JJIS HETO

o (@) =t (7)), U, || SrQsfjé —on(¢), U],

[Ipn n— co mpasas uacTb CTPeMHTCA K HY 0. M3 3Toro caexyer,
uro [a(@)—@, 2. [;=0 u noromy o($)=¢. TTockoabKy o —
cTarugaioiee oToOpa)keHne, 3Ta HeMOJBHXKHAs TOYKA eXHHCTBEHHA
B W (r). CirenoBaTe/bHO, MBI 0Ka3anan

ITpedaoncerue 7.5.1

Ecau §~—~pemeﬁue ypaBHeHu#l JHHIITeHiHA B IYCTOM NPOCTPaH-
CTBe, TO IPUBeJeHHble YPaBHeHNUA DHHIITeHA B IYCTOM IPOCTPAHCTBE
nmeior pemmenne ¢ W (2 ) npu gocratouno Masix |l o @, 5 (0) )

ﬂ%“-ﬂ-a u ll; @, 96(0)ﬂ%[]3+a Hopma ||, (0 )n%+ liso orpa-
HUYeHa, U, CJeA0BaTeNbHO, MOJe ¢ N0 KpaliHedt Mepe KJaacca

C(2+a)-‘. o

JIOKaJbHO 3TO pelileHHe eJMHCTBEHHO JaKe CPeAH peIleHHH,
KOTOpHle He mpuHaniexar npoctpanctsy W*(%4.)

IIpedaoocenue 7.5.2

ITyctn ¢ swasercs C'” -pellleHileM NPHBENEHHHBIX VpaBHEHHH
DiiHwTefiHa B MyCTOM NPOCTPAHCTBE C TeMH K€ HauaJsHBIMH JaH-
HBIMH Ha OTKPHITOM MHOKecTBe ¥ = # (01 . Torna ¢ =¢ B ne-
KOTOPOIl OKPeCTHOCTH MHoxKecTBa J° B % ..
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BBH/1y HempepLIBHOCTH $ B U naiizerca oxpectHocTs U’ MHO-
wecTBa 7°, B xoropo#t aas A, B u C BHIOJHSIOTCA YCJIOBHSA
JeMMbl 7.4, 4 Kak mpexne, mMeem

E(@—¢)=—(E—E) () (7.48)

AmnaJsornuto, 6y1eT CyLIeCTBOBAaTb NMOCTOSIHHASA Q,, 0BecnmeunBaomas
BLINOJIHEHHE HEPaBeHCTBA

HE—E)@), ONUL [, <Qlb—, HONU, I,

Ipumenas x (7.48) qemmy 7.4.4, moayuuM HepaBeHCTBO BHAA

d < Q7xr
rle
t
=\I1g—¢, ()N, | ar.

0
Orciona ¢ = ¢ na ;. O

W3 npeanoxenus 7.5.1 BHAHO, UTO NpPHU HAJOMKEHHH AOCTATOUHO
MaJblX BO3MYLIEHHIT Ha HayaJbHble [JaHHbIE NSl PELIeHHS ypaBHe-
Hyu#l DHHIITeHHAa B NYyCTOM IPOCTPAHCTBE MBI CHOBA IOJy4YaeM HEKO-
Topoe peuienue B obJdactn 24y. OmHAKO B NEHCTBHTEILHOCTH Tpe-
OyeTcs JOKa3aTh, YTO PelIeHHe CYIIECTBYET AJs JI0ObIX HAaYaJbHBIX
NAHHBIX A% ® %°°, KOTOpble YIOBJETBOPSIOT ypaBHEHHUAM CBSI3HM Ha
TpexMepHOM MHoroodpasuun ¥. s 3TOro Mbel MOCTYNHM CJedyio-
mum o6paszoM. Bynem cuntars, yto MHOrooGpasuem J siBasercs R,

YTO € — eBKJANJ0BAa MeTPHKa, a g — MJIOCKAA MEeTPHKa, T. e. MEeTPHKA
MuHKOBCKOrO (0Ha ABJSETCS pellleHHeM YpaBHeHHH JHHINTEHHa B
nyctoM npocrpancrse). O6nacts 24 Boibepem Tak, 4To6bl B 0ObIY-
HbIX KOOpAHHaTax MunKoBCKoro X%, x%, X3 n x* (xt = ) nosepxHocTb

A% (\ Uy Gbima NMPOCTPAHCTBEHHONOMOGHA, a 06JIACThb %(O)H%
COCTOSNIA H3 TOUYEK, AJS KOTOPBhIX (x1)2 4 (x2)2 4 (#%)2 << 1, 2t = 0.
Tenepb MbBl 6yAeM PYKOBOACTBOBATBLCA uJeell, uTo Jobas MeTpHKa
BBLITVISAUT NOUTH IJIOCKOH, €CNM ee pacCMaTpuBarth B JOCTATOYHO Ma-
abix macmtadax. ITostovy npu oro6parkeHHu AOCTATOYHO MaJoH

o6nactu mnoBepxHocTH P Ha B (0)() 2 MOKHO yuecTb NpensoKe-
Hue 7.5.1 1 moayuyute pemieHue B 26;. 3areM MOMXKHO MOBTOPHTH 3TY
npouedypy Mg APYruX yacTelr ¥ ¥ 06beAHHHUTDL NOJYYEHHble pelle-
HuS Tak, 4yToObl o6pasoBasgochk MHoroobpasue A ¢ METPHKOH g, Ko-
Topoe U OyIeT pa3BUTHEM KOMIIEKTAa HAualdbHBIX AaHHBX (&, o).

IlycTb #°) — KOODAHHATHAS OKPECTHOCTh B & € KOOPAKMHATAME ¥,
y*, y®, B KOTOPOil B Hauaje KOOPJAMHAT p KOODIAHHATHBIE KOMIIO-

HEHTHI h”épaBHbI 8. Tlyets 7, (f,) — OTRPHITHI 11ap KOOPAHHATHOTO
paauyca [; ¢ ueHtpoM B p. 3anaaum otobpaxenue 0: 7’ (f;) = U
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cootHomenusmu x' = f, 'y i=1, 2, 3), x'=0. ITo o6blunoMy 3a-
KOHY TpeoGpasoBaHus Gasuca kommouentnl 0,4%° u 6,% B KoOpAN-
natax {x} paBue! KoMmnoHentam h°° u % B Koopammatax {y}, ymuo-
KennbiM Ha [, 2. Beemem B 7, nossic moas A% u i hY =
=2 u ¥ =F%". Torma, mockoibky A Ha & HempephBHA
(barTHUeCKH MPHHAIJIEXKHUT Kjaaccy C?F¢), BpIOOPOM JOCTATOYHO Ma-
JIOTO fl MOKHO BeJIMUHHH g’ %0 — §2b u g’ablcuc CHeNaTh CKOJb YIOMHO
MaabiMH Ha J4(0)N 2, roe g% u g’“”]cuc nosayuvarores u3 h'eb
u %%, kak B pasp. 7.3. Ilpu 3Tom mpousponmbie g% u g’ u°
Ha noBepxHocTH J6(0) Toxe YObBalOT MO Mepe YObBaHUA .
CurepoBarensho, ||o@’, #(0)NU llj4o u [1¢", ()12 |;4a MoryT

6LITH NPUBEIEHBl K HACTOABKO MaJjblM 3HAUGHHSM, uUTO MOXKHO
GyLeT HCNo/b30BaTh mpeftoxenne 7.5.1 u peiuenue 115 @', nouay-
yeHHoe B %;. Torma g4 = fi—2g’?? Gyner pewleHueM NpPHBEICHHBIX
ypaBHeHu# DHHWTEHA ¢ HAayalbHBIMH JAHHBIMH, ONpPENeasieMblMH
TeHsopamu A% u y%0. AHAJOrHYHO MOXKHO MOJYYHTL pelllenue 24—,
Toit yactu %, B xotopo# ¢ << 0.

Tenepb Mbl MOXeEM MOKPBITh ¥ KOOPAMHATHBIMH OKPECTHOCTAMH
7. () Buma 7°i(f;), oro6pasuB HX BIOXKEHHAMH O, Ha OKPECTHO-
ctH U, Buna 2, W noJayunTb peweHns g,%° B @,. Torna sanaua
cBeJeTCsl K TOMY, 4TOOBI OTOXKAECTBHTh COOTBETCTBYIOIHE TOYKH B
[lepeceueHtsX OKDEeCTHOCTEH H TeM CaMblM TPeBpaTHTb Habop
okpecTHocTell 2, B MHoroo6pasue A c METPUKOH . DTO MOKHO
cIeaTh, HCIO/b3YsI TAPMOHHUECKHE KaJHOPOBOYHbIE YCJIOBHSA

1
?Sbcla — gbclc —5 gbcgdegdclc =0. (7_49)

TTo onpenenenuto 8% (7.3) OHO FKBHBAJICHTHO YCJIOBHIO gdeél“bde:().
[Tostomy past mo6Gofi QYHKIUH 2

2;abgab = Zlabgab - 6Fcnbzlcgab = Zlabgabo (750)

Ecau ¢oHoBoll MeTpuKoil sBasercs Merpuka Munxosckoro, a 2z —
ofHa H3 KoopauHat MmuukoBckoro x!, x%, x% x% T10 npamas uyacTpb
(7.50) o6pautaercs B Hyab. [lomycTuy Temeps, UTO Ha HEKOTOPOM
MHOTOO6pasuu A Mbl HMeeM NpPOM3BOJIbHYIO JopeHueBy Wite-ver-
puky g. B HekoTopoli oxpecTHOCTH % A Mbl MOMKeM [OJYYHTB
TaKue yeThipe pelenus 2%, 22, 23, 2% auHeliHoro ypaBHeHus

2:008% =0, (7.51)

rpPafHeHTH KOTODHX JHHEAHO He3aBHCHMBI B KaxKaod Touke %Y.
Torzma Mb MoxkeM 3anaTh aAnddeomopdusm p:% — A Buga x“=2°
(@a=1, 2, 3, 4). dror auddeomopdusy Oymer obaamaTb TeMm

¢BOHCTBOM, UTO MeTpuka W,g?’ Ha J GYJeT YIOBIETBOPATH rapMo-
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HHUECKOMY KaJuOpOBOUHOMY YCJAOBHIO OTHOCHTEJNbHO METPUKH MHUH-
KOBCKOTO é na J. Taxuum o0pasomM, eciin MeTpHKa g fBJsIeTCH pe-
nreHHeM ypaBHeHHI DiiHuITeiina Ha A, MeTpuka p,g OYIeT pelleHHeM
NpUBeJEHHBIX ypaBHeHHIl DiiHmTefina ¢ PoHOBOH MeTPUKOH g'
Ilpoueaypa OTOMXKeCTBACHHSI TOUEK B NEpPeCeYeHHH ABYX OKpecT-
HocTel Uy u U, cBOMUTCS Takum obpasoM k pelwenuio (7.51) B U,
AJs KOOPRHHAT Xp', X% X% x;* ¢ nCmoip3oBaHMeM HaualsbHBIX
JaHHBIX AAS X% xB“,bub, onpeje/fieMblX IepeceueHHeM KOOPAH-
HATHBIX OKpecTHOCTelt Z°y u 7%y mna &. B jeficTBHTe/bHOCTH

Xt =0 (=1,2,3) ux ut=1, rae u®=0/0x,* — e MHHUHbI}

BeKTOp B %, oprorcHa anHel k # (0) B merpuke g. Takum o6pa-
30M, xB4=xa4, XoTst xg' BooOme He Oyaper coBmanate ¢ x ' Ilo
npesIoxenuio 7.4.7 xoopanHaTh x,° 6ynyT B U, CPT9-dpyRKunamy.
[B nmpennoxenun 7.4.7 ¢poHOBas MeTpPHKAa, OTHOCHTEJbHO KOTOpPOH
GepyTcss KoBapHaHTHBIC IPOM3BOJAHBIE, HOJIKHA Oblla HpHHALIe-
*)aTb kKjaaccy COt+a— Tlostromy npensnoxkenue 7.4.7 Heab3s GblIO
npumenuts K (7.51), roe KoBapHaHTHble NMPOH3BOAHBIE GepyTcs OT-
HOCHTEJIBHO METPHKH g, NpHHAL/IeRAUeH TOIbKO MNPOCTPAHCTBY
W4+e, Qnuako Mbl MOXKeM BBeCTH (oHOBYIO C5t¢ MeTpHKY g W npen-
craBute (7.51) B BHIE

b
2)ap8” + 21aB" =0,

rie | osHauaeT KoBapHaHTHOe AH(QepeHIlHPOBaHHE OTHOCHTEJIBHO g.
ITocsie 3TOrO MOXKHO BOCIOJAB30BaThCA HpensoxenneM (7.4.7).]
ITockoabKy rpanuentsl x,@ Ha 6 (0) ) 2/, nunelHO He3aBHCHMEI,

oHH OYAyT JMHEHHO HE3ABUCHMHL H B HEKOTODPOH OKpecTHOCTH U,
nosepxunoctu 56 (0) B ,. Merpuxa p g% na p(U",) B U, Gyner

mo Mewblueil Mepe kaacca C'”. BBHAY TOro uro OHAa MOAYHHSETCH
IIpUBeIcHHBIM YpaBHeHMAM JHHINTeHHA H HMeeT Te XKe HauajbHble
IaHHBIE Ha B(Waﬂy’ﬂ), OHa JOJIZKHA COBNAjaTh C o B HEKOTOPOH

OKpecTHOCTH U3 < AU obnactu 05 (¥ 7’p). Orcioga BHAHO, YTO
MOXKHO coeaunuts 2", w 9’z W mMoAyuuTL pasBuUTHe 06JacTd
7,U”7,. Buopas moxpeitme {7;} mnosepxmoctn & JIOKaJbHO Ko-

HeYHbIM, MBI MOXKEM MHOCTYIHTb HOHZOGHBIM Ke 00pa3oM, COEIHHHTH
HOJAMHOXKECTBA APYrux okpecTHocTed {24,} ¥ MOAYUHTb pa3BuTHe &,
T. €. NOCTPOMTb Takue MHoroo0pasus A ¢ MeTPHKOH g H BJOXKe-
Hue 0:%— , uyTo MeTpuxka g VYAOBJETBODsIeT YPaBHeHUAM OI#HH-
mTefiHa B NYCTOM MNPOCTPAHCTBE M cCorJjacyercs C HMEIOIHMHCS
HauaJbHBIMHM JAaHHBIMH ® Ha MOBepxXHOCTH 6 (%), KoTopas sisjsercd
nosepxuocrbio Kowmwu aas 4. Ecan (A, g’)— npyroe passutue
KoMIiiekTa (¥, ®), To aHaJ/JOrMuHas Ipouedypa yCcTaHaB/AUBaeT gud-
deoMopGH3M U MeX1y HEKOTOPOH OKPeCTHOCTBIO OBePXHOCTH 6’ (F')
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B J’ u HEKOTOPOH OKPECTHOCTBbIO mnoBepxHocTH O(¥) B J, pas
Kotoporo m,g’ %’ = g*® CiepoBaTesbno, HAMH KOKasaHa

Teopema o aokarornom pewenut 3adauu Kowu

Ecan het & Wite(F) u xo & W (P) yaoBaeTBopsa0T ypasHe-
HHAM CBS3H A/ IYCTOrO IPOCTPAHCTBA, TO CYLIECTBYIOT peLICHHS
(A, g) ypaBHeHHH JHHLITEHHA B NYyCTOM NPOCTPAHCTBE, TaKHe, 4TO
ge WHa(l) n g = Wite Ha mo6oit raaakoil IpocTpaHCTBEHHOIO-
AOOHOH NMOBEPXHOCTH H4. DTH pelleHHs JOKaJbHO €HHCTBEHHB B CJe-
aymoueM cMmbleae: ecan (M, g') — Opyroe pasBUTHE TOTO Ke KOM-
IJIEKTa Hauya/JbHBIX AaHHBIX (¥, @), NpHHALJe)KAlllee TPOCTPAHCTBY
Wite oba passutua (M, g) u (M', g') SABAAOTCA PACIIUPEHUSIMH
HEKOTOPOro oOILIEro pasBHTHS KOMIIEKTA (&, ®).

Y1BepxaeHue, uto g & Wita(H#), crenyer u3 Jemmul 7.4.6 u u3
TOTO, YTO NIOBEPXHOCTH MOCTOSHHOTO [ MOKHO BBIGPATh NMPOU3BOJBHO.
u

7.6. MakcumasnbHOe Pa3BUTHE W YCTOHYHBOCTD

Mrak, Mbl nokasanu cjaedylollee: eciy HadajbHbie AadHbE YJO0-
BJIETBOPSAIOT yPaBHEHUSIM CBS3H IJs1 NYCTOTO NPOCTPAHCTBA U NPH
3TOM MOXKHO HaHTH HEKOTODOe Da3BHUTHe HAYaJbHbIX RAHHLIX (T. e.
MOXKHO PaCHPOCTPaHUTh pPelleHKne Ha HEKOTOPOe paccrosinue B Gymy-
liee M NpollJoe OT HauyaJdbHOH MOBEPXHOCTH, €CJAH 3TH JaHHBlE YJIO-
BJIETBODAIOT yPaBHEHHAM CBSI3H), TO 3TO pasBuTHe, BOOOILIE rOBOPH,
MOXKHO IPOJOJIKHTb JaJiblle B Oyyllee U NPOLLJICE, YTO AacT Dosee
IPOTSKeHHOe Pa3BHTHE KOMIJIEKTA HauaJbHBIX AaHHbIX (¥F, @). On-
HAKo, cleldys XOly paccy:KAeHHH B [33], Mbl JJOKaxKeM CYIIeCTBOBA-
HHME€ eJMHCTBEHHOTO (C TOUHOCTBIO J0 AuddeoMopdusMa) pa3BHUTHA
(A, g) xommiekra (¥, ®), SIBISIOUIETOCS pacllupeHHeM J1060ro
ApYroro pasBUTHS 3TOT0 KOMIJIEKTA.

Hanomuum, uro (4, g;) — 3T0 paciwHpeHue INPOCTPAHCTBA
(Ay, go), ecam cyumecTByerT BJaAOKeHHe WiMy—> M, TPH KOTOPOM

BE=g U 8, 'ub, CYTh TOXAecTBenHoe oToOpawenne na ¥. Ecian
JaHbl Toyka ¢ € % U paccTosiHHe $, Mbl MOXKEM OJHO3HAUYHO 3a7aTh
TOUKH p E M, U py= M, NyTeM CMELIEHHA ¢ Ha PACCTOSIHHE §
BIOJIb TEOJE3UUYEeCKUX, OPTOroHaJbHHX K 0,(#) u 0,(#) u npoxo-
nauux gepes 6;(g) u 6,(g) coorsercTBenHO. TTOCKOALKY W (ps) MOMKHO
COBMAazaTk C pj, BlOXKeHHe | OYAET eJHHCTBEHHLIM. [103TOMY MOXKHO
YacTHUYH) YIOPAAOUHTD MHOXKECTBO BCeX Pa3BUTHI KOMILIeKTA (¥, @),
noa0XKuB (My, go) < (M, g)), ecan (MA,, g,) ABAAETCA pacLIMPEHHEM
(My, g5). Ilycte Tenepn {M,, €.} — BIOJHE YIOPSALOUEHHOE MHO-
JKECTBO (MHOXKECTBO & HAa3blBA€TCs BMOJHE YIOPSAOUEHHBIM, €CJH
AJsl KaxJAoH napbl Das/HyHBIX 3JeMeHTOB @, b= & uian a<{bh
uan b<{a) pasBuTuil KoMIsekTa (¥, ®); TOrAa MOXKHO HOCTPOHTH
MHoroo6pasue A’ Kak obbeauHeHne Bcex My, OpHUYEM IIPH
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Y

(Mo, 8o)S(Mp, gp) Kaxjas Touka pg & M, OTOKIECTBIACTCS
c HaB(Pa)E //[B, rae WogiMy— My — Broxenne. MuorooGpasue A’
O6ymeT HMeTb anyuuposaHHy}o MeTpHKy g’, paBHYIO ,.@, Ha
Kaxao# o (M), tae po: M, —> M’ — ecrecTBeHHOE BJIOKEHHE. SCHO,
yro (MA’, g') Toxe Oyner pasBuUTHEM KoMIjiekra (¥, ®); NO3TOMY
qo60e BIIOJIHE YIOPALOYEHHOE MHOMKECTBO HMEEeT BEPXHIOI T'PaHb,
u, TakuM obpasom, mo Jemme Llopua (cM., nampumep, [88], p. 33)
CYIECTBYeT MakcuMaJbHoe pasButue (A, g) koMmmiekta (¥, ©),
pacuiupeHreM KOTOPOro SIBJSIETCS TOJbKO OHO CaMo.

Teneps MBI OKa}eM, UTO (J[ g) ABJISETCS PaCIHPEHHeM J060r0
pasBUTHS KOMIJIEKTA (9’, o). Honycrum, uro (A’, g’) — HEeKoTOpOE
ppyroe passutue (¥, o). CorsacHo Joka/bnoii Teopeme Komu, cy-
IECTBYIOT Pas3BuTus (¥, ®), 175 KOTOPHIX Kak (A, g), Tak u (A’, g’)
ABJISIIOTCS PaCIIUpPeHUsIMH. MHOXKecTBO Bcex oOIMUX [Js HHX pas-
BHTHIl TakKiKe YaCTHUYHO YNODSAAOUEHO, H cHOBa mo JemMe llopua
HaﬁILeTCH MakcuMaJgpHce pacuinperue (A7, g”) ¢ BIOKEHHSMH

s’ —> M u pwiM”—> A u 1.8 Tyers AT Gymer obveanme-
HeM M, M w M, B KOTOpOM Kaxjiasd Touka p” & JM” oroxje-
CTBJSIETCST C p(p”)e./l nc u(p”)ye A'. Ecau MB cMOXKeM I10-
KasaTh, uTO MHoroo6pasme A * xaycnopdoBo, TO TeM caMbIM Xo-
kaxew, uro napa (A, g*) SIBISIETCA Pa3BUTHEM KoMIUIEKTa (7, ©).
Ona 6ymer pacmmupenueMm kak (A, g), tak u (A’, g'). Onnako
€JIMHCTBEHHLIM DPaCLIHPEHHEM IPOCTPAHCTBA (M, g) sBASIETCS OHO
caMo H, TakuM o0pasom, (A, g) JOJIKHO COBIIACTh € (/("L g+) H
OuITh pacuiuperuneM npocrpanctsa (A, g').

Honyctum, 4YTO M —nHe xaycnopdoso MHoroo6pa3sue. Torpma
cyuectByioT Toukd pE (A" =M u p' =W (A7) <M, naa
KOTOprX KaMasi OKPECTHOCTb 94 TOUKH P 06J/1afaeT TeM CBOHCTBOM,
uro ' (R~'(%)) comepxur p’. Jasnee, NOCKOABKY MPOCTPAHCTBO
(A", ") SIBJISIETCA Pa3BUTHEM, OHO, Kak u ero obpas ji(A”) 8 M,
6yner mo6gano runepbosnueckiM. [109TOMY rpaHuLa MHOMKECTBA
fi(A") B M nomkuHa ObiTb axpoHajbuofl. Ilycth y — Bpemenun. -
no6uas kpuBast B J ¢ KoHeuno#l Toukoli Gyaymero p’. Torma p’
noJxKHa OBITH mpefenbHOR Toukoh B A’ kpusoil p'fi~!(y). Ha ca-
MOM feJ/le OHa /0/KHA OBITh KOHEUHOH TOukofi 6yayliero, Tak Kak
B (MA’, g’) BumosHsieTCss cujbHAsi NPUYHHHOCT. CJeL0BATENbHO,
I JaHHOH TOUKM P Touka p’ enuHcTBeHHa. [laJee, B cuay Hempe-
PBIBHOCTH BEKTOPHl B p’ MOKHO OJIHO3HAYHO CBS3aTh C BEKTOPAMH
B p. Takum o06pasoM Mb MOXKeM [0700paTh TaKHe HOPMAaJbHbHIE
KOOP/IHHATHEIE OKPECTHOCTH U pnspe Mu WU naap B M,
Toukd U (i (A”) RoTophIX mpu oToGpaxkenuu w’ (i~!) 6ymayr oro-
Gpaxatbea B Toukn 2 (1’ (A7) ¢ TeMn xe 3HAUCHUAMH KOODAUHAT,
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Orcioja CaeaYeT, UTO MHOKECTBO & BCexX ,HexaycaophoBbIX® Touex
us (fL (A”)) orpeiTo B (fi(A”))". Mbl IPEANONONXKUM TeNepb, 4YTO
F -— HenmyCTOE MHOXKECTBO, M INPHJEM 3aTeM K NPOTUBOPEUHIO.

ITycTh A — HampaBJeHHas B IPOLIJIOE U3OTPOIHAS Ieoie3nuecKas
B J, npoxoismas uepes p & F; TOria, HCIOJb3Ys BO3MOKHOCT
CBSI3aThb HATIPABJIEHHS] B J ¢ HAUDPABACHHAMH B p’, MOXKHO IpPOBECTH
B /' B COOTBETCTBYIOIEM HANPABJIEHHH H30TPOINHYIO Te0JLE3HUECKYIO
B npomsoe A/, npoxousamywo uepes p’. KaxaoH Touke MHOMXecTBa
AN (A" 6yneT cooTseTcTBOBaTh Touka u3 A/ (] (w (A7), w,
/e 0BATeNbHO, Kaxkjias Touka, NpuHandexamas Af)({(4"))",
6yner toukoit uz F. [TocKoabKy 6 (%) sBasercs MOBEPXHOCTLIO
Kown pgas A, xpusasi A 10JxHA TOKHHYTH (i (A7) B HEKOTOPOH
Touke §. B HexoTopo#i oxpecTHocTH § HalijeTcs Touka 7 & F, uepes
KOTOPYIO MOXKHO TPOBECTH IPOCTPAHCTBEHHONOLOOHYIO IOBEpX-

HoCTh 6, 0OJajamulylo TeM cBoicrBoM, uto (H# — F) < o(A”).
B M’ cyuiecTBYeT COOTBETCTBYIOIIAS NPOCTPAHCTBEHHONOLOOHAS MMO-

nepxHocTh 6" = (u'fi~"! (98 — 7)) Ur’, npoxoasimas uepes r’. [Tosepx-
HocTH 8 u J6’ MOXKHO paccMaTpHBATh KakK 06passl TPeXMEPHOro
MH0r006pa31m % npu BaOKeHHsx P:H—> M u p:H—> M, paa
KOTOPHIX 113 pp. 1]3 SIBJISIETCST TOXKJECTBEHHEIM OTOOparKeHHeM Ha
6 — ' (p). UupyuupoBannble Ha J6 MeTPHKH ﬂJ* (@) u 11); (g’) co-
rAacyioTCs OZHA C APYrofl, IOCKOJbKY B —p n o —p’ uso-
merpruudsl. CorJgacHo JioKaabHOK Teopeme Koulw, oHY npuHagiexar
IPOCTPAHCTBY W't (). Amnanoruumo, BTophe (YHZaMEHTAaJbHbE
dopMbl TakKe COMJIACYIOTCS U NPHHAAJ/eXKAT W”“(%). OxpectHOCTH

NOBepXHOCTEH # s MuH s M 6yayr W' %-passuTusmu 8.
[To JokaabHO#i Teopeme Komru oHH MOJUKHBL OBITh paCLIMPEHUSIMH
opsoro u Toro ke passutus (A°, g*). Tlpucoemuusa (A, g°)
x (A", g”), MBl moayunan Obl GoJibliiee PasBUTHE KOMIJIEKTA Ha-
yaJbHBX JaHHBIX (P, ), npuueM (M, g) u (A’, g’) Gblin Obl pac-
MIHPEHUAMHA 3TOro pasButud. OQHAKO 3TO HEBO3MOXKHO, n6o (A7, g”)
yXKe sBjsercss HanGoabmuM oOmum passutHeM. M3 atoro ciepyer,

yro MHoroo6pasue 1 pomHO OHITL XaycAOpdOBHIM, 4 CIefOBa-
TeJbHO, U IPOCTPaHcTBO (A, g) AO/KHO OBITh pacliHpeHHeM Ipo-
crpancrea (A7, g’).

Hrak, HaMHu JoKa3aHa

Teopena o eaobarvHom peweruu 3adawu Kowu

Ecan het = Wite(P) u x2b = WHe(F) ynosaeTBopsaioT ypasHe-
HHAM CBSI3H AJS MyCTOrO MPOCTPAHCTBA, TO [/ ypaBHeHuil IiiH-
mTefiHa B MyCTOM ILPOCTPAHCTBE CYIIECTBYeT MaKCHMaJ/bHOE Pa3Bu-
e (M, g) c g = WhHe( M) n g = W (56) KommiekTa HadaJbHbIX
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AaHHBIX A5 J1060fl I1aJKoil npocTpaHCTBEHHONOAOOHOH NOBEpPXHO-
cTH Jf. DTO pasBHTHE ABJAAETCs pacllnpeHHeM JoGOro apyroro
TAKOTO Pa3BUTUSA.

[Toxa MBI fOKa3a/j# JHIIb TO, YTO MOJAYYEHHOE HAMH PAa3BHTHE —
MAKCHMaJbHOE Cpeld Pa3BUTHH, UpHHAAMEKAUIMX MPOCTPAHCTBY
Wite (Wete-paszpurnil). Ecan >0, to cymecrsyior takxke Wite—t.
Weta=2. . W4 pa3BuTHd, KOTOpbie SIBJSKTCA DACHINPEHHAMH TO-
ayueHsoro passutua. Oanaxo lloke-bproa noxkasasn [30], uto Bce 3TH
pECLIHDPEHUST MOKHBL coBracte ¢ Wk-passutHem. DT0 NPOHCXOIHT
BCJICACTBHE TOTO, YTO MBI MoXKeM AnddbepeHuupoBaTh NPUBEIEHHbIE
ypaBHeHHs JHHIUTelHA M 3aTeM paccMaTpPUBaThb HX KaK AuHeldHble
ypaBHenuss Ha W*-pasBuTHH AJf MepPBLIX NPOM3BOAHEIX g°°. 3aTeM,
NOJIL3YACh TpelioxeHnneM 7.4.7, MOXKHO NoKa3aTe, uto g% & W Ha
Wt-pa3BuTuy, ecan HadalbHble JAHHbie TIPHHAJ/IeKaT NPOCTPaH-
crey W3 Cheays stoMy peuenty, Mbl MOXeM I[I0Ka3aTh, 4TO IIPH
HayaJbHBIX HaHHBIX kjaacca C® Gyner cymecrsoBath C®-pas3Burtue,
koTopoe GakTHyecku cosnafaer ¢ Wk-passuruem.

Mbl foKa3aau CyUlecTBOBAHHE W eAMHCTBEHHOCTh MaKCHMaJbHBIX
pa3BUTHIl TOJbKO LIS C/Iydasi, KOrJa MeTPHKA He «XyzxKe», yeM KJaac-
ca Wt B aelcTBHTEABHOCTH MOMKHO JI0Ka3aTh CYL[ECTBOBAHHE pas-
BUTHI [J9 HauadbHBIX JNaHHBIX u3 W3, HO B 3TOM cilydae Mbl He
cMOXKeM J0Ka3aTb €IMHCTBEHHOCTh. He HCKMoUeHo, YTO MaKCHMaJb-
Hoe W4-pasButhe MoKeT OBITh pPacCIIMPEHO MM Tak, YTOOBI METpUKA
nepecraja npuHaaIexarb npocrpanctsy W4, uau tak, utotu 0 (%)
nepecrasna Obithb nosepxHoctbio Kowmu. B nocmexnem ciayuyae mo-
sBuTca ropusodt Kown, npuMepst atoro 6uliyu nausl 8 1. 6. C apy-
rol CTOPOHBI, BO3MOXKHO NDPHCYTCTBHE CHHTYJSIDHOCTH TOTO HJIH
HHOTO POJa, M TOTHA PasBUTHE HeMAb3sl PAcCLIMPHUTb TaK, YTOOBI MOPS-
noK auddepeHUHPYEMOCTH MeTpUKU ObIJI focTatodeH AJs ee QHU3H-
yeckoll uaTepuperanuu. JefcTBUTENbHO, KAK MBI YBHAUM B CJAeIYIO-
el riase (teopema 4), eclin MHOXKeCTBO & KOMIAKTHO H %%0hq,<<0
BCIOAY Ha &, pa3BuUTHE HeJb3sl DACIIHPHTb TakK, 4TOOBI OHO ObLIJIO
reolde3nuecky noJduM n obaagano C?> -MeTpukoil (T. e. JOKa/JIbHO
OrpaNHUeHHON KPHUBH3HOM).

Mul noxasadau, 4TO CyLlecTByeT oTOOpaKeHue H3 MPOCTPAHCTBA
nap tensopon (A7, %) Ha %, yLOBJIETBODPSAIOIIHX YPABHEHHSIM
CBSI3H, B TPOCTPANCTBO KJAACCOB 3KBHBA/JIEHTHOCTH METDHKH g Ha
MHorooGpasuu A, KoTopoe, coriacHo npeanoxenuto 6.6.8, nuddeo-
moppuo & X R Ecru ase mapnt (he?, x2%) u (h'e?, y'°%) skBuBa-
JIEHTHBI OTHOCHTeAbHO Audbdeomoppusma AP — P (1. e. A hsb=h'ad
H A = /%), TO OHH NIOPOXKAAIOT IKBUBAJNEHTHLIE MeTPUKH g. Ta-
KHM 06pasoM, Mbl MMeeM 0TofpaKeHHe K/1accOB IKBHUBAJNEHTHOCTH
nap (heb, x°P) B KiIaccel 9KBHBAJEHTHOCTH MeTpuK g. A% u y2® Bue-
cTe HMeloT 12 He3aBHCHMBIX KOMIIOHEHT. Y paBHEHHS CBA3H HakJa-
OBIBAIOT HA HUX UYeTbiPe COOTHOIIEHHS, a 3KBHBaJEHTHOCTD
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OTHOCHTEJNbHO AH(D(GeoMop(HHIMOB MOKHO HCIIONB30BATL AJSA HCKJIO-
YyeHHs ellle TPeX NPOH3BOJBbHLIX (PYHKLHUE, OCTaeTcs NATb He3aBHCH-
MBIX (PYHKUHH. MOXKHO CUHTaTh, UTO OJHA U3 3THX (QYHKUHH Xapak-
TepU3yeT moJoxeHHne nopepxHoctu 6(¥) s passutun (A, g). Cie-
LOBaTEJbHO, MaKcHMaJ/bHble PA3BHTHS, YAOBJIETBOpHAIOLIHE ypaBHe-
HHsIM DHHDITEiHA, B IYCTOM NPOCTPAHCTBE ONPEEeAIOTCA YeTHIPbMS
(bYHKUUSAME TpeX flepeMeHHBIX.

BLiiio 6B kejaartebHO MOKA3aTh, 4TO OTOOpa)KeHHe H3 KJIAcCCOB
3KBUBaJeHTHOCTH 1ap (A%, %) B K/Jacchl SKBHBAJEHTHOCTH MeT-
DHK @ B KakKOM-TO cMblcge nenpepeiBHo. [loaxoxsmest mas aroro
TONOMOTHEN HA KJIACCax SKBUBAJNEHTHOCTH ABJSETCS KOMIIAKTHAS
otkpbitas Wr-ronosorus (cp. ¢ pasg. 6.4). Ilycte g — JopeHuesa
Cr-merpuka na A, a 9 — OTKPBITOE MHOXXECTBO ¢ KOMIIaKTHBIM 3a-
MmbikanueMm. Ilycrs V — oTkpniToe muoxectso B Wr(2), n nycth
O (%, V)— MHOXKeCTBO BCeX TaKHUX JOpPeHLEeBbIX MeTpHUK Ha J, Cy-
}KeHHst KOTOphX Ha 24 npuHapaexar V. OTKpbITEHIE MHOMXKECTBA KOM-
nakTHOH oTkpbIToll Wr-Tomogorun B mpocrpancTse &r(A) Bcex J0-
peHueBblx W7-MeTpuk Ha J onpenensiorcd Kak 0ObeIHHEHHST H KO-
HeuHble mepeceueHuss muoxecrs suga O(U, V). Torma tomonorus
npocrpancrtea £, (M) kaaccos skBuBaseHTHOCTH Wr-MeTpuk Ha M

MHAYLUpYeTCs NpoeKuHueli
w (M)—> L (M),

KoTopasi CTABHT B COOTBETCTBHE METDHKE €€ KJACC IKBHBAJIEHTHOCTH
[r. e. orxpuThie MHON)ecTBa B £ (M) nmeor Bua n(Q), rae Q —

CTKpbITOR MHOXKECTBO B £, (A)]. AHANOrnuHO KOMIAKTHas OTKphITAs
W’-ronosorus B npocrpanctse Q, (#) eex nap (A%, %), ymosierso-
PAOIIHX YPABHEHHSM CBA3H, ONpejessieTCss MHOXeCTBaMH BHIa
O(@, V, V'), cocTosmuMu U3 nap, nis KoTopex A’ =V u ¥ eV,
rie V. u V' — oTKpHITHIE MHOXKECTBa COOTBeTCTBeHHO B W (%)
u W H(P). C*-merpuxu na A obpazyior nognpoctpanctso L, (M)
npocrpatctsa & (M) Bcex JopeHueBbix MeTpurk Ha M. Tak Kak
C*®-MeTpuKa IpuHaaaexxuT npocrpancrsy W' npu Jo6om r, £, (M)
ob6nagaer paccMmarpusaemolt W/ -tomosoruefi, Mbl MOKeM BBeCTH
B &, (M) Tonosoruio, 3ajaBas ¢e BCeMH OTKPHITHIMHE MHOXKECTBAMH
B L (M) B W -Tonosiorusix npu KaxaoM r. AHaJOrHYHO ompeae-
asierca C®-tomnosorust va Z._ (M) u na Q_(F).

JKenareldbHo TakXe I0KasaTh, uTo oToOpaxenue A, H3 Tpo-

CTPaHCTBA Qj(?) KJaCCOB 3KBUBAJIEHTHOCTH Iap (hab, +*") B mpo-
ctpaHctBo £ (M) KJIaccOB 3KBHBAJEHTHOCTH METPHK HELP PBEIBHO
10 OTKPHITOH KOMIAKTHOH W'-TomoJoruu B 06OHX MPOCTPAHCTBAX.
JpyruMu caoBaMH, IPEANOJONKEM, UTO UMEIOTCS HavaJbHBE JaHHbIE
Wew (#?) v v =W ' (#), koropee na A paiT pelucHne
g = W' (A). )enateapHo NmokasaTh, uyto Ajas € > 0 u a/as obJaacty
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7 < ¢ KOMINAKTHBIM 3aMBIKAHHEM CYLIECTBYIOT 6 > 0 H HeKoTo-
paa obnacte % < & ¢ KOMNAKTHHIM 3aMbiKaHHEM, TaKHe, uTO

lg’—¢g, 7l <e npu Bcex HauambHbIX mamuex (A%, %', yao-
BJETBOPAIINX YyeaosusaMm |h" —h, @/, < %6 ully —x Y |T,_l <

1
<§6 10 YTBepKKICHHE, BO3MOXKHO, CIPpaBedJHBO, HO JIOKA434aThb

MBI €I'0 He B COCTOSIHMU. UTO MBI IeHCTBHTEJIBHO MOMKEM H0KA3aTh —
3TO CIPaBel/UBOCTb JAHHOTO YTBEPKIACHHS N/ METPUKH, MDPH-
magaexkameii kaacey CYTP7. Owno cpasy cjeiyeT H3 Mpemsioxe-
nus 7.5.1, ecau B3ATh @ B KauecTBe GOHOBOH METPHKH U HEKOTOPYIO
NOAXOAAMYI0 OKpecTHOCTb u3 J (Z)(\/T(0(F)) B Kauectse 4.
Ecnu Mbl obOpaTumcs K JeMmMme 7.4.6, 10 o0HApyXHM, 4TO B Jeii-
CTBUTE/IBHOCTH MOXKHO ocsaluTh TpeGoBaHud K (HOHOBOH MeTpHKe:
smecro C'TV -merpukn Moxno Baste W'''-verpuky, mo W -me-
TPUKA YiKe HeJONyCTHMA BBHAY NPUCYTCTBHS NPOU3BOAHBIX 7 — |
nopsiiKa TeH30Pa KPHUBH3HBI Aast ¢oHoBOH MerpukH. ([Tox ciaoBamu
»(poHOBAS Wt MeTpuKa“ Ml HMeeM B BHY NPHHAJICKHOCTH 5TOM
MeTpuku npocrpancTsy W' oTHocuTespHO KaKOH-TO APYrod ¢o-
Hoso#t C"Fl-merpuku.) Hrak, orobpaxenne MA@ (P)—> L (H) u3
KJIACCOB SKBHBAJIEHTHOCTH HAUaJbHBLIX JaHHBIX B KJaCCH 3KBHBA-
JIEHTHOCTH MeTPHK OyJeT HeNPepbBHHIM B OTKPHITOH KOMIAKTHOH

W -tonosornn  mas Beskolt W T'-merpuku. Xora W''-merpuku
o6pasyior cpend W'-MeTPUK MJOTHOE MHOXKECTBO, BO3MOMKHO, UYTO
oroGpaxenne A, He Gyner HempepbiBHO Ha W' -MerpuKe, eciu oHA He
AB/IseTCsl oJHOBpeMenHo n W' '-merpukoil. OnHako oo 4 1=oco u
COOTBETCTBEHHO oToGpaxenue A_:Q' (#)—> L (M) Gyner Henpe-
phiBHBIM 110 C™-TOMOJIOTHH B 00OHX MPOCTPAHCTBAX.

DTOT pe3yJbTaT MOXKeT ObiTh CHOPMYMHPOBAH TaK:

Teopema 06 ycrotivugocru pewtenus 3adauu Kowu

Iycrs (M, g) — Makenmaisioe WPT%-pasBirne Haua/bHBIX AaH-
mix he W (@) n tew™(9), 0<<a<oo, 7 —obaactb u3
J*¥(6(¥)) ¢ KOMNAKTHLIM 3aMbIKaHHeM, Z-—OKPeCTHOCTh 8§ B gy, (7°)
u U < 6(F) — orkphras okpectHocTs JT () (18(F) ¢ KOMIAKTHBIM
sambikanueM. Torga B Qs ,(%2¢) cyumecTByer OKpecTHOCTb Y maphl
(h, %), B koTopo#t gas Bcex (W, XYY, yuosiersopaomux ypasHe-
HHUSIM CBSI3H, CyLlecTBYeT fud peoMopdusm p: M —> M co cBOACTBAMH:

1) otoGpaxenue 07 'pd’ sBaseTcst ToXAECTBeHHBIM Ha 07 (24),

Qug'sz,
rae (M’, g’) — makcuMagbHoe passutue mapel (b, %), o

YTBepieHne 3TOH TeopeMbl CBOAUTCH MPUMEPHO K CAEAVIOIEMY
ec/i BO3MYLIeHHe Haya/JbHBIX AAHHBIX Ha noBepxHocTH Kowu 6 (%)
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Mado B obgacta J (7)UO(¥F), To MBI NIOJAYYHM HOBOE pellieHHe,
OnH3Koe K HCXOAHOMY B 7. B aeHicTBHTeNbHOCTH BO3MYILEHHE Ha-
HAYaJbHBIX JAHHBIX JOJIXKHO OBITh MaJjbiM Ha HECKOJIBKO OoJbLIeH
obGusactn mopepxHoctn Komm, uem J™ (7)1 0(¥), Tak Kak H30TpOI-
Hble KOHYCBEI B HOBOM peIleHHH OYAYT HEMHOrO HHHIMM, UEM Npexje,
U MOXKeT oKasaThCsl, 4To /° He JeXHT B oOjactn Koimuu MHO-

xeersa I (7)) 6(F).

7.7. YpaBHenns OJiiHWITeiHA NPU HAJIUYUH MATEPUH

Ho cux mop Mbl AJ1s1 NIPOCTOTHL paccMaTPHBAJIN ypaBHeHHs JiH-
mwrTefiHa TOJBKO AJs NycToro npocrpaHctBa. OgHaKo aHaJorHuHbIe
pesyabTaThl NOJAYYarTCs U IPH HAAHUHH MATePUH, eCAH ypaBHEHHU,
KOTOPBIM NOAYHHAIOTCS MaTepHadabHble nodas W)ls, yIOBIETBOPAIOT
onpejaeseHHbIM, H3HUECKHM Pa3yMHBIM YC10BHAM. CXema moJyueHHs
3THX pe3y/]bTaTOB TaKoBa. PellaeM YypaBHeHMS ABHKEHHs MaTe-
PHH C 3aJaHHbIMH HaAyaJbHBLIMH YCJAOBHAMH B 3aJaHHOM NpPOCTpaH-
CTBe-BPEMEHH C METPHKOH g’; 3aTeM pellaeM NpHBeeHHble YpaBHEHHS
Ofinmrefina  (7.42) xaxk JHHefHble ypaBHeHHS ¢ Ko3dduiuen-
TaMH, KOTOPble ONPEeAeJsIIOTCS METPHKOH g/, 1 ¢ npaBo# yacTbio 1790,
KoTopas onpejessiercss g W pelleHHeM A5 MaTePHaJIbHBLIX MOJeH.
[Tpu sTOM mosiyuaeM HOBYIO MeTPHKY g’/ M NOBTOpsieM Bce CHOBA,
B3sB g’ BMecto g’. JIas TOTo 4TOOB! HOKA3aTh, UTO TAKAas MPOLEAYpa
CXOOHUTCS K DEUIEHHIO CHCTEeMBl H3 ypaBHEHHH JDHHLITEllHA W ypaB-
HEHHH JBHXKEHHS MaTepHH, Ha HOCAelHHEe HeoBGXOAHMO HaJO0XKHTb
onpejesenuble ycaoBusa. Mpl X chopMyaupyeM caemymoiuM obpa-
30M:

a) ecmun { (W)} =W+e(#) u {|¥ )} = W3t () — navanpueie
JaHHble Ha aXpOHaJbHOH MPOCTPAHCTBEHHONOZOGHOH MOBEPXHO-
cth 6 B WUte-MeTpuKe g, TO CyLIECTBYeT €AMHCTBEHHOE pelle-
HHe MaTepHaJbHBIX yDaBHEHHH B HEKOTOPOH OKPECTHOCTH #& B obna-
ctu D+ (), npuuem {Wu) = WHe (') naa moboil raankoil npo-
€TPAHCTBEHHONONOOHOH MOBEepXHOCTH ' U

Yo=¥un, Yoli.= "y, na &
6) ecmn {¥)} — W5ta-pemenie B o6sactn U, B Wite-pMe-

TPHKE g, CYUIECTBYIOT TaKHe IIOJIOXKHUTeJbHBEIE IOCTOSIHHBIE Q U Q,
uro aas Jawoboro Wite-pemenus {W(;)} B MeTpuke g’, /s KoTOpOH

g’ —g, Uilhia <Qis
"

g; {O\F/(z’) _O‘Fu‘)» %(O)HWHMu +‘
+ ” 1llrl(i) - lqr(i), %(0) ﬂ %Hj+a} < Ql;
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BHIITOJIHACTCSt HEPABEHCTBO
LW =W, Ui lha <Q {18 — & Uslura+
+ (5;,“ 1 ) — ¥y, 0N Ulsq+
+ % W )~ ¥y, )N U5 a)s

B) TEH30D SHePrHH-UMNYJbca Top ABJAAETCHA MOJHHOMOM MO
b
Wiy s, Wuliye u g%

Yceaosue (a) npeacraBaseT cofoil JoKaldbHylo TeopeMmy Koun
I/ MaTepHaJbHBIX MoJefl B 3aJlaHHOH NPOCTPaHCTBEHHO-BPEMEHHOI
merpuke. Ycaosue (6) mpeiacTaBaseT TeopeMy 06 YCTOHYHBOCTH pe-
mreHusi 3afauu Kowu AN MaTepua/bHBIX [OJEH TNpU BapualHsix
HayaJbHbIX MaHHBIX H INPOCTPAHCTBEHHO-BPEMEHHOH MeTpPHUKH g.
Ecnu ypaBHeHHS JBHXKEHHS MaTePHU — 3TO KBa3HJIHHeHHble rumep-
GoJuecKre YPaBHEHHS BTODOTO MOPSAJAKA H HX H30TPOIHBIH KOHYC
COBMagaeT C M30TPOMHBLIM KOHYCOM METPHKHM g HJH JEXHUT BHYTPH
Hero, TOo BBIMIOJIHEHHE 3THX YCJAOBUI MOXKHO YCTAHOBUTHL TakK iKe, Kak
5T0 OBIIO CAENAHO JJIst MPUBEIEHHLIX YPaBHEeHHH DHHIITEHHA.

B cnyuae cka/dsipHOrO NOJS HAH 3JMEKTPOMArHUTHOTO MOTEHIa-
J1a, yAOBJETBOPSIIONINX JUHEHHBIM YPAaBHEHUAM, 9TH YCJAOBUS BBIIOJ-
HAIOTCS B CUJY npelJoxKeHusa 7.4.7. Mbl MOXKeM paccMOTPETh TaKiKe
cKaJ/sipHOe MoJie, B3aUMOJCHCTBYIOILEe C 3JeKTPOMAaTHUTHLIM [OTEH-
LHAJOM: 3aZaJJHM METPHKY H JIeKTPOMATHHTHBIN MOTEHIIHA/I, PEIIUM
ypaBHeHHe CKaJgpPHOTO NOJA KaK JHHEHHOe ypaBHEGHHE B 3TOH MeT-
pHKe H C 3THM [OTEHLHAJOM H 3aTeM pellHM yPaBHEHHS 3JeKTPo-
MATHHTHOTO TOJISI B 3aJlaHHOA MEeTPHKe CO CKaJsipHBIM MOJIeM B Ka-
yecTBE HCTOYHMKA. MOXKHO 10Ka3aTh, 4TO UTEPAIHH 3TOH NpoLenyprl
MpH.-JOCTATOYHO Ma/iblX HAaUaJbHBIX HAHHBIX CXOJATCA HA MHOXKECTBe
BuJa @4+ K PELIeHHI0 YPaBHEHHH CKaAfPHOTO H 3JIEKTPOMArHUTHOTO
nmoJiefl ¢ HX B3aUMOJAEHCTBHEM B 3aJJaHHOH METPUKE; 3aTEM, H3MEHsIsI
Macuwtabbsl METPHKH M ToJiell, mokKa)KeM, u4TO NpH AOCTaTOYHOH Ma-
AoctH (MO M3MepPEeHUsSM B IPOCTPAHCTBEHHO-BPEMEHHOH MeTpuxe g)
2, MOMKHO TIOJYUHTh pelleHHe A5 JIOOBX AOMNYyCTHMbIX HauaJbHBIX
daHublX. dTa XKe Npoueaypa AeHcTBYeT Mpu Jw0OOM 4HCIe CBS3aH-
HBLIX KBA3HJIHHEHHBIX rUNepOOTHICCKUX YPABHEHHH BTOPOTO NOPAAKA,
ecJIH CBsI3b HE COAEDPKHUT IIPOU3BOAHBIE Bbille NMEPBOTO MOPSAKA.

VpaBHeHUs] ABHIKEHHS HAEaTbHOH HKHUAKOCTH He ABJAIOTCA THIEp-
GOJIHYECKHMHU YPaBHEHUSAMH BTOPOrO NOPANKA, a 00pa3yIOT KBA3HJ/IH-
HEHYIO cucTeMy mepBoro nopsiaka. (Onpefesenne runepOoaIHIecKol
CHCTeMbl TIepPBOro nopsiAka cM. B [36], p. 577.) asa raxoit cucremsl
MOXKHO TOJIYUHTh aHAJOTHUYHbIE PE3y/IbTAThl HPH YCJAOBHIH, YTO KOHYC
Ayuell coBrmajaer ¢ M30TPOMHLIM KOHYCOM NpPOCTPAHCTBA-BpeMeHH
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C METPHKOH g HMJIM JeXUT BHYTPH Hero. TpeGoBaHue, utoGnl ypaBHe-
HHUS [JBIXKEHHA MaTepuu OLLIH THnepOOJHUECKUMH YPaBHGHHAMH
BTOPOTO NOPfAAKA HJH COCTABJANH THNEepPOOJHYECKYI) CHCTEMY Iep-
BOrO mopsiika M 4TOObl HX KOHYCbl COBMA/JH ¢ KOHYCOM HpPOCTpaH-
CTBEHHO-BPEMEHHOH METPHKH ¢ WM JieKaJu BHYTPH HETO, MOXKHO
cuutath 6oJee cTporoit GopMyJIHPOBKOH MocTyJsaaTa JOKaJbHOH NPH-
YHHHOCTH M3 TV 3.

[lpu suimoanenuu ycaoBui (a), (6) u (B) MOXKHO JA0Kasath
npeanogoxkenus 7.5.1 u 7.5.2 n/1s1 cucTeMBl IPUBEIEHHBIX YPaBHEHUH
OiiHwiTeliHa ¥ ypaBHEHHH ABHXKEHHsS MaTepPHH; H3 3THX MpeNJoKe-
HUH CJeNyIoT JokKaabHas U raodajJbHas TeopeMbl O peuleHUsx 3a-
naun Kown u Teopema 00 ycTOHYHBOCTH,



'naBa 8

CHHIYJIIpHOCTH NPOCTPAHCTBA-BpeEMEeHH

B 3Toll ri1aBe MBI HCNOJB3yeM pe3y/abTaTht I, 4 #4 6 414 TOrO,
uTOObl YCTAHOBUTb OCHOBHLIE CBOHCTBA MPOCTPAHCTBEHHO-BPEMEHHBIX
cuHryasipHocrefl. Actpodu3anueckue M KOCMOJOrHYECKHe CJIeCTBHUS
OyayT paccMOTpPeHBbl B NOC/eAYIOIHUX [M1aBax,

B pasn. 8.1 mbl o6cynum Bomnpoc o0 onpeaeneHHH CaMOro IOHSA-
THSl CHHIYJ/SIPHOCTH B NPOCTPaHCTBe-BpeMeHH. MBI BBeJeM MNOHSITHE
b-HemnoMHOTBl — pa3BUTHE NPEJACTABJCHUA O Fe0Je3U4eCcKoll HemoaHO-
T€ — KaK NPH3HAK TOTO, YTO W3 TNPOCTPAHCTBA-BPEMEHH BhIpe3aHbl
CUHTYJ/SIDHbIE TOYKH; IIPH 3TOM Mbl HaMeuaeM JBa BO3MOXKHBIX CIO-
coBa cBfi3aTb b-HENMOJHOTY C ONpefeJeHHBIM THIOM CHHIYJSPHOCTH
KpUBU3HEL. B pasg. 8.2 nmaHbl yeTkipe TeOpeMbl, KOTOPbIE TOBOPAT
0 Ha/JIMYUH HENOJHOTBl B CaMblX pPasHOOGPA3HBIX CHTYaIHsIX.
B pasp. 83 Mbl usnaraeM npeanoxenuwin [IImMuatoMm Meron
MOCTPOEHHS b-rpaHulbl, H3o6paxalnollell CHHIY/SPHbIE TOYUKH TPO-
cTpaHCTBa-BpeMeHU. B paszn. 8.4 mokasblBaercs, YTO CHHIYJIADHOCTH,
npeacKasbiBaeMble MO KpaHHEH Mepe OJHOH K3 YIOMSHYTBIX TEOPEM,
He MOTYT B TOYHOCTH COBNaJaTh C pas3pblBAMH TEH30pa KPHBH3HBI.
Mbr mokaxeM TaKxke, UTO HEMOJHBIe Feojle3Hyeckue He ObIBAIOT
M3071MPOBAHHBIMH, a COCTAaBJSAIOT TPeXnapaMeTpHUecKoe CEMEHCTBO.
Curyanus, B KOTOPOH HEMOJHblE KPHBBIE NOJHOCTBIO WJIH YaCTHYHO
3aKJl0uedbl B KOMNAKTHOH 06JacTH NMPOCTPAHCTBA-BPeMeHH, 06CYXK-
naetcs B pa3i. 8.5. Mbl nmoxasnlBaeM, 4TO 3TO CBS3AHO C HEXayCAOp-
(GOBBIM TIOBeeHHEeM D-TpaHHLbl H YTO B XapaKTEePHOM NPOCTPAHCTBE-
BpeMeHH HabJuiomaresab, ABHKYIIHHACA N0 OLHOH U3 3THX HEHOJHBIX
KPHUBBIX, HCHBITbIBAJX Obl JeHCTBHe OECKOHEUHBIX CHJ, BbI3BAaHHBIX
KpuBH3HOH. MBI nokas3biBaeM, Takxke, UTO CBOHCTBA, MOAOOHBEIE TeM,
KoTOpHIMU o6ganaer npocrpaHctBo Tay6a — HYT, He MoryTr BO3-
HHKHYTb y NpPOCTPAHCTBA-BPEMEHH, COAEpIKAllero Kakywo-1u6o Ma-
TEPHIO.

8.1. OnpeneneHne CHHryJAPHOCTEH

Ananorus ¢ S.HeKTpOILHHaMHKOﬁ MorJa Obl NIPHBECTH K MBbIC/IYH,
UTO NMPOCTPAHCTBEHHO-BPEMEHHYIO CHHIYJSPHOCTL PA3yMHO olipeje-
JIUTH KaK TOUKY, B KOTOPOH MeTPHUYECKHH TeH30p He ONpeldeseH HJIH
nenqnddepenunpyeMm HyxkHoe uncao pas. OAHAKO NPU 3TOM Mbl Ha-
TOJKHEMCA Ha Ty HENPHUATHOCTb, UTO 3TH TOUKH MOXKHO IIPOCTO BHI-
pe3aTb H CKa3aTb, YTO OCTaBILIEeCHd MHOI‘OO6p33He NpeaCTaBJ/IdAET BCE
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NPOCTPAHCTBO-BPEMS, KOTOPOE, COTVIACHO MpeaaraeMoMy onpejuese-
HHUIO, GyaeT yxke HecHHryJApHbIM. Koneuwo, paccmartpuBath Takue
CHHTYJISIDHBIE TOUKH, KakK 4YacTb NPOCTPAHCTBA-BpeMeHH, OblTo Obl
Hepa3yMHO, H60 B HUX He YyAOBJETBOPSAUCH Gbl OGHIYHBIE yPaABHEHHS
(H3HKKH W HeJAb3st Obi1o Obl NMPOU3BOLHUTH Kakue-THGO H3MEPEHHS.
[Toatomy B pasz. 3.1 Mbl Onpefeu/In NPOCTPAHCTBO-BPEMS KaK napy
(A, g), B XOTOPOIl METPHKA g JIOPEHIEBA W HYKHOE YHCI0 Pa3 Aud-
depennuupyema, u, norpebosas, uro (M, g) HEAb3s PAaCUIUPHTDL ¢
COXPaHeHHeM HYXKHOH cTeneHH IubdepeHuupyeMocTH, TapaHTHPO-
BaJH, YTO H3 NPOCTPAHCTBA-BPEMEHH BMECTE C CHHIYJSPHBIMH TOU-
KaMmu He 6bl1a BHIGpOLIEHA HU OAHA HECHHTYJSAPHAS TOYKA.

Bonpoc o HalIH4uH CHHTYJASIPHOCTEH B TPOCTPAHCTBE-BPEMEHH
npespamaercs B BONpoOC O TOM, OBLIHM JIH BbIpe3aHbl H3 MPOCTpaH-
CTBa-BpeMEHH Kakue-Tu00 CHHTYAApHBIe TOYKH. ECTh Hajexaa, 4To
3TO MOXKHO YCTAHOBHTb 10 (GakTy HENOJHOTH (B TOM HJIH HHOM
CMBbIC/Je) NMPOCTPAHCTBA-BPEMEHH.

B ciysae mHOroo6pasus M ¢ 10M0KUTEIbHO ONpele/IeHHON MeT-
pHKOH g MBI MOXKEM BBeCTH (QYHKLHIO PacCTOSHHUA (X, y), KoTOpas
paBHA TOYHOH HHXKHeH TIDaHu A/JIHH KPUBBIX, COCTHHSIOUIHX X H Y.
OyrruMAg p(X,y) ABATETCA METPUKOH B TOIOJOTMYECKOM CMBICJe,
T. €. 6a3HCOM AJS OTKDBITBIX MHOXKECTB MHOroo6pasus A cayxar
MHOXKecTBa B (X, r), COCTOSIIIHE H3 BCEX TOUeK Y & A, Il KOTOPBIX
p(x,y)<<r. Ilapa (A, g) Ha3BIBAETCS METPpUHECKU NOAHOL (1M-TIOJ-
HOH), ecau Jo6asg ¢yvHAaMeHTaJbHAad N0 (QYHKIHH PacCTOSHUS P
IoCJael0BaTeNbHOCTL CXOAUTCA K TouKe, Jexamel B . (Pyndamen-
TAAbHOU NOCAeF08ATeAbHOCTHIO HA3LIBAETCA OeCKOHedHas Iocleno-
BATEJBHOCTD, AJ51 KOTOPOH npu JawboM & => 0 cymecrByer yuciao N,
Takoe, uTo p(Xn, Xm) << & 415 JM06BIX 7 U m, 66apiux N.) Umeercs
anprepHatuaBHas dopmyauposka: (M, g) ABIAETCA M-NOAHOUN, eCIH
kaxjas C!-kpuBas KOHEUHOH JAJIHHBI HMEeT KOHEUHYIO TOUKY B CMbIC-
Je pasn. 6.2 (3ameTHM, uTO 3Ta KpHBAs He 00s3aTeNbHO AOJKHA
GeITh KJgacca C! Ha korniue). OTcrofa cjaelyeT, 4To m-nonaHota odec-
[IeUHBAET 200e3UteCKyt0 NOAHOTY (g-NOAHOTY), T. €. BOZMOIKHOCTb
NPONOJIKHTL KaXKAYI0 TeOJe3MUeckylo A0 IPOH3BOJBHREIX 3HAYeHHH
ee adpdunHoro napamerpa. HeiictBuresbHo, Gpl0 gokasaHo [92], 4ro
LISt IOJTOXKUTENBbHO-OTIPEIeIeHHON METPHKY g-TIOJHOTA U /71-TI0JIHOTa
5KBHUBAJIEHTHBI.

JlopeHUeBa MeTpWKa He OfNpeiedserT Kakyl-an6o ToHOoJOrHYe-
CKYI0 METPHKY, [OSTOMY y Hac OCTaeTCsl TOJIBKO g-MoJaHOTa. MoxHO
pas/HyaTh TPH TUNA g-HEMOJHOTH: BPEMEHHIOJO0HYIO, H30TPOIHYIO
H TIPOCTPAHCTBEHHONOAO0OHY0. Ecan Beipe3aTh U3 npocTpaHcTBa-Bpe-
MeHH peryJsipHyl0 TOYKy, TO HOJyupBlleecss MHorooGpasue 6yaer
HENMoJHO BO BCeX TPEX CMBICAAX M MOXKHO OblIO Gbl HALEsITbCH, YTO
MOJIHOTA ONHOTO H3 YHOMAHYTBHIX THIOB CBHAETEJABCTBYET O MOJHOTE
apyrux AByX Tunos. K coxanenuio, sro He ofssateasho Tak [97],
YTO BHAHO H3 CJEAyIOllero npuMepa, Hanaensoro I'epoxkom [54] Pac-
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CMOTPUM ABYMEpPHOE [POCTPAHCTBO-BPEMS C KOOpJAHHATAMH X, { H
METPHKOI Zap. BBeieM HOBYIO MeTpPHKY fap = Q°Cap, THE IOJOXKH-
tefbHas QyHKuusg Q obaanaer ciaedyIOUHMH CBOHCTBaMH:

1) ©Q =1 BHe 001aCTH MeXJy BEPTHKAJIbHBIMH JUHUAMH X==—1
Hx=-+1.

2) Q cuMMeTpPHYHA OTHOCHTEIbHO OCH f, T.e. Q(f, x) = Q({, —x).

3)Ha ocu t #2Q — 0 npu { - oo.

B cuny crofictBa (2) och ¢ — BpeMeHHnofo6Had reopesndeckas,
KOTOpas, coriacHo (3), HemoqHa npu f—> oo. OgHako Kaxjaas H30-
TPOTHAsA HJAH NPOCTPAHCTBEHHOMOAOOHAs reoje3uvyecKas NOKHAAeT
o6aacTp MeXay ¥ = —1 u x = 41 u He Bo3Bpauaercs B Hee. CJe-
noBaTeabHO, B cuay cBoHcrBa (l) AaHHOe nMPOCTPAHCTBO H30TPOIMHO
W IPOCTPAHCTBEHHONOAOOHO 0AHO. MOMXHO MOCTPOUTD NPUMEPHI, KO-
TOPblE HENOJIHBl B JIOOOM H3 TPEX YKA3aHHBIX BHILIE CMBICJIOB H
NOJIHB! B OCTABIIUXCS ABYX.

BpemennnonobHas HemoaHOTa MMEET HelOCPeACTBEHHOE (H3nUe-
CKO€ HCTOJIKOBaHNE: M3 Hee cJelyeT BO3MOXKHOCTb CYILeCTBOBAHHUSA
cBOOOMHO ABHKYIIHUXCS Hab/iofaTeaell, MHPOBble JHHHH KOTOPBIX
HMEIOT Hayajo WA KOHEL Ha KOHEYHOM HHTepBaJe COGCTBEHHOrO
BpeMeHH. Takoe moBeleHHe MHPOBOH JHHUM MOMKET BHI3BATh HaxkKe
foJiee cuJbHOE BO3paKeHue, yeM GecKoHeuHas KPHBH3HA, H, I10-BH-
JUMOMY, IPOCTPAHCTBO, B KOTOPOM HMEIOTCS Takue JIMHHH, CaelnyeT
paccMaTpuBaTh KakK cHHryJdsipHoe. XoTss ad(uHHBIA mapaMerp Ha
H30TPONHOH reofe3nyeckoll He COBMAfaeT MO CBOeMY (DH3HYECKOMY
CMBICJIY C COOCTBEHHBIM BpeMeHeM Ha BpeMeHMNoAo0HO# reoxesnue-
CKOM, TeM He MeHee H30TPOINHO reofe3HuyecKd HEMOJHBIEe IPOCTPaH-
CTB&, BPOATHO, TOXKE HY2KHO CYMTATh CHHTYJASIPHBIMH, KaK H3-3a TOTO,
4YTO M30TPONHLIE TeOAEe3HUecKHe MPeACTaBAsioT cobOl HCTOpHHM ua-
CTHIL ¢ HYJeBOH Maccod IOKOfA, TaK M Io NIPUYMHE CYLLeCTBOBa-
HHsI TpuMepoB (wanpumep, peuwenue Paiiccuepa — Hopacrpewma,
pasi. 5.5), xoTopble, Halo AYyMaTh, CHHIYJASPHBl W IPH 3TOM Bpe-
MEHHNOXOOHO NOJHLI, HO H30TPONIHO Treoje3uyecku HemoJHbl. Ilo-
CKOJIbKY IO IPOCTPAHCTBEHHONOAOOHbIM KPUBBEIM HHYTO HE JIBHXKETCH,
CMBIC] TIPOCTPAHCTBEHHONOLOOHOH Teole3uuecKoll HEemoJHOTH He
cToab sceH. [ToaroMy Mbl 6yeM NPUAEPAKHBATHCS TOH TOUKU 3PEHHS,
uTo 8pemenunodobHas « UB0TPONHAA 2e00e3uuecKkas noaHoTa A8-
AACTCA MUHUMAAOHOIM YCAOBUEM, NPU KOTOPOM NPOCTPAHCTBO-8PEMSA
MOMHO CUUTATL CB80000HbIM OT cuHeysaprocTeld. OTciona, eCcIu mpo-
CTPaHCTBO-BPeM$S BPeMEHHIOL06HO HJIH H30TPOMHO reofe3Hyecky He-
IIOJIHO, MBI CKaXKE€M, UTO B HEM €CTb CHHIYJIAPHOCTD.

[TpenmyliecTBO NpUHATHS BpeMeHHIONOGHON H (HJAH) H30TPOI-
HOH HENOJHOTH B KaueCTBE HHAHKATOPA CHHTYJSAPHOCTH COCTOMT B
TOM, 4YTO, HCXOAS H3 3TOTO, MBI MOXKEM JHoKasaTb DAA TeopeM 006
YCJAOBHAX, NPH KOTOPBIX CHHTYAsIpPHOCTh nossisercs. OAHAKO KJaace
BpeMeNunoAo6Ho H (MJAM) H30TPOITHO HENOJHLIX MPOCTPAHCTB HE
BK/AM0UaeT B ce6s Bce NMPOCTPAHCTBA, KOTOPble OblJIO Obl XKeJaTelbHO
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CYHTATb B TOM MJH MHOM CMbICJae cuHryaspueiMu. Hanpuvep, [epox
[54] nocTpous npOCTPAHCTBO-BpEMS, KOTOPOE TEONe3HuYeCKH MOJHO,
HO COAEPIKHUT HEeNPOAO/IKHMYIO BPeMeHHIOJOOHYI0 KPHBYIO (He reo-
Je3H4eCKYI0) KOHEUHOH AJIMHBE C OrPaHHYEHHBIM ycKopenneM. Takyio
KpHUBYI MOT Obl mpoJereTbh HaGIOAAaTENb HAa KAKOM-HHUOYAb KOCMHU-
yeckoM Kopabae, ob6aaxasi KOHEUHBIM 3anacoM Torviusa. 11o ucreue-
HUY KOHEYHOTO NMPOMeXyTKa BPeMeHH ero Heab3s Obl10 Obl u306pa-
KaTb TOUYKOH 3TOTO INPOCTPAHCTBEHHO-BPEMEHHOrO MHOTOGODPA3HS.
Eciu Mbl cobupaemcst yTBepKAaTh, YTO NPOCTPAHCTBO-BPEMSI, B KO-
TOPOM KH3Hb CBOGOJIHO Majallero Ha oJaTels npexkaeBpeMeHHo
00pbIBaeTCs, COAEPKHUT CHHIYJASPHOCTb, TO, OYEBHAHO, Mbl JOJKHBI
ObITb TOTOBBl K TOMY K€ BBIBOLY H B caydae Hal.woaaTesst Ha KOC-
Mu4eckoM kopabJe. s storo Ham tpebyerca Kakoe-To 0600IeH e
noHATHs: apuHHOrO mapamerpa Ha cayda# gawo6wix Cl-KpHBBIX —
reoJle3HUYeCKUX M Hereole3udeckux. Torga MoXKHO ObLIo Gbl BBECTH
NOHATHE TNOJHOTHL, Tpedysi, 4ToOb B MOJHOM NPOCTPAHCTBE Ji06as
C'-xpuBasi KOHECUHOH MJIMHBI, B CMbIC/Ie M3MEDEHUs 110 TAKOMY napa-
MeTpy, nMeaa Obl KOHEUHYIO TOUKY.

Wnesi, koTopoit Mbl coGupaemMcsi BOCHOMb30BATLCS, Obla, MO-BH-
AMMOMY, BIIepBble BbickazaHa JpecMmanoM [46] n chopmynnposana
B 6oaee usaiHoi Gopme Imuarom [148].

ITyets A(f)— Cl-xpuBas, npoxoxasumas uepes pe=JA, 1 {Ei}
(=1, 2, 3)— 6asuc B Tp. Mbl Moxkem napaJennHo neperects {E;}
BROJb A(f) u moayuuth 6asuc B Tay) Npu KaxaoMm sHauenun f. Torna
KacaTelbHbl#l BekTOp V == (0/0t)ss MOKHO OyZeT BBIPA3HTb dYepes
ator 6asuc: V= VIi({)E; —u MBI cMoxKeM nocpeicTBOM (HopMy/bt

§= S (Z vaf)"'z dt
p N7

BBeCTH 0606uennbil appunnoiti napamnerp u Ha ). [lapamerp u 3aBu-
cut ot Toukd p u or Gasuca {E;} B p. Ecau {E;'} — npyroi Gasuc
B p, TO CYLIECTBYET HEKOTOpAasi HecuHry/aspHasi Marpuua A;/, Takas,
4TO

E[ = Z A[‘i/E//.
7

[Tockoabky {E;} u {E;} nepenocsrcst B1oJb A(f) napadsenbHo,
3TO COOTHOIIEHHE BHIIOJHsETCS MPH nocroaHubx A;/". Takum o6pa-
30M,

V) =2, AVi).
]

BBuay HeCHHIYJIsApHOCTH MaTpulbl A;/" Hafizeres nocrosunas C > 0,
JJI KOTOPOH

C Z Vivi< Z Vi’vi’ <C—1 Z ViV[-
4 i i
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CusiefloBatTeJdbHO, IJIHHA KPUBOI A 110 ITapaMeTpy 4 KOHeYHa TOrAd H
TOJbKO TOrJa, KOTZa ola KoHeuna no mapamerpy #’. Ecau A — reo-
ge3uueckast Kpusag, 1o u — adQUHHBI mapavMeTp Ha A; KpacoTra xe
9TOTO ONpelAeJeHHs COCTOHT B TOM, YTO 4 MOMKHO 3afAaThb Ha J100oH
Ct-xpuBoit. Mul 6yaev roBoputb, UTO NPOCTpaHCTBO-BpeMa (A, &)
b-noanoe (coxpautenue ot bundle-complete, cM. pasa. 8.3), ecan
y xaxjofi Cl-KpuBo#i KOHEYHOI ATMHBI, H3MepeHHON 1o 0600IieH-
HoMy addUHHOMY HapaMeTpy, CyUIECTByeT KoHeuHas Touka. EciH
sTa AJHHA KOHeuHa NpH oAHoM obobuleHHoM adhhHHHOM mapaMerpe,
TO OHa OyJeT KoHedna NpU BCeX TaKHUX riapamerpax, Tak 4To MBI HH-
yero He TepsieM, eCJHM OrpPaHHUUMCs JIHIIb OPTOHOPMHPOBAaHHBIMH
Gasucami. Korja MeTpuka g noJOXKHTENbHO OTpefeeHa, o600eH-
HBlA adPUHHBIA napaMeTp, onpeaesseMblil OpTOHOPMHPOBAHHBIM Oa-
3UCOM, SBJSETCs AJMHOH NYyTH M [OTOMY b-IOJHOTa COBNAmaeT ¢
m-noHoTol. OnHaKO MOHSATHE b-TIOJHOTHI MOXKHO BBECTH, AaxkKe ec/H
MeTpHKA He SBJSETCS [0J0XKUTeNbHO-0NpeleJeHH0H; (aKTHUECKH
1JIsl ee ONpefie/ieHHs AOCTATOYHO HAJTMYMs CBA3HOCTH Ha J. $lcHo,
YTO U3 b-NOJHOTHI CJIeAyeT g-TOJIHOTA, HO NMPHUBEAEHHbIH BhIIIE NpPH-
Mep 110Ka3blBaeT, 4To 00paTHOE yTBePKACHHE HEBEPHO.

Uraxk, mbl 6ylemM Ha3bIBaTb NPOCTPAHCTBO-BpeMsl CBOBOAHBIM OT
CHHTYJISIPHOCTEN, €ecn OHO b-TiosiHOe. DTO OnpelleieHHe coracyercs
¢ BLICKA3aHHOM BBIIIE TOUKOH 3peHHsi, UTO BPeMEHHIIOA0OHAsA H 1U30-
TPOMNHAs reofe3nuecKas NOJHOTa ABJAACTCS MHHHMAJBHLEIM YCJI0BHEM
NIt TOro, uToOBl MPOCTPAHCTBO-BPEMSA MOMKHO OBLIO CUHTATh CBO-
BOMHBIM OT CHHIyJsipHOCTell. MoXKET NOABHTBCS KeJaHHe CJerka
0CJIaBUTh 9TO YCJIOBHE ¥ HA3bIBATh NMPOCTPAHCTBO-BPEMs ~BOGOLHBEIM
OT CHHIY/JSIPHOCTEH TOJbKO TOTJAQ, KOTJa OHO HEMPOC PAHCTBEHHO-
nofoGHO b-mosHOE, T.€, €CJIH BCE HENpOCTPAaHCTBEHHONONOOHLIE
Cl-xpuBble KOHEUHO! JJIHHBI, H3MEPEeHHOH mo o6obueHHOMY addHH-
HOMY IapaMerpy, UMeIOT KoHeuHylo Touky. OnHako 3To onpeje/eHne
BBINVISIENO Obl JOBOJBHO FPOMO3AKHM NPH (GOPMYJIHPOBKe b-10JHO-
THl Yepe3 pacCJOeHHble NPOCTPAHCTBA; Takylo (OPMYJHPOBKY Mbi
naguM B pasi. 8.3. PaxTHueckd B KaxXKIoH U3 TeopeM, NOKa3blBae-
MBIX HAMHM B pasf. 8.2, moapasyMeBaercd, UTO IPOCTPAHCTBO-BpeMs
(A, g) BpeMeHHUNOZOOHO MJAM H30TPONHO g-HENOJHOE H, CJeloBa-
TeJALHO, COAEPNKHUT CHHTYASIPHOCTb MO 0O6OUM U3 BhlUIeNPHBEAEHHBIX
onpeneaeHul.

VHTYUTHBHO YYBCTBYETCS, UTO ¢ CHHIYJASAPHOCTBIO AOMKHA OBITH
CBf13a11a HEOTPAHHYEHHO GOJbITAg KPUBHU3HA BOJH3H CUHTYJIADHOM
tTouxky. o Mbl HCKAIOUMAN CHHTYASIPHBIE TOUKM H3 OIPE/eJIEHHOTO
HaMH NPOCTPAHCTBA-BPEMEHH, 1 NO3STOMY BOZHHKAET TPYJAHOCTD C TEM,
uTO Takoe «BGJIH3U» H UTO TAKOE «HeorpaundeHHO Go/buiasg». Mox-
HO CKa3aTb, UTO TOYKH D-HEMOJHOH KPHUBOH HAXOAATCHA BOJIN3H CHHTY-
JISIPHOCTH, €CJH MM COOTBETCTBYIOT 3HAYeHHs 06o0ulenHoro adduH-
HOrO napamerpa, GJH3KHe K BepxHell rpanu 31010 napamerpa. Tpya-
Hee 1PHAATh TOYHLI CMDLICA «HEOTPAaHMYEHHO GOJbINOH KPHBH3HEY®,

10 3axaz 381
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HOCKOJAbKY YHMCJeHHble 3HaYeHHs KOMIIOHEHT TEH30pa KPHBH3HBI
3aBHCAT 0T 6asuca, B KOTOPOM oHHM u3dMepstoTcsi. OLUE U3 NOLX0J0B
COCTOUT B TOM, YTOOB pPACCMaTPHUBATH CKaJAspHBIE MOJMHOMBI [0
Zab, Mabed U Rapea. BvaeM roBopuTs, uTo b-Hemosnas KDHBas COOT-
BETCTBYET CUHEYAIPHOCTU CKAASAPHOLLX NOAUHOMOB KPUBU3HbL, €CJIH
JI00011 U3 3THX CKaJsAPHBIX NMOJMHHOMOB HEOTDaHHYeH Ha HAHHON He-
nojHoft kKpusoil. OQHako, KOraa MeTpHKa JIOpPeHLeBa, 3TH TOJHHOMBDI
He ONpeAessiioT MOJHOCTbIO TEH30p KpUBH3HBI: [leHpoys 3amerul,
YTO U PellleHHH B BHJE MJIOCKOH BOJIHBL BCe CKaJsipHBIE MOJUHOMB
PaBHBI HYJIO, TOT/IA KaK TeH3op Pumana orauueH ot HyJas (nopocdHo
TOMY K&K HEHYJEBOH BEKTOP MOKeT HMeTb HyJeBylo AJAHHY). Takum
00pa3oM, KPHUBH3HAa MOXKET B ONpejleeHHOM CMEBICTIe ObhlTb OUYeHb
60JIBLIOH, faxKe ecdH CKadspHble MOJUHOMBI Mananl. C ApYyrod cro-
POHBI, MOXKHO HM3MEpPHTb KOMIIOHEHTBHI TeH30pa KpHBU3HEI B 6asuce,
napasenbHO NePeHeceHHOM BIOJb KpuBOH. Dymem roBoputb, 410
b-HenosHas KPUBAsi COOTBETCTBYET CUHSYAAPHOCTU KPUBU3HLL 8 Na-
pAALCAbHO neperecenrom Oasuce, ecau jqobas M3 KOMIIOHEHT TeH-
30pa KpPHUBH3HBI Ha 3TOH KpPUBOH He orpaHudeHa. fcHo, 4To cyIue-
CTBOBaHME CHHIYJISPHOCTH CKaJSPHBIX NMOJHHOMOB 03HAYAeT TaKkKe
CYLIECTBOBAHHE CHHTYJISPHOCTU B NapaJjJjeibHO TepeHeceHHOM Oa-
3uce.

MoxHo OBlJI0 6B HALEAThCS, UTO B (PHIUUECKH PeaNuCTHUECKHX
pelieHnax b-HEMOJHOTa KPHUBOH COOTBETCTBYET OOOMM BHAAM CHHTY-
JAgapHocTH  KpuBu3Hbl. OpHako npocrpaHctBo Tay6a — HVYT
(pa3m. 5.8) cayKHUT nPUMEpPOM pelleHud, rjle, TO-BUIHMOMY, 3Ta Ha-
e IEa He onpaBibiBacTcd. B 3TOM NpPOCTPAHCTBE HENOJHBIE reofe-
3MUeCKHe TIOJIHOCThIO 3aKJAI0UeHBl B HEKOTOPOH KOMIAKTHOH OKpecT-
HOCTH TOpH30HTa. MeTpuKka B 3TOH KOMIAKTHON OKPECTHOCTH BIIOJIHE
peryasipHa, 1 NOTOMY CKaJsApHBIE MOJUHOMBl TEH30pa KPHBH3HBEI KO-
HeuHbl. BBuay ocoboro xapakrepa 3TOro pelleHHs KOMIIOHEHTHI TeH-
30pa KpUBU3HBI B (asuce, mapajneJbHO [eDeHECeHHOM BJOJIb 3a-
KJIIOUeHHOH Teo/ie3HYecKol, oCcTaloTca orpaHuueHHbIMH. ITockoabKy
3aKJI04EHHAT Te0le3nyecKas COLePKUTCH B KOMIIaKTHOM MHOXKECTBE,
MHoroo6pasne A Hedb3st PACUIHPUTH A0 TAKOro GOJBIIOTO YeThIpex-
MepHOTo xaycaophoBa mapakoMnakTHOro MHOTooGpasus ', B KOoTo-
POM HeNoJHbie reofiesndeckie MOXKHO Oblio 6bl npoxoKuTh. Cie-
J0BaTeNbIIO, 3Ta HEMOJHOTA BO3HUK/IA He OT yAaJIeHHsl CHHTYJAPHBIX
Touek. Tem He Meflee ABHUXKEHHE MO OJHON U3 3TUX HENOJHBIX Bpe-
MEHUNIOAOOHBIX T'eOJe3HUeCKUX NOCTaBHAO Ol HabMIOAAaTeNI0 MaJo
YAOBOJIbLCTBHA: XOTA €r0 MHPOBas JHHHUA He HMEeT KOHIIA, OHa Kpy-
KHTCA H KPYXKHTCsI BHVTPU KOMIAKTHOrO MHOXKecTBa, n Hab.iona-
TeJb HUKOTAA He TlepelifieT depe3 onpeJlefeHHBII MOMeHT CBoell
Ku3nd. [lostomy npeacrassasercs pasyMHBIM CUHTATh TAKOro poja
NPOCTPAHCTBO-BPEMST CHHTVISIPHBIM, XOTS B HeM M HeT CHHIYJSIpPHO-
CTH CKaJAPHBIX NOJHHOMOB KPUBH3HBl HJIH CHHTYJASPHOCTH KDHBU3HBI
B napaJjnaenniio nepeneceHHom 0Oasuce. Coraacio Jgevme 6.4.8, He-
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NOJIHOTA, COCTOAIlAs B TOJHOM 3aK/JIOYCHHH, MOXKET BO3HUKHYTh
JHIb OPY HADYIUEHHH YCIOBUS CHABNON mpuunuHOocTd. B § 8.5 MH
MOKaxeM, 4YTO B THIIOBOM IPOCTPAHCTBE-BPEMEHH YACTHUHO WJIH
MOJHOCTBIO 3aKAI0YeHHas b-HermosHas KPUBasi COOTBETCTBYET CHHIY-
JISPHOCTH KPHBHU3HBI B NapaJjJnenbHo nepedecennonm Gasuce. Mbul no-
KaxeM TakKkKe, YTO IOJHOCTBIO 3aKJIOYeHlldss HEIoJHOTa TaKOro
poaa, Kak B npocrpaHcTBe Tayba — HYT, we noasagerca, ecau B
OPOCTPAlCTBe-BPEMEHH HMEeTCs XOTh Kakaf-aubo MaTepus.

8.2. TeopeMbl O CHHIYJSIPHOCTAX

B pasn. 5.4 6bw10 nokasaHo, 9TO NPU ONpedeNeHHbIX PA3YMHBIX
YCJIOBUAX B NIPOCTPAHCTBEHHO-OJHOPOAHLIX PelieHUsIX GYAYT CHHIY-
JASIPHOCTH. AHAJ/JOTHUHBIE TEOPEeMBl MOKHO JI0KasaTh Aias psija
IPYrUX KJ1acCcOoB TOYHBEIX cuMMeTpuil. Tem He Menee BoBce He 06si3a-
TeJpHO ObiJI0 Obl NPUAABATh 3THM pe3yJabTaTaM Kakoil-nubo dusnue-
CKMH CMBICJI, NOCKOJIbKY OHH BCE€-TaKH OOYCJOBJEHB! OTPaHHUUEHHEM,
4ToOLI CHMMeTpusi Oblla TOUHOH, yero, KoHeuHo, He OyHeT HU B Ka-
KO peasbHOll Qu3nuecKoil curyauuu. [lostomy MHOrue aBTOpBHI
[IOJIArasdH, YTO CHHTYJASPHOCTH SABASIOTCH JHIIb CASACTBHEM CHMMeET-
pPHH U He MOSIBATCH B OOIIEM pelleHuH. DTa ToYKa 3peHus Gblaa moj-
Zepxkana E. M. Jlubumuem, M. M. XanatHuKoBLIM 1 HX COTPYIHHU-
KaMi, KOTOpHE IIOKAa3aJjH, YTO ONpEeJeJeHHBIE KJIacChl pellenuil ¢
OpOCTPAHCTBEHHONIOAOOHBIMH CHHTYASPHOCTAMU HE COAepIKaT TOro
YynHcaa MPOH3BONBHBIX QYHKUHMIE, KOTOPOE npeAnosaraercs y oOLIEro
pellieHnsl ypaBHeHHH noas (sTa padora moawsitoxkena B [101]). Kak
cyutaju astopsl [101], 3TO cBuAeTEABCTBYeT O TOM, YTO AaHHBE
Kowwn, npuBojsfline K TaKHM CHHTYJASPHOCTAM, HMEIOT Mepy HYJb
B MHOKECTBE BCEX BO3MOXKHBIX AaHHbIX Koy i, 3HaUUT, He DOKHBI
HMETh OTHOLIEHWS K peasipHoll Bceenennon. Onmaxe Brnoc/AeNCTBHH
B. A. beauncknit, 1. M. Xanatuukos u E. M. Jludwun [5] nauiu
MHBle KJacchl pelleHuH, KOTOpEe, MO-BUAMMOMY, COAepPKaIH MOoJHOe
YHCJI0 NPOH3BOJBHBIX QYHKUMI, MpHUEM B 3THX pellleHHsiX OblId CHH-
ryasiproctd. 1To3TOMy OHM OTKa3ajuch OT yTBepIeHus, UTO B 00-
LUIHX pelleHHsX HeT CHHryJAsipHOCTel. KX Merompt HHTepecHBl TeM,
UTO NPOJHBAIOT CBET HA BO3MOXKHYIO CTPYKTYPY CHHIYJSIPHOCTEH, HO
He §iCHO, CXOASITCS JH HCMOJb3YyeMble UMM cTenentble psiabl. Hukro
ellle Ha HauleJ obliero BHAA YCAOBUH, OPH KOTOPHIX BO3HHKHOBEHHE
CHHTYJAsIpHOCTH Heu3OexkHo. TeM He MeHee MBI paccMaTpHBAeM pe-
3yabratel Begunckoro, Jludmmna u XanaTHHUKOBA Kaxk CBHJETeb-
CTBO B [10Jb3y Hallell TOUKH 3DEHHd, COIIACHO KOTODOH CHHTVJSPHO-
CTH, TIPe/CKa3biBaeMble TeopeMaMu 3TOro pasfena, BooOlle roBopH,
CBSI38HBI ¢ GECKOHEUHOCTHIO KPUBH3HBL

[TepBast TeopemMa O CHHTYJASIPHOCTAX, Ile cofepKallas KaKuX-aubo
NpPeANOJOKeHHI 0 CHMMeTpuaX, Obl1a goxazana IleapoysoM [126].
OH cTaBHI LeNbI0 HOKAa3aTh, YTO B 3Be3le, KoJancupyoulell BHyTpb

10"
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CBOEro wBapulInJabAoBa paiuyca, HOABUTCA CHHIVJISAPHOCTD. Ecan
KOJIanc CTporo cdepHuecKH-CHMMETPHUEH, PellleHHe MOXKHO NOJy-
YHTb IPAMBIM HHTEDUPOBAHHIEM, H CHHTY/IIPHOCTh BCET1a BO3HUKAET.
Opnnako jpajexo He OUEBHAHO, 4TO Tak OyAeT M TOrAa, KOrda Cylie-
CTBYeT HEOAHOPOXHOCTh MU XOTA Obl HEOOJbINOH MOMEHT KOJHUe-
crBa ABMkKeHHs. B camMom nese, B HbIOTOHOBCKOM TEOPHH CaMBblil
He3HauHuTeJbHBIH MOMEHT KOJHYEeCTBa JABUKEHUA MOXKET BOCHpensrT-
CTBOBATh MOSIBJAEHHIO GECKOHEUHOH IJIOTHOCTH ¥ BEI3BATh y 3Be3Jbl
nepexox or cxatus K pacwupenuto. Oanaxo [Tenpovs moxasad, uto
B 0oflUie#i TEOPUM OTHOCHTENBHOCTH CHTYaUUs COBCEM HIasl: echu
KoJIalCHpyIollas 3Be3fa ylijda BHYTPL CBOefl 1UBapHUIH/IbAOBOL
IOBEPXHOCTH (IOBEPXHOCTH r == 2M), TO OHA yKe He CMOXKET M3-TIoJ
Hee BeIATH. [IIBapHIuAbIOBA NOBEPXHOCTH B AEHCTBHTENBHOCTH
OIpefiefieHa JIHIbL St CTPOro chepryecKH-CHMMETPHUYHOTO PEIeHuUS,
Ho [lenpoys ucnosabsosan Gonee oOLUIHA KPUTEPUH, KOTOPBIH 5KBUBA-
JeHTeH B c/aydae pewenus llIsapumuibia cyliecTBOBAaHHIO LIBapL-
IIW/IBbAOBOH NOBEPXHOCTH M NPHJIOKHM K pelIeHHAM, He 06/anao-
WM cTporofi cuMMeTpuell, DTHM KPHTEPHEM SBJSACTCS CYLIECTBOBA-
HHUE 3aMKHYTOU L08yUleuHOll NOBEPXHOCTU T, KOTOPas NPEACTaBIgeT
co6oll Takyw 3aMKHYTy10 (T. €. KOMIIAKTHYIO, 0e3 Kpas) NpoCTpaH-
CTBEHHOMONO0HYI0 2-moBepXHOCTh Kiaacca C? (o6wiuno S?), uto nBa
ceMeficTBA OPTOrOHAJBHBIX K I~ H30TPOIHEBIX Ie0fe3NMYecKHX Y MOo-
BEPXHOCTH 7 CXOmATCA (T. €. 17ap8%° U o1 apg?? OTpHIATENbHDI, TAE
{ab Y ofab — LBE H30TPONHBIE BTOPHIe (DyHAAMeHTaJabHble (DOPMHI
Ha 9 ). (B mocienymomux raasax Mpl 06CyAHM 00CTOATENLCTBA, NPH
KOTOPBIX MOSIBJSETCS TaKas MOBEPXHOCTL.) DTO MOMKHO NPEACTABHUTh
cebe caeaymoUlM o6pa3oM: I HaXOAUTCSH B CTOJIb CHJIBHOM I'DaBHU-
TaUMOHHOM II0JI€, UTO JaKe PAaCXOAsLIHecs JYUH CBEeTa 3aTATHBAIOTCS
o6paTtHo u npeBpamamTcs B cxoadmuecd. Ilockoabky HHUTO He MO-
XeT ABUrathes OblcTpee cBeTa, MaTepus, 3ak/JioueHHas B , nocJe-
I0BaTeNbHO 3amupaeTcss BHYTPH 2-TIOBEPXHOCTEN BCe MeHblieli M
MeHbIUeH IJIomain, ¥ BCe BRINVIAANT TAK, CJOBHO HNOKHO CAYUMTHCS
4TO-TO «IJIOX0€». UTO 3TO Tak M ecTh, CTPOTO J0OKA3LIBAET TeopeMma
[Tenpoysa.

Teopema 1

pocrpancrso-speMsa (A, g) He MOXKeT ObITh H30TPOIHO reoje-
3UYECKH TOJHEIM, eciIH

1) RapK®K? =0 pnst BceX H30TPONHBIX BeKTOpoB (cp. ¢
pasn. 4.3);

2) B J cymecrByeT HeKOMINakTHas nosepxHocts Kourn 78,

3) B J cyllecTBYeT 3aMKHYTa JOBYyIlleYHasl TIOBEPXHOCTh 7 .

Sameuwaqnue. Vines poxaszatesbcTBa TtaxkoBa. HyxKio mnoxkasars,
4TO Tpannua 6yayulero nosepxHoctH J OGyAeT KOMNAaKTHOH, ecan
M — H30TPOIHO Teofle3nUecKy MojHoe MHOToobpaszne. 3areM LoKa-
3bIBARTCS, YTO 3TO HECOBMECTUMO C HEKOMIAKTHOCTBIO J6.
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Hoxazareavctso. M3 cymecrsoBauus nosepxnoctu Ko cae-
ayert, uto M —— raobanbHo-runepbosnueckoe (npeiajoxenne 6.6.3) u
noTOMY NPHYMHHO 1POCTOE (mpenanoxkenue 6.6.1) mHorooGpasue. 1o
03HA4aeT, YTO rpaHuueil MuoxecTBa J*(J7) Gyner nosepxHOCTDb
E+(7) u ee obpasywownumy 6yayT opToroHaabisie I Ceofe3nyeckie

‘,,\ il

} ‘ il

SNT)

“ 7./"(«7)
~<
g
’/’_—'-—‘-—.‘m‘\\
4

Pue. 49. JIsymepHoe ceueHHe TeOAe3HUECKH NMOJHOTO NPOCTPAHCTBA € KOMIAKT-
ot mosepxiocteio Kown 6. Bynywee J* (77) 2-chepsl I HMEET KOMIAKTHYIO
rpaunuy J 7 (J7), MOCKOABKY pacXoisiiuecs H30TPONHBIE TEOAE3HUECKHe BCTpe-
yaoTes, o00RAS MUIHHAP KPYroM.
CerMEeHTLl C KOHeUHLIMH TOUKAaMU B npolttoM Ha 7. Hdonycrtum, 4to
J — U30TPONHO Te0Jle3HYeCKH ToJHOe MHoroo6pasne. Toraa, co-
raacHo yeaosusm (1) u (3) u npensoxenu:o 4.4.6 Baoas Jw060H Ha-
npabsJenHol B Oyxyliee H30TPONHOMN reofe3nyecko, OpTOroHadbHOMH
K 77, B mpefenax abdunnoro paccrognns, 2¢-!  noskHa
OLITL TOUKA, CONpsKEHHass J, npuueM ¢ DABHO 3HAUEHHI ,{abrg8°°
B TOUKe, I/le laHHas H30TPONHas reojesanyeckas nepecekaer 7 . Co-
TJacHO npeoxenuio 4.5.14, Te Toukd Taxkofl H30TPORHOH reofesu-
YECKOH, KOTOPBIE J1eXKaT 3a TOYKOH, conpsxKeHHOfl I, NpHHAAMEKAT
obnactn J*(7). Takum o6pasoMm, Kamasii 06pa3yOIUA CerMeHT
nosepxHocT J¥(J7) ROMIKEH uMeTb KOHEUHYIO TOUKY B OyAylleM
B CONPSKEHHON K & TOUKe WJu 10 Hee. B6an3sn 7 Ha xkaxuaoil opro-
roHafbHOM K J H3OTPOIHON reofe3udecKoll MOXKHO 3alaTb Hemlpe-
poiBHBIM oOpasom adPuHHBIE mapaMerp. PaccMOTpHUM HempepbIBHOE
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orobpaxenne B:7 X [0,0] X Q> A (Q — IUCKpeTHOE MHOMKECTBO
1, 2), onpenensemMoe nepeHocoM TOUKH p & J Ha apPHHHOE paccros-
nne v < [0, b] BIOMb OAHOI M3 ABYX HANpPaBAEHUBIX B OyAylIee H30-
TPOTIHBIX T'e0Je3HUeCKUX, NPOXOASALUIHX Yepes p OPTOTOHAJIBHO K T .
Beuay komnaxtHocTH nosepxHoctn I Oyaer CYUIECTBOBATbH HEKOTO-
poe MHHHMAJbHOE 3HAUEHHE Co BEAHUMH (—%ap@?) H (—o%abg??).
Torna, (7)< p(7 X [0,60] X Q) npu by = 25 '- Cnenosatenso,
J(T), OyAyus 3aMKHYTBIM MOXMHOKECTBOM KOMITAKTHOTO MHOKECT-
Ba, KOMIAKTHO. TO OBLIO 6Bl BO3ZMOXKHO, ec/1i Obl moBepXHOCTh Komu
¢ Oblia KOMIIaKTHOMH, NOTOMY 4TO TOI'fla rpaHulia Morsia Obi 3aMK-
HYThCAd U 06pa3oBaTh KOMIAKTHYIO moBepxHOCTL Koy, romeomopd-
Hywo 76 (puc. 49). OgHaKo fACHO, YTO MBI BCTPETHM 3aTPYANCHHS,
ecan notpedyeM, UTOOB! MOBEPXHOCTL 46 Onlna HekoMnakTHOH. Urto-
6bl ZOKa3aTh 3TO CTPOTO, MBI MOXKEM BOCHOJB30BATLCA TeM (akToM
(cM. pasn. 2.6), uro A [omyCcKaeT HanpaBJEHHOE B IpOLUJIOe, Bpe-
meHnnoao6Hoe BekTopHoe Cl-nose. Kakaast uurerpandbHas Kpupas
3T0ro mojisi Oymer mnepecekaTb JB (IOCKOJIbKY 3TO TOBEPXHOCTD
Koum) n nepecekaer J*(77) camoe Goabluee ogun pas. Takum o06-
pasoM, 3TH HHTErpajdbHble KPHUBbIe 3aJal0T HEINpPephiBHOE B3aHMHO-

onnosnaunoe orobpaxenne JH(T )56, Ecan muoxectso J¥(T)
KOMIIAKTHO, ero o6pas o (/¥(77)) Toxke KOMIAKTEH M [03TOMY TO-
meomopden J(7 ). OfHAKO BBULY HEKOMIAKTHOCTH J# MHOKECTBO

o (J*(T7)) MoXeT u He coepKaTb BCIO MOBEPXHOCTh # M B TAKOM
cmyuae JO/KHO MMeTh TpaHuLy B 6. DTO, OAHAKO, HEBO3MOIKHO,
MOCKOJbKY, COrIaCHO npepsoxenuio 6.3.1, f+(9"), a cJ1eJ0BaTeNbHO,
" oc(f+(9')) JOJIXKHBl OBITb TPeXMepHbIMu MHOrooOpasusMmu (Ge3
kpasi). OTcroona BHAHO, YTO JONYHIEHHE H30TPONHON TeoJe3nuyecKol
NoNHOTHI A (0HO OBIIO CANaHO AJIsi JOKA3ATEIbCTBA KOMIAKTHOCTH
I+(77)) HeBepHoO. mi

Yenosue (1) atolt TeopeMsl (¥MeHHO, uTo Ry pKeK? = 0 nas jo-
6oro uszotponHoro Bektopa K) obceyxkaanocs B paza. 4.3. Uto6nl ono
BHITIOJIHAAOCh, HE HMeEeT 3HAYEeHHs, KAKOro MOPsiAKa BEJAHUHHBI I10-
crosiHHaa A, auWbL 6B TAOTHOCTH 3HEPLHH Oblla MOJOKUTENbHOH
aas moboro Habaronareas. B ria. 9 6yaer nokasaHo, uto yeaosue (3)
(cyllecTBOBaHUs 3aMKHYTOH JIOBYIIEUHOH IOBEPXHOCTH) MOJIKHO
YIOBJETBOPATLCS 1O KpalHeH Mepe B HEXOTOPOH ofjgactu mpocTpaH-
crea-speMenH. OcraeTcs paccMoTperh ycaoBue (2) (cyliecTBoBa-
HHS HEKOMIaKTHOH NMpOCTPaHCTBEHHONOAOOHOH NOBEPXHOCTH H, siB-
adwouefica nospepxHocTeio Komu). CoriacHo npenioxkenuio 6.4.9,
ecJl AOTMYCTHTh YCTOHYHBYIO NPHYMHHOCTb, TO CYLLeCTBOBAHHE IIPO-
CTPAaHCTBEHHONIOAOOHBIX I[OBepXHOCTell obecleueHo. Yc/JIoBHE KOM-
MaKkTHOCTH IPOCTPAHCTBEHHONOAOOHOH MOBEPXHOCTH — HE C/IHIIKOM
Cepbe3noe orpaHuYeHHe, NOCKONbKY eHHCTBEHHBIN NYHKT, B KOTOPOM
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Mbl €0 HCIIOJb30BAJIH, 3TO KOTJa NOKasplzaau, uto o (J/+ (7)) He
'MOZKET COBIIaNlaTb CO BCEH MOBEPXHOCTbIO JB. OJHAKO MOKHO HOKa-
3aTh TO e CaMoe, €CJH BMECTO HEKOMMNAKTHOCTH 46 noTpedoBaTh,
4TOOBI C IMOBEPXHOCTH & MOMKHO OBLIO NPOBECTH HANPABACHHYIO B
Oynyuiee HelpoI0IKUMYI0 KPHBYIG, KOTOpasi He mepeceder J+(J ).
Jpyrumu caosamu, teopema Obia Obl clipaBefjuBa Jaxe TOrAA,
KOTJla TIOBEPXHOCTb J6 KOMMAKTHA, eC/Id MPH 3TOM CYLIEeCTBYIOT Ha-
GuofaTeny, KOTopble MOTYT H30eXKaTh NaJeHHs Ha KOMJAICHPYIO-
Y10 3Be31y. DTO OblLI0 6bl HEBO3MOKHO, eciy Obl KOJJancnposasa
caMa Bcenennast; HO M IPU 3THX YCJIOBHAX, HALO AyMaTh, CHHIYJISAP-
HOCTH HMEIOTCS, U 3TO MBI CKOPO mokawmeM. JleficTBUTENbHO TOHKHH
IYHKT TEOPEeMbl — 3TO TpeOoBaHHe, YTOOL Jf ObLjla NOBEPXHOCTBHIO
Komwn. Ouno ncnoab3yercss B ABYX MeCTaxX: BO-TNEPBBIX, NIPU A0Ka3a-
TeJAbCTBE TOrO, 4TO J — NPHYHHHO NPOCTOe MHOroo0pasie, M3 4Yero
caefoBajo HaJuuyue y obpasyourux nosepxuoctd JH(J) KoueuHbIx
TOYeK I, M, BO-BTOPBIX, KOPJIa MBI NPOBEPANH, UTO NMPH OTOGpazKe-
HHH o Kaxaas touka J* (7 )orobparkaercst B TOUKY HOBEPXHOCTH J6.
Uto 310 ycaoBue (4ToObl HE Ohlia noBepxHocTbio Komin) Heo6XO-
IUMO, BUAHO M3 mpHMepa, AaHHoro bBapaunom. [1oGanbHasi CTPyK-
Typa B HEM Takas Xe, Kak y peulenus Pajficcuepa — Hopacrpema,
3a TeM HCKJIOUeHHEM, YTO peaJibHble CHHIYJSIPHOCTH 1ipu r =0
YCTPOEHBI TaK, YTO OHH CTAHOBSITCA B TOYHOCTH HAYANOM NOJSIPHBIX
KOOPJAHHAT. ITO IPOCTPAHCTBO-BPEMS YAOBJAETBOPSIET YCJIOBHIO
Rop KK? = 0 gns 11060r0 H30TPONHOTO, HO HEe BPEMEHHIOLOGHOTO
BekTopa K, 1 B HEM HMeEIOTCH 3aMKHYTBIE JOBYUIEYHBIE [IOBEPXHOCTH.
EINHCTBEHHO, 4eM 3TO IPOCTPAHCTBO-BPeMs He YIOBJETBOPSET yCJI0-
BHSIM TEOPEMBHI 1, TeM, UTO R HeM HeT noBepxHoctell Koru.
CaenmoratenbHO, Teopeva 1, no Bceil BMIMMOCTH, yTBepikKIaer,
4TO B KOJJIANCHPYIOHleHd 3Be3fe OyleT WM CHHIYJAADHOCThb, WJIH TO-
pu3zoHT Kowy. 3T0 0UeHb BaXKHKII pe3yabtar, H00 B JI060OM ciayuae
MBI TepsieM BO3MOXKHOCTb NpeAckasbiBath Oyaymiee. OQHako oH He
JlaeT OTBETA Ha BONPOC, NOSABASIOTCA JU CHHIYJISPHOCTH B (uanye-
CKH peajHCTHYeCKHX pemeHuax? s Toro 4TtoObl paspeluTs ero,
HaM HyXKHa TeopeMa, B KOTODOH He NpeAnoJaraercs cyllecTBOBaHHE
nogepxHocteft Kommn. OfHO #3 yC/I0BUEL TAKOTO POJA TEOPEMBI
HOJIKHO COCTOSITH B TOM, UTO Ry K4KP = 0 He TOJNBKO AJS1 H30TPOI-
HBIX, HO H 475 BCEX 8peMeHun0dobHbIX BEKTOPOB, MOCKOJBKY HEBHI-
NOJIHENHE 3TOTO YC/JAOBHS — €NUHHCTBEHHAd BO3MOIKHOCTbL IJIsi TOTO,
uyroObl npiMep bapauna nepecraa OwviTh aprymexrou. Teopewma, Ko-
TOPYIO MBI NIPHBEAEM HHXKe, BKJIHOMAET 3TO YCJAOBHE 1, KPOME TOro,
XpoHoJorHdecsse yeaoBua (ycJaoBHe OTCYTCTBHSI 3aMKHYTBIX BpeMe-
HHNOAOOHBIX KpHBBEIX). C APYrofi CTOPOHLI, OHA TPHJAOKHUMA K GoJiee
IKPOKOMY KJaacCy CHTYalu#, MOCKOLKY CyUIeCTBOBaHHE 3aMKHYTHIX
JIOBYLIEUHBIX HOBEPXHOCTEH ABJSIeTCs TelNePb TOJAbKO OJHHM H3 Tpex
BO3MOXKIILIX ye/a0Buil. [pyroe 13 3THX aJpTepHATHBHLIX yC/JAOBHUII
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COCTOMT B TOM, YTOOBI CYILECTBOBAajga KOMIAKTHAas 4YaCTHUHAEA IIO-
BepxHocTh Komn, a Tperbss — B TOM, uTOGHI cyllecTBoBajsa TOYKa,
CBETOBOH KOHyC mpoumsoro (Hau OYAyUIero) KOTOpoil HauHHaer
cxoauTtees cHoBa (puc. 50). IlepBoe M3 3THX ABYX moc/aeqHHX YCJO-
BUH BbINOJIHSIETCS B MPOCTPAHCTBEHHO 3aMKHYTBIX PeIleHHsX, TOrAa
KaK BTOpO€ TeCHO CBf3aHO ¢ CYIeCTBOBaHHEM 3aMKHYThIX JOBYIlEd-
HBIX TOBEPXHOCTEH, HO ero GOpMyJHpPOBKA Jyullle MOAXOAHT AJs Ha-
WHX UeJed: HanpuMep, B TOM cJyyae, KOrja CXOASIINIcs BAAJH CBe-

P

Leemosod KoHye
npou 1020

Puc. 50. Touka p, H30TPONHEI KOHYC NPOLIJOI'O KOTOPOH HAUMHAET CXOLHTHLCS
BTOPHYHO.

TOBOH KOHYC-—3TO Hall COGCTBEHHBIH CBETOBOH KOHYC MPOIILIOro;

TOTJla Mbl MOXKEM HeloCPeACTBEHHO YCTAHOBUTDb, BBIIOJHSETCA JIH

3710 ycaoBue. B nocrenHell riiaBe 6yaeT moxkasaHo, yTo HaGJIIOLEHHS

MHKDOBOJIHOBOT'O (POHA CBHAETENbCTBYIOT O €0 BHINOJHEHHH.
Tounast Gopmyauposka Takosa:

Teopema 2 (Xoxune u Ilenpoys [75])

pocrpancrBo-Bpems (A, g) He sBAsETCS BPeMEHHIOA0OHO HIH
M30TPOMHO TEOME3HYECKH TOMHBIM, €C/IH

1) RopK4KP = 0 15 mo60ro HenpocTpaHCeTBEHHOMOL00HOrO BeK-
topa K (cp. ¢ pasa. 4.3);

2) BLINOJIHAETCS] THIOBOE YCJ0OBue pasd. 4.4, T.e. ecan Kakzaas
HENPOCTPAHCTBEHHONOAO0HAS reofie3nyeckas COAEpPKUT TOUKY, B KO-
ropoit KiaRejcaie KK KY % 0, rie K — kacareabHbiil BeKTOp K 3TOH
reo/le3HyCCKoll;
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3) Ha J BBIIOJHSAETCA XPOHOJOTHYECKOE YCJIOBHe (T. e. HET
3aMKHYTBIX BPEMEHHMOLOOHBIX KPHBBIX);

4) cnpaBelJMBO O MEHbIIEH Mepe OZHO M3 TPeX C/IedyHUIuX
yTBEePZKACHUH:

@) CYLIeCTBYET KOMNAKTHOE aXPOHA/IbHOE MHOMKECTBO 6e3 rpa-
HHUIIBL,

0) cyuiecTByeT 3aMKHyTas JOBYIIEUHAsi [IOBEPXHOCTD;

B) CYLIECTBYeT Takas TOYKa p, 4TO Ha J000# HampasaeHHO
B NpolLLIoe (MJIH HA JI000H HanpaBs/JeHHOH B OyAylUee) H30TPOIHOM

reoJIe3UYeCKO M3 TOUKH p pacxoxienne 6 H30TPONHBIX reolesnue-
CKHUX M3 p CTAHOBHTCSl OTPHIATEJIbHBIM (T. €. H30TPOTHBIE TeONe3U-
YecKne, BBIXOAsIIKE H3 p, QOKYCHPYIOTCA MaTepuell WJIH KPUBU3HOH
¥ HaYHHAIOT CXOAUTHCS).

3ameuanue. IlpuBereM aJbTepPHATHBHYIO (GOPMYJIUPOBKY Teo-
pEMBIL.

Caenyiomue Tpy yCJIOBHSA He MOTYT BbIIOJNHATHCS OAHOBPEMEHHO:

[) Kaxnas HempoJo/KuMas HENpPOCTPAHCTBEHHONMOJOGHAS TIeo-
Ne3udecKas COAEPKHUT Napy CONPAKEHHBIX TOYEK;

II) Ha J BBHINIONHSIETCS XPOHOJOTHYECKOE YCIOBUE,;

IIT) mmeerca axpoHanpHOE MHOXKecTBO P, Aasi KoToporo E+(P)
win E~ (%) xomnaxthel. (Byaem roBopHTh, 4TO TaKoe MHOXKECTBO —
COOTBETCTBEHHO A08yuiednoe 0aa Oyoyujeeo unm A08yuledtoe OAs
npouLA020.)

Mgl 10kaxeMm Teopemy 2 HMeHHO B 3T0# ¢GopMynnposxe. Jloka-
3aTeJIbCTBO NEPBOro BapHaHTa OTCIOAA CJIEAYyeT HEeNoCpeNCTBEHHO,
NOCKOJIEKY, ec/in Obl MHOroobpasue A GbliI0 BpeMEHUNOAO0H0 1 H30-
TPONHO MOJHBIM, TO H3 ycaoBul (1) u (2),B cuny npersioxennit 4.4.2
u 4.4.5, crenosano 6nl ycaosue (I); ycamosue (3)— To ke camoe,
uto u (II), a u3 (1) n (4) BBITexano 6ol yeaosue (I11): B cayuae (a)
& 6b1J10 Obi KOMIIAKTHBIM aXPOHAJIbHBIM MHOMKECTBOM Ge3 IPaHHUIBl 1

EY (#)=E-(¥)=9;

a B cayyaax (6) uan (B) MHOXKecTBO & GyAET COOTBETCTBEHHO 3aMK-
HYTO# JIOBYIIEUHOH IMOBEPXHOCTbIO WJIH TOYKOM p; TOrja, COrJIacHo
npensoxenusam 4.4.4, 4.4.6, 4.5.12 u 4.5.14, coorsercrenno E+ (&)
win E=(#) OyAyT KOMIAKTHBI KaK MEepecedyeHHsr 3aMKHYTBIX MHO-
xkeeTB JT(F) u J=(F) ¢ KOMIAKTHLIMA MHOMXKECTBAMH, COCTOSIINMH
H3 BCeX H30TPONHBIX [EOAe3HMYECKHX HEeKOTOPOH KOHEYHOH MJIHHBI
or &.

Hoxasareavcrso. TTockoabKy J0Ka3aTelbCTBO LOBOJBHO AJIHHHOE,
Mbl paszfie/lnM ero Ha HaCTH H AOKarKeM CHayaJsa JeMMy H CIeACTBHe
u3 Hee. OTMETHM, UTO M3 pacCyXKAeHHl, aHAJOTHUHBIX J0Ka3arelh-
CTBY npemyoxenua 6.4.6, sutexaer, uto B cuay yeaosuit (I) u (11
Ha J[ MMeeT MecTO CMJ/bHasi NPUUMHHOCTD.
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Jlemma 8.2.1

Ecau & — 3aMKHYTOe MHOKECTBO M Ha J ' () BHIOJHSETCS
VCJIOBHE CHJIBHOH NPHYUHHOCTH, TO MHOXKECTBO HJF(E+ (#)) nan
HEKOMIAKTHO, HJAH mycTo (puc. 51).

o semme 6.3.2 uepes Kamayio Touky ¢ J ' (#)— P npoxo-
IHUT HaNpaBJeH iblH B IMPOUIJOe W JeXallui B J+(9) M30TPONHBIA

OmoKgecrnanmromes

OmoMgecmesaromes

HYE )

EY®)

Puc. 5l Jlopywednoe MHOMKECTBO AJs OyAyilero #; u30TPOlHbE JHHHH MPOXO-
oAT moA £=45° Tpu JIHHUH OTOXIECTBJIEHBI, a TOUKH ¢ HAXONATCs Ha Oecko-

weurocTH. [IpuBefednl axpOHAJbHBIE MHOMKECTBA EY(®), it(?), H (et (2)
U HenpojdoJzkuvasi B OyAyllee BpevenunoRoduas Kpupasg y & DT (ET (#)).

reoje3HuecKuil CerMeHT, KOTOPHIH o0saanaeT KOHEUHOH TOUKOH

B MPOLLJIOM TOrja ¥ TOJAbKO TOTJa, KOrma qEE+ (). (3amerum,
uyTO MBI 60Jee He TIpeanoaaraeM CylecTBoBanns nopepxHoctu Komu,
M MOKET U He OBITh MNPUUYMHHO-IIPOCTHIM MHOrooGpasueM H COOT-

Berctsento J T (F) —-.EJ”(S”) MOXKeT OBIThb HEIYCTHIM MHOXKECTBOM.)
Orciona, ecan g J 1 (#)—EY (), To uepes ¢ mpoxoaut Hempo-
JO/KMMasi B TMPOILJIOE U30TPONHASE [e0/1e3UUeCKasi, KOTOPasi JIeHKHUT
B JY(#) u, cregoBareapno, He nepecexaer [ (J'Jr (#)). Torpa wus
Jemmbl 6.6.4 cieayer, uto ge& DY (J(#)— HT (I (). TosTomy
D(E" @)1 (E" @) =D"(* @) —H (")
u
o (EX @) =H (I 7 (9).

Teneps nomycrum, uTo MuoxectBo HF (EJ” (5”)) He TMyCTO H KOM-

naxkTHo. Torga ero MOXKHO IOKDPBITh KOHEUHBIM UHCJIOM OKPECTHO-
cTelt JokaapHOH npuyuHHOCTH @¢;. Ilycth p| — TOuka MHOMKeCTBa

IYAnla, =D (I (#)]; us wee moxno mposecTH HempomoJ-
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KHMYIO B NPOLJIOE HElNPOCTPAHCTBEHHONOLOGHYI0 KPHBYIO, KOTOpAs
- Tt g + (T

ne nepeceuer nu J* (#), nu DT (EY (). [TockoubKy ckpectnocti U,

MMEIOT KOMIOAKTHBIE 3aMblKaHHs, A; BLIXOAuT u3 %) Ilycts ¢ —

touka Ha A, Bae ;. Toraa, mockoasky ¢, & J* (¥#), uaiinercs ne-

NPOCTPAHCTBEHHONOAO0HAA KpuBas W, oT ¢, A0 ¥. Dra KpHBast
+ (ot

nepecedeT D (E (%)), a 3HAUHT, U HEKOTOPHIE U3 OKpecTHoCTel 2 ;,

oriuuHele oT U, (ckawewm, %). Temepb NycTb p, — TOUKA U3
7+ o

ulﬂ[%g_“D (J (aﬂ))], MOCTYIIUM, KaK W Npexae, u T. .

Ora npoueaypa BeZeT K NPOTHBOPEUHIO, HOO OKPECTHOCTEH J0-
KaJIbHO! MPUYHHHOCTH NPeANoJarajoch JHWIIL KOHeYHOe UHCAO, H B
TO K€ BPeMsl MLl HE MOXKeM BEPHYTbCSl B NPeAblAyLine 2, MOCKOIb-
KY HH OJIHA HEMPOCTPANCTBeHHONOA06HAS KPHBAS He MOXKeT lepeceub
U; Goabiie ogHoro pasa. CiefoBaTe/IbHO, MHOXKeCTBO H+(E+(P))
JOJIZKHO ObITh MJIH HEKOMIIAKTHBIM, WJIH NYCTHIM. 0

Caedcisue

Ecin & — jioBylueyHoe MHOMXKeCTBO st OyAYILEro, CyllecTByeT
Henpolo/KuMast B OyAyuiee BpeMeHHMOAOOHast KpPHBasi, KOTOpas
LeJUKOM conepxutcsi B D+H(E+(P)).

Beenem Ha / BpeMeHunogoGHOe BeKTOPHOE noJde. Ecan Kaxpas
HHTerpaflbHasi KpuBas 3TOro noJs, nepecexkaromas E+ (), nepece-
Kaer takxe u HT(E+(¥)), T0 3TH KPHBBIE 3a[alOT HeNpepbIBHOE
B3aUMHO-0JIHO3HauHOe oToGpaxenue Et(¥) na HT(E+(#)), u mo-
Tomy obaacte H+(E+(#)) Gyner xomnakrHoli. [lepeceuenne [+(P)
¢ KpUBOH, KOoTOpasd He mnepecekaer H+(E+(#)), maer uckomywo
KpuByw y (puc. 51 usobpaxkaer OfHY M3 BO3MOXKHBIX CHTyaLHil).

o

paCCMOTpHM TENEPb KOMIAKTHOE MHOXKeCTBO g-, onpezeasseMoe

kak E*(#)(1 J=(y). Tlockombky y coxepxkurcs B int [+(E+(P)),
E- (&) 6yner cocroatb u3 F u uactu J~(y). [ockonbky kpusas y
HempojoMKuMa B Oyayliee, H30TPOIHbe reofe3nyeckue obpasyio-
1IMe CerMeHTHl [OBepXHOCTH J~(y) He MOI'YT MMeTh KOHEUHBIX TOUEK
B 6ynywem. Ho no ycaoBuio (a) Bcsxkast HenpopoJ:KuMmast HEMpo-
CTPAHCTBEHHONOROOHAS Teoie3uyeckas COREpPHKHT Napy coupsike-
HBIX Touek. CJenoBare/bHO, B CUIY Npeanoxenus 4.5.12 Henpogod-
XKNMOE B IPOIIOE MPOAOIKeHHe v KaxkKA0r0 00pasyiowero cermen-
Ta v noBepxHocTH J~(y) LomkHO BOATH B obGaacts [~ (y). [1pustom v
JOJKH2 HMETh KOHEUHYIO TOUKY B IPOLLIOM B NEPBOI TOYKE p MHO-
wecrsa v/ (1 I~ (y) wan po mee. I=(y)— OTKPHITOE MHOXKECTBO, H HE-
KOTOpas OKPECTHOCTb TOYKH p [AOJIKHA COJEPKAaThb TOYKH 0OJacTH
I=(y), nexamue Ha cocefnux reopesuueckux. Ciaenosare/bro, ad-
GbuHHOE paccTOsiHUE A0 TOUEK p OT F JOJKHO ObITb MOJYHENDephbiB-
HO CBepXy, a MHOkKecTBO E~ (&) HoMxHO OBITb KOMIAKTHBIM Kak

nepeceucHue 3aMKHYTOro MHO2KECTBa J- (Y) C KOMIIaKTHBIM MHOZKe-
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CTBOM, KOTOpoe 00pa30BaHO NMPOBeLeHHbIMU U3 F reo/le3UdecKUMH
cerMeHTaMH HeKOTOpO# orpannueHHol adQuHHOH AauHBL. Torma us
JAeMMbl c/lelyeT, YTO HaHAeTCs HeNpONO/IKHMAS B NPOLLIOE BpeMme-
Hunogo6Has kpusas A, cogepxamascs B int D—(E-(F)) (puc. 52).

Omoxgecmenaromess

Omoxgecmenrromes

Puc. 52. ITomoGen puc. 51, HO ¢ OTOXKIECTBJEHHEM elie Tpex JuHHd. F — MHO-
wectso ET @ ni- (y). Touku p ABJAATCS KOHEUHBIMH TOUKAMH TNPOILIOTO
H30TPOIHLIX 00pasylomux cerMentoB noeepxuoctn E7 (F ). Kpusas A — Henpo«
J0JKHMAs B IPOUIJIoe BpeMeHHNoLo0Hast KpuBas, coaepiKamascsa B int D™ (E_ (7))

[lycte @, — GeckKoHeuHasl MOCAefOBATENBHOCTE TOUEK Ha A, ofJaa-
Japomas cJAeLyoUHMH CBOHCTBAMU:
I. Ani & 1'—(an).

I1. Jlio6oft KOMIAKTHBII CErMEHT J COAEPIKHT JHIUIb KOHEYHOe
UHCJIO TOUEK An.

[Tycts b, — aHa/IOrHuHas NMOC/EL0BATENbHOCTh Ha y, HO C 3aMe-
Holt [~ B cBofictBe 1 Ha [T u ¢ by = [+ (ay).

3 toro uto y H A JNOIXKHB COAEPKATBLCS B IM06aIbHO runep6o-
andeckoMm MHoxkectBe int D(E—(¥)) (npeinoxenue 6.6.3), caemyer
CyILeCTBOBaHHE HENPOCTPAHCTBEHHONOAOOHON reoe3nueckol uy Ma-
KCHMAaJbHON IJIMHBl MEXAY KaxkA0H TOUKONl @, H COOTBETCTBYIOIIEH
TOuKOH b, (mpendtoxenwe 6.7.1). Jlwo6aa u3 3THX TeOLE3HYECKHX
Oyner mepecekaTp KOMIAKTHOe MHOXKecTBo E*(¥). CienoBatenanHo,
A0JIKHA CyLIEeCTBOBaTh ¢ & E+ (&), Kotopas 6yaeT mpelLesbHO Tou-



82. Teopembl 0 cuHEYAAPHOCTAX 301

KOl KPHBOH Ha W, [1 ET(¥) u HempocTpaHCTBeHHONOLOOHOE Hampa-
BJeHHE B ¢, KOTopoe OyiaeT mNpedeoM HalpaBlIeHUNl Teole3nue-
ckuX Mn. (Touka ¢ m HampaB/eHMe B § 3a4410T TOUKY B pPaccJ0eHUH
nanpasienuit Hag . Takas npefenbHas Touka CYLLECTBYET B CHIY
KOMNAKTHOCTH TOM 4YacTH PACCJOCHMS, KOTOpas sIB/ISETCS paccioe-
HueM Hanpasienni #ag ET(#).) Ilyets p/ — noanocaenosaren-
HOCTb [y, Taxas, yto W, 1 E* (¥#) cxoantes K ¢ W Hanpas/eHns W,
B E+(¥) cxonaTcs K npepeabHoMy Hampassenuio. {TouHee, TOUKH,
onpesesievble KPUBOI [/ B paccaoeHHH Hanpasienuii nag E+(&F),
CX0AATCS K npejedapHoil Touxe.) IlycTs u GyaerHenpo10sKumMoil reo-
[e3HYeCKOH yepes ¢ B IpejesabHOM HalpaBsieHdd. 1o ycaosuio 1 Teo-
peMbl, Ha | CYLIeCTBYIOT CONPSIKEHHble TOUKH X H 4, NpHUeM
ye It(x). llycrs Toukn x” Wy’ paciiofokKensl Ha . COOTBETCTBEHHO
B npouwioM u Ovayuiem tovyex x u y. CorJacHo npeinoxenuw 4.5.8,
matigytes € > 0 1 HekoTopasi BpeMeHunomobHasi KpuBas o OT X’
1o y', AJanHa KOTOPOIt paBHa & mwioc ManHa w ot x° no y'. [lycrs 2
1 7’ — HopMaJbHble BBINYKJAble KOOPAHHATHBIE OKPECTHOCTH TOYEK X’
u Y’ COOTBETCTBEHHO, NMPHYEM B KAXKJIOH M3 HHX HET HH OJHOH Kpu-
Boit aauusl e Ilyetb ¥ = UNoau vy’ =7 Na, a ', u y, —
TOUKH Ha W p, cXofAsiiiuecsi cootBerctBento x x” u y'. [lpu nocra-
TOYHO GOJIbIINX A AJAHHA W OT X'n O Y'n OyHeT MeHblle, yeM &4
mwioc aauHa p ot X’ go y’. KpoMe Toro, npu A0CTaToudo GOJbILHX 7
x'n H Yy OYAYT JeKAaTb COOTBETCTBeHHO B [~ (X", ) wn It (y”, 7).
Torna, aBurasce ot x’, K ¥’/ BIOJAL o 10 Y/ u 3aTem OT Y/ 10 Y »,
MBI IIOJIyUHM HENPOCTPAHCTBEHHONOJZOOHYIO KpPUBYIO, OoJee IJIHH-
uyto, uem p'n. Ho B cuny cpoiicrBa 1l npu mocrarouno Gospmux n
a’n 1 b’y OyAyT MexKaT HA W'y COOTBETCTBEHHO B NPOLILIOM TOUKH X'p
u B Oyaymiem Todkn y'n. ClaemoBatenbHO, p'n AOJMKHA OBITH HEMpo-
CTPAHCTBEHHONOAO0HOH KpuBOil HauGoabuiefl MJIUHBL OT X'n HO Y n.
Mbl IpUXOANM K IPOTUBOPEUHIO, JOKA3BIBAOIIEMY TEOPEMY. o

XoTst 3Ta TeopeMa YCTAHAB/IUBAET CYLIECTBOBAHHE CHHIVJISPHO-
crefl npu BecbMa OOIIUX NPEANONOXKEHHSX, Y Hee eCTb OAHH Hedo-
CTATOK: OHa HWYEro He TOBOPHT O TOM, IAe 3Ta CHHIYJISPHOCTb —
B npounioM miu B Oyayuem. B caydae (6) ycuaoBus (4), xoraa
HMeeTcst KOMIIAKTHAsT MPOCTPaHCTBEHHONOAOOHAST MOBEPXHOCTD, HET
HHKAKNX OCHOBAHHH CUHUTATH, YTO OyIyliee B 3TOM OTHOIIEHHH Ipen-
NOYTHTEIbHEE NMPOLLIOro, HO B cjyyae (a), KOrja MMeeTCHd 3aMKHYy-
Tast JOBYlIEYHas TOBEPXHOCTb, MOKHO AYMaTb, YTO CHHIYJISIPHOCTB
HaxoauTcs B OVAVIEM, a B caydae (B), KOrjJa H30TPOIHBIN KOHYC
TPOIIIOrO HAYMHAET CTATMBATBLCS, MOMKHO 10JA4rarh, 4TO CHHIYJISAD-
HOCTb — B mpolaoM. Ecau yeinoBrue (B) HECKOJBKO YCH/IHTH, a HMeH-
HO noTpeboBaTh, YTOGBI BCe HampaBJjeHHbie B NPOIUJIOE BPEeMEHHIIO-
JTOGHBIE W H30TPOMHbIE I'e0e3uuecKne HaUnHaIl CXOAUThCSI B Tpee-
JaX KOMNakTHoH o6aactu B J—(p), TO MOXKHO NOKa3aTb, YTO CHHIY-
JISIPHOCTb HAXOAUTCS B MPOLLIOM.
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Teopenu 3 (Xokune [73])

Ecan

1) RopKeKP = 0 st sio80oro HenpoctpancTBeHHOII0L06H0I 0 BeK-
topa K (cp. pasa. 4.3);

2) Ha (J, g) BBINOJHSAETCH YCJIOBUE CUJAbHON IIPHUMHHOCTH;

3) CYUIeCTBYIOT HaNpaBJIEHHBIH B NMpoLJIOe efHHHUHBIE BeKTOp W
B TOYKE p U TOJOKHTEIbHAS] NOCTOAHHAA b, Taxkue, uro ecau V —
eAVHUYHBI KacaTeJabHbI BEKTOP K HanpaBJeHHOH B NpOLLJIOe, IPo-
XojAllell 4epe3 p BpeMEHHIIORO0HOH Ieofe3uuecKoil, T0 Ha KaxKAOoH
TAKOH reojesuyeckoil pacxoienue 6 = V¢, 3THX TeoJe3HUECKHX
CTaKOBHUTCSL Mellblue, ueM —3¢/b Ha paccrosaHuu b/c or p, rhe ¢ =
= ‘—Wavay

TOrfa 4epe3 p NPOXOAUT HENOAHas B IPOMLJIOe, HENpOCTpaH-
CTBEHHONOL00HAS reofe3HyecKas.

Ilyers K¢ — nmapadiiiesbHO TepeHeceHHbIH KacaTe/JbHLIH BEKTOP
K HanpaB/JeHHOIl B npouuioe, NPOXOAslledl uepe3 p HENpoOCTpaH-
CTBEHHONOJOOHOH reoje3uyeckoll co C/AeAyOLEeH HOPMHPOBKOM:
KeW, = —1. Torna ana ynovsHytoil B yca1oBHH (6) BpeMeHHIO-
no6HOH reomesuyeckoli K¢ = ¢™tVe, otkyma Ko, = c-tVe, Tlo-
CKOJIBbKY GyHKUHA K%, HenpepblBHA HA HEMPOCTPAHCTBEHHOMOAOOHOM
reojle3nyecKkoll, oHa CTaHOBHTCS MeHbLIe, yeM —3/b Ha H30TPOIHOH
reo/€3HUECKOH, mpoxoAsiilell uepe3 p, B npeienax adpduuaHoro pac-
crosiiust b. Ecau Yy, Yo, Y3 u Y, — 1ICEBIOOPTOHOPMHPOBAHHASA TET-
paza Ha 3THX H30TPONHLIX reogesudeckux, npuueMm Y; u Y — enu-
HUYHblE TPOCTPAHCTBEHHONOLOOHBe BeKTOPHl, a Y; u Y — H30TpoI-
Hble BEKTOPbI, 4151 KOTOPBIX Y3*¥ia = —1 u Y, = K, 10 pacxoxie-
Hue O H3OTPOMIBIX TEOJE3MUYECKHX B p OIpefessieTcss PopMyJioi

0= Kaip (VY + V,°Y") = K% + Kap (V5°Y,0 + Y750,

Bropofl uwieH paBeH Hy/M0, Tak kak K¢ nepeHOCHTCs IapasiienbHo.
Tperuit unen MOXHO npeactasutb B BuIe /2 (KaK®),pYsb; s1a dynk-
nust oTpuuarenbHa, n6o K*K, =0 #a usdorponunx u KK, << 0 -—
Ha BPEMEHHIOZOGHBIX reojeanueckux. OTcI0fa BHAHO, uTo O cramo-
BUTCA MeHblue —3/b B mpenenax ap@UHHOTO PacCTOSIHHSA b BHOJb
KaxJ0oH H30TPONHOH Teofe3nueckod u3 ToukH p. Takum oGpasow,
ecay OBl BCe HamlpaBJjeHHble U3 p B NPOLJIOE U3OTPOIHbIE Ieoge3nde-
ckue OblIH Obl ToaHbl, To KoHTyp (horismos) E—(p) 6pu1 6bl KOM-
naxted. Jlwbas touka ¢ = J—(E~(p))— E—(p) npu 3tom 6yuer Jae-
xate B [(p). CaenosaTesabHo, CHA HE MOXKET HaXOAUThCS B
JH(E=(p)), mockoampky E~(p)— axpoHaabHoe muoxectso. Orciona

I (E= (DN (E™(m)=E" (p),
T. e. 6yIeT KOMNAKTHBIM MHOKecTBOM. Toraa no npeinoxenno 6.6.7

D—(E—(p)) 6yaer rioGaabHo runepboaundeckoi obiaacroio. Coraac-
HO mpeasoxenuio 6.7.1, Kaxaywo Touky r & D=(E~(p)) MoxHO co-
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eIMHHUTL ¢ p HENPOCTPAHCTBEHHOMNOJAOOHO! reoae3nueckoil, Ha KOTO-
poit MexXay r u p He OyneT HH OZHOH TOUKH, conpsuKeHHol p. Orclona
B cHay npemnoxenus 4.4.1 obaacts D—(E—(p)) mnomxkua comep-
KaTbCsl B expp(F), rme F— koMmnakTtHasi o6aacts B Tp, KoTOpas
COCTOUT H3 BCEX HANPAaBJEHHBIX B NDOUIJIOE HENPOCTPAHCTBEHHOIO-
n00HbIX BexTOpoB K9, ynoBaerBopsiomux yeaosuio KoeW, << —2b.
Ecin Obl Bce HENnpoOCTPAHCTBEHHONONOOHEIE Ie0Ne3HUecKHe H3 p B
npoutoe OBLIH MOJHBI, MHOXKECTBO eXpp(K®) OBLIO Gbl ONpeaeseHo
st moforo K*e F u 6bl10 0Bl KOMIAKTHO Kak o6pas KOMIaKT-
HOTO MHOXKeCTBA MNpH HeNpepbiBHBIX oTobpaxenusix. OgHako, co-
raacHo caeAcrsuio JeMmMmbl 8.2.1, D=(E~(p)) comepKHT HenmpompoJ-
KUMYIO B TIpollsioe BpeMeHunoJoOHyio kpusyio. [lo npeasoxeusio
6.4.7 oHa He MOXeT ObIThb MOJHOCTBIO 3aKJAOYeHa B KOMIIAKTHOM
MHOXKECTBe exPp(F), H, ClefoBaTebHO, NPENINOJ0KEHHE, UTO BCE
HANpaBJCHHbIE B MPOLLJIOE H3 p HENPOCTPAHCTBEHHONOLOGHbLIE Teo-
Jle3uecKkie MOJIHBl, He MOXKeT ObITb BEPHBIM. o

Teopemnl 2 n 3 sBasioTcs HauboJee MOJE3HBIMH TeopeMaMH
0 CHHIY/ISIDHOCTAX, 60 MOXKHOMNOKA3aTb, YTO HX YCJIOBUS YAOBJe-
TBOPSIOTCA B psfie PU3HUCCKUX CHTYaUHH (CM. CJAEYIONIYIO TJIaBy).
OnHaxo He MOZKeT JIM 0KAa3aThCHl, UTO 3TH TEOPEMBI CBUAETEAbCTBYIOT
He O CHHIYJSIPHOCTH, @ O 3aMKHYTOH BpeMeHHNoLo0HOM KpuBOH, Ha-
pyLIaoled yC/10BHA NPUYHHHOCTH? DTO ObLII0 Obl MHOTO XYIKe, ueM
IPOCTO TIOTEPS BO3MOXKHOCTH JAeJaTb NPEeACKa3aHus, UTo sIBJISETCS
aJbTepHATHBOH Teopeme l; MO HamleMy MHEHHIO, TAKOe HapylIeHHe
INPHYMHHOCTH GoJiee HEeNmpHeM/JeMo, YeM CHHIYJISPHOCTh. TeM He Me-
Hee XOTeJocb Obl 3HATh, MOJKET /M HapyLIeHHe NPUYHHHOCTH BOC-
IPEnsiTCTBOBATH NOSIBJEHHIO CHHryJApHOCTell? M3 HuKecneaymwomeit
TEOPEMBl CJELyeT, YTO B ONPEeAEJEeHHBbIX CHTyalusix He MOXKeT. DTo
03HayaeT, UTO CHHTYJASPHOCTH HYXHO NPHHUMATb BCEPbe3, U IPH-
JNaeT HaM YBEPEHHOCTb, YTO BOOOILe HapylleHHe NPHYMHHOCTH He
SIBJISIETCS BBIXOLOM H3 MOJIOXKEHHS.

Teopema 4 (Xoxkuwne [73])

[TpocTpaHCTBO-BPeMSi He SIBJASETCS BPeMEHHIOL00HO reojesnue-
CKH ITOJIHBIM, €CJIH

1) RypK*Kt =0 pas mo6oro  HempocTpancTBeHHonoa06H0r0
sektopa K (cp. ¢ pasx. 4.3);

2) cyulecTByeT KOMMAKTHAs NPOCTPAHCTBGHHONONOGHAS FHIEp-
MOBEPXHOCTb (0e3 Kpas);

3) ennHHWYHble HOpDMAJH X & aCIONy Ha ¥ ¢OJAATCH "LJIH Pacxo-
OATCA.

Sameuanusn. YcaoBue (2) MOXKHO TPakToBaTh Kark YTBEPKIEHHE
0 TIPOCTPAHCTBEHHON 3aMKHyTOoCTH Bcesennofi, a yeaosue (3)—- kax
yTBEPKAEHHE O TOM, UTO OHa pacluupsierca (cxkumaercs). Kak 6vu10
ofnsicneno B pas. 6.5, Mbl MOXKeM B3ATb HaKpbIBaIOLIee MHOTOOGpa-
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sue A, B KOTOPOM KaxKAasi CB3HAS KOMIIOHEHTA 06pa3a oBepXHO-
cru & pudpdeovopdua F u SBIAETCS YACTHYHOH IIOBEPXHOCTHIO

Ko B M. M O6ynem paboTaTh ¢ MHOroo6pasuem M n oBosnaunm
uepes % OJHY CBSI3HYI0 KOMIOHeHTy o0pasza &¥. Paccmarpusas 3a-

nauy Kown B J, MBI BHAUM, YTO HaJHYHE CHHIY/SDHOCTEH (HO He
06si3aTeNbHO MX Xapakrep) ABJASETCS YCTOHUHWBLIM CBOHCTBOM JaH-

npix Koiny Ha &, NOCKOJBKY JOCTATOUHO MAaJble BapHaluud NaHHBIX
Ha & He HapywWamT ycaoBHA (3). DTO CAYKHT KOHTPIPUMEPOM K
npeanonoxenuio Jludpmuna u XanaTHUKOBA, YTO CHHIY/ISPHOCTH MO-
ABJAAIOTCH JIMIIb JJIs1 MHOXKeCTBa MaHHBIX Kolunm Mepoi Hyab, XOTS
cjaeflyeT MOMHHUTB, YTO ONpeAeJeHHe CHHTYJASPHOCTH, KOTOPOMY MBb
caellyeM 3/eChb, HE COBIAJaeT ¢ TeM, KOTOPHIM noab3yworcs Jludurmn
n XaJaTHUKOB.

Hoxkasareascrso. Tlo yenosuam (2) u (3) cBepTka BTOPOH (yH-
HaMeHTaJbHON (GOPMbl NOBEPXHOCTH & uMeeT Ha & OTPHLATETbHYIO

BepXHIOIO rpaHb. Takum o6pasoM, ecau 6vl A (u 3HAuuT, A) ObLIO
BPEMEHHUIION00HO reole3nYecKy MOJHO, TO Ha KaXKJ0H HanpaB/JeHHOH

B Oyaylliee reofe3ndeckoll, opToroHadpHoil K & B npejenax KoHeu-
Hol BepxHelt rpaHn b paccroanus or & (npemnoxenue 4.4.7) cyue-
cTBOBasa Obl Touka, compsikennas &¥. Ho, coriacHo A0moJHEHHIO

K mpensoxenuw 6.7.1, 1o xaxmoil tTouky ¢ & DT (F) MOXKHO mpo-
BECTH HamlpaBleHHyl B OyAyllee Teofe3nuecKyl0, OPTOrOHAIbLHYIO

K &, Ha KOTOPOH MexX1y ¢ u 9’ HeT HHU OLHOM TOUKH, COMPsiZKEHHOM
[IOBEPXHOCTH Z. Tlyets B Z X [0, b] —> J[ — nuddeperunpyemoe
otofpaxeHue, KOTOPOe CMeEIaeT TOUKY pE.? u paccrosiiue s < [0, b]
BAOJIb HampaBJelHoH B OyAyllee Treofe3udyecKof, OPTOroHa/JbHON
K & B Touke p. Toraa MHOXKECTBO [S:S?X[O, b] xomnaxkTHO U comep-
KUT D+(§). Orciona xoMnaktuel D+ (P) u HH(P). Ecan 66 Mbl
IPEe/Noaaraau BbINOJHEHHE YCAOBUHS CTPOTON NPUUHHHOCTH, TO HCKO-
MOE npoTHBOpeune caefoBano Obl u3 JeMmMmbl 8.2.1. Oxnaxo paxe u
§e3 3TOro yCJoBHS MOXHO NpPHHTH K TNpoTHBOpeuuio. Paccvortpum

Touky g = H*(¥). IlockoabKy KaKiasf HalpaB/JeHHas B IpoLLIoe

HENMpOCTPaHCTBEHHOMOJ06HAA KPUBasA oT ¢ A0 & GyHer CcOCTOATh U3
(BO3MOKHO, HYJIEBOTO) H30TPOIHOTO TEOJE3UUECKOro CerMeHta B

H+(9) W U3 HEMpPOCTPAHCTBEHHONOAOOHOH KpuBoil B DY (¥ ) byHK-

uMsl PaCcCTOSIHUSA d(.?, g) Oymer menbiue uian pasna b. Orcioga, no-
CKOJIBKY d TIOJIyHeNpepbiBHA CHH3Y, MOXKHO Obl10 Obl HaliTn Gecko-

HEYHYIO N0CIe0BATENbHOCTD TOUEK Fp € D+(9’) cxXoasuuxes K g,
1151 KOTOPBIX d (P, rn) Gyxer cxonuthes K d(P, ¢). Kaxioit r, Gy-
1eT COOTBETCTBOBATL 10 KpaliHell Mepe OIHH 3JeMeHT B~H(rn) wu3
FX 10, b). Beuny komnaxthoctu ¥ X [0, b] nafigerca aaement (p,s),
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KOTOpBI OylneT mpenebHOH TOUKOH mocsaegoBaTenbHOCTH B! (ry).
B cuny HenpepbIBHOCTH § = d(.@, q) u B(p,s)= q. Takum oGpasom,
K KamIo# Touke g & H+ (#) MoXKHO 6yner ot 7 POBECTH Teofie-
3udecKkyio JauHoi d (¥, g). Tenepb nycts ¢ = HY(¥) nexur B npo-
LIJIOM TOUKH ¢ Ha TOI XKe H30TPONHO# reoe3nyeckoil obpasyioules A
nosepxnoctn H+(¥). Coennnus reonesnyeckyio MMHHOM d(P, q1)
oT & 110 g C CErMEHTOM A MeXIY §i U ¢, Mbl NOJYYHM HempoCTPaH-
CTBeHHOTOA06HVI0O KpuByI0 d(¥, ¢i) ot ? 1o ¢, KOTODYIO MOXKHO
BapbHPOBATb TakK, YTOOHI NOJYYHTE 60jee AJIHHHYIO KPHBYIO MEXKIY
TeMH ke KoHeyHublMu TouKamu (npegmomenne 4.5.10). Crenopatens-
Ho, d(%,q), g= H*(¥) OGyger crporo ybweiBawiiell GyHKIHE]
BJOJIb KaJK/I0H HampasJaeHHOH B npouuioe obpasyioniei H+(.97). Ho
3TO BeJAeT K IIPOTHBOPEYHIO, TAK KaK B CHJIYy MOJYHENDephBHOCTH
CHU3Y (QYHKIHH (%, g) OHa HOMKHA HMETb MHHUMYM Ha KOMIAKT-
HoM MHOMkectBe H+(P). o

Yenosue (2) koMnakTHocTH ¥ HeoO0XOQMMO, TaK KaK B IIpo-
cTpaHcTBe  Munkosckoro (A, W) HEKOMIAKTHas  MOBEPXHOCTH
PV 4+ 1)+ () — ()’ = —1, x*<0 aBasgeTcs YACTHUHOH MO-
BepxHocTblo Kown ¢ %% = —3 Bo Bcex Toukax. Ecau Bo3bMeM
00JlacTh NpoCTpaHCTBA MUHKOBCKOIO, 3aMaBaeMyl0 HepPaBEeHCTBAMH

<0, () 4 () + () + () — (¢ <0,

MBI MOXKEeM OTOXKAECTBUTb TOUKH, NOJyUeHHble NefCTBUEM HHCKpeT-
Hoit rpynmbl u3omerpuit G, tak, uto P/G Gymer komnaktHo [102].
CorsacHo TeopeMe 4, npocrpasctso (A /G, n) 6yoer BpeMeHHATON00-
HO TeOJEe3NUECKH HENOJHBIM, IIOCKOAbKY OTOMKAECTBJIEHHE OTHOCH-
TeJBHO HeficTBUS rpynnbl G He MOKeT ObITh PACIpPOCTPaHEHO Ha BCe
MHoroo6pasne J [unm ycmaosue (1), Hum yciaosue (2) pasn 5.8 He
BBINOJIHAIOTCS B Hauaje KOOpAHHAT]. B 9ToM ciyuae CUHIYJspHOCTD
B CMBIC/I€ HETOJHOTBl BO3HHUKAET M3 IMJIOXHX IIoGaJbHBIX CBOHCTB H
He COIMPOBOXK/AETCS CHHTYJISPHOCTBbIO KPHBH3HBI, DTOT mpuMep Obla
npengaoxen [Tenpoyso.

Yeaopust (2) n (3) MOXKHO 3aMEHHTD Ha C/ledyOLLHe:

2’) & ectb mosepxuocTh Ko past A

3’) %%, uveeT Ha & TpaKb, OTJIUYHYIO OT HYJIS.

Xors B 3TOM caydae He MoxKeT ObITb ropusonra Kouwu, oxHako
AJMHLL BCEX Hanpas/ieHnnix B Oylyiiee BPeMEHHIOXOOHBIX KPHBbIX
13 ¥ NOJXKHBl HMETb HEKOTOPYIO KOHEUHYI0 BEDXHIOI I'DaHb.

I'epok [50] nokasaua, uto nmpu coxpaHeHuH ycaoBus (2) u 3aMeHe
yeaoBu#t (1) u (3) Ha veaosus

"y RapK*Kb = 0 nmag m1060ro  HempoCcTpaHCTBEHHONOL0GHOTO
BEKTOPA, IIPHYEM PaBEHCTBO MMEET MEeCTo JAHlb 1pu Ry = 0;
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3’/) cyuecTByeT Taxkas TOuKa p e &, uro J100as HENpPOIO/IKH-

Mas HempoCTPAHCTBEHHOMOLOOHAsT KpUBasd, lepecekatomas ¥, nepe-
ceuer takKke JT(p) u J7(p); umeer MecTo 0fHO K3 ABYX: aub0 00-
J1aCThb 3aBUCHMOCTH MOBePXHOCTH ¥ miaockad, aubo mMHoroobpasue A
BPEMEHHUI0A00H0 Teole3HYeCKy HeloJHO.

Veaosue (3”7) tpebyer, uToObl Haba0aTeAb B TOUKE p MOI YBHU-
JeTh JI00YI0 YacTHIly, KOTopas nepecedeT & u 4TOOLI OH caM ObllI
BuguM ¢ Iltee. MeTon goxasareabCcTBA COCTOHT B TOM, 4T00bI pac-
CMOTpeTh MPOCTPAlICTBEHHONOA00Hble NOBEpXHOCTH §e3 Kpasi, KOTo-
pele comepxkar Touxky p. M3 3TuX moeepxHOCTeNl MOXKHO [IOCTPOUTD
TONOJOrAYecKoe npocTpanctso S(p) nogofHO TOMY, KaK MBI CTDOUIH
TONOJIOTHYECKOe IPOCTPAHCTBO M3 BCEeX HENpOCTPaHCTBeHIONOA00-
HBIX KPHBBIX MEXKJAy ABYMS TOUKaMu. ¥Yci1oBud (2) u (3”) o3nauaior
toraa, uro S(p) KommakTHo. MoXHO moOKa3aTk, YTO ILIOLIAAH IIO-
BEPXHOCTE! SIBJIAIOTCA MOJYHENPEPBIBHLIMH CBepXy (QYHKIHAMH B
S(p) u moaxua OLITH HEKOTOPAs NOBEPXNOCTb ¥’, mpoxoisiuias ye-
pes p, miolaib KoTopoll 6oJiblle uaM paBHA NJAOWLALHK JWO0G0[ ApYy-
roi nosepxHocTH. M3 BapnaluoHHBIX cooBpaxKeHnui, aHaJOTMUHBIX
TeM, 4TO NPHBOAMINCH B CJAyYyae HENPOCTPAHCTBEHHONOLOOHLIX KPH-
BLIX, CJEAyeT, UTo %% olOpallaercs B HyJIb BCIOAY Ha F’, 32 HCKAIO-
yenueM, ObITb MOXKET, TOUKH p, TAe NOBEPXHOCTb MOXKET H He OBLITh
nuddepeHHpyeMol.

PaccmoTpuM ofHOMapaMeTpHUecKOe ceMelCTBO UpOCTpaHCTBell-
HononoOHbIX nosepxuocreil & (1), tae £ (0) =%’. Bexrop Bapuanuu
W = J/0u MoXHO NpeacTaBUThb Kak [f, Toe n — eAHHHUHAsS HOp-
MaJb K TOBEPXIOCTAM, [ — HekoTopas ¢yHkuus. Mcrnoas3ys ypasHe-
nue Pafluayaxypu NJas KOHTPYSHIMYU HHTETpasbHbIX KPUBBIX BEKTOP-
Horo noJst W, MOXKHO 1I0Ka3atk, 4TO

o

1 a _
Sr=H =50 —20"— R’ + [ h™ },

rae
1
0=y Oup="ar — El 0hgp,  hap=Gap + Nty
u
) 1
0" = ? O'abGab.

Ecuiu cyuiecTsyer Touka ¢ & #/, B KoTopoii R unn’ =0 min y,,540,
MBI MOYKeM Mojo0parh Takyw QyHKuuwo f, npu koropoil (96/du) < 0
seroay Ha &’. Ecam Rgnn”=0, %, =0 scony Ha &', Ho npu
5TOM HMeeTCsl HEeKOTopas TouKa ¢ & ¥/, B KoTopoil Cgpeatt’n’ =0,
To Toraa dofu=~=0 ¥ MOXHO HANTH Takyw GyHKUHIO f, uTo
00/0u=0 u 0°0/0u* < 0 Bcioay Ha #'. B moGom ciayuae MOXKHO
HOCTPOUTH TOBEPXHOCTH 9”,AHa KoTopoil Bcwony y%, <0 n, caego-
BaTeJbHO, MHoroo6pasue /A OygeT H3OTPONHO Te0J@3UUECKH He-
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G i

noJHEM B ety TeopeMsl 4, Ecan Ruy, %ap 1 Capeat”n’ pasust mymio
BCIOAY HA F7, TO M3 ToXecTB Puuun jag n BuugHo, uto Cupy==0
fta &', 1. e. B o6aacty D (F) NpoCTPAHCIBO-BPeMs SBJIsieTcs 11J10-
ckuM. TlpumepoM, B KoTtopom yeaosust (17), (2) u (3”) sbinoanens,
a obsacth D(¥) naockas, CJAYXKHT HOPOCTPAHCTBO MHUHKOBCKOro
¢ oroxcectnaenncy {x! x% ¥8, ¥t} e {x! 1, ¥% &P, 1), {4, K21,
2, o o {3 27 P41, xth. Ono reomesuveckn mogauo. OxHaxo
NpPUBEEHIBIH DaHee NPHMED TOKE YHOBJIETBOPSiET 3THM YCJIOBHAM
M CBHIETEJbCTBYET O TOM, uTo o6aacte D (¥) MoxeT GLiTh OJHO-
BPEMEHHO T'COIe3HUYECKM HENOJIHOH ¥ MJIOCKOM.

8.3. OnucaHue cHHTyAApHOCTEH

ITpuBejieHHLIC BBHILIE TEOPEMBLI CBUAETENLCTBYIOT O NAJHYHH CHH-
TyJAApHOCTEN B LIHPOKOM KJaacce peueHuil, HO COAepkKaTr Majo HH-
(popMannu O MPHPOAE 3THX CcuHryJagpHocTell. HTo6Bl HCCIEI0BATDH
3TOT BONpoc OoJee AeTajJbHO, HYXKHO ONpeAe]uTb, 4Td moapasyme-
BaTh NOJ pa3MepaMu, GOpMOH, MECTOHAXOXKEHHEM M NPOYHMH Xa-
PaKTepPUCTHKAMU CHHTYJSIPHOCTH. DTO OBIIO Gbl COBCEM JICTKO, €CJH
Obl CHHTYJSIpHble TOUKH BKJIIOUA/JHCh B HPOCTPAHCTBEHHO-BDEMEHHOE
MHorooOpasne. OAHAKO YCTAHOBJAEHHE CTPYKTYPBI MHOrooGpasus
B TaKNX TOUKaX (PH3HYECKUMHU H3MepeHUdIMH OblJio Obl HEBO3MOKHO,
B camom gmese, MOXKeT CYLWECTBOBATb MHOIO CTPYKTYP MHOTooGpa-
3U5, COBNAJAMOWUX B PEryJaspHbX 06JaCTIX, HO pas3Juvyaiol{HXxcs
B CHHIYJIsIpHBIX ToukaX. K mnpumepy, B pelrenun PoGeprcona —
Yokepa mMHOroo6pasue B OKPeCTHOCTH CHHIYJNSPHOCTH [ = 0 MOXKHO
ON¥caTh KOOpAUHATaMH

{t, rcos B, rsinBcos¢, rsinOsin¢}

HJIH KOOpILHHaATaMH
{t, Srcos6, Srsinfcos¢, SrsinBsine}.

B nepeoM cilydae CHHIYJSIPHOCTbIO OYJeT TpexMepHas MOBEPXHOCTb,
a BO BTOPOM — €I HHCTBEHHAsI TOUKa.

Brixog 3akgarouaercs B TOM, 4TOGL pa3paloTaTh peEHEenT mo-
CTPOCHHUST HEKOTOPOH rpaHulnt d MHoroobpasus 4, Koropas OIHO-
3HAYHO VYCTAHABJAMBAETCA H3MEPCHHSIMH B HECHHTYJ/IADHBIX TOUKAX,
T.€. CTPYKTYpOH (A, g). 3aTtem ObLI0 OB MeaaTe1bHO 3a4aTh IO
MeHBLICH Mepe TOIOJOTHIO, a MOXKeT ObTh, H AnddepeHuupyemyo
CTPYKTYPY B npoctpancte A+ == 4 UJ. OgHuM H3 NOIXOLOB MOT
Obl CJAYKHTD METOJ HEPa3TOXKHMbIX MHOXKECTB AJs1 OECKOHEYHOCTH,
onucanublil B pas3d. 6.9. Ho aTot mMeron 3aBUCUT JHIUB OT KOHGOPM-
HO{l METPUKH M TNOTOMY He IO3BOJFET OTJIMYHTh OEeCKOHEUuHOCTb OT
CHHIVJISIDHBIX TOYCK 11a KOHGUHOM paccToaHuu. HYToOBl Takoe pas-
JHYHE CYILeCTBOBAAO, [MO-BHAMMOMY, HYXKHO MDPH [OCTPOCHUH JAT
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HCXOAHUTb M3 TOr0 KPUTEPHS, KOTOPBIM Mbl IOJIb30BAJIUCH NPH A0KA-
3aTeq]bcTBe CYLIeCTBOBAHMA CHHIY/SPHOCTEH, a HMeHHO U3 b-HemoJ-
HOTHI. M3amubi MeTon TAKOro nocTpoeH#s Obl1 pazpabortan Uwvug-
TOM. DTHM METOJOM NEePeKPhLIBAIOTCA GoJlee paHnue KOHCTPYKIHH
Xokunra [72] u I'epoxa [53], B KOTOPHIX CHHIY/sIpHLIE TOUKM ONpe-
AEJSIOTCS] KaK KJacChl 9KBIBAJEHTHOCTH HCIOJHLIX T€0Ae3UYECKHX.
B stEx KoHCTpyKUHSX He Tpebyercs, 4TOGL Bce D-HemosHbie
KDHBBIE (CKaxKeM, HeroJHble BPeMEeHUNOLOOHBIE KPHBBIE C OrpaHH-
YEHHBIM yCKOpeHHeM) 06da3aTeJbHO HMeaH KoHeuHble ToukH. B ompe-
JeJCHHH KJaCCOB 3KBHBAJEHTHOCTH HMEETCSI HEKOTOPasi HEOAHO3HAY-
HocTe. KoHerpykuua [lImuzra He crpanaer 3THMM  HeAOCTAaTKaMU.

Meron LIvuara COCTOMT B 3aLaHHN TIOJOKHUTENLHO ONpefeseH-
HOH MeTpHKH € Ha pacc/0eHHH OpPTOHOPMHPOBAHHLIX penepoB
n:O(M)— M. 3necy O(M) — MHOKECTBO BCeX OPTOHOPMHPOBAH-
HBIX yeTBepoK BekTopoB {E.}, E, = T, ana xaxporo p = A (a npo-
feraer 3HadeHHs oT 1 no 4), a ;1 — NpOCKLs, KOTOpasi OToOpaxKaer
6asuc B TOYKE p B camy Touky p. OKasbBaeTcs, UTO MHOXKECTBO
O (/) HernoNHO MO METPHKE €, ey U TOJNbKO ecli MHOTooOpasue
M b-uenonno. Ecau O (M) m-Hemoano, MOKHO ¢ TOMOUIBIO (yHAA-
MEHTaJbHBIX IIOCJAe[0BaTeIbHOCTEH 06pas3oBarh nonoanenue O (M)
O METPUYECKOro npoctpaHcTsa. ITpoeknnst s MoxKeT GLITH HPOLOJ-

keHa Ha O (A ), u Torna ¢akrop-npocrpancteo O (A) 110 1 eCTh N0
OIpeeNeHl0 MHOToo6pasue A+, KOTOpoe ABMASETCH 0O0beNHHEHHEM
A ¢ MHOXECTBOM AONOJHUTEABHBIX TOUeK 0. MHOXKECTBO O COCTOMUT
U3 CHHTYJISADHBLIX TOYeK MHOrooGpasuss 4 B TOM CMbICHE, YTO OHO
SBJISIETCST MHOZKECTBOM KOHEUHBIX TOUEK BCeX D-HEMOJHBIX KDHBBIX.

Uro6bl BBLITOMHHTH IIOCTDOEHHE, BCIOMHHM (pasa. 2.9), uro
CBSI3HOCTb Ha J, 3ajaBaeMasl METPHKOH g, ONPCLefifiéT YeThipex-
MEpPHOE 20PU3OHTAAbHOe NOOAPOCTPAHCcT80 H,, necsaiTUMEpHOro xa-
careapnoro npocrpauctsa T, B Touke u = O(M). Taxum o6pasom,
T, mnpeactaBasier cobofi NPAMYI0O CyMMY NOANpocTpaHctBa [, u
BEPTHKAJbHOTO NMOANPOCTPAHCTBA Vy, COCTOSILETO H3 BCEX BEKTOPOB
B T,, KOoTOpble KacaTesbHbl K cjaoio m~'(m(u)). Temepb mbl mo0-
crpoum 6asuc {G,} = {E,, F;} naa T, tae A npoberaer snaueHus
or 1 no 10, a i or 1 no 6; {E.} ects Gasuc pas H,, u {F;} — 6asuc
g V.

s nanuoro Bektopa X & Ty (A) CyILLECTBYET €AMHCTBEHHBIN
BekTop X & Hy(O(A)), YAOBIETBOPAOUIHE VCJIOBHIO T X = X.
CaepoBarenbHo, Ha O () OZHO3HAYHO ONpeJe/aeHBl YeThlpe TOPH-
30HTAJbHBIX BEKTOPHHIX noast E,, KoToprle ABASIOTCS MOPH30HTAJb-
HBIMY JH(TaMH OPTOHOPMHUPOBaHHLIX Ga3uCHbBIX BeKTOopoB E, njs

xaxno# toukd u & O (A). Uurerpanpusie kpussie noas E, 8 O ()
COOTBETCTBYIOT NapaJseJbHOMYy IepeHeceduio 6Gaszuca {E.} B A
BJIOJIL T€OJe3NUYeCKOl B Hanpasienuu Bexktopa E,. [pymna O (3, 1),
MYJAbTUIJIHKATHBHAS TPYNNa BCEX HECHHTY/SDHBLIX AEHCTBHTENbHBIX
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PRBIRES

aoperleBslX 4 X 4-matpunt Azp, AeHCTBYET B 05X O MHOXKeCTBa
O(M), nepesoas Touky u={p, E)}J=O(H) B Ttouky A(u) =
= {p, AasEs} € O(A). Moxuo paccmarpusate O (3, 1) kKak ule-
CTUMEPHOE MHOro0o6pa3Hue M NpH 3TOM ONMHCHIBATH KacaTelbHOe Mpo-
crpaHcrBo T7(0(3, 1)) x O(3,1) B epnnuue rpymnsl / BeKTOPHBIM
npocTpancTBoM Bcex 4 X 4-maTpun, a, o0O6gajaOlHX CBOHCTBOM
avGoe = —0a.,Gpq. Toraa npu a=T;(0(3,1)) MB MOKev onpe-
genutb kpusyio B O (3, 1) geped A, = exp(ta), rae
o]
bn
exp (b) = T
n={

.

Orcrona, ecau u e O (M), To B ! (m (1)) MOKHO 3a7aTh KPUBYIO,
OPOXOAAUly0 uepes u, modaaras hg,(f) = A,(u). [TockoabKY KpH-
Basl Ag,(f) MEXUT B CJ0€, ee KacaTedbHbIH BEKTOP ((’r/(}é);\a” BEpTH-
kasned. [lostomy aasa wamporo aeT; MOXKHO ONPEAEJIHTb BEPTH-
KaJibHOe BekTopHoe mnode F (a):

F(a) I, = (9]0t

aas Besikoro u e O (M) . Tyers {a} (i=1, 2, ..., 6) ectb Hasuc
B T;, torna F; = F(a;) npeacrasidior cofofi IeCTb BEKTOPHBIX
noneft na O(A) w MOryT cayxkuTh 6Gasucom mias V, B Kax[oi
Touke u s O(M).

Marpuna B<= 0(3, 1) samaer otobpaxenue O(M) — O(M)
Buaa u— B(u). Hpu nuaaynuposantom otobpaxenuu By : T, — Thuy
BepTHKaJ/bHbIE H FOPU3OHTAJbHBIC BEKTOPHBIE MHOJIS NpeobpasyroTcs
CJIEAYIOWHM 06Da30oM:

(2243 ’ 14

B, (E.) = B& Ey,
B* (Fi) = Ciij;

rae C/ = Bayip.B ' g0’ ya u {a’}—— Gasuc B T",, nyaJbHbil 6asucy
{a;} B T, (chenoBatesnHo, @'gpliay=0 @ 4p0j0q=04057). s
NajbHediero OypeT BaxKHa He KOHKpeTHas (opMma 3THX HHAYIH-
POBaHHBIX OTOOpaXkeHUl, a HX CBOHCTBO GbITh NocTostHHBIME Ha O (A).

Teneps y Hac ectb 6Gasuc {G,}={E,, F;} (A=1, ..., 10)
B T, B kaxgoil touke u< O(A). [losToMy MBI MOXKeM 3aAaTh
TOJIOYKUTENbHO-ONPeleseHnYI0 MeTpuKy € Ha O () cooTHOmeHHeM

e(X, Y)= D X4Y4 rae X, YET (1) u X4, Y4 —xomnorests X
A

n Y B Gasuce {G,}. Mcnoab3ys MeTpHky e, MOXKHO BBeCTH (YHK-
uuio paccrosiuud p (4, v), rae u, v = O (A), Kax HUKHIOK TPaHb
IJIAH KPHBBIX OT 4 710 ¢ (M3MepeHHBIX 10 MeTpuke e). Torma MoXHO
IOCTaBUTh Bompoc: sBjasiercss i O (.4) NMOJIHBIM MHOXKECTBOM OTHO-
CHTeJbHO (QYHKLHH DACCTOSHHS O?
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Il pedaomncenue 8.3.1
(O (M), e) ABAsIeTCS M-TIOJHBIM [IPOCTPAHCTBOM TOI'Ad H TOJBKG
Torga, Koraa InpocTpaHcTBo-Bpems (4, g) b-mosHo.

[Tycrp y () — nexkoropas xpusas B . Torpa, ecau 3anana Touka
uwenl(p), rae p €y, MOKHO NOCTPOUTH FOpH3OHTAJBHYIO KPHBYIO
y(¢#), xoropast mpoxoauT uepe3d u M AJast Kotopoi m(y(f))= vy (¢).
M3 onpejeneHus No0KuTeNblIO-ONPEACACHION METPHKH € CJIELYeT,
YTO AJHHA AYTH y(f), H3MepeHuas 1o 3TOIl MeTpHKe, paBHA 06006-
IeHHOMY adduuHOMY nmapamerpy y (i), onpeneasieMoMy TeM 6aszucom
B TOYKe p, H300paKeHHeM KOTOPOro smJaseTcss Touka u. [Jo-
3TOMY, €ClIHu Y y(f) HET KOHEUHOH TOUKH, HO JAJIMHA ee, H3MEepPEeHHAas
no obobwenHomMy apduHHOMY IapamMeTpy, KoHedHa, TO y v () Toxe
HeT KOHEYHON TOYKH, HO KOHCYHa /AJHHA T0 MeTpuxe e. Taxkum
obpagom, m-noanora muoxectsa O () o3nauaet b-MOJHOTY B MHO-
roo6pasuu .

Urobbl A0KasaTh oOpaTHOE, HYXKHO NMOKaszaTe, 4To auasa Cl-xpu-
BoO# A(f) kKoHeunoii anuHbl B O (), He uMelollell KOHEUHON TOYKH,
qu(A(t)) sBasercs Cl-KpuBOil B J CO CJACAYIOIHMH CBOHCTBAMH:

1) vy Hee KoHeuHaa adduHHAs AJAHHA,;

2) y Hee HET KOHEUHBIX TCYEK B .

Cposicteo (1) pmokaseiBaeTcs caegywomuMm obpaszom. Ilyers
ue(t). Torpa gepe3 1 MOKHO MPOBECTH FOPH30HTALHYIO KPHBYIO

A(t), Taxyio, uto m(A(¢)) = m(A({)). [ Kaxgoro snauenns ¢ A (%)
u A (f) GyayT nexaTb B OJHOM H TOM XKe cjoe, tTak 4o B O (3, 1)
6yaeT enmHCTBeHHas Kpusasi B(f), aast kotopoit A(f) = B({)A({).
DTO 03HAYaeT, uTo

(), =8.(5r), +F BB,
rae B=dB/dt. Orcrona

e((ait);g (ar) ) Z(<Ea (at) VB )2+
+ }; (BasB™" 4" a)’s

rae {E“}—~6a314c H*,, nyansusit 6asucy {E,} (r. e. (EY Eb> 8%),

U a'y,— 6asuc T,, AyadbHBIH Gasucy a;gp (1. €. @ qp0 =108/
Marpuua B, yaosierBopseT paBeHCTBY BgpGpBy = Ggy. O1-
clona
BuyGacBea = Goa,

TaKk Kak Ggp =G ', Jnddepennupys 1o f, umeeM
BabB~1chcd = GachbB—lba
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o .
Takum ofpasoM, BtabB pe =T7(0(3, 1)). ITockoabKy MaTpuusl a4
oGpa3yioT 0asuc T';, cyulectByeT Takas nocrosnHasa C, 4To

iZ (BabB—lbcaica)Q > c (‘BabB_Ichachldc)'

Jlio6as marpuua B < O (3, ) MmoKer GbITh NPEACTABJIEHA B BUAE
B=QAQ, rpe

chg 0 0 shg
0 1 0 0
A=V 0 01 o
shg 0 0 chg

u Q u Q— opTrorosaJjbHble MaTPHIBl BHAA

(6 | ) (O l )
—_— I/I ——— ,
|1 1
npudeM O u O — opTOroHa/bHEE 3 X 3-MaTPHLBl, a BEKTOPH Ga-

suca {E,} nponymeposansl Tax, yro E; — BpeMeHUNOn06HbBIH BEKTOP.
Martpuua A COOTBETCTBYET M3MEHEHHIO CKODOCTH B HanpasJeHud x!,

a Matpuupl Q u Q CcOOTBETCTBYIOT BpaweHusMm. [Ipn TakoMm pasJo-
KEHUH

BabB_]chadB—ldc > 2 (‘2)2
Has 106010 BEKTOPHOTO OIS XET”

Z ((B%, X)Qpu)° Zaj ((E®, X))

CJienoBaTesbHoO,
L (E G o) =B (B () o=

9 9 218
e((at)x’ (ar)x)e e
Orciona

((dt) (T)) ((az) (at))€_2'§'+2c(§)2

H HO3TOMY

(), G =2[e((5)r G ety

Tlycte Ep< 00 — HaMMeHbIIAs BepxHsAs rTpaub A1 |E| Ha A(f).
Torpa

1
2

L(A) ==L (A)e % Cg,
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rae L(A)— nJuHa KpuBoit 2 no MeTpuke e. Tak Kak oHa KOHeuHa,
JOOMKHBI ObITh KOHeuHbl & ©u L(L). Cuemomarenbno, adoduxHas
nauHa xpusoit (i (¢)) B A, pasdaa L (L), OyaeT KOHeuHa.

B 3aBepiuenne nokasarenbcTBa NpennokKesus 8.3.1 MBI JOJXKHBI
noKasaTh, 4TO HET TAKOH TOUKH p & JM, B A00YI0 OKPECTHOCTb 2
KOTOPOH BXOAHT ¥ ocTaercst TaMm Kpusas ®(A(f)). TTockonabKy Touka
p obJajgaeT HOPMaJbHOH OKPECTHOCTBIO, 3TO BBITEKAET U3 CJAEYIO-
1ero yTBEPKACHHA:

I pedaoscerue 8.3.2 (I mudr [147])

Tlyers A — KOMIaKTHOE MOAMHOXKEeCTBO MHoroo6pasus JA. Io-
nycrum, uto B O (M) umeercss kpusBas A (f) KOHeUHOH AJIHUHBL M 0e3
KOHEUHBIX TOYEK, KOTopas BXOAHT B m— ' (A°) H ocCTaercd TaM.
Torna cymecTByeT HeNpomoJ:KUMasl H30TPONHASA TeoJesHyeckas v,
HeIUKOM cojepxamascs B A .

IlycTb A(f)— ropusonTaibHas Kpua#, IPOXOAfNas yepes He-
KOTOPYIO TOYKY uEA(t), npuuem m(A(¢)) = m(A(¢)). Kpusas A(f)
HE MMeeT KOHeuHoi Touku. JomycTim, uTo ecTh Touka v & O(A),
KOTOpasi sIB/SeTCS! KOHEYHOH TOUKOH FOPH3OHTaJIbHON KpHBOH 4 (f).
Torga npoMXKHA CYLWECTBOBaTh TaKas OTKpPLITAs OKpecTHOCTb #°
TOUKH U ¢ KOMOAKTHBIM 3aMBIKaHHeM, uTo A(f) BXOAMT B Hee H
ocraercst TaM. Ilyers #7 — muoxecrso {x & O(A):BxEW nrs

Bcex Marpun B ¢ |§| << &}. B cuny komnakTHOCTH W w orpaHHueH-
HOCTH £9 MHOXKeCTBO ¥ no/KHO GbiTh KoMmakTthbim. Kpusas A(f)

BofigeT B #°' u ocradercs B HeM. Ho Mo00e KOMIaKTHOE MHOXKECTBO
M-THOJHO OTHOCHTEJIbHO IOJ0MKHUTENLHO ONPEAeNeHHOH MeTPHKH €.
CaepoBatesibHO, Kpusas A({), oGgajas KOHEUHOH AJIWHON, LOJIKHA
Gyaer uMeTb KOHeUHyi0 Touky B #°'. M3 3T0ro BHAHO, 4TO y KPHUBOHA
A(f) HET KOHEUHOH TOUKH.

[TycTe {X,} — nocaefoBaTeAbHOCTL TOYEK HA A(f), HE HMewUlasd
KakoH-1160 npeaeabHoit Touku. [Tockombky A — KOMIAKTHOE MHO-
’KeCTBO, HalileTcs Touka x & A, KoTopas ABJAseTcs NpefelbHON To4-
Kol 7t(x,). IlycTb @ — HOpManbHAst OKPECTHOCTL TOUKH X C KOM-
IAaKTHBIM 3aMblKaHUeM, W TyCTb O %aO(%)—cequne O(AM)
Hag U, r.e. o(p), p = U, — oproHopMupoBanHbili 6asuc B p. ITycts
A(t)=o(n(r(t))) npu r{({)en~!(2). Torna, Kak U B npelbIay-
meM NpeaJoXeHu, OyIeT CYLUIeCTBOBATb EAMHCTBeNIIOe CeMEHCTBO
matpun A(t)= C(3,1), taxoe, uto A(t)= A(t)A({) u marpuus A
MOKHO npeactaButh B Buae A= QAQ. Ionyctum, uto |[§({f)]
HMeeT KOHEUHYI0 BEDXHIOW TrpaHb &, rge x, = A (f,’) — noanocie-
IOBATEJBLHOCTh MOCACAOBATEABHOCTH X,, cXojpdwasca Kk x. Toraa
TOUKH Xp+ AOJAKHBI NPHHALIEKATH MHOYKECTBY U = {UEO(./()

: A-'v < 0(2) npu nekoropoit matpuue Ae O0(3,1) HESNE
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—

OnfHAKO MHOXKECTBO 24’ ROJIKHO OLITb KOMHAKTHBIM H IOTOMY H0J-
AKHO COIEPXKATh MPELEJNbHYIO TOUKY MOCAENOBATENBHOCTH {X,/}, UTO
MPOTHBOPEUUT HalleMy Bb160py {xn}. Takum o6pasoM, |E(¢,)| me
jMeeT KOHEUHOH BepxHell rpanu. [TocKoabKy opToroHanabHas rpynmna
KOMMAKTHA, Mbl MOXKEM BbIOPATb TaKylo MOANOCACA0BATEIBHOCTD

{xn}, uTO Q0 63’1161‘ CXOAUTBCS K HEKOTOPOil MaTprie Q/, a Qur — K
nekoTopoii Q (3mech Qn,,—Q(Z ) BT A); B> 00 1
Eppi—Ep>a>0 (8.1)
IS HEKOTOPOH NMOCTOSHHOH @.
[TycTe

MO =@) A 1 A (O=20,""(@) 'R

Torpa An(tyr) cTpemurcs K £ = Q' (x). [TockobKY AJHHA KPUBOH
A(f) xoHeuHa, KpuBasg A’(f) TOXKe HMeeT KOHEUHYIO MJIUHY. ITO
03HAYAET, YTO CTPEMHUTCS K HYJIIO HHTErpaJl

In7 41
[+ oo et a,
ton
rie 5
XA—=_<EA’ (W)}»,>: A=u: 0)2’3
1 1
E‘=—(E‘+E!), E'=— (E‘—
7 (E*+E) «/ ( EY).
CiegoBaTedbHO,
In”+1
{rxata
tor

crpemutcst K Hymo npu kaxaoMm A. Kommonentsl Y, 4 kacartens-
HOTO BEKTOPa K IOPH30HTAJbHON KPHBOH Ay (t) paBHbI

Yo' =e X", Yple=en'Xt, V=X Y, =X
[Tostomy
S
S |Y.4dt (A=u,2,3) (8.2)
t

CTPEMHUTCS K HYJIO.

[Tycth p-— uHTCTpAJbHAA KPHBAs TOPH3OHTAJBHOIO BEKTOPHOrO
noas Ev, mpoxoasas uepes £. Torma m(u) OyAeT H30TDPONHON reo-
nesnveckolt B 4. Jlonvernm, urto m(u) BuXOAMT H3 A Kak B
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HanpaeJieBuu GyoyIIero, Tak H B HanpagJenuyu npomsoro. Toraa Hai-
LETCA HEeKOTOpaf OKPECTHOCTb 7’ TOUKH % C KOMIAKTHBIM 3aMblKa-
HHEM M C TeM CBOHCTBOM, YTO B Ka:KJAOM H3 3THX HalpaBJeHHH pu
noxujgaer MHOxKecTBo 7, rue ¥ = {v< O(H): cywectByer A,
015 Kotopoit Av & 7°}. OKpecTIoCTb #° MOXKHO BLIGPATL HaCTOJIbKO
maJjiolt, ytodnl oHa 00Jafaska ynoOMAHYTbIM CBOHCTBOM HJIst J11000H
HHTETpaNbHOH KpHUBOK BekrTopHOTro nods Ev, koropas nepecekaet 77,
T, €. Tak, uToObl JM06Gast Takas KpuBas BhIxoauaa u3 m~! (A°) B oboux
Hanpasaennsx. Ilycte 4/ — tpybka, cocrosilias u3 BCEX TOUEK Ha

HHTerpaipHLIX KPuBBLIX noss E?, mepecekatomux 7. Toma MHOXKe-
ctBo %Y (1~ (A°) KoMmaxTHO. Hpn JOCTATOYHO GOJbILKUX #'' KpUBas

Ao (tw) OGymer copepkarees B 7°. CornacHo (8.2), momepeunsie

K HanpaBgenuio E? KOMNOHEHTH KacaTelbHOrO K Ap” BEKTOpa
HaCTOMBKO MaJbl, YTO IIPH AOCTATOYHO OOABWIHX n” u !>t Kpu-

Basi Ay (f) HHDAE He CMOXKET BBIATH 3a Tnpefeasl TpyOKu
Y (1 ' (N), 32 HCK/IIOUEHHEM €€ KOHLOB, T.€. TaM, rae 4/ BLIXO-

nuT u3 ' (A°). Opnaxo Ay (f) He MOKeT TOKHHYTH ! (A), mo-
CKOJIbKY A(f) He BbIXOAHT u3 n—! (A°). ClIefOBATEIbHO, Anr  AOJ-
kHa qdexarb B Y (| n='(N°) npu f={fp. 310 BepeT kK Clelyo-
meMmy rnportusopeunio. Kpusast Aprai(fwrii) cOLepKHTCS B 77 of-
Hako, corjacHo (8.1), OKpecTHOCTb MOXKHO BHIOpaTb HACTOJBKO
MaJIol, 4To

i\.n" (fn”—.L 1) = An”+1An”_15\«n”+1 (tn”+1)

Gymer nexatb B 77, Ho He B #°. OTciona cjaeiyeT, uTo Halle MPej-
[OJ0XKEeHHe O TOM, UYTO M30TPONHAS reofe3uueckKas si(u) BBHIXOLHT
u3 N B 06OHX HamnpaB/JeHHAX, JOXKHO. CJeNoBaTeNbHO, HOAKHA
ObITb Kakas-TO Toyka p & A°, Kotopasi aBJAsETCSl HNpeaeabHOR TOu-
koit m(p). Torna no npegqoxenuo 6.3.1 cyuiecrTByeT HENPOLOIKH-
Mas H30TPONMHAs reojesuyeckas y, Npoxojsuias uepes p, Kotopas
copepxuTca B A’ U ABASIETCA npeesbHON KpUBOH s m(w). w

Ecanu paccnoernne O(A) m-HENnosHO, MOXKHO NOCTPOHTL €r0 MO-

nonnenne no merpuke O(A). OHO nO ONpPERENEHHIO eCTb MHOXKe-
CTBO KJI4CCOB 3KBHBAJEHTHOCTH (DYHAAMEHTAMbHBIX NOCAEN0BATENb-
HocTell us touer paccaoenust O(A ). Ecan x = {x,} u y= {y.} —
ase dynaamMeHTalbHBIE NOCIeJ0BaTCIbHOCTH B O (A), paccTosHHEM
p(x,y) Mexny X I y asigercs mno onpeaedenunio lim o (X, Ya),

> 00
rae p— QyHkuus paccroanus Ha O(4), onpesgeisicmds TOJ0KH-
TeJbHO OllpedeTeHHOM MeTpHKOil e; GyACM TOBODHTH, UTO X H Y
S5KBHBAJCHTHBI, ecail o(x, y)=0. O(u/[) MOZKIIO  Pa3.J0kKuTh Ha
yacTh, roveomoppuyo O(A), ¥ MHOMKECTBO IpaHHiUbIX ToUeK E.

(r.e. O (M) = O(A)U J). OynKIMsI PACCTONHIS p 3a1ACT TONOIOTH [0
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Ha O(A). V3 (8.1) caenyer, uto 3ta tonosorus Ha O He 3aBUCHT
oT BeiGopa Gasuca {a;} B T;.

Ieiicrsue rpynnsl O (3, 1) moxuo pacnpoctpanutb Ha O (A).
B camow pnejne, mnpeoGpasosanue Gasuca {G,} nom pelicTBueM
A= 0(3,1) He 3zapucut or nosoxenus B O(A). 3HauuT, cylle-
CTBYIOT TakHe MNOJOXKHTeNbHbIe noctosiHHble Cy n Cp (3aBHcALIHE
TOJBKO 0T A), uTo

Cio(u, )<p(AW), A@)Y<Cooly, v).

310 o3Hauaer, uTo moja AehcTBHeM A mnocaenosatenpHocTu Komin
O6ynyr ortobpaxkaTbCsd Ha (GyHAAMEHTAJbHBIE IIOCACA0BATEIbHOCTH
M KJIacChl 3KBHBAJEHTHOCTH (PYHIAMEHTaNbHBIX MOCJIEA0BATEIbHO-
creft 6yAyT oToOpaXKaThCs Ha TakHe JKe KJIacchl KBUBAJICHTHOCTH.

ITosromy meficteue O (3, 1) pacnpoctpansercs Ha O(A) eAUHCTBEH-
HpiM obpasom. Torma 4+ MOXKHO ONpeaeauTp Kak (HakTop-mpo-
crpatctBo O (A) no rpynue O(3,1). TTockombky O(A)/O(3,1) =
= J u mnockoabky noa AeiictBuem O(3, 1) HenosnHaa (QyHIaMeH-
TaJbHas I[OCJAELOBATEILHOCTh 0OCTAeTCd HEeMOJAHOH, MBI MOXEeM
npeiacTaBuTh At Kax oObeluHeHne MHOroo6pasus A H MHOXKeCTBA
0, naspiBaeMoro b-rpaununeit . Touku 0 MOXHO cuHTaTh H300paxe-
HHSIMH KOHEUHBIX TOUEK KJACCOB 3KBHBAJEHTHOCTH b-HEMNOJ/HBIX KDH-
BhIX B .

[poekuusa m:O(M)— A+, xotopas orHocutr TO4Ky B O (A)
K €€ KJIacCy 3KBHUBAJEHTHOCTH OTHOCHTEILHO MAeHCTBHUA TPYNHHI
0O (3,1), uaayuupyer tonoaoruio Ha A+ no tononorun Ha O (A).
Onuako & He HHAYIHPYET HA A+ QYHKUUIO pPacCTOsHUS, HOO (DYHK-
uus § He uHBapuaHTHa oTtHocuTenaeno O(3,1). Takum o6pasom,

xoTss TomoJgorus npoctpadctBa O (.4 )— meTpudeckas U COOTBeT-
CTBEHHO xaycpopdoBa, Tomoaorus Ha A+ He 06513aTeqbHO Xaycaop-
¢doBa. DTO o3HauaeT, yTO MOIyT HaliTHCh Takas Touka pe A U
Takas Touka ¢ & d, 4To Jiodas oKpecTHOCTb p B A+ Gyner mepece-
KaTb JIOOYI0O OKPECTHOCTb §. DTO CJAYUHTCS, KOTjJga Touka ¢ OYyAeT
COOTBETCTBOBAThL HEMOJIHOH KPHBOH, KOTOpas IOJHOCTBIO WU Ua-
CTHYHO 3axBaueHa B . Mpl 06cyauM HeNoJHOTY, CBSI3aHHYIO C 3a-
XBaTOM, NO3[Hee, B pa3i. 8.5.

Ecnu g— nosnoxutenpHo onpejgeneHuas metpuka Ha A, to At
romeomopthuo monosHenuio (A, g) $yHiaMeHTaIbHBIMH NOCJEL0-
BartenbuoctsiMu. Kouerpykuug lmuara ofaanaer, B 4aCTHOCTH, TeM
XKeJaTeJbHEIM CBOHCTBOM, UTO NPH BLIPE3aHHH M3 MNPOCTPAHCTBA

3aMKHYTOrO MHOXKeCTBA &£ A/ KaxKA0H TOUKH H3 S BO3HHKAET IO
MeHblIeH Mepe OJHa TOUKa B b-TpaHuie, KOTOpas OKaxkeTcs KOoHeu-
HOI TOUYKOH JJIsi HEKOTOPOI KpuBoi B J — 5¢. IlpuMepom nosisie-
HUs 60JeC OAHON TOUYKH D-rpaHHIDI AJs OLHOA TOYKH U3 ¢ CIAYKHUT
IBYMepHOe IPOCTPaHCTBO MHUHKOBCKOTO, B KOTOPOM B KauecTBe £
B3T OTPe30K ocu ¢ Mexkiay — 1 nm 1. Torma npu — 1 <<t <1
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a5 Kaxaon touku (0, ¢) 6yayt ase Toukn b-rpanuusl. [Ipumepowm,
KOrfa Touka Ha S¢ He MOXKeT OblTb JOCTHrHYTa Kakof-jinbo KpHBOIi
U3 M — S¢, CAYKUT MHOXKECTBO

st={t=sin—, 10} U {—1<1<1, x=0}.

B # — s/ Her HU ORZHOH KpPHBOKH, KOTOpas HMesaa Obl KOHEUHYIO
TOUKY B Hauyaje KOOPAHHAT, H, CJAEJOBATE/AbHO, 3Ta TOUKA HE MOXKET

Jaexath B (M — $£)+, XOTS1 OHa M NDHHALJEKUT L.

Hecmorps Ha usawmnyio Gopmyanposkry, meron Lmuara, K co-
KaJeHHIO, KPalHe TPYAHO IPUMEHHTHL Ha NPaKTHKEe. LANHCTBEHHBIM
pelreHueM, AJs KOTOPOTO MOXKHO HauTH 4%, MOMHMO NPOCTPAHCTB
NOCTOAHHOA KPHUBH3HLI ABASETCS ABYyMepHOe pellieHne PoSepTcona —
Yokepa ¢ oObluHOH Mmarepueli. B Hem moxaspiBaercsi, 4TO0 0 —
3TO NPOCTPAHCTBEHHONOA00HAA [-MOBEPXHOCTb, KaK H MOXKHO OBLIO
Obl 0XKHUAATb M3 KOH(QOPMHOH KapTHHbL. B 3TOM ciaydae MOXKHO Ha-
IeJHTh O eCTeCTBeHHOH AupdepeHnupyeMoil CTpYKTYpoil U npespa-
TuTh JA+ B MHOroo6pasue ¢ kKpaem. OaHAKO, BHAMMO, He CYIIe-
CTBYeT KakKoro-nmu6o obmero crnoco6a BReJCHHT CTPYKTYpPbl MHOTO-
obpasus Ha J. KoHeuHO, €CTeCTBEHHO AyMaTh, UTO B THMOBBIX
curyanusax 0 OYIerT B BbICIIEH CTENEHH HPPETYASPHBIM M Ha HeM
HEAb3s1 OVIET BBECTH NNIAAKYIO CTPYKTYDY.

8.4. XapakTep CUHI'yJASIpHOCTEH

B stom u crenyomem pasnenax Mbl HCCJAEAYEM XapaKkTep CHHLY-
JIIDHOCTEH, NpelAcKasbiBaeMblx Teopemoin 4. Mbl paccmaTpuBaem
UMEHHO 3Ty TeopeMy, a He ApPYTHe, TOTOMY UTO M3 Hee MOXKHO IOJy-
qUTh GoJblIe HHPOPMAUHUU O CHHIYJIAspHOCTH. OxHaKo CHHTYJIsIpHO-
CTH, TIPeACKa3blBaeMble OCTAJbHBIMH TeopeMamy, 00JaafaloT CXOoi-
HBIMH CBOHCTBaMH.

Cpasy BcTaer BONPOC: CKOJAb CHJIbHOE HapylleHue nuddepenun-
pyeMOCTH MeTpHKH jonyctumo? TeopeMbl npeiblgylero pasjaena
YTBEP:KAAIOT, YTO NMPOCTPAHCTBO-BPEMS JNOJMKHO OBITH Te0e3HYECKN
HEMOJHBIM, €CJM MeTpHKa NpHHaLIexRuT kiaaccy C2 D10 ycaoBue
HEOBX0AHMO M5l TOro, uTOOB OBIIH XOPOIIO ONpeneTeHbl CONpS-
KEHHbIe TOUKH H BapHalHN JJAUH AYT; HHBIMH CJAOBaMH, 4TOGH pe-
HIeHHsT YpaBHEHHS re0Je3HYeCKHX 3aBHCeIH OT HayaJdbHBIX MOJIOXKe-
HUH W nanpas/cHui AuddepenuupyeMbiM o6paszoM. OnHako o reo-
JIe3UYECKOH HEMOJHOTC MOYKHO TOBOPUTDL IIPH VCJAOBHH, UTO PeELICHHS
ypaBHEHHs1 TEOIEe3HUECKHX cyulecTBYIOT. OHH CYLIECTBYIOT, KOraa
MeTpuKa NpHHALTeXKHT kKiaaccy C!; eHHCTBEHHOCTb PEIUEHHH H HX
HelpepbiBHAS 3aBHCHMOCTb OT HauaJbHBIX INOJOXKEHHI W HampasJe-
HHfI UMEeT MecTo, ecai MeTprnka kiaacca C2~ (T.e. eCaH CBSI3HOCTD
JA0KanbpHo Jumiunuena). PaxTHuecKH MOKHO 06CVKAATb b-Heno.d-
HOTY, OMHpAasfich JHIbL HA CYLUIECTBOBAHHE MOJOKHTEIbHO-ONpene-
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JIEHHOH MeTPHKH € B pacciaoeHun pernepo O (), KoTOpas MOYTH
BCIOJY OTpeiAeena U JOKaJbllo OrpaHuYeHa, DTO UMEEeT MeCTO, eC/H
KOMIIOHEHTbI CBSA3HOCTH 1'%, OlpeaeseHBl MOUTH BCIOAY H JOKaJbHO
orpaHuyeHbl, T. €. €cJAH MCTPHKaA Kaacca Cl-.

Hrak, MOXKeT 1moKasaThbCs, 4TO COJAEpPKAHHE TEOPEM O CHHTYJSD-
HOCTAX HE CBSI3aHO C HEOTPAHHUYEHHLIM POCTOM KPHBH3HBI, a CBHE-
TeJBCTBYET JIUIIb O HAJUYHH Pa3pbiBa KPUBH3HBL (T.€. METPUKA CTa-
HOBHTCS Kaacca C?- Bmecto C?). Mpbl 1OKaxeM, UTO 3TO HE TaK:
IPU BBINIOJIHEHHH YCJAOBHH TEOPEeMBl 4 NPOCTPAHCTBO-BPEMSI JOJKHO
OLITb BPEMEHNIIOA0OHO Te0Ae3HUECKH HEMOMHLIM (H, CJIeL0BATE/bHO,
b-HENOMHLIM), faXKe ecau MOTpefoBaTh, UTOOK MeTpuKa Gblaa Kiaac-
ca C?~. Mertosl 10Ka3aTeJabCTBA COCTOUT B TOM, YTOGH alNPOKCHMH-
poBaTh C2_-VIETpI/IKV C2-MeTPHKOH M NPOM3BECTH BAPHALMIO AJIHHbI
IYTH B 3TOI METpHKE.

[Tpeanosoxum, 4To JaHHOE MPOCTPAHCTBO-BPEMsi HEPACIIHPAEMO
npu MeTtpuke kaacca C*~ U UYTO BBIIOJHEHB YCJIOBUST TeopeMbl 4.
Teneps TpebGyercs, yTOObl YCJA0BHE BPEMEHHMIOAOGHOTO CXOYKICHHS
R, K*K® Z= 0 BBINOMHANOCH «IOUYTH BCIOAY», NPHYEM TeH30p Puuun
R,y ompenensieTcs uepes oGo6IIEHHbIE TPOU3BOAHBIE. EAHHCTBEHHLI
MYHKT B J0Ka3aTeJbCTBE TeOPeMbl 4, KOTOPHIA TepsieT cuay B C2--
METPHKe, — 3TO TOT, [Je HCIOJIb3yeTCsl BapHallusl JJIHHBI AYTH JAJ4
TOrO, 4TOObl MOKa3aTh, UTO HE MOXKET CYlleCTBOBaThb TOUKA p &
e DH(P), nasa kotopoit d(&, p) > — 3/8y, upnuenm 0y — MakcHMaab-
HOe 3HaueHHe y%, Ha &. Mrak, ecau 661 MHOroo6pasue A GbJIO reo-
IE€3MUECKH NOJHBEIM, TO HALWIHCh Obl Takash TOUKAa p H OPTOTOHAJL-
Has K & reonesnueckas ot # 10 p IJIVHOK d(.?’ p). Ilyets 2 — ort-
KprToe MHOECTBO C KOMIAKTHBIM 3aMbIKAHHEM, KOTOPOE COLEPIKHUT

I=(p) N I+(P), MyCTh € H g — COOTBETCTBEHHO MOMOKHTENbHO
onpeneJeHHas H ﬂopeHueBa C>~-verpuka. [as ¢ > 0 MoxkHO HaiiTn

JoperneBy C®-MeTPUKy g%, yIOBJCTBOPAIOULYI0 Ha 24 yCIOBHSIM

1) }(geab — gab] <e,

’gsabw — gablL‘l < e, R

3) |g€“”[cd[< C, rpe C — nocrosinuast, 3aBucsamas ot 2, e, g, g,

4) ReapKeKb > — ¢|K%|? nns moGoro Bektopa K, mist kKotoporo
geapKoK? = 0. (MeTpuky g.%" MOKHO MOCTPOUTB, NOKPBLIBast 2 KO-
HEYHbIM YHC/IOM JOKAJbHEIX KOODIAHHATHBIX OKPeCTHOCTEH (7, ¢,),
HHTErpHpys KOODAMHATHBIE KOMIIOHEHTBHI g9 ¢ MOAXOMsIIEel Cria-
KuBawoilell QyHKnuell pq(¥) d CyMMUpPYs HHTETpasjbl ¢ DPasjioxe-
HEeM eIuHHIH {P.}, T. €.

gl @=2 %@ | e*Woe,(x—9,(@) di,
@ ¢a (Vo)
rae S e (x) dix = l.)
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Cro#ictBo (1) o3Hauaer, UTO MpHU JOCTATOYHO MAaJbIX 3HAUEHHAX €
b 2 P
Toyka p GyaeT Jexate B DT(P, g) u J (p, g NIT{(P, g,)
6yner comepxarecs B 2. [ToaToMy B MeTpHKe g, OyAeT CyLeCTBOBATh
reojesnueckass y, or ¥ 10 p aauuoit d.(¥, p). Kpome Ttoro,
|d, (#, p) —d (¥, p)|oyaer crpemurhbes K Hy/o npu e-—> 0.

B cuny csoitict (1), (2), (3) u craHmpapTHLIX TeopeM 145 OOLIK-
HOBEHHBIX Au(depeHuralbHbLIX ypaBHeHHH mpu &€ — 0 KacaTe/bHLIE
BEKTOPH K TeOJe3UueCKnM B METPUKe g, OYAYT CTPEMUTBCH K Kaca-
TEABHLIM K TeOHEe3MYECKUM B METPUKE ¢ C TeMH JKe HaualbHBIMII
TOUKAMH u HanpasdeHusmu. [lpu atoM, ccam Ve-epunuuHbIA Kaca-
TeJIbHBIH BEKTODP K [E0fe3HYECKOHl B MeTpUKe g, OPTCIOHAABLHOMN K &,
TO Ha

UNBP X0, 24 (P, p))

Besnunubl | V| Gynyt orpanuuenst cepxy. CienoBaTenbHO, A5
awoboro § > 0 Hallgercs Takas NOCTOSHHas g > 0, uto npu & << &,
GyaeT YIOBJAETBOPSITbCSH HEPABEHCTBO ReqpV ?Ve? > — 8. Tenepn
Mbl MOYEM YCTAHOBHTb IpPOTHBOpEUHe, I10Ka3aB, 4TO NOCTATOYHO
MaJoe H3MEeHEHHe 3HEPreTHUECKOTO YCJAOBHSI He OyAeT NpPensiTCTBO-
BATb MOSABJECHUIO COTpPSIKEHHBIX TOUEK B METPUKE g, Ha PACCTOSHUH,

menbiieM d. (¥, p). B camom jene, pacxoxaenne B, reogesHuecKux
B METPHKE g, MOAUNHsAeTCH ypaBHeHHI0 Paliuayaxypu:

0, _ —_ "1“ 632 - 2082 han Reabveavsb-

ds 3
Orcrona
d (8= 1 ayrbp =2
——>= 275 + ReasV'V 0.
ds 3
[Toatomy, ecaun Gbl Haua/dbHOE 3HAUEHHE Og OBIIO OTPUIATENBHBIM,
a 380,72 GbIJIO MeHble eIMHHUDI, TO BeanuyHHa 0.~! cTana Obr oTpH-
naTeNbHON Ha paccTosuuu oT &P, He npessinawoweM 3/8(1—360072).
Ho 8, — 0y mpu ¢ — 0. Orcioga BUAHO, UTO NPH JOCTATOYHO MaJbIX

£ B MeTpHKEe g, Ha oGOl Treoae3nyeckon, OpToroHa bHol ¥, 6yaeT

compsiKenias ToOUKa Ha paccTosiuu oT &, MeHblieM ueM dq (P, p).
[Tosromy muoroo6pasue A AOMXKHO ObITL BPEMEHIIO100HO reoje-
3MYECKH TIOJIHBIM, HaXKe eCJH MBI TpefyeM OT METPHKH JHUIbL NpU-
HagJgexunocTu kaaccy C%.

W3 atoro pesyabTarta BBITEKAET, YTO IPH NONBITKE PaCUIIPUTDL
NPOCTPAHCTBO-BpEMs C LeJbIO CARIATb HEMOJHLIE I'COAE3HUECKie
NOJAHLIMKY MAH METpPHKa IepecTaHeT ObITh JOPEHICBOH, HIH KpH-
BU3HA NOJKHA OBITh JIOKAJIBHO HEOTPAHHUEHHOMH, T.€. HOJKHA ObITh
CHHTYJISIPHOCTh KpuBH3HBL. OHAKO, AaKe €CJIH KPUBH3NA JI0KAJIbHO
He OTrpaHHuYeHa, BCe K€ METPHKY MOXKHO MHTCPIDPCTHPOBATL Kak
pelrerue ypaBHeHHH JiiHmiTefiHa B 00OOIMENHBIN QYHKUHAX HPH
YCJOBHH, YTO OGbeMHBIE HHTErpa/ibl KOMIOHEHT TeH30pa KPHBH3HB!
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no 1i000i KoMNakTHOH o6JacTh 6yayr koHeuwel, llocieqnee Gyaer
CNpaBeAanBO, €CJAH MeTPHKa JOpeHLeBa, HempepsiBHA u obaajgaeT
KBAIpaTIMHO HHTErPUPYEMbIMH NepPBBIMH TIPOM3BOAHBIMH. B gact-
HOCTH, 3TO OyJeT BLIMOJHEHO, €caAM METpPHKa JopeHleBa M KJjaacca
C'= (r.c. mokanpno Jgunmnuera). IIpumepamn taknx Cl=-pewenni
CAYXKAaT rpaBUTAUNOHHLIE yAapHble BOJMHLI (KPHBH3HA HMEET I[0Be-
AetHne THna O-QyHKUMH Ha H30TPONHBLIX 3-NIOBEPXHOCTSAX; CM., Ha-
npuMep, [29, 130]), maccuBHble TOHKHe 060JOYKH (rie KPHBH3HA
BeleT ceOs1 Kak 8-(QyHKHUS HA BPeMeHUNOAOGHBIX 3-NMOBEPXHOCTAX;
cM., Hanpumep, [83]) U peuieHus, comepKailupe BeHIECTBO 6€3 NaB-
JeHHs («Nblb»), B KOTOPLIX IeO[de3HuecKHe JIHHHM TOKa 06/axalor
JABYMEPHBIMH H TPEXMEDHBIMU KaycTHkamu (cm. [65, 120]).

Beuay neJHHefiHOA 3aBUCHMOCTH KDHBH3HBI OT METPHKH HE BCe-
ria BO3MOXKHO amnpokcuMupoBaTe C-l-pemenne B 0600UIEHHBIX
Gynxuuax C2-MeTPHKOMl, NOAYHHSIOMEHACH YCJIOBHIO CXOXKACHUS HJIH
X0Tst Obl Hapyilawuiel 370 yC/I0OBHE Ha He CIHUIKOM OO0JbLIYIO Be-
JHYHHY, KaK B INpeAblAylleM caydae (cBofictBo 4). OpHako BO Bcex
YNOMSAHYTHIX Bbillle NpPHMEPax 3TO BO3MOxkKHO. 15 3TOro B cyul-
HOCTH eCTh (pu3uyeckoe ONpaBjaHHe: HX HAZO pacCMaTPHBATh Kak
MaTemMaTnyeckue maeanusauuy C?- uau C®-pemienuii, KOTopbie Moj-
YHHSAIOTCH YCAOBHIO COJIMKEHHS ¥ B KOTOPBIX KPHBU3HA BEJIHKA B
Maaplx obmactax. K stum C2peuweHuaAM MOXHO OBLIO Obl mpuMe-
HUTb TeopeMhbl pasi. 8.2 W goKasaTh CYLECTBOBAHHE B HHUX HENOJ-
HBIX TeoJesuueckux. Fs 3Toro fcHo, UTO npefckasbiBaeMbie CHHTY-
JSIPHOCTH HE MOTYT OBITL JIMIIb TPABUTAUHOHHBIMH YAapHBIMH BOJ-
HaMH MJH KayCTHKAMH JUHHH TOKa, a AOJKHBEI NPeACTaBAATL COBOH
Gonee cepbesnple HapyuleHna MeTpUKM. (C OGBIUHBIMH THAPOAUHA-
MHYeCKHMH YIapHBIMH BOJHAMH CBf3aHbl JHUIb Pa3pbIBbl ILIOTHO-
CTH ¥ JaBJieHHd, H B 3TOM CJAyuyae MCTpHKa MOXKeT ObliTb KJjacca
C?*-.) XoTa Mbl U HE MOXKEeM [0Ka3aTb 3TO CTPOTO, Mbl YBEPEHbI, UTO
CHHTYJISIPHOCTH JOJIKHBI OKa3aTbCsd TAKUMH, 4TOOBl METPUKY HENb3A
OblIO paclIHpHTh [Jayke KaK peuleHue ypaBHeHHHl DiiHIUTeliHa B
06001LeHHbIX QYHKUHAX, T. €. HapAAy ¢ HEOrPaHHUEHHOCTLIO B CHH-
TYJASPHOA TOUKE KOMIIOHEHT TeH30pa KPHBU3HLI HX OOGBeMHbIE
HHTErpaJjnl B JI000/1 OKPECTHOCTH TAKOH TOYKH AO0JKHBEI ObITh HE Or-
pannyenvl. Tak oOGCTOUT [€J0 BO BCEX H3BECTHBIX MPHMEPAX CHHIY-
JSpHOCTENl, 3a MHCK/IIOUeHHeM ocoboro ciayuasd peluends Tayba —
HYT, xotopuim Mbl 3afiMeMcsi B caepyioleM paspente. Ecau srta
JIorajka BepHa s «XapakKTepHBIX» ocobeHrocTedl (T.e. I BCex
0COBeHHOCTe!, KpoMe TeX, HayajdbHble YCJAOBHS A% KOTOPLIX ofpa-
3YIOT MHOMKECTBO Mephl HY/b), TO MBI MOXKeM DACCMATPUBATL CHH-
TYyJASiPHOCTE KaK TOUKY, B KOTODOH ypaBHeHHs JiiniuTefiHa (4, ua-
BepHOEe, OCTa/]bHbIE H3BECTHBIE 3aKOHBI (DHIHKH) TEPSIOT CHAY,

Hpyroil Bonpoc, Ha KOTOPLI XOTeJ0Ch GbI HMCTb OTBET: KaKOBO
UMCJIO HCHOJHBLIX TCOAE3HUYECKHX, €CJH eCTh CHHIYIApPHOCTL? Ecau
TOJIBKO O/Ha, TO MOXCT CO31aTbCsl BHEYATIEHHE, UTO 3Ty CHHTYJsp-
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HOCTb MOXKHO HrHOpupoBaThb. k3 nokasarteibcrsa Teopembl 4 Mo-
JKHO BHAeTh, YTO TPH OTCYTCTBHHM ropusonta Komm, T.e. ecan ¥ —
HOBepXHOCTh KOIUH, HH OAHY BPEeMEHUNOLOOHYIO KPUBYIO C MOBEpX-
HOCTH & (HEBAJKHO, TEOAE3MUECKAs OHA WM HCT) HEIb3d MPOAO-
KHTb A0 AJHHBI, TpeBbinawied — 3/6;, rie g — MakciMaabHoe

A

4

Puc. 53. Touka p ynaiema u3 npoCTPaHCTBA-BDEMEHH, IIOCKOJBKY Ha Hell Ha-
XOAUTCS CHHIYJISAPHOCTb, COOTBETCTBEHHO AJSI MOBEPXHOCTH & CYIUECTBYET rOpH-
sout Komn H™ (P).

3HaueHne METPHUKM %% Ha ¥. Ha camom jgese 3TOT pesyJbTar crpa-
BeJJIUB Jaxe TOr[a, KOrja IOBePXHOCTb ¥ HEKOMIIAKTHA, €CNH Y%
IpU 3TOM HMeeT OTPHUATEALbHYI0 HHKHIOI rpaHb. OfHAKO 3TO He
0653aTebHO CBHAETEJILCTBYET O TOM, UTO /M106asi BpeMeHUNOA00HAs
KpuBas J0JKHA BCTPETHTLCA C CUHTY/IsApHOCThIO. CKOpee, CHHIYJISAD-
HOCTb OyZeT CcoYeTaTbCsl C FOPU3OHTOM KOWIH, U MOTOMY MBI JH-
MWHMCS BO3MOXKHOCTH NpefcKasbiBaTh Oyayulee. Ilpumep storo pau
Ha puc. 53. 3aech METPHKA CHHTYJAAPHA B TOYKE p H COOTBETCTBEHHO
9Ta TOYKA BhIPe3aHa W3 MPOCTPAHCTBEHHO-BPEMEHHOTO MHOroo6pa-
sus. CyitectByer ropusoHT Koin, pacxomsuinica OT 3TOH ALIPHL
ITOT mpuMep MOKa3bIBaeT, 4TO caMmoe OoJIbilce, HA YTO MOXKHO Ha-
HesThCsd, — 3TO J0Ka3aTh CYUIECTBOBaHHe TPEXMEPHOIo CceMeHlcTBa
reojesHueckux, KOTOPble HEMOMHH H OCTalTeCs B mpeletax obaa-

cru Kown moBepxuoctH & (B HalwleM IpuUMepe 3TO — reojesuue-
CKHE, KOTOpble NMPOXOAAT uepe3 p). MoryTr OblTb HHbIE reojesnye-
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cKHe, KoTopble yxoaaTr ua obgactu Koumm &% u KoTopble He-
[OJIHbI, HO Mbl HE MOXKEM NPEACKA3aTh HUX MOBEICHHC {10 YC/JIOBHUSM,

3afJaHHbBIM Ha &.

gIcuo, uro B D+ (¥) nonxKuo GbiTh Gojiee OAHOH HENOMHOU Teo-
ne3nueckoil. JlefiCTBUTENbHO, H3 TEOPEMBI 4 CJAenyeT, 4TO AOJKHA

6bITb reofe3nuecKas y, OpTOrOHa/lbHas K P, KoTOpas OCTaeTcs B
D+(&), uo uenoana. IIycrs p— 10uKa, B KOTOPOI y mepecexaer &.
Torna MOXKHO cjerka H3MEHHTb IOBEDXHOCTb & B OKPECTHOCTH

TOYKH p Tak, uTOOHl 110y4YuIach, HOBas NMOBEPXHOCTb &, IJd KOTO-
poit mo-mpexuemy y% << 0, Ho KoTopas He OpTOroHaJnHa K Y. To-

raa no teopeme 4 no0JKHA HAWUTHCh ApYyrasi, OPTOroHa/jbHas K P’
BPEMEHHNIOA00Has reojfesnyeckas y', KOTopas HENo/Ha H He mepe-
CeKaeT TOPU3OHT H+(.¢’) COBNAAIOMIHIE C H+(9).

B neficTBUTENBHOCTH MOKHO JI0KA3aTh, YTO UMEETCS 110 MEHbIUEN
Mepe TPeXMEpHOe CeMeflcTBO BDEMEHHNOA00HBIX reofe3nyeckux (1o
ONHOH Yepe3 KaxkAylo TOUKY HEKOTOPOH aXpoHa/bHOIl MOBEPXHOCTH),
Kotopble ocralorcst B DH(¥) u Henoauul. Bce 3T reogesudeckue
COOTBETCTBYIOT OJIHOH W TOH K€ TOUKe rpaHulbl B CMBbICJIE Hepas-
JIOXKHMBIX MHpPOUIIBIX MHOXecTB (pa3g. 6.8), T.e. BCe OHH HMeEIOT
0HO U TO XKe npouaoe. OAHAKO B CUJIY IOCTPOEHHS NPEAbIIYLIETO
pasjesa OHM He MOIYT COOTBETCTBOBATb OJHHM H TeM K€ TOUKaM.
Cxema JoKaszaTeibCTBa TakoBa. B TeopeMe 4 GBLIO MOKAa3aHO, YTO
HOJMKHA CYIIeCTBOBATb HanpaB/JeHHAass B OyAyllee OPTOrOHAJ/bHAS
K & BpeMeHHUNONO0HAS Treoje3uyecKass, KOTOPYI0 HEIb3sh HPOAOJI-
XKHUTb 10 HJauHBl 3/8. MOXKHO BrIcKasaTh 00J/iee CHJIBHOE yTBEpKe-
HUe: JOJKHA CYIIECTBOBATb Takas reoie3nueckas vy, KOTOpas
ocraercss B npepenax D (¥) u B Kaxkao# CBOEHl TOUKe SIBJISCTCH
KPHBOH MAKCHMaJbHOH AJIHHDBI, T.€. IJs KaxIAOH ¢ &y AJHHA y OT
&% no q paBHa d(¥, q). HMpea Temepb COCTOUT B TOM, 4YTOObI pac-
cmorperts pyHkuuio d(r, y) npu r & J(y). SlcHo, uto OHa orpaHu-
sena na JH(¥#)NJ-(y). HUs roro ¢akra, uro y—Kpuast Makxcu-
MaJAbHON MJIHHBI OT &, cleayeT, YTO B OKPECTHOCTH Y (YHKUHUs
d(r, y) HempepbIBHA, U MOBEPXHOCTH d (r, y) == const ABJAAOTCS NPo-
CTPAHCTBEHHONONOOHBIME TMOBEPXHOCTAMHU, NEpPEceKaonuMy y OpTo-
ronajpHo. Torga BpeMeHHIIOAOOHbBIE €0/ e3HUecKHe, OpTOrOHa/lbHbIe
K 3THM [OBEPXHOCTSIM, OCTAlTCs BHYTpH J~(y) H, C1eL0BaTENbHO,
HEIIOJIHEL.

8.5. 3axBauyeHHasi HenoJHOTA

B pasnm. 8.1 Mbl NMpesiOKHIN HCIOABL30BATb D-HENOJHOTY B Ka-
YeCTBE ONpeleacHHsT CHHTYASPHOCTH, Ham 3aMblcesT COCTOSIT B TOM,
4ro0Bl MOCTaBHTh b-HEMOJHYIO KPHBYIO B COOTBETCTBHE CHHLYJSIp-
HO# TOuKe, KOTOpasl yAaJeHa U3 npocTpaHcTsa-speMenu. Jonycrum,

11 3axas 38t
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OJHAKO, 4TO MMeEeTcd b-Heno/Has KpHBas A, Y KOTOPOf CYLIECTByCT
npepeabHas TOUYKd p E[Z, T.€. }, 4aCTHUIO M IOJIOCTbIO 3aXBa-
UYCHa B KOMIIAKTHOIN OKpecTHOCTH p. Toraa Mbl 11& MOKEM BJOXKHTL
J B Gosblice YeTbipexMepHoe Xaycaop(oBO mapakoMIAaKTHOE MHO-
roo6pasue A’ Tak, 4todnl A npoposkuiack B . HeficTBUTENbHO,
€CIM g — TOUKa, B KOTOPO# A mepecekaer rpanuny 4 B J’', TO Jio-
6as OKPeCTHOCTb ¢ AOJKHAE Iepecekath JI06YI0 OKPCCTHOCTb P, 4TO
HEBO3MOJXKHO, TOCKOMbKY ' xaycpopdoso u g 7= p. Ilo cyuecrsy,
3aXB4UYEHHYIO HENOJHOTY B T MOXKHO OXapaKTepH3oBaTb Hexayc-
I0pQOBEIM TOBeAeHHEM momnoaHerus A+ u3 koHcrpyxuuu HImuara.

Ilpedaroxcenue 8.5.1

Touka p = A He otpenena no Xaycaopdy B A+ o1 TOuRH r & 0,
ecig B J CYUIECTBYET HENoJHasf KpuBas A, Al KOTOPOH p CAYKHT
NpenesbHON TOUKOH, a ¥ — KOHEUHOII TOUKOH B .

Honyctum, uto p & J — npefedbHas ToYKa b-HENONHON KPUBOM

A. MoOKHO NOCTPONTL FOPH3OHTAILHLIA JH(T A KPUBOH A B paccioe-
HHH OopTOHOpMHpOBaHHBIX penepos O (.4 ). Hexoropas Touka

xen (r)cd=0 (M) —0(A)
6yler CAyXKUTL A8 A KOHeuHoil Toukoft. Ecau 7° — mekortopas
OKPECTHOCTb TOUKH 7 B JAt, T0 n~!(¥°) aABAsieTCS OTKPHITOI OKpecT-

HocTbio ¥ B O(A). Taxkum o6pasom, ! (7°) COAEPKUT BCE TOUKH

Ha A mocjie HeKOTOpo# Toukm y. [losTomMy BCe TOUKM Ha A mocae
n(y) Gynyt Jnexate B 7° u 7° Oymer nepecekaTtb JIOGYI0O OKpeCT-
HOCTB TOUKH p, TaK Kak p — npefelpHasd TOUKa KPUBOH A. o

ITpoctpancteo Tay6a — HYT (pasa. 5.8) cayxur npumepom, B
KOTOPOM CYUIECTBYIOT HEMOJHEIE Teo[e3udyecKue, NPUYEM BCE OHH
MOJIHOCTHIO 3aXBaueHbl B KOMIIAKTHBLIX OKPECTHOCTSIX TOPH3OHTOB
npouwtoro u 6yayumero U(f) = 0. ITocko/JbKY B 3THX KOMIAKTHBIX
OKDECTHOCTSIX METPHKAa BIOJHE peryJsfpHa, HENOJHbIE Teoaesnue-
CKHEe HE COOTBETCTBYIOT CHHIYJASIPHOCTAM CKajfpHbIX NOJHUHOMOB
KpPHUBH3HEL. PaccMOTpHUM HeNoJHyIo B 6yaylieM 3aMKHYTYIO H30TPOM-
HyI0 reofie3nueckyio A(v) na ropusonte Oyayuero V(f)= 0. ITycrs
p=A(0), u mycTb U{-— HEPBOE MOJOMKHTEIbHOE 3HAUEHHE U, NJs
kotoporc A{v)=p. Toraa, xax u B pasl. 6.4, napanjejbHO nepene-
CEHHbIl KacaTeJbHBIH K A BEKTOpP OYyAeT YAOBJETBOPATb PaBEHCTBY

... = (@)

rae a> 1. A{v,)=p naa kaxigoro n, rie

s
it

*
v=0

n

—_ I—r l—a”
Up =10, a =01'1—_F
resl



8.5. 3axsauennag unenoanora 323

0
ov /1, du
n

TakuMm o6pa3om, ecru Ha A(V) B3ATh [apa/ledbHO NEPEHECEHHBIH
ncepnooptrosopmupoBannpiil 6asuc {E.}, rae Es4= 0/0v, T0 1aq
Apyroro HsorponHoro GasucHoro BekTopa Es Bhinmoansercs pabeH-
cro Byl,_, =a "E;[ _.. lpu xaxnom o6opore BLOMB 3aMKHYTOH

.
v=()

=Y
H30TPOIHOI reojiesnyueckoir 7 sexrop Ey ctanoButcs Goablie, a BeK-
top E3 — menpure. Bexropel E; u E, He meusrores. [lostomy ecan
ten3op PumaHa HMeeT HeHYJEBYIO KOMIOHCHTY, KOTODas BKJOYaeT
E; u, Boamoxuo, E; u E,, To ona 6ymer xa3aTbest Bce OoJblie H
Goabllle TIpH KaKA0M o60OpOTe 110 ) H, CIeJ0BaTENbHO, OyAET UMETh
MECTO CHHTYJSIPHOCTb KPHBH3HBI B Napase]bHO MEPEHCCEHHOM Oa-
suce. Onnako B npocrpanctse Tay6a— HYT Bekrop E; MOXKHO BbI-
6paTh Tak, 4TO y TeH3opa Pumana 6yaeT TOAbKO OjHA He3aBHUCHMad
KomnoneHTa, a uMenno R (Es, Es. E;, E4). Ona Briaouaer Es u E4
OJIMHAKOBBIM 06Pa30M H MO3TOMY HE MEHSET CBOETO 3HAueHHA ¢ 000-
poramu 1o A. ITOCKOMBKY Takoit e BBIBOJ, MO BCell BEPOSATHOCTH,
CnpaBefuB [Js JM060H 3aXBayeHHOH KpPUBOH, MOXOXKe, 4TO B NpO-
crpanctBe Tay6a — HYT mer HHKakofl CHHFPYJISIPHOCTH KDPHBH3HBI,
XOTSl OHO, COTJIACHO HAalleMy OmpejeleHHi0, CUHIYASPHO., XOTea10Ch
6Bl 3HaTbh, MOXKET JIU CAYUUTBCS HEuTo NMojobHOoe B (PH3HUECKH pea-
JHCTHUECKHX PEIIEHUSIX, COMEPKAIIHR BEUIECTBO, WM ¥KEe NMPOCTPaH-
ctBo Tayba— HYT gBnsercs ocoOBIM NaTOMOTHYECKUM CJAydYaeM.
DTOT BOMPOC BaxKeH MOTOMY, YTO B CJAEAYIOMIeHd raase Mbl Oynem
0GOCHOBHIBATD TaKyi0 HWHTEpHpeTalylo MPeAbAYIIHX TeopeM, Co-
[JIaCHO KOTOPOH OHH CBHAETEIbCTBYIOT HE O TOM, YTO HENPEMEHHO
LOJIKHA OblTh CHHTYJISAPHOCTh, @ O TOM, YTO B CHJbHLIX TDaBHTalH-
OHHBIX NOJIAX 00INas TeOpHs OTHOCHTEJBHOCTH TepsieT cuay. Takux
noJiefl HeT B CcHTyauus, nogobHoii mnpocrpaHcTBy Tay6a — HYT.
DTOT BHIBOJA OCHOBAaH Ha BecbMa CIeLHaJbHOM BHAe TeH3opa Pu-
mana B mpocrpanctBe Tayba — HVYT. Caepyer oxunatb, uto B 006-
mieM cJayyae Ha 3axBaueHHON KpuBoll 6ynyT OTJHYHBI OT HYyJs He-
KOTOpLIe JAPYrHe KOMIIOHEHTH TeHaopa PHMaHna M COOTBETCTBECHHO
MOSBATCA CHHTYJSPHOCTH KPUBH3HH B NapaJ/ljlejbHO NePeHeCeHHOM
Basnuce, XOTS CHHTYJIAPHOCTH CKAJISAPHHIX MOJHHOMOB MOTYT H OTCYT-
cTBOBaTh. JelCTBUTENBHO, MOKHO AOKA3aTh

IIpedroxcenue 8.5.2
Ecnu p & M — npenenvHas touka b-HENONHOH KPHBOH A W ecan
B p AJd BCEX HENPOCTPAHCTBEHHONOI06HBIX BeKTOpoB K

RabKaKb # O’

TO KPHBOH A COOTBETCTBYIOT CHHIYJISIPHOCTH KPHBI3HBI B fMapaJ-
JeJibHO nepenecenHoM Gasuce. (YcaoBue RapK*KP 5= 0 moxer OBITH

1*
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3aMEHEHO yCJ’IOBI/leM OTCYTCTBHSA Kakux-au6o I/ISOTPOHHBIX Hamnpas-
aennit K¢, 1aa xoropuix KK°CaperaKe = 0.)

Ilycts 24— BeINykJasi HOpMaJbHAas KOOPIHHATHAS OKDPECTHOCTH
TOYKH p ¢ KOMIAKTHLIM 3aMbikaHueM, u nycth {Yi}, {Yi} — noJse
AyadbHbiX OPTOHOPMHpPOBaHHBIX Ga3ucoB B 2. Ilycts {E.}, {E*} —
napajienbHO NepeHeceHHble 1yalbHble OPTOHOPMHPORAHHBIE 6Aa3HCHI
Ha Kpneo# A(f), a I — napaMerp Ha A, TAkKOM, 4TO B %4

= (2

rie X{— KOMIOHEHTH KacaTeldbHOro BekTOopa 0/df B Gasuce {Yi}.
Torga mapamerpoM 7 mH3MepseTcs MJHHA MYTH B [HOJOXKHTEJBHO
onpeneneHHoil Merplke B 2, B kotopoi Gasucel {Y;}, {Y{} opronop-
MUPOBAHBI,

[Mockombky B p R, pKeKP 5= 0 pas n11060r0 HenpoCTpaHCTBEHHO-
noJo6HOro Bekropa K%, CYLIeCTBYeT OKPECTHOCTh /° < 2/, B KOTOPO

Ray=0CZaZs+ R'as,

rie C = 0 —nocrosinHad, Z, — €AUHHYHBIA BPEMEHHIONOOHBIH BEK-
TOp U R’y ynoBaersopsier HepaBeHcTBY CR’p K2Kb > 0 npu mobowm
HENMPOCTPAHCTBEHHONOAZO00HOM BeKkTope Ké [lomycTum, 4TO HOC]IE
HEKOTOPOro 3HAueHHUsi Iy mapaMerpa 7 kpuBas A mepeceuer 7°. Ilo-
CKO/MbKY Yy A HET KOHEUHBIX TOYEK, a p— MpejiesibHasi TOUKa A, Ta
4acTb A, KOTOpPas JIEXKHT B 7°, OyIeT HMeTb OecKOHEUHYIO NJIHHY,
ecTH OHa u3MepeHa no napaMerpy f. OnHako oGoGuiensbiii addun-
HBIH TapameTp Aaetcs Gopmyaoil

(D)

a

roe X! — KOMMOHEHTH KacaTedbHOro BeKropa (0/0f)s, Tak 4To
Z XXt =1 n E%;,— gomnonents Gasuca {E¢} B Gasnce {Yi}. Ilo-
i

CKOJIBKY TapaMeTp 4 KOHEUEH Ha KPHBOH ), MOAYJb BEKTOPa-CTOJ-
6ua E*; X! 10MKeH CTPEMHUTHCH K HYJIIO H COOTBETCTBEHHO Mpeobpa-
goBaHust JlopeHma, onpenenasieMple KOMIOHeHTamu E%;, HOMXKHBI
CTaTb HEOrpaHMYEHHO O0JbWHMH. Z — eAMHHYHBIH BPEMEHHION00-
HHIH BEKTOp, W I03TOMY KommoHeHTHl Z B Gasuce {E,} OynyT He-
OrPAHHUYEHHO PACTH, a CJAeOBATENbHO, W HEKOTOphle KOMIOHEHTHI
Tenszopa Puuuu B Gasuce {E,} cTaHyT CKOIb YrOAHO BEJUKH. o

U3 storo pesysnbraTa BHAHO, YTO HaGJI0ZATEeNb, Ubsi HCTODHUS
TIpeCTaBJseT COGOH b-HEmOJHYIO, 3aXBAUYEHHYIO HENPOCTPaHCTBEH-
HOnogo6HYI0 KPHBVIO B XapakTepHOM mNpocTpaHctee, Gymer cOpo-
LIeH C 3TOM KPHUBOM 33 KOHEUHBIH NMPOMEXKYTOK BDPEMEHH, TOTJa Kak
Apyrol HabsmAaTeNp MOXKET NMYTECUIGCTBOBATH B TOM XK€ palOHe, He
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HCIBITBIBAST HHYero nomobHoro. MHTepecHblM MPHMEPOM B 3TOM OT-
HOILEHHU CJAYXKHT Takoe mnpocrpauctso Tay6a — HYT, y xoroporo
METPHKA YMHOXKeHa Ha KOHDODMHBIN MHOXKHTEAb §, OTIHUAIOUIHACH
OT €MHHLBI JHIIb B MaJOH CKPEeCTHOCTH TOYKH p HA TOPH30HTE, DTO
KoH(OPMHOE nNpeofpas3oBaHHe He MEHSICT [IPHUYHHHON CTPYKTYpPH
nmpOCTPAHCTBA U He BJHSAET Ha HEMOJHOTY 3aMKHYTOI H30TDPOMHOMH
Teo1e3NUeCKOl, Npoxoasiliell yepe3 Touky p. Oauako, BooGIe ro-
Bopsi, RepKeK? == 0, rne K% — KacaTesnbHBIH BEKTOP K 5TOH 3aMKHY-
TOH H30TPONHON reojesnyeckod. [locne Kaxkporo nuxiaa R KeKb
yMHOXKaeTcsl Ha a% M NO3TOMY HMEeT MECTO CHHIYJISIPHOCTb KpH-
BH3HBl B TapajyeJbHO NepeHeceHHOM §asuce. Bce ke wmeTpuka
BIIOJIHE pery/sipHa B KOMIAKTHOH OKPECTHOCTH TOPH30HTA, U TIOTOMY
C 5TOl HEMOJHOTOH HE CBf3aHa HHUKAaKas CHHLYJSPHOCTb CKaJsip-
HbIX MOJHHOMOB KPHBHU3HBL.

Brito 6bl KesaTesNbHO HCKJIIOUHTh CHUTYAIHIO TAKOTO poja, KO-
raa HENOJHbIe KPHUBbIE MOMHOCTbIO 3aXBaueHbl B KOMIAKTHON 00-
jgactu. OgHAaKO Takoe MOIJIO Obl NPOH3OHTH B GECKOHEUHOM CueT-
HOM MHOXKECTBE pa3JnuHbBIX obJiacTelt mpocTpaHcTBa-Bpemenu. [lo-
5TOMY NIPH PacCMOTPEHUH ee HeJb3sl OTPAHHYHUTLCH CaAydaem, KOTrjaa
BCe HeNOJIHble KDHUBBLIC IOJHOCTbIO 3aKJAIOYEHb! B KAKOM-TO OJHOM
KOMIIAaKTHOM MHOKecTBe. BMecTo 3TOro mpaBusibHO OYHET cKasarTh,
YTO Mbl XOTHM HCKJIIOYHThH CUTY2LRIO, KOTJA MHOMXKECTBO HENOJHLIX
KPHBBIX, KOTOpPO€ B KaKOM-TO CMBICAE KOMMAKTHO, MOJHOCTbIO 3a-
XBayeHO B KOMITaKTHOH ofjactu MHoroo6pasusi 4. UTo6w Bhipa-
3UTh 3TO B 00Jiee cTporoil opMe, MBI BBEAEM CHAeAVIOUIee ONpese-
Jienye b-orpaHMueHHOCTH.

Omnpepenum npoctpaHcTso B(.#) Kak MHOMXKECTBO BCeX map
(M u), rie u—Touka B paccadeHuu JHHeHHBIX penepoB L (/) u
A— C'-kpuBas B J, HMEIOIAsT TOJbKO ONHY KOHEYHYIO TOYKY, Je-
xamywo B mw(u). [lycts 26 — OTKpPBITOE MHOXKECTBO B J U 7’ — OT-
KpHITOe MHOXKeCTBO B L (). Myl onpejesiiM OTKPBITOE MHOMKECTBO
O(2,7°) Kak MHOXKeCTBO BCeX 3/J1eMeHTOB u3 B (), Takux, 4To A
nepecekalwr 2 u w<7°. MuoxecrBa Bugna O(24,7°) npu Bcex
@, 7 obpasyoT noadasuc aaa tonosaorun B(A). Hanomuny, uro
oro6paxenue exp: 7 (M})— A onpenenderca 3agaHuem Bektopa X
B TOUKE p M CMELIEHHEM M3 p BIOJb FeOfe3nyecKoll B HanpasJe-
Hud X Ha efUHHIY PaCCTOSHHSA, U3MepeHHOTo no adPUHHOMY napa-
MeTpy, KOTOpbit onpenenasiercs sexTopoM X. AHaJIOTHYHO MBI MO-
¥}eM 3az1aTh oto6paxenue Exp:B (M) — M, crenysa us n(u) BLOIb
KPHBOH A Ha eJAMHHUNY PacCTOSHHS, H3MEPEHHOro no 0006IeHHOMY
adbhurHOMY TapaMeTpy, KOTOPBIH onpefeieH Toukod u e L(A).
Oto6paxenne Exp onpeseneHo HeNnpepbiBHbIM 00pasoM IS JiO-
6oro B(A), xoraa M — nodHOe MHOrooGpaszue. Bygem TOBOpPHTS,
uTo mpocTpaHcTBo (A, g) U-orpamuucno, ecan g J1000ro KoM-
nakTHOro MHOXectBa W < B() Exp(W) o6i1apaer KoMOnaxkTHbIM
3aMbiKaHueM B /. Beuay HenpepbiBHOCTH EXp npoctpaHcTBo (A, &)
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b-orpanuueno, ecin oo b-moano. Opnako npoctpatcTso Tayba —
HYT, nanpumep, b-orpannineno, no b-uenonso. Mpl MOKaKeM, 4TO
9TO 0K&3aJ0Cb BO3MOXKHBIM TOJBKO H3-3a8 TOrO, YTO MPOCTPAHCTBO
Tay6a — HYT Besge nmycroe. Ilpucytersuc moboil Matepuu Ha mo-
BepxHocTH & (Teopema 4) Oyier o3HauaTb, YTO IPOCTPAHCTBO H
b-HemosHO, U b-HeorpaHUYEHHO.

Teopema 5

IlpocTpancTBO-BpeMsi b-HENOMNHO, €CAd BBIIOJHSAIOTCH YCJIOBHSA
(1)—(3) Teopemsl 4 u, kKpome TOrO,

4) TeH30p HEPTHHU-HMNYJAbCA He DABEH HYJK rae-1udo Ha &,

5) TEH30p 3IHEPrHH-UMITYAbCA NOAYHHAETCH YC/JAOBHUIO 3HEPTOMIO-
MHHaHTHOCTH (pa3n. 4.3) B Heckoabko Oogee cuibHOfl (opme
(pasn. 4.3): ecau K% — HENpOCTPaHCTBEHHONMONOGHBIE BEKTOD, TO
TebK, paBeH Hy/J 10 WM HenpocTpaHcTBeHHONono6eH u Tqp K2K” = 0,
MpHUeM paBeHCTBO UMEET MeCTO Juulb npu 1K, = 0.

Sameuanue. Ycaopue (4) MOXKHO 3aMEHHTh THIIOBBIM YC/IOBUEM
(cM. Teopemy 2).

Hokasaresvcteo. PaccMOTpUM HaKpbIBaOlee HPOCTPaHcTBO g
(pasn. 6.5), onpenesenHoe Kak MHOMKECTBO Bcex map (p, i[A]), rae
J,— KpHBas oT ¢ a0 p, p, g = M w {[L]— pasHOCTb uuces mepece-
YeHWH MOBEPXHOCTH & KPHUBOU A B HanpasJeHuu OYAyLIero u B Ha-
npasJeHuy npomaoro. Jlas Kaxaoro MoJ0XKHTENBHOTO @ MHOXKe-
CTBO

Fe=A(p, iM)p =, iMl=a)

AndheoMoppHO MOBepXHOCTH ¥ u HABJAAETCA YAaCTHYHOH MOBEpX-
socteio Kowmn B . Boobule, ecin muoroo6pasue 4 b-orpannue-
HO, ¢ ellle HE 00s513aTe/IbHO fBJSIETCS TaKOBBIM, HO B paccMaTpH-
BA€MOH CHTyalMH CIPaBEAJIUBO CAeLyIOLLee YTBEDPKAEHHUE!

Jenna 8.5.3

[Tycrs BbmosHenwr yejioBus (1)—(3), u nycrb D (Po) He 06-
Jajaer KOMIAKTHBIM 3aMblKaHHEM B Jg; TOTAA, €Clu | — HAKPHI-
Batomas npoekuus, P: Mg — A, Y(DT(Fo)) He OyAeT UMETb KOM-
NaKTHOTO 3aMblKaHusd B J.

Muoroofpasue A audpdeomopduo uanm mMHoroobpasuw g, Wil
TOH uactu A, MHoroo6pasus Mg, KOTOpas JeXHT Mexay F, H
Fos1; B mocHeaHeM cayuae P, u P,y oroxmaecrsasiorcd. Ecan
nas moboro a =0 M, () D (P) He uMeeT KOMMAKTHONO 3aMblKa-
Hust B Mg, 10 P(D*+Fo)) He OyAeT UMETb KOMMAKTHOrO 3aMBbIKAHHS
B J. Ecin, oaHako, MHOKeCTBO M, (| D (Fy) obaajgaer KOMNakT-
HBIM 3aMBbIKaHHeM st ecex @ = 0, B cusTy HeKOMIaKTHOCTH D (%),
OHO JOJ/XKHO OBITH TaKKe W HemyCTelM Aas Bcex a = 0. Ho mas
p e P, coberBenunlit 00bem [~(p) (1 Mq—1 OTpaHUYEH CHH3Y HEKO-
Topoi mocrosnuol ¢. CienoBaTenbHo, AJs Mo6oro @ = 0 co6CTBeH-
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Hblil 00beM obaactu M, (1 DH(Fy) ue poaxen Obith Menbuie ¢. Ho
3TO HEBO3MOXKHO, MOCKOJAbKY, B ciay veiaosuifl (1)--—-(3) u npeajo-
wenust 6.7.1, co6erBennbift 06bem DH(Py) menblie, uem 3/ (—80) X
X (naomanb MOBEPXHOCTH &), rae Oy — OTPHUATENbHAS BEPXHAA
rpaHb y%, Ha &. =

I/ICI'IOJIIJSYH 3TOT pPE3yJabTart, MOXKHO J0OKa3aTb TaKoe YTBCPIKIE-
HHE!

Jemma 8.5.4
Ecau D+(%p) He uMeeT KOMNAKTHOTO 3aMBIKaHHs, MHOTroo6pa-
sue S He ABJAseTcsl b-OorpaHUUueHHbIM,

ITyets #° — noaMuoxectBo mpocTpanctsa B (), cocrosulee
u3 Bcex map (A, u), rae A-—.J00as Henpogo/KnMas B Gyayllee,
opTOoroHaJ/dbHas K ¥y BpeMeHHMogobHast reofesnueckas kxpusaa s Mg
¢ KoHeuHOH Toykoll re Py u u = n~!(r) — a06oii 6asuc B r, OHH
M3 BEKTOPOB KOTOPOrO KacaTeleH K 4 H HMeeT AauHy —3/0, a
OCTaJIbHBEIE BEKTOPHl 00Pa3yIOT OPTOHOPMHPOBAHHLIN Gasuc B .

Hycrs {P,} —na6op OTKPHITBIX MHOKECTB, NOKpbIBaOmUX #-.
Kaxpoe &P, Oymer obbenuHeHueM KOHEUHOrO UHCAa MNepeceyeHHi
muoxects Bupa O(%4,7°). HocraTouHo paccMOTpeThb ciayday, Ko-
rna & MOXKHO MPEACTaBUTh B BHJE

'@azfgo(%aﬁy 7/01),

rie OpH Kaxiaom a 2,g — Habop HEKOTOPOTO KOHEUHOIo uHcja OT-
KPBITBIX MHOXeCTB B JM ¢ U 7’ — OTKpPbITOE MHOMXKECTBO B L(M¢).
ITycte (w, v)e=#°. Toraa cyulectByer 3HauyeHHe o, TPH KOTOPOM
(n, v)= P,. dto o3HAUaAET, UTO TeONE3MUECcKast p IlepeceKkaer OT-
KPHITOE MHOXKECTBO Z,p NUPH KaXKAOM 3HAUEHHH P U UTO U & 77,
ITocko/bKy reomesnueckue HeNpPepbiBHO 3aBHCAT OT HX HauyaJbHBIX
3HaYCHUH, HallleTcsl OKpecTHOCTs %, Touku m(v), Takas, 4To Ka-
XKJass HeNpoAoJKHMas B OyAylice reojesnueckasi, NPOXOAAUIAS
yepes 94, u opToroHasbHas K o, Oyhaer mnepecekatb 2qp NpPH
Kaxpom 3uauenuu f. ITyerb ¥, < 7°, — OTKPBITOE MHOXKECTBO, Ta-
Koe, uto nt(¥”,) < %,. Torna

(n, ©) =0 @ (), 77y)

comepXKuTcs B Po. Taxkum ob6pasom, muoxectBa {O(n(77,)7”,)}
06pasyioT H3MeJbUYeHHE NOKPBITHSA Py

Paccmorpum mnoamHOXecTBO £ paccaoenust L(Ag), coctos-
mero u3 BceX 6a3ucoB Hax Py, B KOTOPHIX OAHH H3 0a3HCHBIX BeK-
TOPOB OPTOTOHAJeH K Py u umeer IHHY — 3/0p, a ocrasjbHble
BeKTOPHl 00pasyldT OpPTOHOPMMpOBaHHBIN Gasuc B ¥y B cuay
KOMIIaKTHOCTH &, OHO MOXKET OBITb JOKDPLITO KOHEUHLIM YHCJIOM
MHOxecTB 77, C/aenoBaTelbHO, KOMIIAKTHO 1 #°, TOCKOJbLKY €ro
MOJKHO MOKPLITh KOHEUHBIM unucaoM Muoxects O(x(7”,), 77 ,).
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ITo npepaoxennio 6.7.1 xa:xpas Touka obaactu Dt (Fo) Aemur
B npegenax COOCTBEHHOIO PaccTosigiag —3/0p BAO/b HanpaBJjeHHOH
B Oyayllee BPEeMEHUNOA0GHOH reofe3uueckon, OpTOroHadbHOH K Fo.
910 o3nauaet, uto Exp (#°) comepxkut D+ (Fy). I1yctb Yo : B(Ms)—
— B(AM) ectb oToOpaxeHue, mnepesoasiiee (A, u)e B(Ms) B
($(2), pu(u))= B(A). Torna ¢, (#°) Oyner KOMNaKTHBIM MOA-
MHOXKECTBOM npocrpaHuctea B (M), A1d KOTOPOTO

Exp (b, ) 2 $ (DT (7).

TakuM obpasom, ecan DV (#,) ne komnaktro, (DT () Toxe
He KOMIMAaKTHO H, CJeN0BaTeJbHO, MPOCTpancTBO (A, g) He fABAseTCs
b-orpaHuYeHHBIM. H

Orcrona BHAHO, UYTO JOCTATOYHO J0OKAa3aTb HEKOMHNAKTHOCTbL

D+ (%y). Honyctum, uto oHOo KoMmakTHo, Torma ropusoHt H+(Fo)
TOXKE AOJKEH ObITb KOMTaKTHbIM, HuKe MBI MOKa)KeM, YTO OTCIOAA
BBITEKACT PAaBEHCTBO HYJMIO0 PACXOXKAEHHS H3OTPONHBIX Teojesnue-
CKuXx BCioAy Ha H+(%y). D10 HEBO3MOKHO, €CAH MJIOTHOCTb Mare-
pun rae-1u6o Ha H+ () oTnuuna oT HyJId.

Jemma 8.5.5

Ecan % —uyacTuunas noBepxHOCcTh KoWHM H €CAH TOPH3OHT
H+(%) vomnakTeH, TO H30TPOIHbIE I'e0e3HYECKHEe CerMeHTH-06pa-
syowmue H+ (%) reomesnueckd NOJAHB B HalpaBJdeHHH IPOLILJIOTO.

W3 npensoxenns 6.5.2 cienyer, 4yTo CerMeHTH-00pasylolliie He
HMECIOT KOHEUHBIX TOUek B npoiuntom. C/JefoBaTeIbHO, OHH AOJMHBI
00pa3oBbLIBATL «IOYTH 3aMKHYTBI€» KPHBblE B KOMIIaKTHOM MHOXKe-
crBe AT (Z). Ecau 6u1 onn 06pa3oBhiBAaNM HACTOSUIHME 3aMKHYThHIE
KpuBbie, TO MOXKHO OBlIO 6B BOCMOJB30BATLCS NpeisoxKenuem 6.4.4
M N0Ka3aTh, UTO NPH HX HENO/JHOTe B HalpasJ/JeHHH NPOUILJIOrO B3-
puauueli B HaNpaBJeHUH INPOLLIOr0 U3 HHMX MOXKHO IIOJYYHTb
3aMKHYThle BpeMeHHNoA0GHble reogesnueckue. OQHAKO 3TO OKa3Hl-
BAaeTCs HEBO3MOXKHBIM H3-3a TOTO, UYTO TAaKHE KpHBble JIOJKHBI
6ol OBl JekaTh B D (). B cayuae, korga H30TpONHBIE reone3u-
yeckue obpasyloline ropusonta H+(Z) TOMBLKO «IIOYTH 3aMKHYTHI»,
J10KA3aTeJbCTBO AHAJOTHYHOE, XOTA HECKOJbLKO 60Jice TOHKOe.

Beenem nanpasieHHoe B Gynyilee eJUHUYHOE BEKTOPHOe mone V,
reofle3auueckoe B HEKOTOPOH OKPEeCTHOCTH %4 C KOMIIAKTHHIM 3a-
MbIKaHHeM ropusonta H+(Z). BmeupeM, Kak B npeasoxenun 6.4.4,
MOJIOKUTEIbHO ONPEeAeHHYIO METPHKY

gX, V)=gX, Y)+2g(X, V) g(Y, V).

Tlycts f— mapaMeTp, M3MepsOlHH COOGCTBEHHOE PAacCTOsIHHE B Me-
Tpuke g’ BIOJb U30TPONHOH reosesnyeckoi, o6pasyiouleil CerMenT y

ropusonta H™ (&Z), npuuem =0 B HekoTOpoil Touke ¢ & y. Toraa
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g(V, ¢/ot) = —1/1/2_. [TocKoabKY Vv y HeT KOHEeYHO!H TOUKH B NpoLi-
JoM, mapaverp { He orpaHuuer cuusy. [lyers [ u /i namel paBel-

¢CTBaMH
a D ad aJ a
fsr==r(37) w=h3r

rie v — HekoTopelii adduHHLIE napamerp. HomycTum, 4TO y reo-
JIe3UYECKH HeIOJHA B NpoulioM, Toraa ad@puHHBIN napaMerp

t
={ndar

Q

npu {— —oo JOJXKeH HMeTb HUXKHIOW [paHb Uy PaccMoTpum Te-
nepb BapHalM0 ¢ KPWBOH y ¢ BEKTOPOM BapHauuu 0/0u = —xV.

Torna
-1 _dA
ou (at’ 6t)u=.o «/2 dt o

[Tockombky A — 0o mpHu {— —oco, MOKHO HAaHTH TAKyl0 OT'DaHHUYEH-
Hyio ¢ysKuuio x({), uto Bulpaxenue (8.3) 6ymerT OTPHLATEJLHBIM
npu Bcex ¢ << 0. OxHako 3TOro He GYHET AOCTATOUHO MAJs1 YBepeH-
HOCTH B TOM, 4TO BapHalus jaja BCIOAY BPeMeHHNOAOOHYIO KpH-
BYIO, NOCKOJbKY MOMKET CAYUHTHCH, 4TO OB6JacTp 3HAUYECHHE u, IJd
kotopo#l (8.3) ocraeTcs OTpPULATEJNBHBLIM, CTPEMUTCS K HYJAW MpH
t— —oco. YUroObl yuecTb 3TO, PacCMOTPHM BTOPYIO MPOH3BOAHYIO
IpY Bapualuu:

o (i _(?_)__i (_5_ D ))_.
a8\ )= w8\ 51 ot o
D 4 DD 4
=8\%r 6u)+ (dt’@t 7 ae)+

+e(5 R (5 9r)7)-

BriGupas (0x/0u) =0 u moassysicb tem ¢paxkrom, uto V—reone-
3UYeCKoe BEKTOPHOE NOJIE B OKPECTHOCTH 24 ropusoHta H+(Z), no-
JdyuyeHHOe BhIpaxKenue nmpH (0 < u < & MOXKHO TIPUBECTH K BHLY

—(5) 2l (G ) e (R (v 5) V)]

B gi060M OPTOHOPMHDOBaHHOM OTHOCHTENLHO MeTpPUKH g’ Gasmce
KOMIOHEHTH TeH3opa PHMaHa W KOBapHAHTHBLIX TPOU3BORHHIX (OT-
HocuTesqbHO g) V Oyayr Ha %{ orpaHuyeHHBIMH. TakuMm oGpasow,
cyllecTBYeT Takas nocrosunaa C > 0, uto

e (5 w)<ove (57 5)-

(8.3)
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Hanee,
0 [} dx
s (e(v.50))=—%
TaK 4TO |
5 dx
v, D) m e
g( ot V2 dt

Orciofga npu 0<Cu<e
¢ (7 w)=e(Fr ) +1—2v2 w2 ()<
<e(5. ) +4

rie d=24/2¢C, 4+ 22C>+ 1 u C, — sepxusis rpaup nis | dy/df .
TakuMm cOpas3om, HMeeM
07y

S <Cx (y + d)
oy
du ly—o

rae y= g(d/ot, dfot). TToatomy

y<d(chCxu— 1)+ ash Cxu<<sh Cxu (dth Cru+ a).

rie a=(1/4/2)C7"d (In hx)/dt.
BospmeM Tenepn

1,1 d
=Wh -Cl—[(hx), Yluzo=o

0 -1
x=h" [- Sh" 4t + K] ,
t
rle

0
k=2 {ntar;
rorna a=— (1/4/2) C 'hx. Tlockoasky Qyrkuns f=— k"' (dh/d)
orpannuena Ha KoMmakTHoM MuomecTse H' (%) M mocxosibKy mpes-
NOJIAraercsi, YTO HHTErpaJ
0
S Rldl =—0

1

cxonuTed Ipu f—> — oo, x u | dv/d# | KOIKHEL UMETb BEPXHIOIO I'paHb,
a h opu — oo < f<{0— noJOXKNTEIbHYIO HIDKHIOW rpaHb. Toraa
1 0 < u < minle, 207%47'Cy) y <0, ecan — oo < ¢ <0,
Hdpyrumi caosBaMu, BapHallus o AOMKHA JaTh HENPOLONKHUMYIO
B MPOLLIOe BpPEeMEHHNONOOHYI0 KpHBYIO, Jexamywo B int DH(Z)
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P

{ INOJHOCTBIO 3aKJIOYCHHVIO B KOMIaKTHOM MHOKecTBe 24. Ho 3to
HEeBO3MOZKHO, NOCKOJABKY no nemme 6.6.5 B int D (&) prinoausercs
ycaoBHe CHbHOH npudunHOCTH. Clle10BaTeNbHO, KPHBad y LO0JIKHA
6BITH T€ONE3HYECKH HOJIHON B HANIPaBJIEHHH NPOLIIOTO. w

PaccMOTpHM pacxoxaeHue 0 kacaTesabHBIX BCKTOPOB 0/0f K
H30TPONHBIM TeOAe3HYeCKHM 08pas3yiomiM noBepxHocTH HH(Fy).
Honyctum, uto 0 > 0 B HEeKOTOPOil Touke ¢ o0pasyiouell y H nycTb
g~ — NPOCTPAHCTBEHHONOAOOHAST  2-TIOBEPXHOCTH B HEKOTOPOI
OKpecTHOCTH ¢ Ha H* (%), npoxoasuias uepes ¢. O6pasyioutie mno-
BEPXHOCTH HT(Fp) OyAyT oprToroHatbHul K I~ H OVAYT CXOAUTHCS
B npouwioe. Toraa mo ycaosuto (1) n aOKasaHHOR BLIE JeMMe
LOJMKHa ObITb TOYKa r &Y, COmpsizKeHuas 7 BROAb y (Mpeasoxe-
uue 4.4.6). Touxkn vy, JeKamue 3a TOUKOH r, morau Obl ObITH CO-
eflMHeHbl ¢ 7 BPEMeHUNOAOOHBIMH KpHBLIMU (npemgozxenue 4.5.14).
Ho 310 HeBO3MOXKHO B cHay Ttoro, uro H+(%y) — axpoHajbHoe
MHOX)ecTBO. CaeoBatensto, 0 << 0 ua H+(F,).

Paccmorpum Tenepp ceMeiicTBo auddeperuupyembx oTobpaxe-
HUH

BoHT (Po)— HY (#),

onpefesieMblX Kak MEPeHOC TOUKH q & H+(Pp) na paccrosmnue 2
(u3MepeHHOE B MeTpPHKE g') B IIPOLETIOE BAOJNb H3OTPOMHON reoje-
3uyecKkoil, npoxoxaumied uepes ¢. Ilyers dA — mjomans maJgoro
ajeMeHTa noBepxHocTH H¥(%o), usmepennas B Merpuke g’. [lpu
0TOOpaXKEeHHH B,

< dA= —bdA
V4
CaenoBaTeJbHO,
d A
- S dA= — S fdA. (8.4)
B (07 (7)) B (HF (70))

Ho B, orodpaxkaer HH(Fy) B HH(Fy) [u na HH{(P,), ecau obpa-
3ylOIlMe CEerMeHThl He HMewT OyLyWUuX KoHeuHblX Ttouek]. Takum
o6pasomM, uHTerpan (8.4) moikeH ObiTb MeHbIIE WJIM PaBEH HYJIO.
BmecTte ¢ npeaplayluiuM pe3yabTATOM 3TO 03Hadaer, 4to Ha H+(PF)

6 = 0. Cornacuo ypasmenmio pacnpocrpanenns (4.35), 3To BO3-
MOJKHO JIHUIb TOTAR, Korha R.,K'K?=0 sciopy na H*(%,), rae
K — KacaTte/nbHpIfl BEKTOP H3O0TPOIHON T'€0[E3HUeCKON 00pa3yiolel.
Opanako, coriacHo Teopeme coxpaHeHnusi (pasa. 4.3), u3 ycuaoBus
(5) caenyer, uto BenunuuHa T4, K°K® rge-nubynb Ha HT(#) or-
JIKUHa OT HyJA H, COIVIACHO ypaBHeHUaAM QHHIITeAHa (C A-4JeHOM
uan 6e3 Hero), TopKeKb = Ry, KaK?b,

[Crporo roBopsi, TpeGyemast GopmMa TeOpeMbl COXpaHEHHs He-
CKOJIbKO OTIHYAeTCsl OT npuBeneHuofl B pasi. 4.3. IToCcKo/abKy HeT
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KaKHX-THO0 MOAXOASAIINX IIPOCTPAHCTBEHHONOAOOHBIX NMOBEPXHOCTE],
nepecexawiux H+(Fy), Mbl HCMOJAb3YeM CEMENCTBO NOBEPXHOCTEH,
OAHOH U3 KOTOpHIX sBasierca Ht(%p), a ocrajbHble — IPOCTPaH-
CTBEHHOIIOZO0HbIE. DTH MOBEDPXHOCTH MOXKHO 3a]aTh, B3siB 3HAUEHHE
dyukiun ¢ B Touke p & DH(Py) paBHbIM COGCTBEHHOMY 00beMy
Jt(p) N D+(P,), B3siTomy co 3HaKoM MUHYC. [10CKOJIbKY BEKTOP £,
CTAaHOBUTCSl H30TPOMHBIM Ha H* (%), yTBepKIEHHE O CYIIECTBOBA-
HUH Takok noctosiHuof C >0, npu Kotopod Ha D*+(%,) BHINOJI-
HAETCH HEPaBEHCTBO

T%%.0 < CTt 4t s,

Gomee He sBJseTcs ofs3aTenbHOo crnpaBexauBuiM, OfgHAKO, ecau

Ve — Bpemenunogo6Hoe BeKTOpHOe moJje Ha D+(F;), cyuecTByer
nocrosinnas C, AJsi KOTOPOH

T < CT® (tiats + taVb)
T2V ap K CT® (tiatp + LoV o).

3aTeM MOKHO IOCTYNHTD, KakK B pasf. 4.3, ucnonbays 70 ({05 4 Vap)
BMecto T%t., u pokaseiBast, uto Beauunna T (f.atp -+ t.V,) He
MOXKeT ObITb PaBHOI HyJd0 Ha [+(Fg), eciu OHA OTIHUHA OT HYAS
Ha P,. Torpa Hawe yTBepKAeHHE CaeayeT U3 ycaoBus (5).] o



['naBa 9

['paBHTAlLlHOHHBIH KOJJIANC K YEpHBbIE JbIPbI

B 3To# riaBe Mbl moxkakem, 4TO 3Be3Abl Maccoifl Hoaee ~ 1,5 Mg
JOJIKHBL [IPETEPNIeTh KOJJanc Noc/e TOTO, KaK UX fAePHOE TOMIUBO
#ccsikHeT. Eciu HauasnbHble YCJIOBHS HE CAHIIKOM ACHMMETDHUHBI
TO OYAyT BBLIMOJHEHLl YCJAOBHA TEOpPeMbl 2 H, C/Iel0BaTeIbHO, OVAET
UMeTb MECTO CHHIYsApHOCTb. OXHAKO 3Ta CHHIYJISPHOCTb, 1O BCell
BEPOSATHOCTH, CKPBLITA OT IM1a3 BHEIIHEro HabuoaaTesas, KOTOPLH BH-
IHMT TOJBKO «4YEDHYIO ABIPY» TaM, Iie KOoraa-to Oblla 3Be3fa. Mul
BbIBEJEM DA CBOHCTB TAKHX UEDHBIX OLIP MW NOKAaxKeM, 4TO B pe-
3yJbTaTe HX 3BOJIOLUHY, MO-BUAUMOMY, YCTaHABJIUBAETCS CHUTYyallusd,
onuchiBaeMas peueruem Keppa.

Koananc sBe3x paccmorpen B pasi. 9.1, B KOTopoMm MoxasaHo,
KaK MOXET BO3HHKHYTb 3aMKHYTas JIOBYlIeYHAd ITOBEPXHOCTb BO-
Kpyr Jo60H LOCTATOUHO GOMbLIOH cepHuecKOl 3Be3Abl HAa MO3LHUX
CTafusix ee 3BoJoUMH. B pasa. 9.2 ™Mbl uccaenyem TOPHU3OHT CO-
OBITHH, KOTOPBIH, MO-BUAHUMOMY, 06pasyercss BOKPYI TaKOro KoJ-
Jancupymouiero rejaa. B pasa. 9.3 paccmartpuBaeTcs KOHEUHOE CTa-
LHOHADHOE COCTOSIHME, K KOTOPOMY INPUBOAHUT pElICHHE BHE TOpHU-
30HTa. BeposiTHO, 3TO MOMKHO OBITH OJHO M3 DeIleHHH ceMeHCTBa
Keppa. B TakoMm cayuae MOMKHO Ha/JOXKHTh ONpele/]CHHbIE OrpaHu-
YeHHs Ha KOJNIMYECTBO 3HEPrHH, CNOCO6HOE BBLIACJHUTHCS B paccMmar-
puBaeMoM mpouecce.

Ilas Gouee riyGokoro u3yuyeHns uepuuix asip cm.: Black Holes.
Les Houches 1972, B. Dewitt, c¢d. Gordon a. Breach, 1973.

9.1. Koaaanc 3se3bl

Bue cratnueckoro cdepuuecku CHMMETPHUHOTO TeJja, TaKoro,
Kak 3Besja, pellleHHeM YpaBHeHMil DHUHILITEHHA ¢ HEOOXOAMMOCTBIO
SIBJIIETCS] Ta 4YacTb OJHOM M3 aCHMNTOTHUYECKH IIOCKHX obJjacteil
pemwenns lBapuiunabna, JJas KOTOPOH r GoJbllie HEKOTOPOTO 3Ha-
UeHHsA rp, COOTBETCTBYIOUIETO MOBEPXHOCTH 3BE3fbl. JTO pPELICHHE
MOXKHO CIIHTL NPU 7 < rg C pelieHreM, KOTOPOe 3aBHCHT OT KOH-
KDETHOTO pajHaJbHOTO pAaclpejeseHus IJIOTHOCTH H JAaBJIeHHUS B
3Be3se. Jlaxke Korja 3Be3jla He CTaTnHyeckasi, HO COXPaHSET CBOIO
chepuueckyio CHMMETPHIO, BHemIHee peuleHue OyaeT (QaKTHUECKH
yacteio peinenus [lIBapumuabga, oOpe3aHHOr0 Ha MOBEPXHOCTH
3Be3nsl. (D10 ¥ ecTh Teopema bBupxroda, n0Kas3aTeabCTBO KOTOPOI
KaHo B npujtoxeHun B). Eciu sBeaga craTuneckas, TO o JOJIKHOC
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ObiTh Gosbwie 2m (paxpyc UIBapummabaa). To CJOEAyCT H3 TOro,
YTO IIOBEPXHOCTL CTATHYECKON 3BE3AbI A0JKHA COOTBETCTBOBATL
op6ute BpeMeHHNOA0GHOro BekTopa KumaauHra, a B pelUenun
[Usapumuabaa BpeMEHHMOLOOHBI BekTop KujanHra cymecTyer
TOJIbKO npu r > 2m. Ecau rg Meubiie 2/, T0 HOBEPXHOCTb 3BE3bI
NOJKHA PACWIHPATHLCS HAH CAHMATbCS, UTo6B qaTh npeicTaBaeHHe
0 BeqMunHe pajauyca llsapumusabaa, OTMETUM, UTO AJs 3eMJH OH
paBeH ~1 cM, a aaa Coania 3,0 kv, OTHOIIEHUS IBAPUNIHILIOBA
paanyca K paauycy adsg 3emad u CogHIA paBHLI COOTBETCTBEHHO
~107° u 2-10-% Takum o6pasoM, pajHyCbhl HOPMAaJbHBIX 3Be3J
JajleKu OT COOTBETCTBYIOINX IIBAPILIINIbLAOBLIX DaJAHYCOB.

OBOMIOUNSA THIHYHOI 3Be3/1bl BKAIOUAST LiuTeabpHyio (~ 10° jer)
KBASHCTATHYECKYI0 (Da3y, B KOTOPOH pacXOxyercs f€pHOE TOIJIHBO,
a TeJIoBOe [aBJEHHEe U  JAaBJeHHE H3JYyUYEHHS YpPaBHOBEIIHBAIOT
cuay TskecTH. Ho Korma amepHoe TOIIHBO BBIFOpaeT, 3Be31a Ha-
YHHAeT OCTLIBaTbh, MABJEHHE NalxaeT, W BCJAEJCTBHE 3TOrO 3Be3na
cxkumaercs. IIpenmosoxkum Tenepw, YTO naBjaeHyue He MOXKET OCTa-
HOBHTb 3TO CXKATHe, NMPEKAe YeM pajuyC 3Be3[bl He CTaHET MEHblIe
ee paauyca UlBapummuabaa (HUXKE Mbl YBHAHM, YTO 3TO, 1O BCEH
BUAHMOCTH, BO3MOXKHO JJIS 3Be€3[Abl ¢ MaccoH GOoJblle HEKOTOPOro
ONpefieJIeHHOro 3HaueHus). Torga, nockoJbKYy pellleHHe BHE 3Be3/Ibl
1IBapUIINIbAOBO, BOKPYI 3Be3[bl OyAeT CylIeCTBOBAaTb 3aMKHyTast
JOBylLIeYHAs MNOBepXHOCTL I (puc. H54) u, coriaacHo TeopeMe 2,
JIOJI2KHA CYILIECTBOBATb CHHIYJSPHOCTD, €CJAH TOJIbKO HE HAPYIIAETCs
NPUYUHHOCTD U BBIMOJHSIIOTCSI COOTBETCTBYIOIHE 3HEPreTHYecKHe
ycaoBusi. CYIIECTBEHHO, ONHAKO, UTO eCJU 3Be3jla He SBJISETCS B
TOYHOCTH ChEpPHUECKH CUMMETPHYHON, TPH HEKOTOPOM He CJAHIIKOM
60JbIIOM OTKJIOHEHHH 3Be3AH! OT c(hepHUeCKON CHMMETPHH 3aMKHY-
Tas JOBylLIeyHas NOBEPXHOCTbL BCE PABHO BO3HHKAET. JTO CJAEAYET
U3 JOKa3aHHOH B pasf. 7.5 yCTOHUMBOCTH peulenus sagaum Kouru.
B camom gmeme, MBI MOXKEM paccMaTpHBaTh AAHHOE pelleHHe Kak
pa3BHTHE K3 HEKOTOpOH YacTHuHON noBepxHoctn Komn 4
(puc. 55). Ecy Tenmepp Mbl H3MEHMM HauaJbHble JaHHbIE HA MaJyio
BEJMUMHY B KOMIaxkTHOH obaactu J—(J7) () 6, 1o HOBOe pasBHTHE
u3 ToBepxHOCTH JE B obmactu Jt(H) [V J-(T) Oymer mocraTouHo
GJH3KHM K HpPEXKHEMY, TaK YTO B BO3MYILEHHOM pEIIEHHH BOKPYT
3Be3/bl MO-pekHeMy Oy/AeT CyWeCTBOBATb 3aMKHYTAas JOBylieuHas
MOBEPXHOCTb. TakuM 00pasoM, Mbl [10Ka3aJH, YTO HMEeTCs MHOKe-
CTBO HayasbHBIX JAaHHLIX HEHYJEBOH MEDBbl, KOTOpPblE HPUBOAST
K 3aMKHYTOIl JIOBYIIEYHOH [IOBEPXHOCTH H, CJICLOBATENBHO, COTIACHO
TeopeMe 2, K CHHTYJSPHOCTA.

3Be3sa MOXKET Bpamarbesl WM 06JafaTh MAardHTHLIM [OJeM,
¥ 3TO JBe IJIaBHBIe NPHYHHBEL, MO KOTOPHIM ce chepuyeckas CHM-
MeTpHUsi MOXKeT OblThb HapymeHa. Mayuas pemenne Keppa, Mb mo-
KEM COCTaBUTb HEKOTOPOE MPEACTaBJCHHE O TOM, KAKUM ObICTPHIM
OO/MKHO ObITh BpaileHHe 0€3 TOro, 4ToObLl OHO BOCHPENsiTCTBOBAJO



CaneyaapHacms

Hayano
NOAGPHEIX
KoopguHarm

7 =0 (cureynsptoche )

r=20 (rogp-
UHANIHAT

r>2m

Pewenue Wsapywunsga
G DYEMO20 HROCTPAKEITIBA
(8rewitiee pewrerue)

Y

flosepxrocmes
wugrocmu

@rymp.

a

}?_{//Iﬁﬂ//OCmb
>

aul

v

Tyemoe
HpoCmpancmes

P

=)

h

D

—-—
(=

Puc. 54. Koananc chepudeckoii 3sealn. a — Auarpamma Quukenbcreiina [mio-

ckoers (7, £)] kosamancupylourero cdeprHyeckd CHMMETPHYHOTO XKHAKOTO Iapa.

Kaxnasn Touka wsoBpaxaer 2-chepy; & -— nuarpamma Kpyckaaa ko.suiancupyio-

WEro KUAKOTO 1Wapa; 8 — jAHarpaMma KoJJaica, Ha KOTOPOH ONYyleHa TOJBKO
0tla OPOCTPAHCTBCHHAS KOOPAHHATA.
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nosBAeNNIO JoBYyIIeuiol nosepxuoctu. ipeanonaraercs, uto perme-
Hue Keppa MOXKHO paccMaTpHBATL KAK BHEIIHee pellleHHe AAs Teda
Macchl M ¢ MOMEHTOM KoauuecTBa aBuxkenus L — am. [lpn a << m
UMEIOTCS 3aMKHYTLIE JIOBYLICUHEIC TTOBEPXHOCTH, @ NPH & >> M OHH

\
e CUHEYAAPHOCIIE

_IET)InTHK)

W/ |

JEInF

Puc. 55 Koanane cdepuueckoit 3mesan (kaxk na pue. 54, 8). M3o6paxera ua-
cTuuHass noBepxHocth Kown 6. Hauaabuele JanHple B KOMOAKTHOH 00.acTH
J=(77) [ 76 noBepxHOCTH #6 BELYT K MOABJIENHIO 3AMKHYTON JOBYLIEUHOH MOBEPX-

noctd 7 B KommnaxktHoil obgactu J7T (T) ) It (76).

OTCYTCTBYIOT. [T03TOMY MOKHO 0XMAATH, YTO IPH MOMEHTE KOJH-
YeCTBa ABHXKEHHA 3Be3labl §0/blle KBajgpaTa €e Macchl BpallieHHe
MOKET MPEKPATUTL CXKaTHe 3BEe3[Abl eille N0 MOSBJAeHHA 3aMKHYTOM
JIOBYIIEYHOH noBepxHOCTH. IlomoBHEI BHIBOA CJaeayeT H3 TOrO,
yto mpu L = m? W cOXpaHeHWH MOMEHTA KOJMYECTBA [JBUIKEHHA B
TEUECHHE KOJIJIANCa CKOPOCThL BPalleHHd IIOBEPXHOCTH 3BE3Jbl IIPH-
OamxKaercss K CKOPOCTH CBeTa, KOrjla pajguyc 3Be3Abl OJH30K K ce
papuycy [lsapunmnabpa. B HacTosmiee BpeMs y MHOTHX 3Be3f
MOMEHTbl KOJHUEeCTBA ABIKCHHA 60JbIIe KBaApaToOB HX Macc (s
Coatuna L ~ m?), Opnaxo, mo-BUAHMOMY, €CThb OCHOBAHHSI OXKH-
naTh, 4TO B pe3y/bTare TOPMOXCHIsS MArHUTHLIM IOJIEM M TPaBH-
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TANMOHHOTO H3JIyUYeHHs HEKOTOpafd uacTb MOMEHTa KOJHYecTBa ABH-
xenus tepsiercs. [TosToMy mno/soKeHnHe TakOBO, YTO B HEKOTOPHIX
3Be3/laX, a4 BEPOSITHO B OOJbIIHHCTBE, MOMEHT KOJHYECTBa JABHIKE-
Husl HE TPENSITCTBYET MOABJICHHIO 3aMKHYTBIX JIOBYLIEUHBIX MOBEPX-
HOCTel, a 3HAUUT U MOSABAEHHIO CHHIYJ/SPHOCTH.

[Tpu moutu chepryeckKoM KoJiaince MarHuTHoe mose B, BMopo-
JKEHHOE B 3Be3ly, OyaeT pacTdu Kak 0%, rAe p— IJIOTHOCTb Belle-
CTBa 3Be3Jbl; CJAEAOBATE]bHO, MATHUTHOE jlaBjeHue OyaeT Nponop-
IHOHANBHO p's. DTa CKOPOCTb pOCTa HACTOIbKO MaJja, uYTO, €c/u
MAar{HuTHOE [0JI€ 0Ka3a/JoCh HECYUIeCTBEHHLIM [/ MOAAEPKaHus
paBHOBECHS 3BE3/lbl B HCXOAHOM COCTOSIHHH, OHO HHKOTJ@ He CTaHeT
JHOCTAaTOYHO CHJIbHBIM, UTOGBI 3aMETHO TMOBJIHATH Ha KOJLIaIC.

YTo6bl HOHAATH, NOUEMY 3Be3ja C Maccoil O0JblIe HEKOTOPOro
3HaueHusl, B KOTOPOI BBITOPENO SIAEPHOE TOMJIHBO, HE MOMKeT Mpo-
THEOCTOSITb COGCTBEHHOMY TSITOTEHHIO, MPOBEAEM KaueCTBEHHOE HC-
crenoBanie (OCHOBAHHOE Ha HeomyG/IUKOBaHHON pabore Kaprepa)
ypaBHEHHs COCTOSIHHUSA BelllecTBa IPH HY/1eBOH TemIepaType.

B ropsiueM BelllecTBE CYIUIECTBYIOT JaBJeHHE, BLI3BAHHOE TeIJIO-
BbIM JBHIKEHHEM aTOMOB, U [aBiaeHue naaydenus. OQHAKO B XOJOA-
HOM BelLlecTBe TpH IJIOTHOCTSIX, MEHBUIMX SIJEPHOH MJOTHOCTH
(~ 10" r/cM?), cylIeCTBEHHYIO POJb UrPAET TOMBKO JaBJeHiie, CBS-
3aunoe ¢ npuHuunoM [laynu. UTobsl OLEHUTh BEAHYHHY 3TOTO [aB-
JICHHsI, PaCcCMOTPHUM KOHLEeHTpauuio (epmuoHoB n maccel m. [lo
npuuuuny [layan kaxasli ¢epmucH Oynet 3(Q¢heKTHBHO 3aHHMAaTb
o6bem n~'. Takum 06pa3oM, COMVIACHO NPHUHIHUIY HEONpele]eHHO-
cTy, (GepMHOH OyneT HMeTh HPOCTPAHCTBEHHYIO KOMIIOHEHTY HM-
myJabca nopsiaka hn's, Ecau (epMHOHB HEPIATHBUCTCKHE, T. €.
ecnn hn'h << m, TO HX CKOpOCTh Gyaer mopsnka hn's/m; ecan Xxe
OHH peasTHBHCTCKHE (T. e. fin's > m), TO UX CKOPOCTb NpaKTHUe-
CcKu paBHa efuHuue (T. €. ckopoctd cBera). [asienne OGymer mno-
psiiKa NPOM3BEAEHHsT HMMITYJIbCa Ha CKOPOCTb K IIJIOTHOCTh UHC/d
yactul, T. e. ~ h2nm~! mpu An'h <<m u ~hn's npu kn'h > m.
Korma BellecTBO HEPeJSTHBHCTCKOE, TVIABHBIA BKJaJd B AaBJeHHE
BLIDOXKJIEHHsT BHOCST 3JEKTPOHBI, MOCKO/bKY BeauuuHa m~! pjs
Hux GoJbile, uem A5 6apuonoB. OQHAKO NMPH BBICOKHX MNJOTHOCTAX,
KOrZla UaCTHIbI CTAHOBSITCS PEJAATHBUCTCKHMH, AaBJEHHE HE 3aBH-
CHT OT MacChl YaCTHIl, BbLI3LIBAIONIMX €r0, a 3aBHCUT TOJbKO OT HX
uncJaa B efiuHuLe o6beMa.

g MaJjbix XOJOAHBIX Ted COOCTBEHHBIM TSATOTEHHEM MOXKHO
npeHeGpeub, W AaBjeHHe BHIPOXK/ICHHS BellecTsa OyAeT ypaBHOBe-
LWIEHO 3JIEKTPOCTATHUECKUMH CHJIaMH NPHTSIKEHHS MEXAY COCe[-
HHMH 4acCTHUAMH, 00pasyouuMy Ty Ui HHYI0 pelleTKy. (Mel npen-
noJjaracM, YTO HMEeTCs pPaBHOE UHCJIO MOJOXKHTENBbHO H OTpHIa-
TeJbHO 3apSIKEHHBIX 4YacTHIL 1 MNPHOJIHSHTEIbIIO paBHOE YHCI0
3/IeKTPOHOB 1 6apHOHOB.) DTH CHJBl BbI3LIBAIOT OTPHLATENbHOE [aB-
Jenue nopsiaka e’n's, Takum 00pasoM, IJIOTHOCTb XOJOLHOTO Te/a
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MaJblX pasMepoB OYAET paBHA MO NOPHAKY BEJHUYHHB
6 3 -6 3
Em’ g™ (~ 1 rfev®), 9.1

rje me— Macca INOKOSl 3JeKTPOHa M M, — Macca MOKOsl HYKJOHA.

Hna 6OoAbIINX TeA CaMOrpaBHTALHA CTAHOBHTCS CYIIECTBEHHOM.
UToO6bl NOAYYHTH TOYHOE pelleHHe, HeOGXOAUMO MPOHHTErPHPOBATH
COOTBETCTBYIOIHE YpaBHeHus Shnilrteiina. OAHAKO BaxKHble OCO-
GEHHOCTH MOXKHO YCTaHOBHUTbL 00Jiee NMPOCTHIM NYTeM, IPOBOAS Ka-
yeCTBEHHbIE pacyeThl HA OCHOBE HBIOTOHOBCKON Teopuu. B 3Be3me
maccel M u panpuyca ry cusa TArOTeHUd, AeHCTBYIONIAsT HA THIIUYHBIH
CAUHUYHLIE 00BeM, umeer nopsagok (M/r¥)nm,, tae nm, ~ M/r3y—
MJIOTHOCTb. JTa CHJIA YpaBHOBEIIEHA TpajJueHTOM naBjenus P/rg,
rae P — cpefHee faBJeHue B 3Be3fe. Takum ofpasowm,

92 4 2,! 4' li,'
P=M /r0 ~M%nm,".

Ecin nioTHOCTh AOCTATOUHO MaJa H OCHOBHOM BKJaj B JaBJjeHue
AAl0T BLIPOKAEHHBIE HEPSAATHBHCTCKHUE SJEKTPOHDI, TO

9 s - 2y A
P="n"n /aﬂle "= M /3n, m, /a,
TdK YTO
2 4, 3,.-—6
n=Mm, m, b .

Sta Gopmyaa BepHA AIs TaKHX TeJ, A1 KOTOPHIX OHa [aeT 3Ha-
yeHde n GoJblue, yem sesawunta (9.1), u menblie, yeM mShH3, T. e.
npu e¥mp~? << M < h'»m,~% Taxue 3Be3nl Ha3bIBalOTCH OeJBIMH
Kap/auKaMy.

Eciu nJ0THOCTE HACTOILKO BEJMKA, YTO 3JEKTPOHBL SIBJSIOTCS
pPEeJIATHBUCTCKAMH, T. €, n>ms3h® 10 paBnenue Gyner onpefne-
JIATBCS PEJNATHBHUCTCKHM COOTHOLICHHUEM; CJCLOBATE/BHO,

4 2/, 41, 4
P=tn'*=M"n"m,".

Tenepb Gdopmysa [/s AaBJeHHS He COAEPXKHUT n. Takum obGpasoM,
MOZKHO OBIIO 3aK/JIOUYUTh, UTO MBI 1TOJIYy4a€M 3BE3AY MACCHI

M= Httm,~2 ~ 1,5Mo,

KOTOpAasi MOXKEeT HMeTb /100y TIJIOTHOCTL Bbllle m°m,h—3, 1. e.
J11060i1  paguyc Menbile Hhm,~'m,"'. JlaBlieHHEe BbIPOKIEHHBIX
3NMEKTPOHOB He MOXKET NPELOTBPATHTh CKAaTHE 3Be3/bl Maccoi 60Jb-
me My.

B 1efCTBUTENbHOCTH, KOTAA 3JAEKTPOHbBl CTAHOBATCS PEISITHBHCT-
CKHMH, OHM CTHUMYJNHPYIOT 00paTHulll Gera-pacnan, ofpa3ys Hef-
TPOHBI

e~ +p—>v.+n

HpH 3TOM COAepKaHHe 3JIEKTDOHOB B 3BE€3JC YMCHbIUIACTCHA ¥ HaB-
JIeHHEe BDLIDOXKIAEHHBIX 3JACKTPOHOB NaAdCT, YTO BLI3LIBAET CXKaTHE
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3BE3Mbl, (I ICKTPOHBl CTAHOBATCA eule G0/Jdee pPeasTHBICTCKHUMH.
Takast CHTyallusl HeYCTOHUNBa, 11 APOUCCC OYAET APOIOTKATHCS 1O
TeX IOp, NOKa MOYTH BCE 3JeKTPOHBI H MPOTOHL He NpeRpaTsiTes
B HeHTPOHBL. Ha 3Toil cTaguu MOXKeT BHOBb HACTYIHTL PABHOBECHE!
3pesfa OyjJeT NMOALEPKHUBATLCH AaBJEHHCM BHIPDONIEHHLIX HEHTPO-
#oB. Ecaiy HeliTpOHDbI HEPETATHBUCTCKHIE, TOTYyUaeM

9 7.8
n=Mm,h"",

ecsan e OHH PeJATHBUCTCKHE, TO 3Be3/a MOo-NperKHEMY [10.JKHA
umeTs Maccy M, a paanyc, MeHnuui Han paBHbil A72m—2,. OpHaxko
Mp/tm—2, =1, u, caelosBare]bHO, Takas 3Besjla HaXoAuTCH
B6IM3U 06LIEPeNSITHBHCTCKOrO npeneda Mp/R ~ 2.

WMrak, MBI OpUXOAMM K BHIBOAY, UYTO CiKaTHe 3BE3ABI Macchl,
Gonblieit My, He MOxKeT ObLITh NPeLOTBPALLEHO AaBJAEHHEM BBIPOK-
JeHusd 3J1eKTPOHOB uiu HefTpoHoB. Urtobhrl nokasaTb 3TO CTPOTO,
paccMOTpUM HbIOTOHOBCKOE YpaBHEHHE DaBHOBECHS

—g—rp— = —oM(r)r-=, (9.2)
rue

M(r)=4n g or’ dr
0

— Macca, 3ak/aioueHHas BHyTpu cdepbl paguyca r. YMuoxnm ofe
yacTH paBeHctsa (9.2) Ha r* W npouHTerpupyem no uactam ot 0
10 ro. C yuetom ToOro, uto p = 0 npu r == ry, HOJYYHM

{ prdr = (2 (8.

4]
C apyroii cropoHsl, Bcerna dp/dr << 0, u noromy

r 3¢ r ~1
3
(§orar) =3(froar) e
0 0
r =1 —
-T2 N N s 342
= —4-pr—-4STjr—,r dr prd < ——p'hrt,
0

.
IToCcKOMbKY p HUKOT[A He IpeBHIaer fin's,

ro ro s
S pridr <n (S nr? dr) = A (M (o))" (4rum,) ™™,
0

0

Orciona Macca M (rg) fomkna GuTb MeHble (87)" (4n) ™" m, >, T. e.

9

M(ro) < 84"m, "\
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Mpl MOABITOXKHAH 3TH pe3yabTaThl Ha puc. 56. Ha guarpamwme
HaHeceHa CpeAHss KOHUEHTpauus HEATPOHOB B 3aBHCHMOCTH OT
vaccnl Tesa M. JKupHast anHua u3obpaxkaer npubaMKEHHO PaBHO-
BECHYIO KOH(HUTYpPaLMIO XOJO0AHBIX TeJ. B ropsuux Tesgax NMOMUMO
JLaBJIEHHS BBLIPOXKJIEHHOTO BellecTBa OYAYT CYLIECTBOBATh TEMJIO-

635701, 6 KOMOPsIX Lgym
HYELHSIE
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[InomHocrne yucaa HYKTOHOE 71 =

Soawas racea

Puc. 56, ITnoTHOCTH YHCJA HYKJIOHOB B 3aBHCHMOCTH OT IIOJIHOH MacChl CTaTH-

veckoro teqa M. JKupHasi JMHUSI — PABHOBECHOE COCTOSIHHE XOJIOLHEIX TeJI; o=

psude Tesa NpPH COOTBETCTBYIOLUIHX TeMmIepaTypax MOryT OblTh B PaBHOBECHH

Bbiuie 3T0# JuHud. OO6uLast TeOPHst OTHOCHTEJBHOCTH 3ampellaeT CTaTHUECKOe CO=
cTosiHMe JIOGBIX TeJa B 3alUTPUXOBaHHON 00JacTH.

BO€ JaBJleHHe U JaBJeHHe H3JAVUYEHUS, II03TOMY TaKHe TejJa MOTYT
O6bITL B paBHOBECHH B 006JacTH Bbillle 3KUpHOH JuHHU. )KupHas
WTPUXOBAs JUHUA CIIPABa COOTBETCTBYET PaBEHCTBY

Mo (=M"n"'m,") = 2.

B o6sacti cnpaBa OT 3TO# JIHHHM BOOOGIE HET DABHOBECHBIX CO-
CTOSIHUH, W 3Ta 00/1aCTh COOTBETCTBYET 3Be3je, yIeAlled BHYTPb
cBoell cepnl lIBapumuabna, Jajgeko BACBO OT 3TOH JHUHHA Pa3Jfn-
ygeM MeXKAy HbIOTOHOBCKOH Teopueft u ofimiedl TeopHEd OTHOCH-
TeJbHOCTH MOXHO mnpeHeGpeub, BO6JU3M Hee HYMXKHO YUHTHIBATh
obwepensitusuctckue 3ddexrtel. Af CcTaTHUeCKOro chepuyecku
CHMMETPHYHOTO T€/a, COCTOSLIEr0 W3 HAeaJbHOH KHUAKOCTH, SHH-
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SR
[ITEHOBCKHE YPABHEHUA NOJA MOMKHO CBECTH (CM, mpujioKenue B)
K TAKOMY YPaBHEHHIO:

dp _ _ (w+p) M () + 45rp) (9.3)
dr rlr— 20 (r)] ‘ ’

rae pajuanpHas KOODAMHATA TAKOBA, Y4TO MJIOMLAAb 2-TOBEPXHOCTH
{r = const, { = const} pasna 4nr?. Beauuuna M(r) Tenepb onpe-
feseTcss Kak

r

S dnr’u dr,

0

rae p = p(l + &) — NIOTHOCTD MOMHOH SHEPTHH, P == AM, U &-—
pesATHBHCTCKAaA no0aBKka K Macce, CB3aHHAA CO CIUHOM (pepMuo-
HOB. Benununna M(ry) paBHa mBapulluibi0oBO# Macce M aJisi BHENI-
nero pemtenus llIBapumunabga npu r > ro. [ 3Be3abl KOHEUHBIX
pasMepoB OHa MeHblIe, YeM COXPaHALWIAACST Macca

Ot 4mpr? dr
M= S 3~ = Ny,

raie N —rnonHOe 4HCaA0 HYKJIOHOB B 3BE3/le, TaK Kak DasHOCTbH
(M — M) cooTBeTCTBYeT KOJHMYECTBY SHEPrHH, H3/ydYeHHOH Ha Gec-
KOHEYHOCTL ¢ MOMeHTa o0pa30BaHMA 3Be3]bl H3 AU(PGY3HOro mep-
BOHAYAJbHO MOKOSIIErOCS BEUIECTBA. [IpaKTHUeCKH 3Td Pa3HOCTb
HHUKOTJla He IPEBbIIIAeT HEeCKOJAbKHX [POLEHTOB H YK HHKAaK He
Goabure 2M: Bommgu [11] noxasana, uto npu p >0, p>0 u p,
yObIBalolleM K NOBEPXHOCTH 3Be3anl, (1 — 2 M/r)'": ne moxer ObITh
MeHbIle /3, a mpu p << p — menbmie !y, OTcroga M << M << 3 M.

CpasunuBas cootnouenue (9.3) ¢ (9.2), B KoTopoe BMecTO p u M
MOJCTaBJ/ieHbl COOTBETCTBEHHO p U M, MBI BUAHM, YTO BCe AOMOJHH-
TeJbHbIE UWJIEHB B NpaBoil uyactu ypapHenus (9.3) npu e =0 u
p = 0 orpunarenpHsl. CliefOBaTeNbHO, TaK KaK B HBIOTOHOBCKOH
TEOpPHH CKATHE XOJOAHOH 3Be3abl Maccht M > M; HeuszbexHO, TO
H B 00Olied TEOPHH OTHOCHTENBLHOCTH CXKATHe XOJIOAHOH 3Be3Jbl
WBAaPLUIIHABLLOBOH Maccsl M >> Mp TakKe HensGexHo. IT0 O3Ha-
yaer, yTo XOJIONHAA 3Be3/a, colepxamas Gonee 3 Mp/my, HYKIOHOB,
He MOXKeT NPOTHBOCTOATh cxkaTH. [IpakTHuecku AOMONHHTE/bHbBIE
yseHbl B (9.3) 03H2uyalOT, YTO NpeAeSbHOe YHCJAO HYKJOHOB MEHbIIe
ML/mn-

'oBopst 0 HEHTPOHHBIX 3Be3laX, Mbl INpeHeGperaan sAepHbIMH
cHJIaMM. YYeT UX HEeCKOJIbKO H3MEHUT MOJOXKEeHHE JHHHU DaBHOBe-
cusl I/ HEeHTPOHHLIX 3Be3x Ha puc. 56 [20, 68, 166, 167), opnako
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Laxe NpH yueTe AJCPHLIX CHJ 3Be3na, cogeprkamias 6oabme Mp/m,
HYKJIOHOB, He INPIJIeT K KaKoMV-Au00 pPABHOBECHIO MNDPH HYJEBOIl
TeMneparype. 70 CBS3aH0 € TEM, 410 TOYKA, B KOTOPOHU HEHTPOHBI
B 3Besde Macchl M, CTAHOBATCS pe/gTHBMCTCKHMHU, NMOYTH COBIa-
JdaeT ¢ peaaTuBucTCKuM npejetom M/R ~ 2. Takum ob6pasoM, 3Bes-
la, copeprKallasl HecKoJIbKo Goabiue ucm My /m, HYKJIOHOB, AOCTHT-
HEeT fIJEPHbIX NMAOTHOCTEH, YyXKe OKa3aBIlCh BHYTPH CBOCH cdephnl
IBapiuinnbia.

Ha puc. 56 sBoaionuounblii nyTh 3Be3aul CyleT JekaTb Ha Bep-
THKAJbHOH JHHHH, €CJH TOJLKO 2B€31a He IOTepseT B TOM HJH
HHOM TpolLecce 3HaUHTeIbHOE KOJIMUECTE0 CBOCTO BEINECTBA. 3Be3-
Ia KOHJACHCHPYETCSI 13 ra3osoro ofJaxa i pasorpeBaercs BCJAeM-
CTBHE CKATHS rasa. Ecan ee mMacca MeHblIe HEKOTOPOTO 3HAYEHHS
nopstaka 1072 M, to TemnepaTypa HHKOrAa He BO3pacTaer Ha-
CTOJIbKO, 4TOOBl HauaduCh sJ€pHbIE DeaklliH; 3Be3Aa B KOHEUHOM
cueTe M3JIY4UT CBOH 3amac Tersa, H YCTAHOBHUTCS COCTOSIHUE, B KO-
TOPOM €€ TSITOTEeHHE YPABHOBEUINBAETCH aBJACHHEM BBIPOXKIEHHOIO
rasa HepeJsATHBHCTCKHX  3J4eKTpoHOB, Ecau wmacca Goablie
~ 102 M;, to TemmepaTypa JOCTHIHET 3HAUYCHHS, AOCTATOUHOTO,
yTo0bl HavaJach sAepHas peaxkuus npespalleHHs BOAOPOAA B Te-
Jauil. DHeprusi, BulIedasieMas B 3TOH peakiud, YPABHOBECHT MOTEPIO
HEPTUU BCJEACTBHE HU3JyUeHHd, H 3Be3la JJIHTEJbHBIH OepHOl
[~ 10" (M /M)? ner] Gyzer mpefblBaTb B KBasHCTATHUECKOM paB-
noeecnd. Korna Bomopoj B cephileBHHE 3Be3Ll HCCAKHET, cepille-
BHHA COXMETCA M Temmepatypa Bospacrer. [IpH sTtoM MmoryTt Ha-
4yaThCA HOBBIE SIAEPHBIC peakinH, B KOTOPBIX Teduil B Heapax
3Be3abl OyaeT mMpeBpauiaTthesl B fosiee TsKeanle aaeMeHTs. OnHAKO
SHEPrusl, BBIAEIAOLIAACH TPH 3THX NPEBPallleHHAX, He OUeHb Be-
JIHKQ, U CCPJALEBUHA He MOKET OCT2BATLCH CJAHIUKOM HOJTO B 3TOH
¢aze. Ecan macca meneiie M;, TO 3Be3ja B HTOre CTaHeT OeJbIM
KapJaukoM # OYJEeT YAEpPIKHBATLCH [aBJeHHEM BbIPOXKAEHHBIX He-
PeNFaTUBHCTCKUX 2JEKTPOHOB HJH, BO3MOMKHO, IIPEBPATHTCS B Hel-
TPOHHYIO 3B€31Y M OYAET YAEPKUBATLCA AABJACHHCM BbIPOKIAECHHDLIX
Helitponos. Ho xorga macca sametHo Goablie Mp, yke He cyuie-
CTBYCT PAaBHOBECHOIO HH3KOTEMIEPATYPHOrO COCTOAHHUA. IlosToMy
3Besja JOJKHA WIH VHTI BUYTPE cBoelt cdepnl HIBapumnabpna, uan
KaKHM-TO 00pa3oM cGpOCHTh CTOJLKO BCIICCTBA, YTOOLI ee macca
crana meHblie M.

Brifpoc BeujecTBa Haba0/laeTcst B CBEPXHOBLIX il IVIaHETapPHBIX
TYMaHHOCTSIX, HO B TEOPHH 3ITOTO IpOIlecca elle MHOrO HEeSCHOTO.
3se3anl ¢ maccod 20 My, BeposATHO, CrOCOO#Hbl COPOCHTD: OOMBILYIO
4acTh CBOCH MacChl M MNPeBpPaTHTHCs! B Oedible KapiAuky WIAR Hed-
TPOHHLIE 3Be3/bl C Maccoii MeHblue My -— BOT BCe, UTO MOXKHO CKa-
3aTh HA OCHOBaHHHU pacueroB [2, 35, 98, 172, 176]. Oanako Bpax /1
3Besna ¢ maccod, npesniuaiowmeil 20 My, cnocofHa notepaTs Gojee
95% cBoero BeleCTBa, H CJAEGAVCT I0JAaraTh, YTO BHYTPEHHSAS 00-
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JacTh 9TOH 3Be3xLI B TIO0OM CAVY4C JOAKIA CKOAJIANCHPOBATH
puyTpb cBoeit cdepn HBapuninisna. ([locaenyue Boiuncacuus aefi-
CTBUTEJBHO YKA3bIBAIOT Ha TO, 4TO 3Be3iul ¢ Maccolt M > 5 My ne
B COCTOSIHMH COPOCHTbL I0CTaTOYl0Oe KOJIHUECTBO BEUECTBA, YTOOLI
p36exkaTh PEASTHBUCTCKOIO KOIJanca.)

O6paTtuMcsl K OOJBIINM MaccaM [ PAceMOTPUM TEJI0 MaccCoil
~ 108 M. Ecnu oHO cxoAJancupyer AO CBOEro BapUUIHAbIOBA
paamyca, TO TJIOTHOCTh OyaeT Bcero anmb mnopsaika 10=* r/em?®
(MeHbIIE TJIOTHOCTH BO3AyXa). Ecsau BClleCTBO nepsoHavadblio 6y-
€T XOJONHBIM, POCT TeMTepaTyphl OVIET HeZOCTATOUEH Hu A
ypPaBHOBCIUUBAHUA CHJI TATOTEHHS, HH A «3aXKHTaiHA» s1ePHOro
ropiouero. ITo3ToMy HEBO3MOKHA NOTEPA MACCH W HET HHUKAKOH
HeompeneJeHHOCTH B BhIOOpe YpaBHeHHs coctosinus. Kpome Toro,
U3 5TOro NpyuMepa BHAHO, YTO YCJOBHHA, NMPH KOTOPLIX Tel10 Hepece-
kaer cpolo c(epy Illpapuuuabaa, cocem He 06593aT€IbHO JOJIKHBI
6bITh B TOM HJIH HHOM CMBICJAE 3KCTPCMAJIbHBIMH.

WUrak, no-BHauvMoMy, HeKOoTOpbie Tena ¢ Maccoir >M; (a, Be-
poATHO, OGOJBIUHHCTBO) KOAJAINCHPVIOT B KOHIE KOHUOB BHYTPb
csoux cep IIBapumuapaa u NOpoIKLAT 3AMKHYTHIE JOBYIIEUHbIE
noepXxHocTu. B namefl 'adaxtike mMeercs no sexbweir Mepe 10°
3Be3l ¢ Maccoi, npepwiaronieli My, Taxkny odpazom, cyiiecTByer
OTPOMHOE YHCJA0 CHTYAIHM, NI KOTOPLY TeCopeMa 2 npeickasbiBaer
CYlIecTBOBaHHe CHHTyJadApnocTelt. Hubmogaevee creACTRAN KOJAall-
€a 3Be37bl MLl 0OCYAUM B NOCACIVIOUINX PA3ICAAN.

9.2, Yepuble AbIpbI

Kag 6ymeT BBINIAAETh KOLIATICHPYIONICC TCI0 AJS VAAJEHHOTO
HaGaonareass O? Ha 31roT BONpOoC MOKIG 14Tt OTBET, €CAU KOJ-
Jlanc CTPOro chepHuecky CHMMCTPHULIH, TaK KAK TOr/a PellCHHE BHE
Tena Oyaer MIBapUINIbA0BC. B stoM cayuae madaozarcas O Ha
NIOBEPXHOCTH 3Be3Abl YHAET B ONPELCTEHHLIT MOMEHT BPEMEHHU
(ckaxem, B | 4 no cBouM "acam) BHYTPb cdepsl r = 2 /m, npuyeMm
OH He 3aMEeTHT B 3TOT MOMCHT HHuero ocoOcnuoro. OgHaxko mocsae
nepecedenns chepst r = 2 A1 o1 CTaHer HEBUAMM Habmopartenio O
(puc. 57), octaiomemyca BHe 370l cdheprl. Kax 6n1 joiro uab.ao-
nateabr O HH XKjiada, ou HHKorxa He veupur O/, noche TOro Kak
yacel nochaeaHero nokaxyt 1 u, Baecro atoro O 6yrer waGawoaats,
Kak yacst O’ SIBHO OTCTAOT H aCHMITOTHYECKH NPHOIMIKAIOTCST K
MomenTy 1 u. DTO 3HAUAT, YTO YACTOTa CBETA, DPHHIMAEMOro Ha-
6aonatedem O ot Of, CTaHOBHTCA BCE MEHLIUIE H MEHBLIE U COOT-
BETCTBEHHO HHTCHCHBHOCTb CBCTa VOLIBACT BCC cuabHee. Takum o6-
pPasoM, XOTS TOBEDXHOCTB 3BE3NLI HIKOMIA HE HCUE3a8T H3 1O
3penns Habmozate st (O, oHa CKOPO CTAUOBNTCH CTOAL CaaboH, yTo
npakTHUECKH mepectaeT OLITL pisniMoil. Tounce, nadmoaareas O
YBHIHT CHAYaJda, KaK YMEHBINNTCH SIPROCTH LEHTPA JMCKA 3Be3Ibl,
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P

a 3artem 9TOT Upouecc mnmaacHngd APKOCTH 6}/’)1€T pacnpocTpaHaTbCa
k ero kpato [l]. XapakTepHoe Bpemsi 3TOr0 cnaja WHTEHCHBHOCTH
paBHO MO MOPAIKY BEJHUHHBI BPEMEHH, 32 KOTODOE CBET HPOXOIHT
paccrosiine 2 m.

Wrak, octaercs o6beKT, KOTOPbifi BO BCEX OTHOUIEHUSIX MPAKTH-
yeckH HeBHAMM. ONHAKO OH 6yleT HMeTb Ty e WIBAPIIIH/IbIOB-
CKYI0 MacCy u €03/aBaTh TaKOe€ Ke IPaBUTAUMOHHOE MOJIe, KaK H
po Koasaanca. MoxHO Obl10 Gbl OGHAPY!KHTb NPHCYTCTBHE 3TOrO
00bEKTa MO €ro rpaBUTALMOHHOMY IEHCTBHIO, HANPHUMEpP MO BJHSA-
HHIO Ha OpPONTH 6JH3JeXKaluX 00BeKTOB WK MO OTKJIOHEHUIO Jyya
cBeTa, Npoxoadauero 6au3n Hero. Kpome T0ro, BOZMOXHO, 4TO ras,
majalowui Ha Takoh OOBEKT, OGyAeT MOpPOKIAaThL yAapHble BOJIHBI,
KOTOpbie OYAYT CAYXHTb HCTOYHHKOM PEHTT€HOBCKHX JiyyeHd W/m
PAaLHOBO.TH.

Hanbosee yauBuTesbHOEe CBOHCTBO cepHuecKd CHMMETPHUHOrO
KOJJIanca COCTOHT B TOM, YTO CHHIYJISIPHOCTb OKa3bBaeTcsi B o6Ja-
cTH r <2 m, OTKylda CBeT BOOOlIe He MOXKeT YHTH Ha 6GeCKOHey-
HocTb. [loaToMy, ecin HabJaiofaTesb OCTaHeTCd BHE r == 2 m, TO Ol
HHKOTZla Heé YBHAHMT CHHTYJSPHOCTDb, IpeAckasbiBaeMylo TeopeMoi 2.
Kpome toro, Hapyuenue $usuyecKux 3aKOHGB, IPOHCXOAAILEE B
CHHTYJIADHOCTH, He MOXKET CKa3aTbCsl Ha Halllell cmoCOOHOCTH Tpei-
CKa3biBaTb Oyaylllee B AaCHMITOTHYECKH IJIOCKOH o6JjacTd Tpo-
CTPAHCTBA-BPEMENH.

CrnpawnBaercs, CIpaBeAJiBa JH 3Ta KapTHHA, €CIH KOMJATC
He CTporo cdepuyeckun CHMMeTpHucH? B mpenbiaynieM pasgene Mbl
BOCIIO/JIb30BAJINCh TeopeMoil 00 YCTOHYMBOCTH PELICHHA 3adadu
Komy, uto6el moka3aTh, uTO MaJble OTK/JIOHEHHT OT COHEpHUYECKOii
CHMMETPHH He M[OMEHI20T MNOSBJAECHHIO 32MKHYTHIX JIOBYIIEYHBIX
nosepxsocteii. On1HaKo 3Ta TeopeMa B IpPHBEAEHHOH (opMe yTBep-
KAaeT JHllb, YTO JAOCTATOYHO MaJoe BO3MYLIEHHE B Haua/JbHBIX
JaHHBIX NPHBEAET K BO3MYIIEHUIO B pelleHHU, KOTOPOE MaJjo B KOM-
nakTHOH ob6sacTu. M3 3t0r0 He ciaeayer, 4TO BO3MYIEHHE PeLIeHHs
OCTaHeTCs] MaJbIM CKOJAb YTOAHO LOJTO.

MoxHO 0XHAaTh, YTO B OOWIEM CJydyae HaJHUHE CHHTYJSPHO-
cTell npuBeneT K ropusontam Komu (kak B peumlesusx PaficcHepa —
Hopnctpema u Keppa), a ciaepoBaTesapHO, K HapyIIeHHIO BO3MOXK-
HOCTH TfpefcKa3biBaTh Gyayilee. OQHAKO eCa# CHHTYASPHOCTH He
BUIHBI H3BHE, BO3MOXKHOCTb IPEACKA3aHUS COXpPaHSeTCs BO BHeEII-
Hell acHMITOTHUECKH MJIOCKOH 06JaCTH.

Uro6pl moKasaTb 3TO CTPOrO, Mbl IPeANOaoXKuM, 4To B (M, g)
conepKuTCH 00J1aCTh, aCHMNOTOTHUECKH IIOGCKAasi B CMbICie Caabot

acHMIITOTUYeCKo# npoctotel u nyctortsl (pasfx. 6.9). Torma cyume-
ctByet npoctpatctso (A, g), B Kotopoe (A, g) MOKET 6bITb KOH-

bopmHO BJIOKeHO Kak MHorooGpasue ¢ kpaem M = A U oM, rue
kKpail 0. wmuorooGpasusi A B M COCTOUT W3 [BYX H30TPOIHBIX
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nosepxHocTelt I+ 1 I, KOTOPLIC COOTBCTCTRYIOT OCKOHEUHOCTH 1
Oyavulem 1 npourios. Ilyern 7 — uactiunas nosepxuocte Kown
B /4. Mbl Gviem rosoputh, uro p npoctpancrse (4, g) O0ydyusee
ACUMNTOTU"ECKY npedckasdyeno ¢ nopepxuoctn &, ecan J+ comep-
KHTCSL B 3aMblKaHuU Muoxecrsa D(#) B KOHPOPMHOM MHOT006-
pasun . IlpumMepamMi npocTpaHCTs, B KOTOPBHIX Oyayulee acHMITO-
THUECKH HPCACKA3yeMO ¢ HEKOTOpPOH TMOBEPXHOCTH &, ABJIAKTCS
npocrpanctso MuukoBckoro, pemtesne HIpapuwiabaa npu m =0,
peutenne Keppa npu m >0, |a|<<m u peinenne Paficcuepa —
Hopacrpema npu m =0, |e| << m. Pemenne Keppa ¢ |a]>m u
pemenne Paficcuepa — Hopacrpema ¢ |e| > m ue aBJIAIOTCA MPo-
CTPAHCTBAMH C ACHMIITOTHYCCKHM [peAcKa3yeMblM OyAYUIHM, TIO-
CKOMIBKY B HHX JJis ool vactnunofi nosepxHoctd Komn &
CYLEeCTBYIOT HENPOAOKHMbIE B OPOLIIOE HEIPOCTPaHCTBEHHOIO-
nOOHBIE KPHBBIE OT ROBEPXHOCTH F°H, KOTOpbIE He mepecekaloT &,
a CTPCMATCS K CHHIVIAPHOCTH. ACHMITOTHYCCKYIO TIpEACKasye-
MOCTh OYAYILEro MOXKHO paccMaTpuBaTh KaK YCJIOBHE OTCYTCTBHS
B Oyaywem oT & «roJbiX» CHHTY/ISIPHOCTEH, T. €. CHHIYJ/ISPHOCTeH,
KOTOpbLle BHAUMBI C I+

Ilpu cdepuyeckonm Kossance Mbl I10JvViaeM INPOCTPAHCTBO C
acCUMNTOTHYECKH MpeAcKasyeMblM Oyayimum. Bompoc B TOM, crmpa-
BEAJNHBO JIH 3TO W AJA Hechepuueckoro Koagamnca? Mbl HE MOXKeM
1aTbh CTPOTHH OTBET Ha ITOT BONPOC. Pacyerr! 10 TEOPHH BO3MYyIle-
uuit Jlopouikesuua, 3eapgoeuda, Hosuxora [43] u [lpaiica [137]
CBHAETEIbCTBYIOT, MO-BHAUMOMY, O TOM, UYTO MaJjble OTKJIOHEHHS OT
chepuueckoii CHMMETPHU He NPHUBOAAT K IOSBJCHHIO TOJIOA CHHIY-
aspHoctu. Kpome Ttoro, TuGbonc u IleHpoys mnbiTajuch, XOTst H
GesycreiiHo, OGHAPY:KUTb MPOTUBOPEUHS, KOTOPbie TOKas3adu Obl,
YTO B HEKOTODBIX CHTYalUHsiX pPA3BUTHE MPOCTPAHCTBA C aCHMIITOTH-
yecKku NpeacKasyeMbiM OYAYIIUM He uMeeT cMmbicaa. Mx Heynaua,
KOHEYHO, HE [O0Ka3blBaeT, YTO ACHMIITOTHYECKAs IPeAcKa3syeMoCTb
pMeeT MeCTO, HO TOBODHUT B MOJbL3Y 3TOro. Ecin oHa HeBO3MOXKHA,
TO MBI He MOXEM CKasaTb HHYEro OnpeneeHHOro o0 3BOJIONHH
KakoH-1160 06J1aCTH NMPOCTPAHCTBA, COACPIKALIETO CHHIYJAAPHOCTD,
MOCKOJIbKY M3 CHHIYJISPHOCTH MOXKET MOCTyNaTh HoBas HHbOpMa-
uns. ITosromy Ml Oynem NPHAEDPKHBATLCA NPEANONOKEHHS O TOM,
YTO YCJOBHE ACHMIITOTHYECKOH INpescKa3dyeMocTH Oydyllero BbI-
MOJIHSIETCS MO KpalHed Mepe MPU AOCTATOYHO MaJblX OTKJAOHEHHAX
oT cdepuyeCKoil CUMMCTPHH.

MoxkHo 0XuaaTh, YTO uacTHUA HA 3aMKHYTOH JIOBYLIEYHOH NO-
BEPXHOCTH HE B COCTOSIHIH BuIPBaTheCsl K NMosepxHocTH J+. OgHako
€C/IU JOMYCKAKTCsH 11PON3BOJbHBIE CHHIVAAPHOCTH, TO MOYXKHO BCe-
r1a NpOH3BECTH HYXKUBIE Paspess! H OTOXKAECTBJEHHS, UTOOBI IPO-
JOKUTL NyTh Aag «fodera» vacTiubl. M3 caenylomero yrsepikjie-
HHA BHJHO, YTO 3TO HEBO3MOKUO B MPOCTPANCTBE € aCHMIOTOTHUE-
CKH MPEACKa3yeMbIM OyAyILuM.
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lpedroxcerue 9.2.1

Ecan

a) B nmpoctpauctse (A, @) aCHMOTOTHUCCKM NPEICKa3yeMo Oy~
Ayulee ¢ 9acTH4YHO# nosepxHocTn Kown &,

6) RapKK® =0 nas Bcex usorponnbix sexTopos K¢ TO 3aMm-
KHyTas JIOBYIUEYHAd NOBEePXHOCTL I B DT (F) ue moxker mepeceyb
J=(I+, M), . e. ee Heqb3s yBupeTh ¢ I+

B camom nene, gomyctud, uro 7 () J-(J+, ) ne nycro. Toraa
JOJKHA CywecTBoBaTh Touka psJ+ g JH (T, 4). Tlyete U —
OKPEeCTHOCTb A, H30METPHUHAST OKpecTHOCTH %L’ rpanuunl 04’
acAM{ITOTHYECKH TMPOCTOrO H Myctoro npocrpaucrsa (A7, g’) B
KoHpopmHOM MHOrootpasuu A’. llyers ¥’ — nopepxuocts Komn
B J’, xoTopast coBnagaer ¢ ¥ uma @} M. Torma MHOXKECTBO
P’ — Q' KOMIAKTHO H, CJIEJ0BATEILHO, Mo JjgemMMe 6.9.3 kaxmas
obpasyioliast noBepxHocTu J+ noxkupaer obnacts I+ (P — U, 4.
Otciona BUAHO, uTO 145 JI06Or0 KOMIAKTHOTO MHOXKecTBa #° < &
Kaxnas obpasywoouas J+ suixoaut us J*(#°, A). Uz storo cae-
AyeT, uTo Jwobas o6pasywoomas J*+  BHXOAMT H3 ofaactu
JH(T, M), Tak kak ona counepxurcs 8 J*(J(T N &, ). [losromy
H30TPONHAaa reojpe3nueckas obpasywomasa p nosepxuoctn J+(7, H)
JoaxHa nepeceup J+. OOpasyiollast w LOMKHE HMETb KOHEUHYIO
TOYKY B IIPOILJIOM Ha 7, Tax Kax HHaue OHa nepecekyaa 6bl J—(F).
[Tockonbky p moxoaut no J+, ee abduunas nauna GeCcKOHeUHa.
Ho no ycnosumio (6) mo6ast u30TpOIHAs reone3nuecKast, OpTOro-
HanbHAfl K I, HOJKHA COfepikaTth Ha KoHeunoM adpdpuUHHOM pac-
CTOSHHHM TOUKY, conpsikeHuyio 7. CjefoBaTenbHO, OHA HE MOXKET

ocraBatbesd B JH(T, M) ua Bcem myTH K Jt, DTHM AOKA3bIBAETCH,

uto ° He MOXKeT nepeceub J~{It, A). o

Ms Bcero sToro cieayer, 4To 3aMKHyTas JOBYIUEUHAs [OBEPX-
HocTe B D+ (&) B npocTpaHCTBe ¢ acCMMNTOTHYCCKH IPEACKA3YEMbIM

Oyaymum po/xHa gaexate B A — J7(IF, H). Caenosarensho,
JWOJIXKCH CYUIECTBOBATL HETPHBNAJBHBIN TOpU30HT cOOLITHI (6vay-
mero) JT(I+, A), apasiouiuficss rpaHnucit o6aacTi, 13 KOTOPOIl
YacTHUBl HAH (POTOHLI MOTYT ViiTu 1a 0eCKOHeUHOCTh B HampasJje-
Hun OGvayuero. CoraacHo onpepenaennio (pasa. 6.3), TOpU3OHT co-
ObITHil ecTh axpoHagdbHas TIpanulla, o0pa3oBalHasi H30TPONHLIMH
reoe3nYeCKUMHI CEerMeHTaMH, V KOTOPHIX MOIYT OBbITb KOHEYHble
TOYKH B NIPOULJIOM, HO HET KOHEUHBIX TOUEK B OVIVHICM.

Jlenma 9.2.2

Ecau yenosus (a) n (6) npeaaoxenus 9.2.1 viosmeTBopensl
W ec/H HMeeTcsl Hemycroil ropusout coSwthit J=(I+ H), 10
pacxoxieHue O H3OTDPOMHBIX CEOXE3HUECKHX O06PasyIOLIUX 3TOrO
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e e ol S e————

ropnsoma HEOTpHuaTQJbHO B oénacm
I=(g", H)n DT (P).

JonycTuM, YTO €CThb OTKPBITOE MHOXKECTBO 24, Taxoe, uTo b<0
Ha U N J-(9+ A). [lycts I — npocTpaHcTBeHHONOA00HAA 2-T10-
BepxHocte B 2 [V J=(I+, M). Torga 6 = ys%, = 0. [lycts 7°— oT-
KPLITOE NOJMHOXECTBO MHOXKecTBa %4, KoTOpoe mnepecekaeT 7 #
o6/1azaeT KOMNAKTHEIM 3aMbIKaHHEM, cofilepxaluMcs B 2. B 72 Mu
MOXeM HEeMHOro H3MeHHTb I Tak, 4ToOBl INO-NPEXHEMY OBIIO
¥2% << 0, HO uyTOOH npu 3TOM B %4 NOBEPXHOCTb J Tepecerala
J=(I*, A). Kak n npexje, aT0 BeleT K IPOTHBOPEUHIO, NOCKOJBKY
awban obpasyiowas nosepxuoctu JH(T, A) B J=(T*, M) nonxua
ofanaTh KOHEUHON TOYKOH B mpolwioM Ha 7 {1 7°, rae ona ROJXK-
Ha ObITb OpTOroHanbHa K 7 . OfHAKO BBHAY TOTO, UTO 2% << 0 B 7,
aobas BeIXOAAILAsA U3 7° H30TPONHAS OPTOroHa/lAbHas K I B 7° reo-
neauueckast 6yaeT COAep)KaTp HAa KOHeUHOM abhdUHHOM pacCTOSHHH
TOYKY, CONpSIXKEHHyI0 Z, M IOTOMYy HE MOXKET OCTaBaTbCs B

JH(T, M) Ha Bcem nytd K J+. a

B npocTpaHCcTBe ¢ AaCHMOTOTHYECKH MNpeacKasyeMblM OyayIHuM
JHPYN T~ (I+, M) comepxurcs B D+(#). Ecau Ha ropusonre
cobuiTnit Hafijgercs Touka p & JH(F), KoTOpas He UPHHAMIEKHT
D+ (%), manefilee BO3MYINEHHE MOMKET NPHUBECTH K TOMY, UTO p
nonazger B J=(J+, A), 1. e. Gyner BuAHA U3 GECKOHEUHOCTH; 3TO
03HayaeT, YTO JaHHOE IPOCTPAHCTBO He sIBJAsieTcss 6GoJee acUMIITO-
THYECKU IpeacKasdyeMblM. BBUAY 3TOTO, MO-BUAUMOMY, HMEET CMBICI
HECKOJIBKO YTOYHHTDL Olpeje/eHde aCHMITOTHUECKH MpencKasye-
moro Gymyuiero: OyAeM rOBOPHTb, UTO B NPOCTPAHCTBE-BPeMeHH Oy-
Lyllee aCUMNTOTUHECKU CUNLHO nPedcKasyemo ¢ 4acTHUHOH MOBEpX-
Hoctu Kouwn &, ecnu I+ comep:KuTcsg B 3aMbIKaHHH 06/acTH
DHP) B M u JHP)NT-(I+, M) conepxurcs B D+ (P). Hpy-
UMM CJIOBAMH, C NOBEPXHOCTH & MOXKHO Jie1aTh NpeACKa3aHus elle
¥ OTHOCHTEJNbHO HEKOTOPON OKPECTHOCTH TOPHU30HTA COOLITHI.

IIpedroocerue 9.2.3

Ecau (M, g) — OPOCTPAHCTBO C CHJABHO aCHMITOTHYECKH MNpEN-
CKasdyeMbIM OyAyIIHM ¢ uyacTHdHoi nosepxsHocTH Kommt &, TO Cy-
1EeCTBYET TOMeOMOp(dU3M

0:(0, ©)X P —> D" (#)— &,

IJ1s xoroporo npu KaxpaoMm 1< (0, o) mnosepxuocTe P (1) =
= ({1t} X &) npeacrasaser coboii yacTHuHyl0 noBepXHocTb Ko
CO CJIeAYIOUUMH CBOHCTBAMU:

a) npu 1 > tu¥ (1) < [+(P(t1));
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0) npuM KakKAOM T TrpaHHla noBepxHocTH & (1) B KOH(DOPMHOM
MHoroobpasun A ABASETCA NPOCTPAHCTBEHHONOAOOHON 2-cdhepoit
Z(v) B J*, Takoil, yto npu 12 > 1, &£ (T2) HAXOAMTCA CTPOro B
Gynyuiem chepbt £ (11);

7157, M)
SToscoxnocms fSowu
gr9 DY

/

P uc. 58. IIpocrpanctro (A, g) ¢ acUMITOTHYECKH CHJIBHO INPeACKa3yeMbiM C ya-
cruynoit nosepxnoctn Komu & 6yaymum. Haobpaxkeno cemefictBo & (t) npo-

CTPAHCTBEHHONOAOGHBIX MOBEPXHOCTEH, KOTOPHE MOKPLIBAIOT DT (#)— P u nepe-
cekaror I no cemeiicrsy 2-cpep Z (7).

B) mpu KaxiaoMm t MHoxectso & (1)U (I+N I-(Z (1), H)) ectb
nosepxuoctsKown B A 1maa D(P).

Hpyrumu cnosamu, P (t) eCThb CeMeHCTBO NPOCTPaHCTBEHHOIO-
MOGHBIX NOBEPXHOCTeH, ToMeoMOp(HBIX &, KOTOpOE IOKPBIBAET
D+ (#)— &% u nepecekaer J+ (puc. 58). DTH 1noBEepPXHOCTH MOXKHO
paccMaTpHBaTh Kak NMOBEPXHOCTH IOCTOSHHOIO BPEMEHH B aCUMIITO-
THUECKH NpeAcKasyemon obaactu. Bribepem HX Tak, uTOGB OHH
nepecekaan J*; Torjga nNpH HaJUYHH TPABHTALHOHHOTO HJAH HHOTO
U3JyueHHST Kakad-1u00 Macca, pacnoJoKeHHas Ha 3THX IOBepX-
HOCTSIX H MU3MepeHHas 13 6€CKOHEeUHOCTH, OyieT yObBaTh.
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[Toctpoenue ¥ (t) noaobHO AoKa3aTeJbCTBY npensoxenus 6.4.9.
BuiGepem HempepbiBHOe ceMelicTBo &£ (1) (0 > v > 0) mnpocrtpaH-
CcTBEeHHOTOA06HbIX 2-cdep, KoTOpble NOKpbIBAlOT J+ Tak, 4To NpH
1o > 1) £ (12) Haxomurcs crporo B Oyayliem chepbl & (t1). Bae-
gem Ha J Mepy obbeMa Tak, 4TOOB NOJHBI 00BbeM A 00 3TOH
Mepe Obl KOHeueH. B mnepByio ouepenb JoxaxKeM CJAeLyIOLLYIO
JEMMY:

Jemma 9.24

Bemuuuna k(t), o6bem muoxectsa [=(Z (1), ) N DH(F), ects
HernpepbiBHas QYHKIHUS T.

[Tycts 7 — Kaxoe-nub0 OTKPBITOE MHOXKECTBO ¢ KOMIAKTHEIM
3aMblKaHHeM B

I (Z (), H)NDT(P).

Torpa u3 Ka)KA0W TOUKH MHOXECTBa 7° MOXKHO NMpPOBECTH BPEMEHH-
noao6HyI0 KpuByio 10 &£ (t), KOTOPYIO MOXKHO [1ehOpMUDOBATH Tak,
yToGnl MOJAYYUTh BPeMeHUNOZOOHble KpuBble N0 & (T — 8) npu He-
kotopoM & > 0. Ilpu nannoM & > 0 MoxKHO HaliTH Taxoe 7°, o6beM
KoToporo Goabuie R(7v)— e. CaenoBaTenbHo, Hahperca & > 0, npH
KOTOpOM k(t— 8) > k(t)—e. C ApPYyroél CTODOHEI, AONYCTHM, UTO
CYILeCTBYET OTKPBITOE MHOXKeCTBO #°, KOTOPOe He HMeeT nepece-
yerus ¢ [=(Z (v), A) N DH(P), Ho copepxutes B I~ (L (), A)
N D+(&#) npu mobom v > 1. Toraa, eciu p & #°, DOMKHB Cylle-
CTBOBAThH HampaBJeHHble B NDOLII0E BPeMEeHHNON00HbIE KPUBBIE Aq
or kaxzaoll £ (t') mo p. Iockonbky obGaacts I+ Mexay £ (r) #
% (1)) KoMnakTHa 15 JOOBIX T > 1, U3 & (T) MOXHO OyxeT mpo-
BeCTH HamnpaB/eHHYI0 B TpPOLLJIOE HeNpOCTPaHCTBEHHONOROGHYIO
KPUBYIO %, KoTOpast OyAeT mpefenbHol KpusoH mas {A'}. [Tockois-
Ky {A} He mepecekaloT obsaacte [~(Z (1), #A), L Toxe He Gymer
ee mepecekaTb H, CJeL0BaTeNbHO, GyAeT U30TPOMNHON reoqe3nyeckod,
aexameii B /(&£ (v), A). Ona sofiner 8 J 1 NOTOMy [0JKHA
HJH [IMETh KOHEYHYIO TOYKY B MPOIJIOM B p, Hau nepeceus &. Ilep-
BOe HEBO3MOXKHO, TaK Kak B 3TOM cjyuae #° HMeeT NepeceucHHe
¢ [-(% (1), HA), a BTOpPOe HEBO3MOXKHO, HOCKOJIbKY p & J+(F).
Criel0BaTe/IbHO, He CYILECTBYET TAKOTO OTKPBITOTO MHOXECTBa, KO-
Topoe Jexano 0w B [~(Z (1), ) upu xaxjaoMm v >> 1, HO He

npunagiexano 6w I-(Z(t), H) N D+(P). Takum obpasom, aIs
JlaHHOM MOCTOSIHHOH & Haliiercst Takasi NOCTOSIHHAs §, 4TO

E(t+0) < k(r)+te,
T. €. k(1) — HenpepsIBHAS (QYHKUHS. o

lokasareavcrso npedioxcerua 9.2.3. Beemem dyuxuun f(p) u
hip,7v), peD*(¥#), npeacrasisioumne coboli ob6bvem I+(p) u
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(% (1), H). Tak ke Kax p npeanoxeHun 6.4.9, dpynxuis f(p)
HellpepbIBHAa Ha IJ100ajbHO runepboanueckoil obaacty DH(F)— &F
W CTPEMHTCS K HYJIO Ha KaMmoi HENpOLOKHMOA B Gyiyllee He-

mpocTpaHcTBeHHONOA0G Ol Kpusoi. ITockodasky I-(Z (1), M) N A
€CTb MHOXKECTBO B NPOLLJIOM, 06/1aCTh
DYP)— I (Z (), J)—

riao6anpHo runepbonanyna. Cief0BaTeNBHO, NPH Ka)KIOM 3HAueHHH
T hyHxuus A(p, 1) Hempepoisia Ha D+ (#)— &. I10 03HAuaer, 4To
npu JlaHHOM ¢ > 0 MOXHO HaHTH TaKYyK OKPEeCTHOCTh 24 TOYKH p,
yto |A(g,t) —h(p, 1) | <<e&/2 nas mo6oro QEUM [To nemme 9.2.4
MOXKHO Haiith 8§ >0, Taxoe, uto |R(v)— k(1) |<<e/2, xorma
[t — 1| < 6. OTC}Oﬂa kg, r)—wh(p, )| <<e T.e QyHKIUA
h(p, t) HenpepniBHa Ha (DH(#)— Z)X (0, o). [Tosepxuoctu & (7)
MOXKHO ONPEeNeNHUTb, TOTLA Kak MHOXKeCTBa Touek p = DH(¥F) —F
AJs KOTOPHIX A (p, 1)== tf(p). SlcHO MO3TOMYy, UTO OHHM MHpeAcTaB-
JSII0T cO00# NPOCTPAHCTBEHHONOAOOHBIE OBEPXHOCTH, KOTOpbIE MNO-
KpbialoT D+H(#)— P u ynosaerBopsiioT ycaoBuam (a)— (B).

Urobsl 3apaTh roMeoMopdusM o, HaM NOHaZOOHTCS BPEMEHUIIO-
no6HOe BeKTOpHOoe moje Ha D+ (¥F)— &P, Nepecekarolilee KaxXAYi0
nosepxHocTh P (1). [locTpoum Takoe moje CAedyHOUHM 06pasoM.
ITycTs 7 — HeKoTOpas OKPeCcTHOCTh MOBEPXHOCTH J+ B KOHDOPMHOM
MHOrooGpasuu A u X, — HEKOTOpOe HeNpOCTPaHCTBEHHONOA0GHAE
BEKTODHOE NOJe Ha 7°, KoTopoe Ha J* KacaTeJsHO K 06pasyiollinm
J+. Manee, nyctb x; == 0 ectb C2-QyHKUUSA, paBHass HYdO BHe 77 U
OTJINYHAs OT HyJasa Ha I, Xy — BpeMeHHnonodl{oe BEKTOpHOE MoJIe
Ha J u, HakoHell, X2 == 0 — C2%-pyHRuMA Ha A, OTJIUYHAA OT HYJs
va J, o paBHas Hymo Ha J*. Toraa Bekroproe mnoie X =
= x1X; + x2X, o6namaer TpebyeMbIM CBOHCTBOM. I'omeomopdusM
a:DH(P)—F = (0, o)X P orobpaxaer Touky p & DH(F)—F
B mnapy (v, g), rae t onpepeasieTcs TeM, yto p & £ (v), a HHTe-
rpaJpHasi Kpusas Mnods X, Npoxojsllas uyepe3 p, Nepecekaer ¥
B TOUKE (. o

Ecau B o6aactu D+ (P) mpocTpancrsa ¢ acUMNTOTHYECKH MpPel-
CKasyeMbiM GYRYIIHM CYLIECTBYeT TFOPH3OHT cobmiTHil J (I, M),
TO H3 cBoMcTBa (B) npefnomxenus 9.2.3 caepyer, uTo mpu AOCTa-
TOUHO GOJIBHIMX T HOBepXHOCTH & (t) nepecekyT 3TOT ropusont. Om-
pelenuM uepayr0 Obipy Ha TNOBEDXHOCTH ¥ (T) KaK CBASHYIO KOM-
TOHEHTYy MHOXecTBa HB(t)= P (v)— J-(I+, A). Hpyrumu cio-
BaMH, yepHas Ablpa — 3T0 00JacTh MOBEPXHOCTH F(T), H3 KOTOPOil
HH YacTHllbl, HY (OTOHB He MOTYT yiiTH Ha NMOBEPXHOCTH JT.

Ilo mepe pocTa T yepHBle JLIPH MOTYT C/JAHBAThCHd, U B pe3yib-
Tate TAKOro BTOPHYHOTO KOJjIanca MOTYT o0pasoBaThbCsl HOBHIE yep-
Hble ABIPbl. BMecCTe ¢ TeM U3 CJAenYIOIero yTBep:KACHHS BHAHO, YTO
yepHble ABIPBI HUKOTIA He MOTYT Pacrnacthes.
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Ilpedaomcenue 9.2.5

ycts B (t1) — uepnas avipa Ha P (v1). [lyets Bo(te)
%3 (te) — uepHble ABIPLI Ha GoJjiee nosuuell nosepxnoctu &P (1g). Ecan
Bo(te) u Bs(te) nepecexaror JT(FBi(11)), T0 Fa(t2) = HB3(12).

[To ceofictBy (B) npensoxenus 9.2.3 Kaxjgasa HanpapJdeHHas
B Oyayllee HeNpojoJiKkuMas BpeMmeHunogobGHas Kpusag u3 % (1))
nepecedeT &P (t12). CienosaTesbHO, 001aCTh

JH (B (1)) NP (12)
CBfI3HAs W GyAeT cOolepkKaTbCs B CBA3HON KOMNOHeHTe J(T2). O

Hns pu3HUecKHX NPUJOKEHUIl B NEpPBYI0 Ouepelb HHTEPECHMI
yepHBie IBIpH, 00pas3oBaBlIMecss B pe3yJbTaTe TPaBUTALMOHHOTO
KoJjanca M3 [1ePBOHAYAIBHO HECHHTYJIAPHOTO COCTOSHUS, YTOU-
HUM 2TO MNOHATHE. DyneMm rOBOPHTH, UTO YaCTHUHASI [OBEPXHOCThb
Kowin & obnagaer aCUMATOTUHECKU APOCTOIM NPOUWLAbIM, €CIH 06-
nacte J=(¥) usoMerpuuHa obsactu J—(P’) HEKOTOPOro acCUMITO-
TUYECKH NMPOCTOrO U NMyCTOro npocrpaHcrea-spemenu (M7, g’), rae
¥’ — nosepxuocts Komn nas (A7, g’). CorsacHo TpemioxeHHIO
6.9.4, nosepxHOoCTb &’ oBsamaer Tonogornelr R®, ciegosaTesbHO, P
uMeer Takymo Ke tomoJsoruio. Torma us mnpeasoxenus 9.2.3 cae-
OyeT, YyTo Kaxjaas nosepxHocTh ¥ (1) obaazaer tomosoruein R® u
obbenunenne F(t) ¢ rpaHmuHoil 2-chepoit F(t) Ha I+ romeo-
MopdHo eauHuuHOMY KYyOy I3, ecam (M, g)— NMPOCTPAHCTBO CO
CTPOTO ACHMITOTHYECKH NpelcKas3yeMblM ¢ TOBepXHocTH & Gyay-
UM ¥ C ACHMIITOTHYECKH TPOCTHIM MPOUILILIM.

Xora Mbl HHTepecyeMcsi TJIaBHBIM 006pasoM MPOCTpPaHCTBAMH,
MMEIOIIMH aCHMITOTHYECKH NPOCTble NPOIIJBe, GYyAET YMECTHO
paccMoTpeTh B CieiylollleM pasfiese MPOCTPAHCTBA C aCHMITOTH-
YeCKH MpeiacKasyeMblM OYIYUIMM, KOTOpPble He HMEIOT aCHMIITOTH-
qecKH INPOCTOrO MPOLIJIOrO, HO MNpH GOJBIINX BpeMeHax CcJayxkKar
XOpOLIMM NPHOGNHKEHHEM K MPOCTPAHCTBAM, HMetomuM ero. IIpnme-
pOM 3TOrO sBJSIETCs cepuuecky CHMMeTPHUHBIH KoJJamnc, paccMmo-
TPeHHBIl HAMH B HauaJe pasaena. Eciau noBepXHOCTb 3Be3Abl yILIa
3a TOPHM3OHT COOLITHI, METPHKOI BHeIIHelt 00JAaCTH SIBJISAETCH MET-
puka pemenus [lIBapmmuibaa, 1 Ha Hefl He cKasbIBaeTcs JajbHefi-
mwas cyapGa 3Be3anl. IlosToMy npu HcclelOBaHMH ACHMITOTHYE-
CKOro TOBEAEHHSI YMECTHO MHOTPOCTY 3ahITh O 3Be3je M paccma-
tpuBath pemwenne [IBapumu/ibia B NYCTOM NPOCTPAHCTBe Kak
NPOCTPAHCTBO, B KOTOPOM Oyayllee CHJAbHO aCHMIOTOTHYECKH Mpen-
CKa3yeMo C NOBEPXHOCTH & Tuna H3o0paxKeHHOH Ha puc. 24, dra
NOBEPXHOCTh He 00/1a1aeT aCUMNITOTHYECKH TPOCTHIM INPOULIBIM H
TOTIOJIOrHUECKH OHa mpefacTasasder coboit S?2 X R!, a we R3 Opuako
yacTb & BHe ropu3oHTa cobuiTuil B cOjacti | HMeeT Takywo ke
TOMOJIOTHIO, KaK 06JacTe nopepxHoctn & (t) BHe ropusoHTa cobbl-
THH Ha puc. 57. Mbl XOTHM paccMaTpuBaTb MPOCTPAHCTBA, B KOTO-
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ppix Oyaylllee CH/IBHO ACHMOTOTHYECKH NPELCcKasyeMo ¢ IOBEepPXHO-
cTH & U KOTOpbie NpPH 3TOM TaKOBBI, 4TO YacTh &, HaxXOAsllasics
BHE TOPU30HTa COOLITHH, 00najgaeT Takoil ke TOMOJOrHeH, Kak He-
KOTOpasi 1OBEepXHOCTL & (T) B NPOCTPAHCTBE € ACHMMITOTHUECKH
pOCTHIM INpouibiM. KoneduHo, B Gojee CAOKHBIX CJAYYasiX MOKeT
0Ka3aTbCsl HECKOJIbKO KOMIOHEHT & (T), COOTBETCTBYIOUIMX KOJ-
Jancy HeckoJabkux ted. Ilostomy mbt Gynem paccMaTpuBaTe Ipo-
CTPAHCTBA, KOTOPLIe CHJABLHO aCHMHTOTHUECKH MNpeICKasyeMbl ¢ Me-
BepXHOCTY & U 06/1aal0T TeM CBOHCTBOM, UTO

(o) muO)ectBO & (1= (J+, M) romeoMopdHo 1pocTpancTey R3
C BBIPE3AHHLIM M3 HEro OTKPHITHIM MHOXKECTBOM ¢ KOMIIAKTHBIM
3aMblKaHHEM.

(OTmeTHM, 4YTO 3TO OTKPHITOE MHOXKECTBO MOXKET H He OBITh
cBs13HbIM.) Kpome Toro, 6bIo Obl yIOGHO Ha/loKUTh Takoe Tpe6o-
BaHHE:

(B) mosepxuocTb & OLHOCBSI3HA.

ITpedaomcenue 9.2.6

[Tycte (M, g)— DPOCTPAHCTBO, KOTOPOE CHJABHO ACUMNTOTHUE-
CKY MpeAcKasyeMo ¢ dacTuuHo# nosepxuoctu Kown &, ynosJerso-
psirowtedi TpebGopauuam (o), (B). Toraa

1) moBepxHocTs ¥ (tT) Taxkxe ygosaersopser TpeboBaHusam (a),
(B);

2) npu yuobom t 0% (v)-— rpauuna yepHoit Awipel H(t) B ¥ —
KOMOAKTHA U OJHOCBSI3HA.

[Tockoabky nosepxHocta & (v) romeomopdHsl &P, OHU yaOBIIE-
TBOpsitoT TpebGoBaHu (). MoXHO onpeselnTh HHDBEKTHBHOE OTO-
6paxenne

v? NI (7, H) >0 (9%, A)

KaK fepeHeceHHe Kaxmoil Touku & (t) no HHTErpasbHON KDPHBOH
BEKTOPHOTO 1moas X, BBeJEHHOrO B npemgaoxenun 9.2.3, no ee nepe-
ceuennss ¢ &. Ilpoctpancrso (A, g)— acHMITOTHYECKH NPOCTOE
B cnaboM cMbicae, mostoMy B ¥ (1) 1 J=(I+, J) BGAu3n I+ MOMHO
noctpouTh 2-chepy £. YHacts F (1), KoTOpas HaXOoAHTCsi BHe P,
Gyner otobpaxaTbcsa B 00JacTb &, PACHONOKEHHYIO BHE 2-cdepbl
y(#). Otciona BUAHO, 4TO 06aacTs MHoKectBa & (\ - (I+, ),
goTopast He comepxutca B y(F(v) N J-(I+, A)), ROMKHA UMETb
KOMIakTHOe 3a-blkanue. CijenoBateabHo, MHO)KecTBo v (P (t)()
N J=(I*, A)) nomxHO OBLITH TOMEOMOPMHBIM NPOCTPAHCTBY R3, u3
KOTOPOr0 BLIPE3aHO OTKPBITOE MHOXKECTBO ¢ KOMIIAKTHBbIM 3aMblKa-
uueM. [lockogabKy moBepxHocTs & (t) romeovopdHa R3 —7° rne
7’ — OTKPBITOE MOAMIOMKECTBO npocTpaHcTBa R® ¢ KOMIAKTHBIM 3a-
MblKaHueM, rpanuna 0% (t) Oyner romeomopdHa 07’ u B CHJIY 3TOTO

12 3akaz 381
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kovnakTHa. ['pannna 0%, (t), OyAyun 3aMKHYTBIM NOAMHOKECTBOM
0% (1), TaxxKe KOMHNaKTHa.

HonyctaM, 4T0 0%, (1) COCTOMT H3 ABYX HECBA3HBIX KOMNOHEHT
0% (1) u 0%#:%(7). Torga B P(t)— B (t) MOXKHO OblIO Gbl IPOBe-
CTH KPHBble Aj M A9 OT £ (r) 10 0%, (v) u 0%,?(T) COOTBETCTBEHHO.
MoxHo 66110 661 Takke B int % (t) npoBecTd Kpusyio p 0T 0%, (v)
10 0%,2(t). CoelHHUB BCe 5TH KPHBblE, Mbl MOJyYHsan Gbl 3aMKHY-
Tyi0o XpuByo B & (1), KoTopas umeya Obl ¢ 0%;'(v) TOJbKO ORHO
nepeceuenue. ATy KPUBYIO Heb3si AedopMUPOBATh B & (T) K HYJIO,
4TO NpOTHBOpeuuT ToMy (akry, uto ¥ (t) OAHOCBA3HA. o

Hac unrepecyioT quiub Takue uepHbie ABIPH, B KOTOpble PeasbHO
MOXKHO <«IPOBaJHUTBCSA», T.€. Takue, TpaHHLA KOTOphlXx 0% (1) co-

nepxutes B JH (I, A). Iostomy x rtpeboBanuaM (a) u (B) Mbl
no6aBiUM Takoe:

_{y) aas_pocrarouro Goabuwux v ¥ (v) VJ(I+, M) comepmurcs
B J/H(I—, A).

Bynem naswiBath (M, g) pecyraipHo npedcKasyembim npocTpar-
CT60M, €cau ero Oyayllee CHJIBHO NPEACKA3yeMo ¢ YaCTHUHOM Tio-
BepxHOCcTH Kown & # eciy OHO yIOBJAETBOpseT TpeOOBaHHAM (@) —-
(y). Bce mpocTpancTBa, ynoMsiHyThle B HauaJse pasjena, HMen
acCUMNTOTHYECKH IpeicKasyemoe Oyayllee, ABAAOTCE B TO XKe
BpeMst U peryJspHo npeackasyemeiMu. W3 npepsgoxenus 9.2.6 Bun-
HO, YTO KOTZa MBI MMeeM [eJ10 C peryasgpHo MpeLcKasyeMbiMu
NpPOCTPAHCTBAMY, Pa3BUBAIIIMMHUCH M3 HEKOTOPOH 4aCTHUHOH mo-
BepxHocTH KollH, CyllecTBYeT B3aHMHO-OLHO3HAUHOE COOTBETCTBHE
MeXJy YepHBIMH Abipamu %;(t) u ux rparuuamu 0%;(t) s Z(1).
[TosToMy B Takof CHTYalUH MOMKHO ObLIO Gbl LaTb IKBUBAJIEHTHOE
onpejeseHue YepHOH JAbIpbl KaK CBA3HOH KOMIOHEHTLI MHOXKEeCTBa
F()N I~ (I A).

[TpuBesem yTBep:KieHHe, B KOTOpPOM ycTaHaBJHBaeTcs BaxkHOE
LJisi CJeAyIoulero pasjesia CBOHCTBO I'pPaHHIbI YeDHON ALIPHL.

ITpedroomcenue 9.2.7

yets (M, g)— peryaspHo fpejcKasyemMoe NpoCcTpaHcTBo, pas-
BHBAIOLleeCs W3 HEKOTOpOH YacTHUHOHA mosepxHoctd Kouru &, mpu-
ueM R pKeK? =0 nas Jgwboro usorponnoro sextopa Ko Ilyctb
% (v)— uepHas Ibipa Ha mnoBepxHoctH F(v), a {#: ()} (=
=1, ..., N)—duepHblec ObIpel Ha OoJee paHHed [TOBEPXHOCTH
F(v), mnas xoropuix JH(%B;(v)Y)N Bi(t)s= &. Torpma mioulaib
A;(t) rpanunet 0% (r) Oosblie wuAM paBHA CcyMMe IIoLIajtell
A;(t") rpanuu O0F;(t'), 1 paBeHCTBO MMeeT MeCTOo JHWb IpH
N=1.

Hdpyrumu caoBamu, [JIOIAAbL paHUlBl YepHON HBIPHL He Mo-
J)KeT yOBIBaThL CO BpPeMEHeM, H ecJau ABe HJaH 0GoJsee yepHLIE ABLIPLI
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CAUBAIOTCA B OAHY, MJOILaAb CPaHHULbl MOocAefHel Oyner Goablie
CYMMBI IJIOIIaAeH FPaHHL HCXOLHBIX YePHBIX ABIP.

[Tocko/IbKy TOPH3OHT COOLITHH ecTb IpaHUIlA NPOUIIOTO MOBEPX-
HoctH J'*, ero M30TpONHBle reonesuyeckre obpasywomiue OYayT ob-
JlajaTe KOHEUHBLIMM ToukaMmMu B OyAylleM, TOJBKO eC/JIH OHHM mepe-
cekalor J*. D10, OAHAKO, HEBO3MOMXKHO, TaK KaK H30TPOIHBIE reo-
Iesnyeckne obpasyiolie J+ He HMEIOT KOHEUHBIX TOUEK B GyayIIeM.
Takuwm o6pasowM, HzoTponHbie 06pasyloUlHe TOPH3OHTA COOBITUH HE
UMEIOT KOHEUYHLIX Todek B OyayuieM. [To memme 9.2.2 ux pacxox-

nemne O HeOTpUUATENBHO; CJEIOBATENBHO, MJIOMAZAb ABYMEPHLIX
ceueHHil 3TuX 00pa3yroUNX He MOKeT yObIBATH MO Mepe pocTa T.
B cuny csofictsa (B) mpeasoxeHnss 9.2.3 M cOrjacHO NpensioxKe-
Huo 9.2.5, Bce H30TPONHBIE reoje3nyeckue o6pasyrollde MOBEPX-
Hoctu J— (I, ), nepecexaomue F(v') B oasom us 9%;(v),
no/MxHBl Tepecedr F(t) B 0% (r). Takum obpasom, njomwanb
0%, (t) Gouabluie uau paBHa cymwme miomaneir {0%;(1")}. Korua
N > 1, 0%,(t) Oyzer colepxkatb N pasieqbHbIX 3aMKHYTHIX MOA-
MHOXKECTB, KOTOpble COOTBETCTBYIOT 06pasyiolluM MOBEPXHOCTH
I=(I*, M), nepecexaownm Kaxayio 0%;(z’). Ilockoabky 0% (t)
CBsI3HA, OHA [0JKHA COAEPXKAaTh OTKPBITOE MHOMKECTBO 06pasyio-
IHUX, KOTOpble He MepeceKaT Kakyw-au6o uz 0%;(1'), a umewor
MpolL/Tble KOHeYHBle TOUKH Mexay F(t) u F(v'). |

Omnpenesienie 4epHOH ABIPBI Uepe3 FOPU3OHT coObITUll [~ (T+, A)
yaoO6HO TeM, 4TO OH fABJAAETCS H30TPONHOH THIIEPIOBEPXHOCTBIO U
o6Janaer MOTOMY psOM NpHBJAeKaTedbHbx cBolicTB, OmHako 3T0
oInpe/e/eHne 3aBHCHT OT NOBEACHHS pPeIIeHHs BO BCce BpeMeHa B Gy-
AylleM; Tpu 3adanHoll wactuuHofl mnosepxHoctu Kowmm & (1) MbI He
MOXEM CKa3aTh, TJe pPacloJIOKEeH TOPH3OHT, He DellHB CHavaJa
sanaun Komu Bo Bcell o6sactu Kowu Oyayiiero aTo# NOBEPXHOCTH.
[Tosromy Oyner noJesHo AaTh onpejesieHHe TOpH3OHTa HHOTO pPOJAA,
KOTOpDLIfi 3aBHCUT JIHIIb OT CBOHCTB MPOCTPAHCTBA-BPeMeHH Ha Io-
BepxHOCTH F (T).

W3 npengoxenua 9.2.1 Mb 3HAeM, uTO B pa3BUBAOIUIEMCS H3
yacTuuHOH mosepxuHocty Komu & pery/spHo npenckasyemMoMm Mnpo-
cTpaHcTBe JwoOasi 3aMKHyTasi JOByWeYHast IOBEPXHOCTh Ha P (T)
JOJKHA HAXOAUThC B JB(T). DTOT pe3ybTaT CBsizaH TOJBKO C TeM
GaxToM, YTO BXOASUIHE OPTOTOHANBHO K 3TOH 2-NMOBEPXHOCTH H30-
TPOTHBIE Te0le3ndeckde cxoaarcs. Ilpu 3TOM He BaxKHO, CXOAATCA
WIH HeT BXOLSUIMEe H30TPONHBIe reopesuyeckue, ITostomy Mmr Gy-
JeM TOBOPUTBb, UTO ODHEHTHPYeMas KOMINaKTHas NPOCTPAHCTBEHHAdA
2-moBepxHOCTs B DH(F) ecTb 8HEWIHAL A0BYULEHHAS NOBEPXHOCTS,

€CJIN pacxoxiaclnue 0 BoIXOAAIIHX OpPTOroHaJbHO K HeH H30TPONHBIX

reojesuueckux Heotpunarespno. (Cayua# 6 == 0 BKJIo4aeTcs cioga
st yro6ersa.) Utobbl onpeaesuTb NOHATHE CEMENCTBA BBHIXOASLUHUX

12*
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S —)

M30TPONIHBEIX TeO0le3NYecKHX, BOCMOJb3yeMcs cBoiictBoM (f) ua-
ctHyHblx nosepxHocrel Kowu #(t). Ilycts X -— BpemeHunogo6Hoe
BEeKTOpHOe noJje u3 npentoxenus 9.2.3. Torna no0yio KOMIAKTHYIO
OPHEHTHPYEMYIO 2-NIOBepXHOCTb P B D+(F) MoxHO 0TOOpA3UTh MO-
CPENCTBOM HHTErPasbHBIX KPUBLIX moJst X Ha KOMIA4KTHYIO OpHeH-
THpyeMyio 2-noBepxHocTh & B F(t) npu JiofoM AaHHOM 3Haue-
nun 1. [lycts A — kpusasg B (1) UZ (v) or £ (v) no &, nepece-
Kalonias %’ TOJbKO B CBOEH KOHeuHOH Touke. Torga MOMKHO ompe-
NeJHUTH BHEIIHee HampaBsJjeHue Ha & p & (1) Kak HampasJ/cHue, B KO-
TopoM A mpubauxaerca K P, Tlockonpky nosepxuocts ¥ (1) onxo-
CBSI3HA, 9TO oONpejeseHHe oaHO3HAawHO. CeMeHCTBOM BHIXOAALINX
H30TPONHBIX Ie0[e3UYECKUX, OPTOTOHAABHDLIX P, ABjsAeTCA TOTAa ce-
MeHCTBO, 0TOGpaxkaeMoe noJteM X Ha Kpusble B & (T), KOTOpble A4
P’ sBAAOTCA BBRIXOLSUIHMH.

3Has pellleHHe Ha NOBePXHOCTH & (1), MOXKHO HalTH BCe BHeLI-
HHe JIOBYLIEUHbIe MOBEPXHOCTH P, KOTOphie JAexkaT B ¥ (t). Mul om-
pepeaum 20s8ywednyo 06aacTo 7 (t) Ha nosepxHocTH F(t) Kak
MHOXECTBO BCeX TOueK ¢ & F(tr), uepe3 KOTOpPble [POXOJAMT BHeELUI-
Heg JIOBYLIEUHAs NOBEPXHOCTh &P, Jexamas B P (t). Kak mokasbl-
BAeT CJAEAVIOUIHH pe3y/ibTaT, CyLlecTBOBaHHe JIOBYIIEYHOH o6sactd
7 (T) NPUBOAMT K CYILECTBOBAHUIO YepHON AbIpH % (T), U OpH KaxK-
IOM 3HaueHuu T 7 (t) aeXKUT B % (7).

I1pedaomncerue 9.2.8

Tlyets (M, g)— PeryJsipHO NpeNcKazyeMoe [POCTPAHCTBO, pas-
BUBalOlleeCs U3 YaCTHYHOH moBepxHocTH Kouwm &, H mycTh B 3TOM
npocrpatctBe R KK = 0 145 BCSKOTO u30TponHoro sektopa Ke.
Torna BHewHsisi soBylleuHas noBepxHoCcTh & B DH(P) He mnepece-
Kaer J=(J+, MA).

OT0 NpeaNoXKeHHe A0KasplBaeTcs NOAOOHO npemnoxenuio 9.2.1.
Honycruym, uto & nepecekaer J=(J+, J). Torna J+(P, A) nonxua
nepecekatb J*. K Kaxzoit trouke us J+ [ J*(P, A) MoxKHO mpo-
BECTH HAaNpaBJeHHYI0 B NPOLLIOEe H30TPONHYIO T'e€OAE3HUYECKYI 06-
pasywolly nosepxHoctd J+H(P, J), UMEIOUYI0O KOHEUHYIO TOUKY
B NMPOLIJIOM Ha %, HO He HMEIOLLYIO TOYeK, CONpPsKeHNbX #. B cuay
(4.35), pacxoxaenue B 3tux 06pasywuiux GyACT HENOJOKHTENbHO,
TOCKOJIBKY OHO HErNoJOXKHTeJIbHO Ha P H NOCKOJIBKY Rqp KeK? = 0.
Taxum o6pasoM, mioulafb ABYMEPHOro CeueHHs YHOMSIHYTBIX ofpa-
syoulux Oyier Bcerza MeHblle UAM PaBHa miaouwlaay . DTo NpH-

BOLHT K MpOTHBOpeuHio, Tak Kax J+ () J+(P, A), Haxodsick Ha
feCKOHEUHOCTH, HMeeT OeCKOHEUHYI0 MJI0ILalb, o

BHrewHwow rpaHuuy 07 ((t) cBa3HOi KOMIOHeHTH I 1(tT) JIOBY-
weyHoH obsactu I (t) Mbl OyAeM HasblBaTb KANCYULUMCS 20pU3OH-
Tom. CoryiacHO NpPeNBIAYIEMY DPesyJbTaTy, U3 CYIIECTBOBAHHS Ka-
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Kylierocss ropusonta 07 1(tr) clAeayer, 4To CYLIECTBYET BHe ero
HJIM COBMAJaeT ¢ HUM KoMIMoHeHTa 0% (tv) ropusoHta cobuituit. O6-
paTHOe, OAHAKO, He 00d3aTeNbHO BEPHO: BHYTPH TOPH30HTa cOOHI-
THH MOXKeT i He OLITb BHEIIHHX JOBYIIEUHBIX ITOBEPXHOCTE,

| I
Pewernue Usapyuunsga 3 |
g (ms8m) |

: LUHYNFPHOCTS |
i
Brympenneli |
k%,w_gu/udm fee—7= 2(m+8m)
20pU3OHIT |

A,

[apu3onm codstrad

I‘Z-(rz ) l/ Brewnudd kawyeyud-
e, ~ ! [ y T P 7 20pU30HT?
| W 4 h W | -

Jopusonm

'
SFeulerue Codermul

Ueapywunsga

\ (P72 (m) =27

-
a—
-

Ronnancupyrodfas
9doT0YKZ (EM)

lopusonm
codsimud

Puc. 59. Cdepnueckuii KOJAMANC 3BE3IBl MACCH /71, CONPOBOKIAeMblil Cchepuyes
CKUM KoJJancoM 000J0UKH Macceel Om; BHewHee pemenue OyfgeT pelueHHeM
Ipapumnisia IJs8 Macchl M MOCJe KoJaanca 3se3fn u pemtexvenm [IBapie-
muapia AJas Mace m = dm mocme Koaaamca 060/104KH. B MOMEHT T; HMEETCH
TOPU30HT COOBLITHH, HO HET KaXKYLUIHXCS TOPU3OHTOB COOEITHH; B MOMENT Tz BHYTPH
FOPU3OHTA COOLITHI €CTh JARA KAXKYILHXCA TOPH3OHTA COOLITHIL.

C Ipyrofi CTOPOHEI, BHYTPH OJQHOH KOMIOHeHTH 0% (t) ropiu-
30HTa COOBITHIH MOKeT ObiThb OoJsee OZHOH CB3HOH KOMIIOHEHTHI
JopyueuHo#l obaactd 7 (t). Takas BO3MOMKHOCTb HJJIIOCTPUPYETCS
puc. 59. [Toxoxkas curyauuss BO3HHKAET IPH PACCMOTPEHHH CTOJKHO-
BEHHS M CJHSHUA JABYX uepHbIX Ablp. Ha nHauajbHOH NOBEpPXHOCTH
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P(v;) wumeroTcs ABe JOBylIeuHble objgactd I 1(v;) u I 2(t1),
HAaXOAsLlUeCs COOTBETCTBEHHO B ueDHBIX Abipax %i(t)) u RBa(ti).

)

=

< N N

j
£

WAl
AN\

Hossrd
Kaxyudes
200UFOHT?

lopusonm codsimud

—~— _—Yeoran gsjpa

Aanywudeq ] — Kawywyudes
200U30H177 20pUZaH N
B,
B4 | Fz;)
9B,
k_/ \9

P uc. 60. CronkHOBeHHe M CJHSHHE JIBYX YepHHIX /BIp. B MomeHT BpemeHnu Ty

BHYTPH TOpH30HTOB coBuTHH 0% (T;), OF (T2) CYLIECTBYIOT KaXKylIHecsi TOpH-

souTH 09 1, 07 2. K MOMeHTY T 9TH T'Opu3OHTH COGHITHA CJHBAIOTCH U 00pPa3yoT

OAUH FOPU3OHT COOBITHH; K 3TOMY MOMEHTY ofpasyercs Tpetull kaxyuiufica ro-
PH30HT, OKPYKAWOUIKH IPefUIeCTBYIONIHE KaKyuldecs TOPU3OHTEHL.

ITo mMepe ux B3auUMHOro COJHKEHHS OHM CJAMBAIOTC U 00pa3yloOT
eIHHYI0O UYEpHYI0 AbIpDY Ha(te) Ha OoJsiee nNO3JHeH#l MHOBEPXHOCTH
F(12). OnHako Kaxylluecs Topu3oHTH 07 1(t) U 0F o2(t) He cO-
JBIOTCA HEMEIJeHHO, a IOSBHTCA TpeTbsl JOBYyIIeyHas 00JacTb
I 3(t), oxkpyxaioiasi nepBuie gse (puc. 60). B Hexoropnii Gosee
No3AHUH MOMEHT 7 |, T 2 1 T 3 CONBIOTCA BOCAUHQ,
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Mper umip HabpocaeM cxeMy A0Ka3aTeldbCTBA OCHOBHBIX CBOMCTB
Kaxyulerocs ropusonTa. [Ipexne Bcero umeem

IIpedaoocenue 9.2.9

Kaxnass KoMnoHeHTa 07 (1) ABJAETCS TAKOH 2-NOBEPXHOCTHIO,
YTO BBLIXOASINHE OPTOrOHAJIbHbIE H30TPOIHBIE Te0Je3HUecKHe HMEoT
Ha 07 (1) HyJeBoe cxoxaeHue 8. (Takyw noBepXHOCTL MBI 6YyIeM
Ha3blBAThb MAP2UHAALHOLU BHEWHEl N08YUEYHO Nn0B8epXHOCTHIO.)

Ecin 66 O 6bLIO MOMOMKHTETbHLIM B HEKOTOPOH OKPEeCTHOCTH
B 07 (tv) Touku p € 07 (t), TO 6Gblia Obl OKPECTHOCTL @4 TOYKHU p,
Takas, 4To Jrobas BHELIHsS JOBYLIeYHash NOBEpXHOCTh B & (1), KO-
TOpas nepecekaeT ¢, nepecekna Gnl Takke u 07 (vr). Caenosa-
Tes1bHO, 8 << 0 Ha 07 (x).

Ecau 6nl 6 6bl10 OTpUIATENBHO B HEKOTOPOH OKPECTHOCTH
B 0F (t) ToukH p & 07 (T), TO MOXKHO 6bIIO Obl pacTsiHyTs 07 (1)
B #(T) Tax, 4TOObl MOJIYYHTh BHEIIHIOW JIOBYIIEYHYH HOBEPXHOCTh
cHapyxu 07 (1). o

Wrak, M30TponHbIe reofe3nyeckue, OPTOTOHAJbHbIE K Kaxylle-
Mycs TOPU3OHTY OF (t) Ha nosepxHocTH & (t), BBIXOAAT U3 07 (1)
¢ HyJeBLIM cXoxaeHneM. OJHAKO ec/H Ha HX NMYTH BCTPETHTCS Ma-
Tepus HaM 00/acTh, rae TeH30p BeHJst yoOBJETBOPSIET THIIOBOMY
ycaoBuio (pasa. 4.4), OHH HAYHYT CXOAHTHCS, [O3TOMY HX Tepe-
ceyenne c OoJee TNO3QHel moBepxHOCThIO P (1) Oymer sexarhb
BHYTPH Kaxylerocs ropusoHra 0 (v'). Wuawe rosops, Kaxy-
wuicss TOPH3OHT [BHXKETCsST HapyXKy 1O MeHbLIefl mepe CO CKO-
POCTbIO CBeTa M ObICTpee CBeTa, €CJM HA €ro HyTH NONalerTcsi Be-
IeCTBO HJIM HM3jaydeHHe. Kax BHAHO U3 BhILENPUBELEEHOrO IpU-
Mepa, 5TO [BHIKeHHe MOKeT ObITb ellle U Pa3pLIBHBIM. BcaexncTeue
5TOFO € KaXKyUIUMCS TOPM30HTOM HMeTh [A€J0 TPYLHEE, YeM C TODH-
30HTOM COOBITHII, KOTOPBIA BCerfia ABUKETCH HemnpephlBHbIM 00pa-
soM. Mul nmokaxeM B ciefywolileM Dasjese, uTo rOPH30HT COOBITHI
M KaXXyLlHHcs TOPU30OHT COBMAJAIOT, KOTJA pellleHHe CTalHOHapHO.
[TostoMy Hamo OXuAaTb, 4TO 00a TOPH30HTA OUYeHb OJIM3KH APYT
K APYrY, €CJH pelleHHe IOYTH CTALHOHAPDHO B TeYeHHe MAJUTE]b-
HOTO BpeMeHHU. B wacTHOCTH, UX NJIOLaAH B TaKHX CaydyasX, no BceH
BEpOSITHOCTH, OJUHAKOBBI. Eciu MMeeTcs pellleHHe, KOTOpoe M3 Ha-
YaJbHOTO TOYTH CTAaLHOHAPHOTO COCTOAHHS uyepe3 HeKOTOpHIH nme-
pPHOJX HeCTAlHOHAPHOCTH NEPeXOAUT K KOHEUHOMY IOYTH CTalHO-
HApHOMY COCTOSIHHMIO, TO MOXHO HCHOOJIB30BaTh NpeiatoxeHue 9.2.7,
uTofObl CBA3aTh IJIOULAAM HayaJbHOTG H KOHEUHOT's IOPH3CHTOB.

9.3. KoHeuHoe cOCTOSIHHE YEPHOMH JbIPBI

B npeabiayliem pasfesne Mbl IPUHMMAJH, YTO B YLaJdeHHH OT
KoJl1ancupylolliell 33e31bl MOXKHO 1pejckasaTte 6yayllee. Kak 6bl10
[I0OKA3aHO, M3 3TOro MNPEANOJIOKEHHST CJAEAYeT, 4TO 3Be3la YXOAUT
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3a TOPU3OHT COOBITHH, KOTOPLIH CKPbIBAaeT CHHIY/AAPHOCTH OT BHELI-
Hero HaOJogatens. Marepus u Heprud, rnepecexaroliue FOPH3OHT
CoOBITHIL, OYAYyT HaBCErLa NOTEPsiHLl AAsl BHemHero mupa. [lostomy
CeAyeT OXHULATH, 4TO Ha OECKOHEUHOCTb B BHJAE rPaBHTALHOHHBIX
BOJIH OymeT H3JyuyeHO OrpaHHueHHOe KoJnuecTBo 3Hepruu. Koraa
nojapJsiolllas 4acTb sHepruu Oyjaer H3JayueHa, BHe TOPHU3OHTa pe-
LieHWe, MOo-BUAMMOMY, Oyaer HpHOJAMKATbCS K CTANUOHADHOMY CO-
CTOSIHHIO. BBuAy 3TOro B L4aHHOM pasjiejie MBI HCCJIeAyeM CTPOro
CTallHOHApHBle PeLUeHHs] AJd UYepPHBIX ABID B NPEATONOXKEHHH, YTO
uX BHewHue obJacty OYAYT AOBOJBHO TOYHO COOTBETCTBOBAaTb KO-
HeuHBIM COCTOSIHHAM peHIeHH# BHE CKOJMANCHPOBABMINX OODBEKTOB.

Tounee, MBI OyfieM paccMaTpuBaTh npoctpaHcTso (A, g), KOTO-
poe YIOBJETBOPSET C/IeLYIOUIUM YCJAOBHAM:

1) (A, g)— peryaspHO INpeAcKasyeMoe INPOCTPAHCTBO, Pa3BH-
Baloilleecs U3 yaCTHUHOH rnosepxHoctd Koumn &;

2) cyulectByer rpynna usomerpun 0p4 — A, y KOTOPOH BeK-
Top Kusnunra K Bpemenunogo6en s6ansu J+ u J—,

3) (A, g)— mycToe NPOCTPAHCTBO HJH COAEPXKUT MOJIS THIA
5JIEKTPOMArHUTHOTO HJH CKaJsDHOrOo, KOTOpPble YAOBJIETBOPSIOT XO-
poLIO ONpefesNeHHbIM THNePOONNUECKHM YPaBHCHHAM M YCJIOBHIO
SHEPrOJOMHHAHTHOCTH: TopNeL? = 0 paa HanpasjeHHBX B OyLy-
nee BpeMeHUnoL00HbIX BeKTOpoB N, L.

Bynem HasnbiBaTh NMPOCTPAHCTBO, YAOBJAETBOPsIOILEe 3THM YCJIO-
BUSAM, CTAYUOHAPHBIM PE2YAAPHO NpedcKasdyemvim npOCTPAHCTEOM.

Mgl cunraeM, uto npu GosplIMX 3HAueHHAX T 06JaacTe J—(JI+, M) ()
N J+(&£(x)) peryaapHO OpeacKasyeMOoro NpOCTPAaHCTRA, COxepxKa-
llasg KoJJIalcupyiolilie 3Be3Abl, OyaeT MOYTH H30OMETpPHYHA aHaJo-
rHYHOI 06JIaCTH HEKOTOPOro CTallHOHAPHOTO peryJ/isipHO IpeicKa-
3yeMOro npocTpaHCcTBa.

Ycaosue (3) OCHOBAHO Ha TOM NPEANOJNOXKEHHH, YTO Jw06as
MaTepust ¢ HEHYJeBOH Maccoil MOKOs B KOHEYHOM cCueTe <«IpoBa-
JUTCS» 3a rOpPU3OHT. MoryT ocraTbest JUWIb NOJAS AaJbHOACHCTBYIO
MIMX CHJ THIA 3JeKTpoMarHuTielx. M3 yeqaosufl (2) u (3) caenyert,
4TO MpocTpancTBo (A, g) aHaIuTHYHO BOJM3M OECKOHEUHOCTH, Ie
nose BekTopoB Kusmunra spemenunogo6uo [110]. Mbl npumem, uTo
pelieHNe B APYTHX MecTax SBJAETCH aHaJHTHYECKUM I[POJOJIKe-
HMeM M3 510 HapyxHOi obsactH. PaccmaTpuBaeMble 37ecCh cTa-
[MOHApHBIe pellleHus He 00/1afaloT aCUMNTOTHYECKH IPOCTHIMH
APOLUIIbIMH, TaK KaK OHM COOTBETCTBYIOT JIHIIb KOHCUHOMY COCTOSA-
HHIO CHCTEeMbl, U He ONHchBaloT O6oJee paHHIOW AHHAMHYECKYIO
craguio. Ho Hac uHTepecyloT cBOHCTBA 3THX pPelleHUH TOJNBKO B Oy-
AyimeM, a He B npoumioM. CBoHcTBa B OyaylueM M HPOIIJIOM MOTYT
pasauuarhbCs, NOCKOABKY HET HHKAaKOH aNpUOPHON MPHUHHBL AJs
TOro, 4TOGH OHH ObliM 06paTHMbl BO BpeMeHM; (HaKTHUECKH TaKas
06paTUMOCTh BO3HHKAeT KaK CJelCTBHe pe3yJabTaToB, KOTOpPble 0y-
AYT TOJyYeHbl HUIKE,
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B cranuoHapHOM DeryJspHO npeacKkasyeMoM NpOCTPaHCTBe I1J10-
maib ABYMEPHBIX CeYeHHH ropusoHTta cOOLITUH He OyneT 3aBuceTb
OT BPEMeHH. DTO NPUBOAHUT K c/epyloileMy QyHIaMeHTalbHOMY pe-
3y/AbTaTy:

Ilpedaoscenue 9.3.1

[Tycts (M, g)— cranuoHapHOe PEry/aspHO NpeacKadyemoe Mpo-
crpaHcTBo-BpeMs. Torza ofpasyioiiue ropusonTa CoGLITHI GyAy-
wero J=(JF, M) He HMEIOT KOHEYHBIX TOYEK B MPOLNIOM
B J*(I~, ). Ilycts Y| — Hanmpas/enrble B Gyayuiee KacaTesbHbIE
K 3THM 06pasyouuM BeKTopsl; Toraa B J*(J—, #) BexTop Y, 06-
JlajaeT HyJeBbIMH CIBUTOM & H PacXoxieHHeM O u ymom/ieTsopser
paBeHCTBY

RosY1Y " = 0="Y (.CapperaY 1Y ,"Y "

Urtobnl He NpepuiBaTh H3JIOKEHHS, MBI OTJHOXKHM J0Ka3aTeJbCTBO
3TOro M JPYruax pesyabTaToB 10 KOHLIaA paspena. M3 atoro npen-
JIOXKEHHS BHJAHO, YTO B CTAlHOHapHOM MNPOCTPAHCTBE-BPEMEHH Ka-
XKyUWuics TOPH3OHT COBMAJAET ¢ TOPH3OHTOM COGBLITHHA.

Tenepb MBI NMpHBexeM HEKOTOpHle Pe3yAbTaThl, KOTOpHE YKashl-
BalOT Ha TO, 4TO ceMelcTBoM peumenufi Keppa (pasn. 5.6), BeposiT-
HO, HCHEPNbIBAIOTCA INYCThle CTAUHOHAPHBle PEryJAdpHO NpeAcKa-
3yeMble TpoctpaHcTBa. Mbl He 6yaeM NPUBOMUTL 34eCh 10Kas3a-
TesbcTB TeopeMm lspasus u Kaprepa, a Tosbko comaemcs Ha
cooTBEeTCTBYIOIKE cTaTb. OcTalbHBle pe3yabTaThl OYAYT AOKa3aHbI
B KOHIe JAaHHOTO pasiena. Ha OCHOBaHHM 3THX DE€3YJbTaTOB MbI
noJaraeM, 4TO [AJIA HE3apsiKEeHHOIo KOJJIalNCHPYIOUEero ofbekra
B KOHILle KOHLOB ycTaHaB/auBaeTcsi peledue Keppa. Ecau ckoagan-
cHpOBaBIlee TeJqo 00JiagaeT HEHYJNEBBIM MOJHBIM 3apsifoM, pelle-
HHe, KaK Mbl NoJjaraeM, OyAeT CTPEMHTLCS K OJHOMY H3 pPelleHHl
Keppa 1151 3apa:KeHHOTO TeJa.

Ilpedaroscenue 9.3.2

B cranuoHapHOM peryJasipHO INpeacKasyemMoM [POCTPaHCTBE
Kaxjaas CBf3Hasi KOMIIOHeHTa ropusoHTa 0%(t) B J+(I~, M) ro-
meoMopdra 2-cdepe.

He ucK/II04eHO, YTO MOCYT CYIIECTBOBATL HECKOJDbKO CBA3HBIX
KOMIOHEHT 0% (T), COOTBETCTBYIOILNX HECKOJbKHM UYepPHBIM IbIpaM,
pacroJIOKEHHEIM Ha HEM3MEeHHBIX PacCTOsHHAX APYT OT Apyra. Ta-
Kasf CHUTyallls MOXKeT BO3HHKHYTb B NpeNeJbHOM c/ydYae, KOria
Kax[as U3 3THX UepHBIX ABID MMeeT 3apsill e, paBHLIH ee Macce m,
u e Bpamaetcs [69]. ITo Bcell BepoOSITHOCTH, 3TO €IMHCTBEHHBLE
caydail, B KOTOPOM MOTYT BO3HHKHYTh HACTOJBKO 3HAYHTEJbHBIE
CHJIbHble OTTAJKHBAHHS, YTO OHH YPaBHOBECAT TIpaBHTAaLHOHHOE
NPUTSXKEHHe MexAy 4YepHbIMH abipamu. [lostoMy Mbl  Gyzem
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paccMaTpuBaTh pelleHHs, B KOTOpPhIX 048 (t) obaanaeT TOJNBKO Of-
HOH CBA3HONW KOMIIOHEHTOH.

IIpedaoncerue 9.8.8

[Tycte (M, g)— cTauMoOHAPHOE PErYJSPHO TpelcKa3yeMoe Ipo-
crpaHcTBo. Torma Bekrop Kuanwmnra K¢ oTiivueH OT HyJsl B OLHO-
cBsisHOl oGaactu J+H(I—, M) T-(I+, H). Tlycts namo vy, mnpu
Kotopom & (1) N J=(I+, M) comepskutcs B J+(I-, J). Ecanu
0% (1) wMeeT TOJNBKO ONHOCBSI3HYK KOMIIOHEHTYy, TO 00sacTh
I (=, H) NT=(T+, M) N A romeomopdra [0, 11X S2 X RL

[Tpu manpHefilleM H3JIOKEeHHH Mbl OyAeM Cle10BaTh OZHOMY M3
IABYX BO3MOXKHBIX NyTe#i B 3aBHCHMOCTH OT TOrO, DaBeH HWJH He
paBeH HYJIIO BCIOAY poTop BekTopa Kusaunra K, T.e. KgpKenobed.
Ecau on paseH HyJo, ToO MBI OyleM HasbIBaTh pelleHHe CraTu4e-
CKUM pe2yaapHo npedckasyemoin NPOCTPAHCTEOM-8pemerem. Tpy6o
rOBOpSI, €C/IM YepHasi Ablpa B HEKOTOPOM CMBIC/IE He Bpallaercsi, TO
MOXKHO OXKHJAaTh, YTO pelleHHe OyIeT CTaTHYeCKHM.

ITpedaoncernue 9.3.4.
B cratnueckoM peryJspHO MNpeACKa3yeMoM IIPOCTPaHCTBe-Bpe-
menn Bektop Kuaandra K BpemeHunopoGeH BO BHelnHell 06/acTH

J* (57_, J[—)ﬂf_ (g™, J/?), a Ha

I~ Anit (g, A)
OTAHYEH OT HYJAS M HANPaBJIEH BIOJb H30TPONHBIX 00pasymmIHX
MOBEPXHOCTH i~ (o7, M).

[Tockosabky portop BekTopa K paBeH HyJd0, OH OPTOrOHAaJeH
K HEKOTOPOH THIEPIIOBEPXHOCTH, T. €. CYLIeCTBYeT HeKoTopasi (PyHK-
uus &, Taxas, 4yto BeKTOp K, nponopunouasteH &, Torma Mb MO-
JKeM IpeACTaBHTh METDHKY BO BHelIHeH O6JacTH B BHAE Ggp ==
= 1K, Kp 4 hop, Tae [ == KK, 1 hgp — UHAYLUPOBAHHAS METPUKA
Ha noBepXHOCTsX {E = const}, npHuemM oOHa XapaKTepusyeT pasie-
JeHue HHTErpajbHBIX KpHBHIX nosis K¢ BrewHss oGsacTtb, Takum
06pasoM, AOMYCKAaeT M30METPHIO, KOTOpas MEePeBOJHT TOUKY Ha Mo-
BEPXHOCTH E B TOUKY Ha NOBEPXHOCTH -, JekKallyilo Ha TOH iKe
HHTerpaJ/JbHOH KPHBOH BeKTOpHoro nodst K. dta usomerpus obpa-
LlaeT HalpaBJieHHe TEYeHHss BpeMeHM; INPOCTPAHCTBO, AOMYyCKalo-
llee TaKOTO poja H3OMETpPHIO, OYAeM Ha3blBaTh CUMMETPUUHbIM 80
spemeru. Taxum 06pa3oM, ecjH aHaJUTHUECKOE DaCUIHPeHHe BHEII-
Heil 06MacTH COLEPIKUT FOPH3OHT coOMITHE Oynymiero J=(JI+, J),
TO OHO OYAeT COAePXKaTb M FOPH3OHT cOORITHH mpowioro fH{JI—, A).
STH TOPU3OHTHI COOLITHH MOryT Kak IepecekaTbCsi, TaK H He Tepe-
cekaTtbes; pemenus Ieapuwmuasaa u Paliccnepa — Hopacerpema
npu e* <\ m? ciayxaT [pUMepaMu, KOTAa 3TH TOPH30HTHl Hepece-
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KaioTcst, a pewenue PaficcHepa — Hopacrpema npu 2 = m? —
NpUMepPOM, KOrja OHHM He nepecekaioTcd. B mnociegnem cayuae
f.a = 0 Ha ropusonrte. BaXHOCTL 3TOre NOJOXKEHHST BBITEKAeT U3
Toro (hakTa, 4yTo Ha ropusoHte Oymyuiero J=(I+, M) NI (I, M)
oinosnsiercs  yeaosne KoK’ ='/of,a=pKa, rtme B = 0— no-
CTOSIHHAfA BJOJb KaxJAOH H30TPONHON reofesuyeckoi obpasyollel
nosepxHocTH J—(J+, A). Ilycth v ecTb HanpaB/eHHBIH B Oyayluee
aGUHHBI NTapaMeTp BROJb Kax/[10il Takoi o6Gpasyiouled. Toraa
K = a0/0v, rne o — QyHxuusi BRoAb 06pa3yolIel, NOAYHHSIO-
wasicas ypaBHenuwo do/dv = p. Ecam f = 0 u obpasymollas reo-
JAe3U4ecKH MO0JHa B HaNpaBJeHHH NMPOLIJIOro, T0 (QYHKUHA o U BeK-
top Kusuinnra K 6yAyT paBHBEl HyJI0 B KaKoH-To TOuKe. dta TOYKA
He MOxeT Jexatb B J*(J~, /) u noroMy OyjmerT TOUKOH mepecede-
HHs1 TOPH30HTA cOBBITHH Oyaymero J~(J+, M) u ropusoHTa coObI-
Tuil npoworo JH*(J—, M) [14]. Eciu B = 0, to Bektop K BCiOLY
OT/IMYEH OT HyJs, H HM B OJHOH TOUKe FOPH3OHT He Pa3BETBJAETCH.

Mapasab [84] mokasad, 4To craTHYeCKOe PEryJsipHO npejckasye-
MOe MPOCTPaHCTBO-BPEMSI AOJKHO OBITh LIBAPUIIHJABAOBBIM, €CJAH:

a) T = 0;

6) BenmuuHa [= K%K, nas Bexrtopa Kuanuura K, Bciogy B
JH(T~, HYNT(IF*, M) obmagaer HeHyJeBbiM TPaLHEHTOM;

B) FOPH30HT COOBITHH mpouwtoro J*(J—, ) mnepecexaer rop-

3oHT coObiTuii Oyayutero J=(J*, ) 1no KOMNaKTHOH 2-MOBEPXHO-
ctu F.

[Us ycaoBust (B) u npenaoxenus 9.3.2 ciaepyer, uro F cBsizHA
u obsamaer TonoJsiorueii 2-cepnl. YMapasap He NPUBOAHT yCJI0BHS
(a)—(B) B ToOuHO Tako#l Qopme, HO ero WU Hawa (GOPMYJIHPOBKU
sKBnBaJeHTHB.] [lasnee, oH nokasana [85], uTo mpu 3avMeHe yc/0BHA
OTCYTCTBHA MaTepuu (a) TpeGoBaHueM, 4TOOLI TeH30p T4y OBLT TeH-
30pPOM 3HEPTHH-UMIMYJbCa 3JeKTPOMATHUTHOrO MCJs, NMPOCTPaAHCTBO-
BpeMs OKasbiBaeTcsi mnpoctpaHcTBoM Paticciepa — Hopacrpema.
B pa6ote [111] ycaoBue (6) ObuIo CHATO 1/ cayyas BaKyyMma.

Ha ocHOBaHMM 3THX Pe3yJAbTaTOB MBI NoJaraem, 4To B ciayyae
CTATHYHOCTH KOHEUHOTO COCTOSIHMS peLIeHUsi BHe TOPH30HTa COOBI-
THH METpHKa BO BHelIHeH o6gacTu A0/KHa ObTh MeTpukoi [Isapu-
LIMJIbAA.

Ternepp MbI PaccCMOTPHM CJAy4Yal, KOTja KOHEUHOe COCTOSIHHE
BHEIIHEero pelleHus CTalluOHApHOe, HO He cTaTHuyeckoe. Mer cuH-
TaeM, YTO 3TO HMEET MecTo, KOrfa CKOJJAaNCHPOBABUIMH OOBEKT
B HCXOJHOM COCTOSIHHM BpallaJjcs.

ITpedroocenue 9.3.5
B nycToM cTalMOHADHOM peryJaspHO MpeicKkasyeMoM mpo-
CTpaHCTBE, €cJAH OHO HecrartHyeckoe, BekTop Kuanunra K¢
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NPOCTPAHCTBEHHONIOAO0EH B HEKOTOPOIl yacTu BHelHe#d 00JaacTh
I~ ) NI (T H).

O6unacrs B J*((I~, M) N I=(I+, M), B KOTOpOIT BeKTOp K® mpo-
CTPAHCTBEHHONONOOEH, HasbIBaeTcst apeocepoli. M3 mnpemnoxe-
Husg 9.3.4 caeayer, uTo 3sprocdepbl He CYLIECTBYRT, eCau MeTPHKA
cTaTHueckasi, 3HaueHde 3procepel COCTOMT B TOM, YTO B Hell He-
BO3MOXKHO JBHXKEHHE YacTHILI MO HHTErpa/jbHOM KDHBOH BeKTOpa
Kuanunra K2, T.e. yactula He MOXKET OCTaBaTbCsl B MOKOe NPH Ha-
Omonenun ee ¢ OeckoneuHocTdH. Ilockoabky sprocdepa pacroJo-
XeHa CHapyXKH OT FOPH30HTA, YACTHIa H3 Hee BCE K€ MOXKET YHTH
Ha OGeckoHeuHOCTb, IlpuMepoM cTalMOHAPHOTO HECTATHYECKOTO pe-
I'yJIsIpHO MpeACcKa3yeMoro MNpocTpaHCcTBa € IProcdepoil CAyXKHT pe-
wenne Keppa npu a® << m? (pasn. 5.6). B paGotax [129, 133] no-
Ka3aHO, UTO U3 YePHOH ABIPHl ¢ 3procepoll MOXKHO H3BJedb Olpe-
IDeJleHHOe KOJIMUYeCTBO 3HEpruy, OpOoCHB 4acTHUY K3 OGecKOHeuHOoCTH
B sproctepy. [Tockoabky uyactuma OyfeT ABHraThbCs 10 reoje3nue-
ckoft, BeamunHa Eq= —pe®K, >0 Oymer NocTofHHa BLOJL €€
TPAEKTOPUHU

(oK. pob == (poa;bpob) K,-+ poaK-a-,bpob =0,

TaK Kak po®— reopesnveckuit Bextop u K% — Bekrop Kuanuura,
3IeCh Po = MU(® — BEKTOP UMIy/ibCa YACTUIbl, M — ee Macca Io-
KOl U Vo— eIMHHYHLIA BEeKTOp, KacaTeJbHBII K MUDPOBOH JIHHHH
yactunbl. IIpeano/oxum sateM, 4yTo YacTHLla pacliagaeTcsi Ha ABe
HaCTHIBI ¢ UMOYJAbCAMH P1¢ U Pof, The Po == p1* + p2®. Ilockoabky
BeKTOp K@ mpocTpancTBeHHONOA0OeH, p1* MOXKHO BbGpaTh Tak,
4To6bl OH OBl HampaB/eHHBIM B Oyayillee BPeMeHHNOAOOHBIM BeK-
TOpPOM, AJa Kotoporo £, = — p;°K, << 0. Torna 6ymem uMeTb
Ey = — py*K, > E,. D10 03HayaerT, 4yTO BTOpasi 4acTHIla MOXKeT
yATH Ha GECKOHEUHOCTD, Te oHa OyAeT UMeTb OOBILYIO SHEPTHIO,
yeM [ePBOHAYaJbHO OpolleHHas yacTuma. Takum o6pa3oMm, MBI H3-
BJe4eM M3 YePHOU ABIPH HEKOTOPOE KOJHUECTBO SHEPIUH.

Yacruna ¢ OTpHLaTeLHOH 3Hepruefl He MOeT yHTH Ha GecKo-
HEYHOCTb, a JOJIKHA OCTaBaThesl B 0GJacT, rpe Bekrtop K¢ mpo-
crpaHcTBeHHononoben. JonyeTum, 4To 3procdepa He mnepecexkaer
ropusoHt cobpituit J~(J+, A). Torma 3ta yacTumna HOJKHA OYRET
ocraBaTbcst BO BHeudlHelr o6Jactu. IlosTopsia OmucaHHBIE npolecc,
MOXKHO MNpPOJAOJIZKATb HU3BJEUEHHE 3HEPrHU U3 uepHOit auipel. [lpn
3TOM pelUeHHe, NO-BUAHMOMY, OyAeT mocTeneHHo MeHsThes. OnHAKO
sprochepa He MOKET HCUE3HYTb, NOCKOJBKY [TO/KHO OCTaTbCA
KaKoe-TO MeCTO AJ5 YacCTHU ¢ OTPULaTesbHON 3Hepruei. Kak Mbl BH-
UM, BO3MOXKHO OJHO H3 ABYX: HJAU MBI MOXKEM H3BJeub OecKoHey-
HOe KOJIHUECTBO SHEePrHH (UTO NpeicTaBisercss HeBePOSITHBIM), HJIH
sprocdepa M0JKHA B KOHIle KOHLOB nepeceyb ropu3oHT, Mer mo-
KaeM, UTO B IIOC/RAHEM CJyyae peilleHHe AOJKHO CIOHTaHHO mpe-
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BPATUTLCA B aKCHAJAbHO CHMMETDHUHOE WJM CTATHYECKOe M [pH
5TOM TePSAETCA BO3MOXKHOCTbL H3BJAeUEHUs 3HEPIHH ¢ MOMOUILIO 11PO-
necca Ilenpoysa. Kax B0o3MoxHOCTL U3BJA€UeHHst GECKOHEUHOTo KO-
JUuecTBa 3HEPruM, TaK H CHOHTAHHOE H3MeHEHHe peLlIeHHs, [0-BH-
AMMOMY, TOBODAT O HEYCTOHUMBOCTM UCXONHOTO COCTOSIHUSI UepHOH
nuipbl. TlosTOMy npencTaBisieTcs DasyMHbIM TPEANOJONKUTH, UTO
B M000M peaHCTHUHOM COCTOSSHHM YepHOH AbIpHl aprocdepa mepe-
cexaeT TOPH3OHT.

B pabote [67] noxasaHo, uTo npejedbHas CTalHOHapHAs [0-
BEDXHOCTb, KOTOpas AB/fE€TCAd BHeWHEN T'pPaHulledl aprocdepst, 0Y-
JeT CofepxkKaTh MO KpaliHefl Mepe ABe HHTerpajbHble H30TPOMHBIC
reojleanueckie kpupble BekTopa K2 Eciam Ha 3TUX KPUBHX [, 7 0
H €C/IH OHH TeOJle3HYyecKH TOJHBI B NPOULIOM, GYAYT TOUKH, B KOTO-
peix K? = 0. Ho Bo BHemHefl 06/aCTH TaKHX TOYeK OLITL He MO-
ket (cMm. npemsoxende 9.3.3); cjenoBaTesabHO, B 3TOM cayyae
sprocgepa nepecekaet ropusodT. OpHaKko npeanoJoKeHwe o MOJI-
HOTe B MPOIIJIOM MHTErpa/JbHbIX KPHBBIX BeKTOpHoro noJas Ke, mo-
BHAUMOMY, HenpHemJ/JeMO, Tak Kak OHO NpeicTaBJsao Obl cOGOH
OmpeneseHHoOe INPeANOoJOXKEeHHe OTHOCHTe/bHO NpPOUIJIOH 006/acTH
pelieHHdsl, KOTopad, KaK MBI OTMedaJ i Npexje, He sBJaserTcs QU3H-
YeCKM 3HAYHMbIM; BMeCTE C TeM BO3MOXHO M HMeeT CMBIC] [peld-
noJjaraTh, 4TO 3TH KDHBBLIE MOJHBEI B 6yayluieM. B craTHyeckoMm ciy-
yae MOXKHO OblIo Obl M0Ka3aTh, YTO pelIeHHe CHMMETPHUHO BO
BPEMEHH, HO HET HHKAKON amnpHOpHONl NPUYHHBEI AJS TOro, YTOOLI
TaKOW cHMMeTpuell o0Jsagano CTaliioHapHoe HecTaTHYeCKoe penle-
uue. IlosTomy MBl OygeMm OnpaBAbIBaTh TMPEANOJIOKEHHe O nepece-
yeHHH sprocdepoil ropusoHTa He pesyabTaramud [67], a paccyxie-
HUSIMH, CB3aHHLIMH C H3BJICUCHUEM 3HEPTHH,

CMBICS CONPHKOCHOBEHMS 3procdepsl ¢ TODH3OHTOM MOXKHO
00bsicHUTL caeayomuM obpasom. Ilyers &y — omHOCBsI3HAST KOM-

nonenra obaactu J—(I+, ) J+(I~, A), u nycts & — daxrop-
MHOXeCTBO & OTHOCHTeJbHO ee oOpasytouiux. CorJacHo npeuio-
xenuaM 9.3.1 u 9.3.2, ono romeomopdro 2-cepe. [To npensnoxenuto
9.3.1 mpocTpaHCTBEHHOE pasiefeHHe ABYX COCeIHHX 00pasyloliux
HNOCTOSTHHO BJOJL HHX W [OTOMY MOXeT OBITb ONHCAHO HHAY-
nuposauHoil Ha &, merpuxoii h. Msomerpust 0, nepesonutr o6pasyro-
wue B obpasyiouiue 4, TakuM o0pa3oM, LelcTByeT Kak rpylna H3o-
meTpun npocrpancrsa (%, h). Ecau sprocdepa nepecexaer ropu-
30HT, TO BeKTOp K, T[e-To Ha TOPH30HTEe NpOCTpaHcTBeHHONOA0GEH
u gedicraue 0, B (¥,, h) Gyaer HerpusuassHbIM, Toria OHO JOJKHO
COOTBETCTBOBATL BpaIllleHUIo chepPrl & BOKPYr HEKOTOPOH OCH, H Op-
Guramu STOH rpynnsl B ¥, OyaAyT ABe TOUKH, COOTBETCTBYIOIME MO-
JiocaM, U ceMelicTBo oKpyxkuoctefl, Hacraua, aBmkyniascs BLOJD
onHO#i u3 0oOpa3yIolHX TOpPH30HTA, Kazadach Obl TOrga ABUXKY-
Hlefics OTHOCHTENBHO oOnpejessieMol BextopoM K@® cHereMsl OT-
cuera, KOoTopas CTalHoOHapHa Ha GeckoHeunocTd. IlosTomy b
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MorJin Ol CKa3aTb, 4TO FOPU3OHT BpawlaeTcsg OTHOCUTEJILHO 6ecKo-
HEUHOCTH.

Caenyomyuil pesy/bTaT M0Ka3blBaeT, YTO Bpalllalomlasgcs uepHas
Iblpa foJ2KHa ObITb aKCHAJAbHO CHMMETPHYHOM.

ITpedroocerue 9.3.6
Ilycts (A, g)— CTauMoOHapHOE HECTAaTHUECKOE DPEery/sipHO Npen-
cKkasyemoe NPOCTPAHCTBO, B KOTopoM aprocdepa uMeer mepeceue-

Hue ¢ J=(I+, A)N JH(I~, ). Toraa cymecTsyer oaHonapamerpu-
yeckas NHKJIWYeckas rpynmna H3oMeTpuu 04(0 << ¢ << 27) 3TOrO

NpPOCTPaHCTBA, KOTOPAas KOMMYTHpPYeT ¢ 6; ¥ OpOHTH KOTOPOH IpoO-
CTPaHCTBEHHONOLO0HR BOJIU3N I+ 1 T

MeTO,& A0Ka3aTeqabCTBa 3TOro MpPeAJOKE€HHHA COCTOUT B HCIIOJIb-
30BaHUH aHAJUTHYHOCTH METPHUKH ¢ OJid TOro, yToObl MOKA3aTh cy-

eCTBOBaHHEe H30MeTpun O, B HEKOTOPOH OKPECTHOCTH TOPH30HTA.
3aTem 3Ta H3OMETPHsl PacNpOCTPaHAETCs Ha BCe MPOCTPAHCTBO IMy-
TeM aHaJMTHUECKOTo NPOAOJKEHHS. DTOT MeTOA Obla Obl mpHMe-
HHM, Jaxe ecan Obl MeTpuKa Oblia HeaHaJHUTHYHA B H30JMPOBAHHLIX
00J1acTsIX BHE OPH30HTA, HANPUMeEp, ecau Obl BOKPYT UepHOH ABLIDHI
CYUIECTBOBAJO KOJBIIO M3 BeLleCTBA MJX KaKasi-TO paMKa H3 CTepHK-
Hell. B aTOM cayyae BO3HHMKAET CAeAYIOIIMH KaxKyliuiics napamgoxc.
PaccMoTpuM BpalllamolLylocs 3Be3Ny, OKPYKEHHYIO CTalMOHapHOH
KBaJlPaTHOH PaMKo#, caenqaHHoOfl u3 crepxxHed, Ecan yepnaa AbIpa
npub/inKaeTcs K CTAUMOHADHOMY COCTOSHHIO, TO M3 TIPELJIONKe-
HAs 9.3.6 ciaenpyer, 4To MeTpHKa g OOJxKHA ObITb AKCHAJbHO CHM-
MeTPUYHON Be3le, 3a UCKJAUeHHeM 00/1aCTU, TAe OHAa HeaHaJHTHYHA
(Ha crepxHsix). OnHaKo TpPaBHTALMOHHOE BO3AeHCTBHE CTEpKHEH
noMelraeT MeTPUKe CTaTh aKcuajbHo cuMMerpuunoil. Paspemenne
napajokca COCTOMT, NMO-BHAHMOMY, B TOM, YTO B 3TOM Cjydae uep-
Has Ablpa He MOxeT ObITb cTalUOHAPHON, MoKa OHa Bpallaercs.
HomxkHo npousoiiTu caeaywollee. ['pasBuUTalMOHHOe BO3AEHCTBHE
crepxkHell caerka pedopmupyer uepHyio Awppy. O6patHoe BaHAHHE
YEPHOH ABIPBI HAa PAaMKy BBHI30BET ee BpallleHHe H, TakuM 006pasoM,
IpUBELET K MOTepe MOMEHTa KOJMUYeCTBa JABHIXKEHHs yepe3 usJjyue-
Hue. B uTore BpallleHHe KAk YePHOH IbIPbl, TaK W paMKU 3aTOPMO-
3UTCH, W pelleHne GyaeT NpUG/IMKATbCA K CTATHYECKOMY COCTOS-
uuto. Crarnueckas uyepHas [Jblpa MOXKeT H He OBITb aKCHaJbHO
CHMMETPHYHON, €C/1M NPOCTPAHCTBO BHE €¢ He NycToe, T. €. ec/H
ycaoBue (a) TeopeMsl M3spasas He yaoBJAeTBOpseTCS.

DTo paccyxeHue CBULETEIbCTBYeT 0 TOM, 4TO peadbHas yep-
Hag Jblpa HHUKOrga He Oyder CTPOro CTalHOHApHOH, NoKa OHa
Bpallaercs, Tak Kak Bcesennas Boxpyr Hee He OyieT CTpOro ax-
cHAJbHO cHMMeTpuuHOH. OQHAKO B OOJIbIIMHCTBE CAY4aeB CKOPOCTb
3aMe[JIeHHs BpalleHHs TakoH uepHOH ABIPE OyaeT KpalHe MaJa
[70, 136]. TTosTomy B xopouleM NpPUO/IHXKEHHH MOXKHO NpeHeOpeub
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MaJIoll acUMMeTpHel, KOTOPYI0 BbI3BIBA€T MaTepust B yAajJeHHH OT
Bpalllaiolllefics yepHOH JBIPBI, W paccMaTpHBaThb TaKylo YepHYIO
AbIPYy Kak ecian Obl OHa HaXoAWJAach B CTAIlMOHADHOM COCTOSIHHH.
[TosTomy Mbr OygeM H3yuaTh CBOHCTBa Bpallalollelics akcHabHO
CUMMETPHYHON 4epHON ABIDPHI.

U3 caenymowero peay/abrara [lananetpy[119], o6o6uienHoro Kap-
Tepom [25], BUAHO, yTo BekTOphl KuuimHra: K¢, cOOTBETCTBYMOILHI
BPEMEHHON TpaHCAAMHK, U K%, COOTBETCTBYIOLIHII YIJIOBOMY Bpa-

menuo 04, —00a OpPTOrOHAJBHE! K HEKOTOPHIM CeMEHCTBaM 2-M0-
BEPXHOCTeH.

IIpedroncenue 9.3.7

Ilycry (M, g)— npocTpaHcTBO-BpeMs, JomycKaiolllee 2-mapame-
TPHUECKYIo abeseBy IpyIIy H30MeTpHM ¢ BekTopaMu Kuunmrra §;
H &. Ilycts 77 < M — cBI3HOE OTKPBHITOE MHOMKECTBO, W MYCTh
Wap = &11u8op). Torma, ecau

a) WepR ' M W, =0 na 7,
6) Wy =0 B HEKOTOPOH TOUKe U3 7, TO Wiy cWae =0 Ha 7.

B crangoHapHOM aKCHa/JbHO CHMMETPHYHOM I[POCTPAHCTBE yC-
Jopue (0) yLOBJIETBOPSETCA HAa OCH CUMMETPHH, T. €. Ha MHOKECTBe
Touek, rie K = 0. YcaoBue (a) yAOBJIETBODPSETCS B NMYCTOM IPO-
CTPAHCTBE, a TaKxkKe B NPHUCYTCTBHU CBOOOAHOTO (6Ge3 HCTOYHUKOB)
saekTpoMarutHoro noas [25]. Ilo teopeme Dpobenuyca [151] npu
Wap 7= 0 PABEHCTBO HYJMIO Wiap,eWaje NPEACTaBAsET COBOH yenoBHe
JOKaJbHOTO CYyILIeCTBOBAHHUA ceMelcTBa 2-10BepXHOCTEH, OpPTOro-
HaJbHBIX Wgp, T.€. JIOOOH /MHHEHHON KoMOHHauuu & u &. B cay-
yae aKCHaJibHO CHMMETPHUHOTO CTAIHMOHAPHOTIO IPOCTPaHCTBa-Bpe-
MEHH 5TO O3HauaeT, YTO JIOKAJbHO MLl MOXeM BBECTH KOODAMHATHI
(¢, ¢, x', ¥?), B woropnix K= 0/0f, K = 3/d¢ n Kuxm, =0 =
== Kex™, npu m = 1, 2. Torga MeTpuxa J0oKaJbHO HOMYCKAET H30-
merpuio (f, ¢, x!, x%)—(—f, —¢, x!, x?), obpainaiomyio HanpasJe-
HUe TeueHUs BPEMEHH, T.e. MeTpuka CHMMETpHYHa BO BpeMeHu, Ta-
KMM 00pa3oM, ecd aHaJUTHYeCKOe pacllupeHue Mo MeTpuke BOJIH3H
GeCKOHEUHOCTH MYCTOTO CTALlHOHAPHOTO PEryJ/spHo MpeacKa3yeMoro
IPOCTPAHCTBA-BPeMEHU COAEPKHUT TFOPU3OHT GyAyllero, TO OHO CO-
LEPKUT H COPH3OHT COOBITHI MPOIIIOTO.

[To anagaoruu c npeanoxenneM 9.3.4 uMmeem npeanoxerue 9.3.8.

I pedaoxcenue 9.3.8 (cp. ¢ [28])
[Tycrs (M, g) — cTauuoHapHoe aKCHAJbHO CHMMETPHYHOE pery-
JMAPHO TIPEJCKa3yeMoe IPOCTPaHCTBO- Bpe\m B KOTOPOM Wjap;cWaje = 0,

rue wab_K[aK;,I Torna h=wg,w® < 0 B J1060il TOUKe, Jexaiei
pue ocu K=0 Bo Buemmeit o6aactn J' (I, JOHNI (I, A).
Ha ropusonrax J (97, )01t (9, M) u T (.7 L J)NT (I, M)
h =0, HO W,, HUrJe He obpauiaeTcs B HYJIb, KPOME OCH,
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OTciona BHIHO, YTO BO BHEWIHeH o6JacTdH B KamIOH TOYKe BHE
OCH CyLIecTBYeT HeKoTopas JdHHeHHas KoMOuHallws BeKTopoB Kui-
audra K¢ u K%, xoropas BpeMeHunopo6Ha. Crapyxu 3procdepsi
BpeMeHHnoAo6en caM BeKTop K¢ HO 4TOOBI MOJYYUTH BPEMEHHIO-
NOGHBIH BEKTOP MEeXAy MpelesbHOl CTallMOHapHOH NOBEPXHOCTDIO
M TOPHM3OHTOM, HYxKHO K K% H00aBUTH BEKTOD, NPONOPIUOHAJB-
Hplit K¢ Ha ropnsoHTe HeT HUKAKOH BPeMeHUNOLOOHON JHHEHHOH
KOMOMHAUUH, HO CYIIECTBYeT H30TPONHAs JuHeliHaa KOMOHHAUHA,
HanpasJ/JeHHas BJOJb HU30TPONHBIX 00pasymoILuX ropusoHTa. BHe

ocu K = 0 rOpH30HT MOXKHO JI0OKaJAbHO 0XapaKTepH30BaTh Kak MHO-
XKECTBO TOUEK, Ha KOTOPOM A = w,,w? = (.

Torma mel mpuxomuM K Teopeme Kaprepa [28], kotopas yxasbl-
BACT Ha To, UTO OOBEKTH, ONHCHIBaeMble pellleHnsMu Keppa, Be-
POATHO, ABJIAIOTCS €IHHCTBEHHLIMU CTAUHOHAPHBIMH YEPHBIMU Jbl-
pamu B TycTOoM npocrtparctBe. Kaprep paccmorpes cTalHOHapHOe
peryasipHoO MpeAcKasyeMoe NPOCTPAHCTBO, YAOBJAETBOpsiOliee yCJIO-
BUSAM

a) Toy = 0;

6) axcuaJbHO CHMMETPHUHOE;

B) TOPU3OHT COOBITHH mportoro J*(J~, M) uepecekaer ropu-

30HT cOOBITHH O6yayuero J—(J+, ) no KOMIAKTHOK CBA3HOH 2-mo-
Bepxnoct F 1. (Cormacno npemnoxenuto 9.3.2, oma Gymer 2-che-
poii.} Kaprep mokasas, 4to Takie pelleHysi pacnajaloTcs Ha [Ba
HCCBA3HBIX CeMelCTBa, KaXA0e H3 KOTOPLIX 3aBHCHT OT [ABYX Ia-
pameTpoB. B KauecTBe 3THX [BYX [apaMeTpOB MOKHO NPHHAThH
Maccy m U MOMEHT KOJIM4ecTBa ABHxkKeHus L, naMepeHnHwie ¢ Gecko-
Heynoctd. OIHO M3 ceMeliCTB M3BeCTHO — 3T0 pewenns Keppa
cmz=0,a*<<m? rie a = L/m. (Pewenus Keppa c a® > m? co-
IepKaT roiylo CHHTYJADHOCTh H MOTOMY He SBJSIOTCS PEryJspHO
npeacKa3yeMbIMH TNpocTpaHcTBaMu.) IlpeacraBaserca maJoBeposT-
HBIM, YTOGBI CYLIECTBOBAJM KaKue-n1uGo APYrhe HecBa3Hbie ceMeli-
crsa. [TosToMy 6pl10 BRICKA3aHO TPEANOJOXKEHHE, YTO BHe He3aps-
EHHOTO CKOJJIANICHPOBaBIIero o0O0beKTa YCTAHOBHUTCA pelIeHHEe
Keppa ¢ a? << m? 310 npeanonoxkenue TOATBEpPKAaercs aHaJH-
30M JIHHEeHHBIX BO3MYLLeHHI Npu cdepuueckom KoJgmaance [43, 137,
139, 168].

B npeanmosioxeHuu, uto 3Ta runoreza Kaprepa — Uspasas
cnpaBeA]nBa, MOXKHO ToJjaraTh, 4TO ILIOIALL 2-TIOBEPXHOCTH
0% (t) Ha ropu30HTe COOBITHA GyJeT CTPeMHTbCA K IJIOLIAAH HEKO-
TOPOH 2-MOBEPXHOCTH Ha TOPH30UTe COOBLITHH F = r, B pelIeHUH
Keppa npu Taxofi e Macce W TaKOM e MOMEHTE KOJHUeCTBa JBH-
KEeHHs, M3MEePEeHHBIX ¢ noBepxHocTH & (t) Ha J*. Drta miowaib
pasua 8rm(m -+ (m*—a?)':), rne m — macca B pewennn Keppa u
ma — MOMEHT KOJindecTBa HBMxenus. (Ecan  Koasancupyollee
TEJ0 uMeeT SJEKTPHUECKHH 3apaa e, TO CJAeAyeT OKHAATb, 4TO
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OKOHYaTeJbHO yCTaHOBHTCA pellenne Keppa ¢ yuerom 3apspga. [lio-
ulaib 2-NOBEPXHOCTH Ha TFOPH30HTE COORITHH TaKOTo pelleHHs
paBHa

dn[2m? — e -+ 2m (m? — a? — &) "]

Hcnonbsys 3To BhlpaxeHue, MOXKHO OGOGILMTL HALIM PE3YJbTAaThl
Ha 3aps:KEHHble YepHble ABIPBL) PaccmMoTpum Koamanc, B KOTOPOM
K noBepxHocTd & (t;) yCTaHaB.iuBaercs peulleHue Keppa ¢ maccodt
M; 1 MOMEHTOM KOJIHYecTBa ABMMEHHsT mMyq;. [IpeanonoxuM, uto
3aTeM B TeueHMe KOHEYUHOrO BpeMeHH UYepHas Jbipa B3auMOAeH-
CTByeT C 4acTHIAMH{ HJIM H3JydeHueM, B uTore K MOBEPXHOCTH
& (12) ycraunoBuTcs HHoe pelneHue Keppa ¢ mapamerpamu m, do.
Ws paccyxaennii B pasg. 9.2 caeayer, yto nuomanb 0% (12)
JOoMXKHa ObLITh GoJbile HAM paBHa maowaau 0% (t1). B neficTa-
TeJbHOCTH OHA JOJMKHA OBITH CTPOrO GoJblle, TaK Kak O Moxer
OLITb PAaBHO HYJI0 JHUIb NPH YCJIOBHH, UTO HHKAKOE BEILECTBO HJH
U3JyueHHe He INepecekaeT FOPH3OHT. DTO O3HAuAeT TOTAA, 4TO

my [mz + (mg® — 6122)‘/2] > my [ml + (m® — 012)%]- 9.4)

Ecan a; = 0, To HepaseHcTBO (9.4) mno3BOJAET, 4TOOLl My ObLAA
MeHbiie my. [ToCKOABKY B aCHUMIOTOTHYECKH MJIOCKOM MPOCTPAaHCTBE-
BpeMeru [122] BbImosHseTcs 3aKOH COXPAHEHHA MOJHON SHEPrHY M
UMIyJbCa, HEPABEHCTBO Mg < m; [OJKHO 03HAYaTh, UTO MhHl Ka-
KHM-TO 06pa30oM H3BJEKJIH W3 YeDHOH JABIPHLI ONpejeseHHOe KoJye-
ctBo 3Heprun. OnuH M3 crnoco0OB H3BJEUEHHsi HEPrUH Mor Obl
COCTOSITH B TOM, YTOOBI IOCTPOHTH BOKPYT YepHOH ALIPH! KBajapart-
HyH PaMKy H3 CTepXHEH K 3acTaBUTh MOMEHT CHJbI, HaBOJHMBIH
Bpallawllelics YepHOH JABIPOA Ha paMmKy, coBepmiats pabory.
C npyroft CTOpPOHBI, MOXKHO Obl;I0 OBl HCNOJB30BATHL Npollecc [leH-
poysa: 6pocuTb B sprocdepy yacTHUy, Dasfe/]uTb €e TaM Ha JBe
YaCTHIBl, OJHA M3 KOTOPHIX yiimer Ha OECKOHEYHOCTh ¢ 3IHeprue,
Gosbllefi 4eM y MepBOHAua/bHON yacTHILI. [pyrag wactuima mnpo-
BAJIUTCS yepe3 FOPHU3OHT COGBITUI H YMEHBIIHT MOMEHT KOJHUYECTBA
IBUXEHHs uepHOH ABIPBL. Taxum o6pa3oMm, 3TOT HPOUECC MOKHO
paccMaTpuBaTh Kak MpOLECC H3BJICUEHHs BpallaTeJbHOH 3HEPrui
yepHO# Abipel. Kpuctoayay [32] moxkasaj, 4TO npu 3TOM MOKHO AO-
CTHUb PE3yJbTaTa, CKOJb-YrOAHO OJM3KOro K Npelel]y, yCTaHaBJIH-
BaemoMy HepasencteoM (9.4). HauGoapinasi sHeprus n3BJeKaercs
npu a; = 0; B 3TOM cJiyuyae MoayuyeHHAsl SHEPTUS M, — My MeHblIe,

uem i a? \'
ml{l "‘72:[1 +(I o m,f) ] }

Paccmotpnym Temepb cjyuail, Koria KoJadanclpyioT ABe 3Be3lbl,
pacrno/oxeHHble Ha 3HayuTeJbHOM paccTOsSIHHM APYT OT ApYyra.
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1 BO3HHKAIOT ABe uepHHle AbIphl. CilefoBaTe/1bHO, HalileTcsl HEKOTO-
poe 3Hauenue t’, NpH KOTOpoM OF (1) COCTOHUT U3 ABYX OTLENbHBIX
2-cep 0% (1) n 0By (). TlockoabKy OHM yaadeHBl APYT OT APYTa,
MOXKHO MpeHeOpeub HX B3aUMOJEHCTBHEM M NPEANOJOKUTb, UYTO
pelleHne BOJM3M KaxAOH W3 YEPHBIX ABID IMOUTH COBMAJAET C pe-
wenusMu Keppa ¢ mapamerpamu my, @; U Mg, @2 COOTBETCTBEHHO.
Ortciona niomagu 0% (') u 0% (v') Oyayr npubIM3HTEIbHO
PaBHbI

83'”711 [m1 + (m12 - a12)1/2] )5t 83'”’)12 [m2 + (m22 _ a22)l/2]

COOTBETCTBEHHO. Temepp AOMYCTHM, YTO 3TH UYepPHBIE ABIPHI CTaJKH-
BaIOTCA M CJAUBAaIOTCS. [IpH TaKOM CTONKHOBEHHH BLIZEJNHTCS OIpe-
AeJEHHOE KOJIMUECTBO TPABUTALMOHHOIO M3JyueHHs. B urore y mo-
BepxHocTu ¥ (t"") 3Ta cucTeMa NpHIET K PELIeHHIO, MOXOXKeMy Ha
onHo peuleHne Keppa c mapamerpamu ms, @s. B cuiy Tex xe apry-
MEHTOB, UTO W BBIIIe, mioulans 0% (v'') moskHa GBITh GoJblile MOJ-
1;101?1 miomanu 0% (1), pasHo# cymMe nuomanet 0%, (v') u 0%: ().
TakK,

mg [m3 + (my® — a32)l/2] > my [m1 + (m? — a12)1/2] +
+ my [y 4 (m? — a?)™].

CorsacHo 3aKOHy COXpaHeHHsi [Jsi aCHMITOTHUYECKH [JIOCKHX MpO-
CTPAHCTB, »Heprusi, YHOCHMas Ha GECKOHEYHOCTb T'PaBHTALHOHHLIM
u3JydeHyueM, pabHa

my + my — my

¥ OTpaHWYeHA IPHUBEJEHHBIM Bbllle HEPaBEHCTBOM. D(PQPeKTHBHOCTD
TnpeBpalleHHs MacChl B TPaBUTALHOHHOE H3JyueHHe

e =(m, + my — my) (m; + my)~'

Bcerga MeHbie !/ Ecn ) =a; =0, 10 e <1— 1/«/2_; clenyet
MOAYEPKHYTDb, YTO 3TO BepXHMe Npelesbl, HCTHHHAS 3((DEeKTHBHOCTD
MOxeT ObITh MHOTO MeHblle, XOTl CaMO CYLIECTBOBAHHE MPENE/b-
HOTO 3HAueHWs MOXeT O3HauaTh, YTO MNOCTHXKUMa 3aMeTHasi €ro
ILOJIA.

Mgl noxaszanu, 4TO AOJs  MAacchi, ClIocofHasi NPEBPaTHThCA
B IPaBUTAllUOHHOE H3JyUeHHE [PH CAHAHHE JBYX UYEPHBIX JHID,
orpaHuvyera. Ecam 6bl, 0QHaKo, nepBoHavyadbHO Obl10 6oJblIoe
YKHCJAO YEeDPHBIX ABIP, TO OHH MOTJAHM Obl CAUTHCA MONAPHO, BO3HHUK-
e NpU 3TOM HOBBIE UEPHBIe HABIPHl CHOBA MOIVIH OBl CJAUTHCS
u 1. O. Uz coobpaxeHul pasMepHOCTH MOXKHO OXKHAATb, YTO Ha
Bcex sTamax sddexTuBHOCTh Oyaer oxuHakoBol. Takum obGpasoM,
B IPABHTAlMOHHOE H3JyueHHe MOrya Obl NMPEBPATHTHCS OYeHb GOJIb-
ilast yacTh INE€PBOHAYAJBHOH Macchl. (DTOT apryMeHT BLIABHHYJIM
Musnep n Puc.) Ha xaxjaom nociaenyiollem 3Tale SHeprus, U3Jy-
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yeHHasi B BUAe 'PaBUTALHOHHLIX BOJH, OyaeT OGJblle, ueM Ha npe-
AplAylieM. DTOT MeXaHu3M Mor Obl OODBSICHUTh HabJiofaBiindecs
BefepoM BCHylecKy rpaBHTALMOHHOTO H3JyUeHHS.

Tenepp Mbl NpHBeAEM AOKa3aTeJbCTBA NPeAJOKEHUH, BbIIBHHY-
ThIX B 3TOoM pasfene. Has ypoGcTBa Mbl MOBTOPUM HX GOpPMYJIU-
POBKH.

[1pedaomcenue 9.3.1

[lycts (M, g)— cTalUOHAPHOE PEryasipHO NpeacKasyemoe Mpo-
cTpaHcTBO-BpeMs. Torga ofpasyiollne TOpH30HTa cOOBITHE GyAy-
wero J~ (I, ./?) He HMEIOT KOHeYHLIX TOUYEK B NPOULIOM
B J*(9~, J). Tlycry Y,® — nanpasieduble B Gyayillee KacaTesb-
HBle K 3TUM 00pasylouluM BeKTOpbl; TOrAa B J+(5—,Aﬁ) BeKTOp V1°

o0siafiaeT HyJNEBBIMH CIHBHIOM & M pacxoxieHrem 8 u ya0BJeTBO-
psieT paBeHCTBY

RapY Y\ P =0=7Y | .CapperaY 1Y .°Y\".

[Tycte @ — nmpocrpancTBeHHonofo6Has 2-chepa Ha F—. Toraa
g~ MOXKHO MOKpHITL ceMeficTBoM 2-cdep % (f), NMONYYeHHLIX ABHU-
KeHueM @ B 00e CTOPOHBI BAOJb 00pa3VIOUIMX TMOBEPXHOCTH J~ H
non pe#icreueM 9y, T.e. F(f) = 0,(%). Beenem tenepp QyHKIHIO X
B Touke p & J*(J-, M) xax HauGoabluee 3HaueHHe f, MpH KOTO-
pom p e JH(F(t), A). Tlycts 9 ecTb oxpecTHOCTb I+ u I, Ko-
Topasi M30METPHYHA COOTBETCTBYIOILEf OKPECTHOCTM aCHMITOTH-
yecKd IPOCTOro MpocTpaHcTBa-BpeMeHHd. Torma GynKuus x OymeT
HenpepbiBHAa U OyjneT HMeTb HeKOTODYIO HHXKHIOIO I'DaHp x’ Ha
F 2. V3 atoro ciaemgyer, 4TC X HENpepbiBHA B TOH 0BJacTH MHO-
xectBa J—(I+, M), rae ona Goaswe x'. Ilyets p = JH(I~, A)N
NJ=(I*, ). Torna mon neicrsueMm yu3oMeTpun 0; Touka p Gyder
nepeseleHa B 00J1acTb MHOXKeCTBa J- (I, .I{), rie x > x'. Oxn-
HaKo

o, =%l + 1

C/en0BaTeNbHO, ¥ HENPEPBIBHA B P. . B

[lycts 19 > 0 Takoso, uto P (to)(1J—(I*, M) comepxurca
B J*(J—, M). Tlycts ) — ofGpasyiomas nosepxuHocta J=(J+, A),
nepecexatomefi ¥ (to). JonycTnm, 4To Ha A CyllecTByeT HEKOTOpas
KOHeyHas BepxHas TpaHp x, QyHKIMn x. [TocKosbKy paccMmaTpi-
BaeMOe MPOCTPAHCTBO aCUMOTOTHYECKH MPOCTOe B cnafom cMbIce,
x — 0o Mo Mepe npubaukerus K Z (to) Ha P (). CaenosarenasHo,
Ha

PN (97, A)
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GYHKIHS X JTOJKHA MMeThb HEKOTOPYIO HMIKHIOW T'paHb. Ilox meii-
CTBMEM I'pPynnsl 6; o6pasyoiias A mpeoGpasyercsa B APYTyio obpa-
sylomyio 0; (A). Tlockoabky o6pasyiomne nosepxuocrn J (97, M)
HE HMEIOT HUKAKHX KOHEUHBIX TOUEK B GYAYIIEM, NPOLOJIKEHHE

B IIpoLsioe KpuBoii 0, (A) Bce e 6yner mepecekats & (1) (/™ (9%, A).
OTo BeleT K NPOTHBOPEUHIO, MOCKOJbKY TOrAA BepXHAS IPaHb X
Ha 0;(A) Oblia OBl MeHblle X, eciau f < X, — X;. _

TTycTh x, ecTs BepxHsist rpanb x Ha P (vo) ) J (97, M). Torza
Kaxjas obpasyouas A nosepxuocta J (77, J(),_nepecexafomaﬂ
P (10), mepecever F (H=J*(F (1), NI (I, M) npu t>x,
Kaxknas o6pasyiomas J~ (IT, ), xoropas mnepecekaer F (1),
Oyner mnepecekaTh 0;(#(t) mpn ¢(=># —x,. Ho mosepxHocTh
0P NNI (I, H)=0,(7 ()N~ (9", H)) xomnakrua. Cie-
LoBaTes]bHO, KoMnakTHa u & (f).

PaccvorpuM Temepb, Kak MeHsieTcs miIomanb & (1) mo wmepe
pocra £ ITockoabky 6 = 0, ata miolaab He MOXKET COKPalLlaThCs.
Ecau 6bl Oblio 8 > 0 Ha HEKOTOPOM OTKPHITOM MHOXKECTBE, MJIO-
Iazab yBeJuyuBajach Obl. OHa yBequuuBajach Gbl TaKkKe, ecaH Obl
obpasymollie ropu3oHTa 006/aJa]d KOHEYHBLIMH TOYKAMH B IMPOLI-
Jom Ha & (f). Omnaxo, rak Kak F (f) ABUKETCA HOA AEHCTBHEM
usomerpun 0;, mIomaxe AOMKHA 0OCTaBaThCsl HeusMeHHOH. IJo-
stomy 0 =0, u B TOH obsactu nosepxHoctd J~(I+, A), ajsa Ko-
TOPOH X == Xp, HeT KOHEUHBIX TOYEK B IMpOILLIOM, a MOCKOJIBKY
Kaxaass Touka u3 J=(I+, A)NJH (I, A) wmomer GuTb nepese-
feHa u3omeTpHelr 0 B obsacTb, Iie X = Xp, 3TOT Pe3yJabTaT OTHO-
CATCSl KO Bce# moBepxHoctd J—(I+, HA)NJH(I~, M). Torna us
ypaBHeHull pacnpocrpaHenus (4.35) u (4.36) momyuaem: Gy, = 0,

RapY1¢Y12 =0 1 YColpeta¥inY1?Yye = 0, roe Y, — nanpasaen-
HBIA B OyAyllee KacaTe/JbHHH BEKTOP K H30TPONHOH reoiesnyecko
o6pasylolleil ropu3oHTa. o

IIpedroncerue 9.3.2

B cranuoHapHoM peryJispHO npejackasyeMoMm IpOCTpaHCTBE
Kaxzaas cBsi3Hast KOMIOHeHTa ropusouta 0% (v) B J*(9-, M) roO-
MeoMopdHa 2-cdepe.

PaccmoTpuM, Kak Beger ce6s PacxoxaeHHe YXOAAIIHX OPTOTO-
HaJbHBIX K 0% (1) M30TPONHBIX IeOJe3HuecKHX Npu MaJjoi edop-
Manun 0% (v) rapyxy B J=(I%, A). Ilycts Ys® — npyroit Hanpas-
JeHHbIl B Oyaylllee H30TPONHLIA BEKTOD, OPTOrOHAJNLHHIA K 0% (T)
1 HODMHPOBAaHHBII Tak, 4ro Y ?Ys, = — 1. [Ipu 3TOM oOCTaercs
cBobona mpeobpasosanuit Yy — Y| = e¥Y,, Y; —» Y| = e¥Y,. Un-
IyUUpoBaHHas MeTpukKa Ha INPOCTPAHCTBEHHOMOAOOHOH 2-10BepX-
Hoctn 0% (v) paBHA Hap == gav + YiaYar -+ YoaYis. BBenem cemeit-
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cTBo nopepxnocrell F (v, w), cIBUras KaxAylo TOUKYy O% (t) Ha
paccTosinMe w IO NapaMeTpPy BIOJb H30TPONHOH reole3nuyecKoi
¢ KacaTeJbHBIM BeKTopoM Yo% Bexrtopnt Y¢ GyayT opTOroHabHBI
K & (1, w), €C/IH OHH NOAUHHAIOTCS YPaBHEHUAM

hasY " 0Y s = — ﬁabYQC;bYIC u Y\ Y= —1.
Torna
(Vb)Y h e, =

= ﬁsapa;bﬁbt + pspt - ﬁsaylaﬁgeyle;bﬁbt —I_ Ra Yzeylchashbt’ (95)

ceb

i

rae pt==— A"YyY . CeeptuBast ¢ A, noayuaem

d
w

D>

|

= (Y[a;bﬁba);c ch =

[=9

= pb;dﬁbd - Racylayzc + RadCbYIdY;Y:aYlb +
+ papa - Yla;c/:‘lchZd;bﬁba *

A A
Ha ropusonte ¥,%.A%h°, =0, NmOCKOJBKY CHBHI M PaCXOXKLEHUS
ropusonta pasuel HyJo. IIpn MacmraGuom mpeo6pasosanuu Y, =

=e?Y|, Y, =e~YY, Bekrop p® samensercs Ha p’“=p®+ h%y, un
nosromy usMenenue do/dw | _, pasuo

' " " .
T Ly = Poal F Uph" — RY Y +

+ RabchIdY‘?.CYQnYlb + p"p’ . (9.6)

Uien y_bdﬁbd eCTh JaljacHaH y Ha 2-noBepxuocTu 0% (). Corgacuo

TeopeMe Xoaka [78], MoKHO BBHIOPAThH y TaK, UTO CyMMa MepPBHIX
ueThlpex UJeHOB B npaBol yacTu (9.6) Oymer mocTosinnoit Ha 0% (t).
3HaK 3TOH NMOCTOAHHOM OYNET ONpejesaThcs 3HAKOM HHTerpajda oT

(= RaY Yo -+ Rogep? VYY)

no 8 (v) (uurerpan or pb,dhbd paBeH HYJIO KaK HHTerpasJ or JIHu-
BEPIECHIHH). DTOT HMHTErpajJ MOXKHO BBIYHC/IHTb, HCIO/b3Ys( YDaB-

venne Iaycca — Konauuw a7 ckaaspHod Kpusu3ubl R 2-ToBepx-
HOCTH C MeTpHKOil A:

R=Rimih™ " = R — 2R 1 Y VY Y, + 4R, Y Y Y,
Tak Kak 0 =3&=0 na 97 (r). TIo Teopeme TI'aycca — Boune [92]

RdS = 25y,
0% (1)
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rae dS — ajeMeHT NJIOLIAAHM U ) — SHJAEPOBA XAPAKTEPUCTHKA IIO-
BepxHocTH 0% (t). Mrak,

(— Rao¥1°Ys” 4 Rapop¥ Y5V, P dS =
0% (1) !
= — g+ S (3R— Ra¥ V") dS.  (9.7)
% ()

B cuny ypaBuenuit dfinmrefina
1 a
5 R4 Rap¥ 1 Yy" = 8aT oY %Y, > 0;

mocjefHee HEPABEHCTBO cJeAyeT H3 YCJAOBHA 3HEPrOLOMHHAHTHO-
cTH. DfviepoBa XapaKTepucTuka y paBHa -2 aasa chepwl, 0 pad
TOpa ¥ OTpHllaTesNbHa AJAS J000H APyrofi KOMIAKTHON OpHEHTHpYe-
MOl 2-noBepXHOCTH (NMOBEpXHOCTb 0% (t) MAOJKHA ObITH OPHEHTH-
pyeMoll, DOCKOJ/IbKY OHa fBJseTcs KpaeM). OTcioma npasas yacTb
(9.7) Mmoxer ObITb OTPHIATEJBHOH JIMIUb MpPH YCJIOBHH, 4YTO
0% (t)— coepa.

HonyctuM, uto mnpaBasa uacth (9.7) nomoxurtenbsa. Torna
MOXHO Bbi6path y Tak, uto dO7dw’|,— > 0 Bciogy na 0%(x).

7

Ilpu Manblx OTpPHLATEJbHLIX 3HAYEHHAX W' MOXKHO TOJNYIUTb
B J=(Jt, A) Takyw 2-moBepXHOCTb, UTO OPTOrOHAJbHbIE K Hell yXO-
Asilllie M30TPOIHble reofe3nyeckie OYAYT CXOANUTbCA. DTO NPOTHUBO-
peuut npeagoxennwo 9.2.8. Ionyctum Teneppb, uto ¥ =0 H uTO
TapY19Ys® = 0 na 0% (t). Torga MOxHO BbIGpaTh y Tak, 4TOGH
CyMMa NepBLIX YeTbIpex 4/eHOB B npaBol uactu (9.6) Gblia paBHa
Hymo Ha 0% (1). Ilpu 3t0M Ha

p/a;bﬁba + RabcdylaY;chYQd =0.

Ecnn Rapea¥12Y22Y ¢Yod 5= 0 rne-mu6o nva 0% (t), T0 1 uien p'ep’,
B (9.6) moJsKeH ObITb rae-TO OTJIHYEH OT HYyJsl; MOXKHO cJerka wus-

MEeHHTb y TaK, 4ToGhl Obwio  dO//dw’|,—o >0 Bciomy. Tax Mul
CHOBA MPUXOAHM K MPOTHBOPEUHIO.

Tenepy momyctuu, uto Bcroay Ha OB (1) Rapeal12YobV Yy =
u p’® = 0. 2-noBepxHocTh 0 (T) MOMKHO CABHHYThL Ha3al BAOJb
Yoo, BHiGupas y Ha KaXKAOM 3Taie Tak, 4To

a 1
pm;bﬁba + RabchI YQbYICYQd ) R—
b ra b 1 5
- 2RabY1aY2 =p a;bh a —2— R =0.

Ecan 6n1 T4 Y12Ysb uan p’® He Gblin paBHbl nytio npa @' << 0, 1o
MOXHO Obl10 Obl nmogo6Gpath y Takx, yToObl moayuutb B J—(J+, A)
2-moBepxHOCTh ¢ 0 <C 0. DT0 npotuBopeunso Obl NPEAIOKEHHIO
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9.2.8. C apyroit cropoHbl, ecan O6el mpu ' <0 Bclogy 6bLI0
TapV19Ysb =0 u p'*=0, TO MB 0OAYYHIH OB 2-NOBEPXHOCTD

¢ =0 B J-(I+, M), 4T0 TaKKe NPOTHBOPECUUT MPEITOKEHHIO
9.2.8.

[IpoTHBOpEUHs He BO3HUKAET TOABKO MNPH ¥ = 2, T.€. eclH
0% (t) ectb 2-chepa. i

ITpedroncenue 9.3.3
[Tycts (A, g) — crauuoHapHOE PETYASAPHO NpeAcKaszyemoe Mpo-
cTpaHcTBO-BpeMs. Torga BexTop KusiuHra K@ OT/HY4eH OT HyJs

B o6mactn J+H(I—, JM)NIT-(I+, J), xotopast 0LHOCBSI3HA. Mycto

1aHo To, npH KoTopoM P (o) N J=(I+, M) comepmurcst B J+(I—, MA).
Ecnu 0% (19) uMeeT TOJBKO OJHOCBA3HYIO KOMIOHEHTY, TO 06JacTb

IHI=, JONT=(I+, J)N A roveovopdua [0, 1)XS2X R
Dyuxius X, BBeleHHad B Hpemioxkerun 9.3.1, HenpephiBHa Ha

JHI~, A)NT-(I+, A) u obnamaer Tem CBOKCTBOM, 4TO xlet =

=x|,+1 Orcropa BuaHo, uTo K He MOMKET paBHATHCA HYJI0 B

I+(I=, HYN J=(I+, M). Vnterpanpubie kpusble K yCTaHAaBJIHBAIOT
roMeoMop(H3M MeX1Y IBYMsl H3 NOBEPXHOCTeH

@w, HNT (I, DAM (— o0 <1< o).

O6nacts J*(I—, A)YN J-(I+, )\ M TOKPHIBAETCA 3THMH IIO-
BEPXHOCTSIMH ¥, C/eI0oBaTeabno, roMeomopdra R X (B (), A) 1
NJT=(9+ H) N A npu mobom t'. BriGepeM ! 10CTaTOUHO GOJIBUINM,
yToGH TIOBepXHOCTbL J* (& (f), A) umesa nepeceuenue ¢ ¥ (1) B Ta-
KOM OKPeCTHOCTH %4 TmoBepXHOCTH J+, KOTOpas H30MeTpHYHA COOT-
BETCTBYIOLLell MOBEPXHOCTH B ACHMITOTHYECKH MPOCTOM NPOCTPaH-
ctBe. Murterpasiphpie KpuBble K ycTaHaBJIMBAKT TOMEOMOPHU3M
MeX LY

W, NI (9, nH n Fa)nT (I, A).
[TocnenHsiss 06JacTh OJHOCBA3HA B CHJIY CBOHcTBa (o) H Ipemo-

xenus 9.3.2. Ecan panee 0% (t) uMeeT TOJbKO OJHY CBA3HYIO KOM-
MOHEHTY, TO

F NI (97, )
obiagaer  tomosornedr [0, 1) X S% Orciona  TOTOJIOTHUECKH
JH(I—, J) NI (T+, M) (Y M ectb [0, 1) X S2 X RL o
ITpedromcenue 9.34

B craruyecKoM pEryJaspHO IpeicKasyeMoM [POCTPaHCTBE-Bpe-
menu Bextop Kuanunra K spemenunopnofen Bo BHeliHed 006JacT

(=, JONT-(F+ J), a va J-(I+, M) N I+H(I~, M) ornmuen ot
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HYJdsi U HamnpapleH BA0Jb H30TPOMHBIX 0GPA3YIOLUIUX MOBEPXHOCTH
I=(I+ ).

Topusont cobwitnit J=(I+ J) wusomerpueii 0, orobpakaercs
B ceGs. Cuemosateaso, na J (9%, A)NJIT (9=, A) ektop K
AO/KeH ObITb U060 H30TPOMHBIM, JHG0 NPOCTPAHCTBEHHONOAOOHHIM.
Mycts npu © =10 P(t) 17~ (g, J{) cogepxures B JH(I-, ).
Torpa dyukunsa [ = KoK, 101KHa PaBHATLCA HYJIIO Ha HEKOTOPOM
samkayTOM MHOMKectBe A B JT (Z (1)) N T~ (97, H).

U3 toro, uto K¢ ectb Bextop Kuanuura u rot K = 0, crepyer

K gy = K[af;b]' (9.8)

Cornacuo mnpepjoxennio 9.3.3, K* %= 0 Ha OAHOCBA3HOM MHOXKe-
cre JV (I, A)NT (97, A). Tlo rteopeme DpoGennyca u3 ye-
aosus rot K = 0 caenyer, uto B 5Tolt o6/aacti Hangercs pyHKIus g,
takasa, uto K,= —al, TAe o — HEKOTOPas I[OJ0OXKHUTEIbHAs
byHRIUA.

[Tycts p — Touka MHOXKecTBa A’ u A(v)— KpuBasl, NPOXOASIIAS
yepe3 p M Jexallasd Ha nosepxHocTH nocrosHuoro & Torma B cuay
(9.8),

1 o d D ra
?K %]ni—avK'

Ecau A(v) BLIXOZHT 3a npexpesnl JA°, TO JeBag 4YacTb 3TOrO ypas-
HeHHs OyaeT He OorpaHudeHa. Ho mpaBas 4acTh HeNpepoiBHA, MO-
3TOMY Kpusas A(v) AoJxKHA JexaTh B A U MHOXKeCTBO A [OJIKHO
coLepXaTh MoBepXHOCTh § == £|p. OnHaKko Ha HEKOTOPOH OTKPHITOM
OKPECTHOCTH TOYKH p (QYyHKOMS [ 10JKHA OBITb OTJIMYHA OT HYJIs,
MOTOMy uTO HHaue OHa Obiia Obl paBHa HyJwo Bclody. Caenosa-
TeJbHO, CBSI3HAsl KOMIOHeHTa J°, cojepxaulas p, ecrb 3-NOBepX-
HocTh & = E|,. Honyernm, uto peJ (97, )01~ (9%, A).
Torupa naiinercs HampaB/ieHHas B Oyayllee BPeMeHHNOA00HAs Kpu-
Basg y(u) or I~ mo I+, mpoxoasuas yepes p. Ha & = E|, Bextop
Ko pomxen ObITh Hampaeden B Oyayiiee. Orciona (0/du) & > 0
npu & = E|p. D70 BemeT K npoTHBopeuuio: § = E|, He MOXKeT uMeTh
nepeceyeHus ¢ I+ wim J-, noromy uto K¢ BOJH3M GECKOHEUHOCTH
speMeHunono6er. Takuv o6pasom, BOMH3H I+ u I~ aubo § > g|,,
mubo g << &l p. u]

IIpedaoocenue 9.3.5

B nycroMm cTamuoHapHOM DPeryJaspHO NpeLcKasyeMoM NpOCTpaH-
CTBE-BPCMEHH, eC/IH 0O HecTaTHueckoe, BexTop Kuamuura K¢ mpo-
CTPAHCTBEHHONOL00EH B HEKOTOPOH uacTH BHelIHell 00JacTu

H (o, )i (o Q).
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Oynkuua x, pseaenHas B upeanoxkendnu 9.3.1, HenpepnipHa Ha
I+(g~, J)NT=(I", H) u nputom 0x/9f = | Bross xamaoi
MHTerpaabHON  KpuBOii. IloBepxnocth X =0 B IV (g, )N
() J=(J*, M) MOXKHO aNIPOKCHMUPOBATD IV1aAKOH MOBEPXHOCTBIO K,
KoTopasi HUTAC He KacaeTcs K?. 3atem naJ™ (9_,2{)ﬂ7_ (3+,.ZZ)
MOKHO BBECTH IMIafkylo QyHKUHIO ¥, 006Jajaollyo TeM CBOHCTBOM,

uto X = 0 Ha & un ¥.,K* = 1. 'panuent Bekropa Kujinura MOXHO
NpEACTaBUTb B BUIE

fKa; b= nabchc(’)d -+ K[af;b]’
rae f = K°K, n

ll

1 )
(Da _Q_nabchch;d.

Bropasi nmpoussognasi K ymoBieTBopsieT paBeHCTBY
QKa;[bc] = Rdabc Kd-

Onunako Kgpe = K{a;pjc. CoieoBaresnbo,
d
Ka;bc = RdcbaK s

H OTCIoga
K% = — R%K". (9.9)

Bextop g, = [~'K, = X,, oproronasen k Ko ¥Ywmuoxum (9.9) na
gq W TpouHTerpupyem B J—(J+, ) mno obiacty &, orpaHHUEHHOH
nosepxHocTaAMU A’y u A, KoTOopble 3ajaHbl YpaBHEHHAMH X =
=Xy 1 H X=X+ 2, rAe %2 UMEET TOT XK€ CMBICJT, YTO U B NPH-
JoxeHuH 9.3.1; B pesyJibTaTe NOAYyYHM

S RabKaqb do = — S (Ka;bqa);b dv 4 S Ka;bqa;b do=

& £ Z

= [ kg do,—2 (o 0,do. (9.10)

og &£
I'panuna 0% obaactu & COCTOUT U3 MOBEPXHOCTEl

0Z, =M N7~ (9%, K), 0Z,=wnT1" (9%, 1),

Kycka 03 nosepxuoctu J=(I*, M) mexny N n N H Kycka
0%, noBepxHocTH J— Mexny A # A IloBepxHOCTHHIT HHTErpas
no 0%; paBeH NOBEDXHOCTHOMY UHTerpafay no 0%, B3ATOMy ¢ 00-
paTHBIM 3HaKOM, TaKk KaK 3TH TNOBEPXHOCTH MNEPeBOAATCT OJLHA
B APYTyI0 u3oMeTpHeH 0.

Boansu I~ ¢yHRmua f= —1-+02m/r)+ O(r?) u 0%, =
= O(r-%), roe r — HexkoTOpasi TOAXOAAILAs DafnWaJbHas KOOPAH-
sara. [Tostomy noBepxHoCTHBIT wuHTErpaa 1o 0%, Ha J~ paseH
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Hyao. JdonycTum Temepb, UTo BeKTOp K BpeMEHHNOL00eH BCIOAY
Ha % u u30TpOmNeH Ha ropusonte. Torga w?, Gyayud OPTOrOHAJb-
upiM Kk K, mpoctpancTBeHHOmomoGern Bciony B #. Ortcioga, eciad
o 7 0, T. e. pelleHue HecTaTHUYHO, MOCJEAHHI 4YJeH B MpaBoH ua-
cti (9.10) 6yner orpumartenbHbIM, Ecap paccmatpuBaeMoe IIpo-
CTPAHCTBO IIyCTOE M WHTerpaj no %3 paseH HYJ0, TO 3TO BeleT
K NPOTHBOPEUHIO.

UTo6bl BBEYHCAMTB 3TOT HHTErpaJj, HYXHO HpuOerHyTh K Ipe-
aeapHoMy nepexony. Ilycts z— ¢yukuus Ha nosepxuoctd A°p, Ta-
Kaf, YTo Ha TODHU30HTEe OHa PaBHa HyJI0, HO ee rpaaueHtT B A’ Ha
FOPU30HTE OTJHYeH OT Hyad. PYHKOMIO Z MOXKHO 3ajgaTh Ha £
ycioBueM 2,,K¢ == 0. 'pagueHT 2z MOXHO TNpeiNCTaBUTb B BHAE

2= x;bz;b (Ka + fRa)y
rae R® — BeKkTOp, KacaTeJbHHIH K moBepxHocTaM {X == const} u HOp-

o HY
MHDOBaHHBIH TaK, uTo R°K,= —1. Bo3sbMem Teneps SKa qodoy

no mosepxHocTu {2 =const} mexny A, u A%. Torma do,=dozy,
rae do — Hekotopasi genpepuiBuast mepa. MTax,

S <a;an doy= S (‘é‘ Ea () — )—C;aKa;bRbf + % f;bRb) )_C;bz:b do.

[TockoapKy TOpH3OHT npencrasaser coboil moeepxHocTs f=0 u
MocKoabKy K@ HampapjeH BAOJb H30TPONHBIX 00pasyiolllux TOPH-
30HTa, BEKTOp f., Ha ropus3oHTte mponopuuoHaiten Ko Otcwozna

S K%g,do,=0.

0gs

D70 MPUBOAUT K MPOTHBOPEUUIO, KOTOPOE AOKa3niBaer, uro K¢ nod-

)KeH ObITh TIe-TO B & NPOCTPaHCTBEHHOINOAOOHBIM, €Cji IPOCTPaH-
CTBO TYCTOE. o

IIpedroxncenue 9.3.6

Ilycty (M, g)— cTanuoHapHOE HecTaTHUECKOE PerynaspHO npen-
¢Kasyemoe IPOCTPAHCTBO-BPEMs, B KOTOPOM sprocdepa HMeeT Ie-
peceuenne ¢ J - (o7, J)NT* (9™, ). Toraa cymecrsyer oxHOna-
paMerpuueckas LHKJHUYECKas TIPylna H30METPHH B, (0<¢<
<C 2m) 3TOro mMpoCTpaHCTBa, KOTopas KOMMYTHPYET ¢ 6; u opburh
KOTOPOI MpOCTpaHCTBeHHONOA00HE BOMM3H I+ W I~

[Tycte &) ecTb OJHOCBS3HAs KOMIIOHEHTZ  MHOXKECTBA
I(gt, )01t (97, J), u nycrs G, — daxrop-Muoxecrso Z; 1o
ee o6pasywwmum. Torpa opGutamu usoMerpuu 6, B ropusonre &,
OyayT BHHTOBBLIC JUHHH, MHOTOKPATHO MepeceKaloliue OLHU U Te Ke
obpasywowne. ITycts npu nHekotopom ¢ >0 6; ecTh oauH 060pOT
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B . Torna, ecsin p = &y, 1o 6 (p) 6ymer nexath Ha ToH ke 06-
pasylouleit &y u npuToM B GyAyILeM TOUKH p, TaK Kak

X 'etl o =% Ip + ¢,

Mpr moxeM BbIGpaTh HanpaBJeHHBIH B OyAyIlee H30TPONHBIH BeK-
Top Y; Tak, uToOBl OH OB KacaTeneH K 0OpasyoIluM, U Tak, yTOOB!
OH 06/1a8a/ CAeAYIOUIMMH MaclITaOHLIMU CBOHCTBAMHU:
1) YiaY (" =2e¥14, Tae el =0,
2) eciu v — mapameTrp BAOJb 3THX 00pasyloLIUX, TaKoH, uTo
Y, = 0/dv, T0
v let1 w=0vl 1.

BektopHoe mnose Yi, onpeleseHHOe TakKUM 0Gpa3oM, UHBApHAHTHO
OTHOCHTEJBbHO H3oMeTpuH 0, T.e. LY, =0. 3aTeM MBl MOXKeM 3a-
naTth B &) NPOCTPaHCTBEHHONOL00HOe BeKTOpHOoe moje Yi=K —
—Y,; LxYs=0u Ly Ys=0 (ot™MeTuM, uto Y3 — He eIMHUUYHBIH BeK-
TOP, H B [AeHCTBUTEJIbHOCTH OH OyJeT paBeH HyJI0 Ha 00pasyiolux
yi H Y, COOTBETCTBYIOIIMX moJsiocaMm &;). MHTerpasbHble KpuBbie
BEKTOPHOTO 1modis Ys B &1 GYAYT OPEACTaBAATh COO0H OKPYKHOCTH,
BBIPOKAAIOINNECS HA y; U y2 B TOUKH,

[Tycte @ — HexkoTopas Kpusas B &) OT y; AO Yz, OPTOrOHAJb-
Hast K Y, n Y;, npuueMm Taxas, uTo OpOMTH Ys, mepecekaiollde p,
obpasywoT B £; IVIAAKyI0 MPOCTPAHCTBEHHONOMOBHYIO 2-MOBEpX-
Hoctb P. Ilycrs P (v) — ceMeHCTBO INPOCTPAHCTBEHHONOMOGHBIX
2-moBepxHOCTeH B &1, MOJNYUCHHBIX CIBHTOM Ka)XIOH TOUKU MOBEPX-
HOCTH & BHOJb o0pasyollux &£ Ha mapaMeTpHUeCcKOe paccTosi-
uue v. $(v) cosnanaer takke ¢ 0,(%#). Beenem Yy — npyro# uso-
TPOMHBIH, OPTOrOHAABHEIl K P(v) BEKTOp, HOPMHPOBAHHEIA Tak,
yto Y %Yy, = — | (puc. 61); Torna LxYs==0.

[Tycts Y4 — npocTpaHCTBEHHONOAOOHBIH BEKTOP Ha W, KacaTelb-
eIl K p. Torga Mbl MoxeM onpenedutb Y4 Ha &), yBjeKas €ro
BRoJsb BekTopHbix mosnelt K u Yy, 1. e LgYs=0=LyYs
(DTu paBeHCTBa coBMeCTHHI, nmockoabky LkY;==0.) Y, 6yzer opro-
ronanes K Y, Ha &, BBugy toro, uro Ly (Yi%g..Y.")=0; xpome
TOrO,
(VY1) Y1l =YV %Y Y 10+ Y Y aaY
[TepBrtil ujleH paBeH HYJIO BBHAY H30TponHOCTH Y|, 4 BTOPOH ujieH
paBeH 2eY1,Y4% Taxkum o0pasoM, ecau nepsBoHayaabHO Yi,Ys¢ = 0,
TO 3Ta BEJHUYHHA OCTaeTcss paBHOH Hy/ao. Y4 opToroHaded K Y, Ha
&y, MOCKOJBKY OH JICKHT Ha nosepxxocta #(v), a Yy Hopmasex
K »Toi mosepxHocTH. Ha &, on Gymer takxe OpToroHasten x Ys,

noromy uto L (Y3“gabY4b) =0u
(Ys5°Y 1a):s Ylb = Yla;bY3by4a + Yla;bY4bY3a =0,
cuny pasenctBa Y, ,A%R" = 0.
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B HexoTopoit okpectHocTH &) OyIeT CylLlecTBOBaTh eAHHCTBEH-
Has M30TpPONHas reojesndyeckast A, OPTOTOHAJbHAs K MOBEPXHOCTH
#(v), npoxoaaluell yepes nanHyio TOUKY r. IIpu 3TOM AJA TOUKH r

)

- e
- ——

Pue. 61. Usomerpua 0; cxsuraer Touky p n mOBepxXHOCTs & (U) B TOUKY
0;, (p) 1 nosepxuocts &P (v + #;) HA ropusOHTE &Z,. Bekrop Y, kacatesqeH K H30-

TpOmHOH reofmesuyeckoli obpasywoueit £y, Y. — H30TPONHBIH BEKTOP, OPTOTO=
HagabHeiA &P (v) 0 Y, Jdexur B P (v). K — nore Bektopos Kusaunra na &£y,
nopoxjaiee Ipynny uoMerpun 0Oy

MOXHO BBECTH KoopauHathl (v, @, 6,¢), rie w— addunioe pac-
CTOSIHHE BAOJb W, onpeaeasemoe 110 Yy, a 3HaueHus (v, 0, ¢) B3sATH
B ni 2. 3nech 6 u ¢— rTakue cepuyeckue MOMSPHBIE KOOPIH-
HaThl AJsi 00pa3yIOILHX MOBEPXHOCTH £y, OPU KOTOPBIX Y320, = 0,
Yo, = 0. (Hdpyrumu caoBaMu, MB Bblfepem Ha £ Ys=

= (2n/t,)0/0¢ u Y4_0/08) Bosbmem 6asuc {Yi, Yz, Y3, Y4}, ma-
pasJiebHO MePeHeCeHHBIH BAOJIb H30TPOIHBIX IeOJE3NUECKHX C Ka-
carebHbIM BekTOopoM Ya. Torpa Y, = 0/0w. Onpenenum sextop K:
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K = 0/0v. 910 suaunur, uto Ly K = 0. Baexewm BEKTOp Z%

a1 i
2= (v )

Torna
2°Z,=0, 7°%,=1, Z7°,=0,

rae qepTofI cBepXy 0003HaUeHO KOMIIEKCHOE COMpPAKeHUe.
Ha & moxHo BBeCTH caefyiollee CeMellcTBO TEH30PHBIX TOJIel!

go=g¢ n g, =Ly (Ly(- .(Ly2) "))
n pas

{g.}:

Bo BBe/eHHBIX BbIIe KOOPAHHATAX Gngp == 0" (gu)/0w™. Tlo-
CKOJ/IbKY paccMaTpUBaeMoOe pelleHHe AHAJUTHYHO, OHO MOJHOCTBIO
onpeje/seTcs ceMeHCTBOM g, Ha £. M noxaxewm, uro Ha £

npousBoasbie Jlin Bcex g, no K pasHu Hymo. HMs storo caexnyer,

4To mpoussoaHble JIu moseli g, otHocuteapno K = K — K rakxe
paBubl HyJio. OTcroxa BHAHO, YTO NPOCTPAHCTBO-BPEMS AONYCKaET
OAHONApaMeTPUYECKYI0 IPyNny 04, NOPOXKIEHHYIO BEKTOPHBIM I10-
aem K. st mpocTOTBI Mbl ODaHHUHMCS JHIIbL CIy4aeM I[yCTOrO
NPOCTPaHCTBA, HO aHAJIOTHUHBIE apryMEHTBHl HMEIOT CHJIY H B MpH-
CYTCTBHH MaTepHaJbHBIX MOJeH, MOLOGHBIX 3/JeKTPOMArHHTHOMY H
CKa/IAPHOMY, KOTOpble MOAUMHSIOTCS XOPOLIO OMpPEeAeJEeHHBIM THIEp-
GOJTHYECKUM ypaBHEHUSIM,

IIpu Hamem BbiGOpe KOOPAHHAT KOMMNOHEHTH Lgpg ABAAOTCA

YaCTHBIMH TPOU3BOAHBIMH MO ¥ KOOPAHHATHBLIX KOMIIOHEHT ggb.
Iocnennne nocrosuust Ha £y, Tak ut0 Legl, =0. M nokaxeu

Huxe, 4T0 Lgg [, =0, 1 sareMm npuMesuM MeToa uHAykuuu. ITpex-
HOJIOXKHM, YTO
Lgg, 1, =0, n=Ll

s camoro nocrpoeHust Gasuca ciaenyer, 4to Lp BCeX n-X KOBa-

PUAHTHBIX TPOH3BOAHLIX Bcex 6as3ucHBIX BexkTopoB Yi, Yy, Z, Z
paBHB HyJ10. MMeem

gn+lab=gnab cY +gnch’ a+gn acY9 b

[Tpoussoansie JIu mo K BToporo u Tperbero ujeHOB PaBHBI HYJIO.
Ilepebifi usen BKJAlOuaeT B cefs KOBapHaHTHbIE NMPOU3BOAHbIE Y
nopsiaka (n 4 1) u Gojee Huskux nopsigkos. [Ipoussognas Jlu no
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K Bcex usieHOB HH3IIKX MOPSAKOB paBHa HyJ10. YjeHbl, BK/IKYaio-
mue (n - 1)-e KOBapHaHTHBIE NTPOU3BOAHLIE, PaBHLL

(Y2a;bef +oo ghe + Y2b;aeef ghc) Y28Y2f Ve Y2hY2C =
= (YQ'J:DSYQe + Y‘_)b:aeYQe);f ves ghe Yzf e YZC +
-+ (usnensl GoJiee HHU3KOTO HOPALKA) ==
= ((YQa;eYQQ);b "l" Rpabe YQpYQE + (Y2b;ey2e);a + praeYQ'DYQe);f ... gh X
X Yol ... Ys® + (unens Gosee HH3KOrO MOPSIAKA).

[Tpoussoansie Jlu no K ot atoro BelpakeHus GYyAyT PaBHBl HY.IIO,

ec/ai paBHBl HyJI0 npoussoaHble JIu mo K rtensopa PumaHa u ero
KOBApHAHTHBLIX MPOM3BOAHBIX #0 mopsiaxa (n—1). Toraa noay-
yum, uto Lgg, 1, =0. .

Uto6nl 1MOKa3aTth, UTO NpousBoaHble JIu no K TeHszopa g; u ko-
BapHaHTHBIX NPOH3BOAHBIX TeH30pa PuMaHa DaBHBl HYJW, YA00HO
BOCIIOJIb30BATbCA HEKOTOPHIMH 0003HaueHUsMH, BBeleHHbIMU Hbio-
menom u [lerpoysom [113]. OHH COCTOAT B HCNOJNB3OBAHHU MCEBLO-
OPTOHOPMHPOBAHHOTO 6a3uca ¢ NBYMS MPOCTPAHCTBEHHONOAOGHBIMU
BekTopaMi Ys B Ys, CKOMOMHHPOBAHHBIMH B OJHMH KOMIJIEKCHbII
U30TPONHBIN BeKTOp Z, BO BBEJEHHH A/ KaXAOH KOMIIOHEHTH! CB$I3-
YOCTH ¥ TeH30pa KPHUBH3HBEI 0c0O0ro CHMBOJA U B ABHOH (0e3 cym-
MHMPOBaHHsT) 3alHCH BcexX TOXKAeCTB DHaHKM M ypaBHeHH#, ompe-
LeJSIOUIHX TeH30p KPHUBH3HHL. 3TH COOTHOLICHUS KOMOMHHPYIOTCH
B Iapbl, TAK 4TO OHH 0OPa3yIOT BABOE MeHblIee YHCJIO0 KOMIIEKC-
HpIX ypaBHeHHH. CHMBOJIBI [/ CBI3HOCTH ONpEARMSIOTCS TaK:

% =Y 122\, = — Yo, 2% ",
p = Yla:bZaZb, A=— Yga;bZ_aZb,
0’=Y1a;bZaZb’ H=_Y2a;bZaZb
T =Y 10527, v = —YousZ°Y,’,
a = 1 = .
&= % YViapVoV" — ZapZ%\"), o =5 (Viap¥s"Z" — Z4pZ°Z%),
— 1 =4
ﬁ'_— % (Yla;bY2aZb - Za;bZaZb), Y= D} (Yla;byzbyzb - Za;bZ Y2b)~
CumBoJbl aJaa Terszopa Beilas:
Y= — Cabcdylazbyfzd,
Yy=— Cabcdylay2bylczd:
Wy = — o Capa (V1YY 1 — VY0 2°27,

Wy = CabchIaY QbY QCZ—d,
lP4 = Cabcdy2a2by2czd'
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Mgl paccMarpuBaeM ITycTOe MPOCTPAHCTBO, M TeH30p Puyuu paBel
Hyaio (T.e. B dopmanusme Hoiomena — Ilenpoysa @ap = 0 = A).
ITockoabKy 6asuc mapanjesnbHO NePeHOCHTCS BJIOob Yo, HMeeM v ==
=1y =1 = 0. [TockosbKy Y; ecTb rpajueluT KOOpPAUHATHl U, It =
=B+ o u pu=[. Donee Toro, Ha &} ®w =p=0=0, ¢ = E,
Y1(8)= Ou lp(): 0.

Hy:xHble HaM ypaBHEHHSI UMEIOT BUJA

Yi(@)—Z(e)=(p+&E—2e)a+p5s—pe—xk+(e+ p)mr, (9.11a)
YIR)—Z(e)=(a+n)o+ (p—&)B—px— (@—a)e+ ¥, (9.116)

Y, (M) — Z (30) = ph + 6p + 7 + (@ — B) w — (3e — E) A; (9.118)
Y, () — Z (1) =pp + o + ai — (e + &) p — w (@ — B) + W, (9.11r)
Z(@)—Z(o)=p@+p) —o@a—p) — ¥ 9.11x)

[>Tu ypaBHeHus moJiyyaroTcss H3 ypaBHeHu#i Hbioomena — Ilen-
poysa (4.2)] n
Y, (W) — Z (Wo) = — 3xW, + (2¢ + 4p) ¥, — (— 7 + 4a) ¥y,  (9.12a)
Y, (W) — Z (W) = — 2%V, 4 3pW, — (— 21 + 20) W, — AW, (9.126)
Y, () — Z (W) = — xW, — (28 — 20) W, + 3nW, — 20,  (9.12B)
Y (W) — Z (W)= — (48 — p) ¥y + (45 4 20) ¥y — AW,  (9.12r)
Yy (o) — Z (W) = — p¥o — 28, + 30¥, (9.121)
[stu ypaBHeHus moayvanTcad M3 ypaBHenu# Hbiomena — Ilen-
poysa (4.5)]. ~

Vs (9.11a) W, =0 ua &,. Torga us (9.126) ¥, (Vo) = K (¥,) =0

na &,. CxaansiBas (9.11a) ¢ ypaBHEHHEM, KOMIIJIEKCHO-CONPSIKEH=
aum (9.116), moayunm

Y=Y (a+p)=
=7 (&) + Z (&) + 27p -+ 2i5 — 1t (e — &) — wh — & + Py

orciofa Ha &, B
Yi(n)=Z(e)+ Z (&)

Cnenosateaptio, Ha £ Y, (¥, (n))=Y,(Z(e)+ Z (). Ho na 2,
LyZ=0 u Y,(e)==0. Iloatomy na &£, Y,(Y,(n))==0. Orcrozna
BugHo, uto Ha &, n=A- Bo, rne A U B — nocrosiHube BROJb
obpasywoweil ropusosrta £;. Ho ”|p:”'et L CIe10BaTeNbHO,

m==const Brosp obpasyromux Z;. Beunras us (9.11a) koMmnaekcHo-

conpsikenHoe Bhipaxenue (9.116), nHaxogum, uto (a— B)= const
BJOJIb YKasaHHBIX 00pasyiomiux.
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3aTeM ¢ NOMOLILIO MOLOGHBIX :Ke DACCYKASHHH OTHOCHTENBHO
(9.11B) 1 (9.11r) MoxHO 1OKasaTb, 4TO BHOJAbL OOpa3ylOLIMX IIO-
BepxHOCTH £y p ¥ A nocrosHHel. TlockossKy s, p ¥ A 3aKaloT KO-
BAPUAHTHYIO (1PON3BOAHYIO Yo, OTCIOAA caienyer, uTo HA | LY % =
=0, 1. e. uro Lgg, |, =0.

Takum ke cnoco6om Ha ocrose (9.128B) u (9.12r) gmokasw-
Baercs, uto Ha &y Y (¥3) =Y, (¥,) = 0. Otciona cienyer, urto
Ha &, LAﬁRabcd::O 1 COOTBETCTBEHHO PaBHBI HYJI NPOH3BOAHLIC
Jlu mo K BTOpBIX NPOU3BOAHLIX Ga3HCHBIX BEKTOPOB. B UacTHOCTH,
peficreue Y Yz Ha Ji00y1I0 U3 KOMIIOHEHT CBSI3HGCTH [JaeT HYJb.

Uz (9.12n) K(Ye(Wo))= Y Y5 (Wo) =0 na £, lloxeiicteyem
onepatopom Y:Ys: Ha (9.12a). Kommyratop Y:Ye— YoY, comepxkur
TOJILKO IIepBbie KOBAaDHAHTHBIE NPOH3BOHble Ga3WCHBIX BEKTODPOB.
Taxum obpa3zom,

Lﬁ(YlYQ—-Y2Y1)=O na £

1*

OTCIOILa I10 aHaJoruu C npepsplAymuM A0Ka3aTedbCTBOM IOJAYUYHM,
4To

R, (W)=Y, (Vo (¥)=0 na 2,

[ToTopuM mamu paccyxnenuss B mpumenenun k (9.106 — 9.10r),
yro0n MOKasaTh, 4YTO IE(YQ(‘PQ))=R(YZ(‘PS))=K(Y2(1P4)) =0
Ha &£,. Orcioga BHIHO, UTO MPOM3BOAHble JIM oTHOCcHTeJabHO K
NePBHIX  KOBADHAHTHBIX NPOH3BOAHBLIX Tensdopa PumaHa paBHbI
HYJIO. 3aTeM, CJeAys TOH »Ke CXeMe, MOMKHO IOKasaTh, UYTO

K (Y3 (Y2 (T0) lg, =011 & o

IIpedaoncenue 9.3.7

fycrb (A, g) — IPOCTPAHCTBO-BPEMd, JlONyCKaoliee 2-napame-
Tpuueckyio abesieBy rpynny usoMerpuu ¢ Bekropamu Kwmismara §
u &. Ilyers 7° < M — cBA3HOE OTKpLITOE MHOXKECTBO, H MYCThb
W, =&, 8 TOTAQ, eca:

a) WapR M, ==0 una 7,

6) wy, =0 B HEKOTOPOH TOYKe U3 ¥°, TO

w[ab;cwd]ezo Ha 7.

abed

HyCTb X= gla;bwchl HogX == E'Qa;bwz:d'n abcd. Torna

bed . lashe ¢, d)
T]ac 1X:“‘4!§1a E18 ==

. d b, o d bie e | b d
= 315,%5,%, " — 815,%, 1%, — 2 X 315,88, T
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Otcona
(3!)—1 TladeIX;d =§ld;d§2[a§lb;c} + E]dag[a; E bicl +
_+ gld&z[aglb;c];d —§ ddga % b;el ”—E dE [a g b;c) "‘E dr- Wé b; c] —
— 28,1 5,78, 1 — 2 1) g I — 08 g, §1chd;d- (9.13)

[TepBblfl W 4YeTBEPTHI YJ/EHB HCUE3AIOT, NMOCKOJLKY & H & — Bek-
Topsl KuasuHra; BTOPOH ¥ NATHIH Y/JIEHB B3aHMHO YHHUTOXKAIOTCH,
NOCKOJABKY & #u & KOMMYTHPYVIOT. Lglgm;b=0 B CHJY TOro, 4To
& — BexkTop KussiuHra, W motoMy paBeH HYJI0 TpPeTHil ujeH. Anxa-
JIOTHUHO Lglgla;,,zo BCJIEICTBHE TOTO, 4TO & — BeKkTop KuJuwuara,
goMMyTHpylomwii ¢ §;. M3 aToro BrITeKaer, 4TO CyMMa LIECTOrO

I BOCBMOIO tmeHOB pasHa Hyao. CeapMmoi wujien chesaeT B CHJIY
d

cummerpun  E° dgl , ® cooTHomenne £%4. ;= —R%E" KOTOPOMY

yrosJaeTBopser BeAKull BexTop Kuiaaunra. Takum obpasom, paben-

cTBO (9.13) npuBOLUT K BHAY
,nab(?d(l)x;d — 2 . 3!§I[a§2bRC]d§]d.

[To ycaoBuio (a) mpaBas wacTh oGpamtaercss B Hyab Ha 7°. Cuaego-
BaTedbHO, (Y =const Ha 7’; nHa camoM juene ;x=0 mua 7°, mo-
CKOJIBKY 3Ta BeJMYHHA 00paliaerTcs B HYJb NpH @, =0. Amnagao-
rMuHO U =0 Ha 7°. PaBeHCTBO HYJIO () H oY HEOGXOAHMO H

JOCTATOUYHO MIJd TOro, YTOOL
Wiab;c Waje = 0. O

IIpedaoacenue 9.3.8.
[Mycts (A, g) — cTanuoHApHOE AKCHAJIBHO CHMMETPHUHOE pery-
JISIPHO NIPEJCKAa3yeMoe MPOCTPAHCTBO-BPEMS, B KOTOPOM Wiap;cWaje = 0,

rjie Wap _“K[aKb] Torna h_~wabw“b < 0 B Jq060# Touke, JgexKale
Bre ocu K=0 srewneii o6aactn J' (9 ./[)ﬂ I~ (97, J). Ha
ropusonrax J (IF, NI (I, H) n it (.7 J)NI (9%, J)
h =0, HO w,; HArJe He oOpallaerca B HYJb, Kpome OCH CHMMETPHH.

[To mnpemnnoxenuo 9.3.3 Bextop K¢ oradueH OT HyJIsd B
Vo, aOnT (9, J). [Tycts 7 Gyner OKPYKHOCTBIO S, ko-
TOpas fABJSAETCS HEHY/IeBOH HHTErpasibHOll KPUBOH BEKTOPHOTO MOJS

Ks /" (/ /Z)ﬂJ (.7+, Ji) JefictBruem H30MeTpuH 0; MOXKHO
nepevectuts A B DH(F). ITlockoabky 8 D+ (P) Her uempocrpaH-
CTBEHHOTIOJO0HBIX 3aMKIYTHIX KPHBBIX, A [JOJAHa& ObITH NPOCTpaH-
CTBEHHOMONOONON KPHBOH, a MOTOMY H BeKTOp K* J0MXKeH ObITH
NPOCTPAHCTBEHHONOLOOHBIM BCIOAY B

JY (o=, a)nT (9", J),

13 3axasz 381
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3a UCKAIOUEHHEM OCH, TAe OH paBeH Hyso. JONycTUM, YTO CyliecT-
ByeT HeKOoTopas Touka p, B KoTopoli K¢ u K@ 006a OTJIMYHBI OT HYJ4
M 0AMHAKOBO HampasseHbl. [loCKOJBKY OHH KOMMYTHDYIOT, HHTe-
rpajbibie Kpusble K¢ u K@ npoxoasulue uyepes p, IOJKHBI CO-
srnacts. OfHAKO HHTErpasbHble KPUBble K* 3aMKHYTLI, a HHTerpaJ/hb-
uole kpusble K¢ — ner. Cuenosarensno, K* u K¢ tawm, rie oHu OT-
JUYHB OT HyJd, JUHEHHO He3aBUCHMBL. [loaToMy w,, 7= 0 BCloay B
It (g, J{)ﬂl—(.7+, M), 3a MCKIIOUEHHEM OCH.

Ocb upepcraBsser coGofi ABYMEPHYIO NOBEPXHOCTb. Ilycth Y
ectb Mmuoxectso JT (.7—, J{)ﬂl_(.7+, J{), U3 KOTOPOr0 HUCKJIO-
YyeHa oOCb, W NYCTb & ecTb (akrop-MHOXKecTBO % mno 0. Ilo-
CKOJIbKY HHTerpaJibiHble KpuBble K¢ 3aMKHYTHL U MPOCTPaHCTBEH-
HONMOROOHE B 4, (axTop-MHOXKecTBO Z OyAeT XaycropdosbiM
mMHoroo6pasuem. Ha £ MOXHO BBeCTH JOPEHLEBY METPHKY
o ] o
Hap = Gap» — (K°K,)” K,K;, CHpPOEKTHPOBATb C €€ IOMOILBI0 BEK-
Top Kumura K® u nonyuuth B Z HeHYJEBOE BEKTOPHOE IOJIE
ko, K?, koTOpOe Gyer BekTOpHLIM MoJieM KHJmuEra /s MeTpHKH Ay
VesI0BHe @iap;cWaje = 0 B M o3nauaer, uto B L (K°hy)\a hoiK =0,
rle BePTHKAJIbHON uepToil 0603HAYEHA KOBAPHAHTHAS NMPOU3BOAHAA
ortgocuTesibHo h. OHO Kax pas3 U O03HAUaeT, 4To HA £ KoJKHA
cymecTBoBaTh GYHKUHS & Takad, uto K f,,= —af.. [lajee
OyneM paccyXaaTh, Kak NpPH J0Ka3aTeasCTBe npeasoxenus 9.3.4.

[ToxaxeM, UYTO TNPH BBHIIOJHEHHU YCJAOBUA KaKbﬁ“b=0 B TOUKe
p = Z noepxuocth £ =E§|, GyaeT MOBEPXHOCTLIO B Z, H3OTPONHOM
OTHOCHTeNbHO MeTpukH h. Oyuxkuug & Ha £ HHAYIMPYET (DYHK-
unro £ Ha Y, o6aamaluiylo CBOHCTBOM: E;aK‘l:O. Cnenona-
TeJbHO, § ==§ |, 6yJeT noBepXHOCTbIO B A, H30TPONHOH OTHOCUTEJ/IBHO
METPUKU g.

JlomycTuM, 4TO p COOTBETCTBYeT HHTErpasbHOH KPUBOH A Bek-
TopHOro noas K9, ne mexamei s J - (g%, J). Tyers g M — Touxa
na A. Torpa pmomKHa Ha#dTHCh HANpaBJeHHAas B §Yyayliee BpeMeHH-
nojo6uas kpusas vy (v) or I~ uepes g mo I¥. Ecam sra kpusas
mepeceyeT OCh, €€ MOIKHO Oyjer cJerka AedopMHPOBAThH, YTOGH
n3bexaTh Tagoro mepeceueHusi. OTcCio7a MOXKHO NPUATH K NPOTH-

BODEUHIO, AHAJOTHMYHOMY IMPOTHBOPEUHIO IPH J0Ka3aTe/bCTBE Apes-
goxenust 9.3.4.
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HauvanbHag cHHIYJSpHOCTL BO BceneHHOH

Pacummpenne BcenleHHOI BO MHOTMX OTHOWEHHSX NOXOGHO KOJI-
JalCy 3Be3/bl, ecAd He CYUTATh TOTO, UTO HalpaB/eHHe BpPeMeHH
npH pacuinpeHnu obpaTHoe. B 3Toil riiaBe MBI MOKa)KeM, 4TO YCJIO-
BHS TeopeM 2 U 3, O-BUAUMOMY, BBINOJIHEHBI, H 3TO YKa3bIBAeT HA
HaJHype CUHIYJAPHOCTH B HauyaJe COBPEeMeHHOH (paspl paclIHpeHH:
Bcenennoit; B cB3M ¢ 9TUM Mbl DPACCMOTDUM INPOSIBJEHHS MPO-
CTPAHCTBEHHO-BPEMEHHBIX CHHIYJIsSPHOCTEH.

B pasa. 10.1 Mbl nmokaxem, 4To NpU YCJOBHM YaCTHYHON Tep-
MaJu3alHy MHKDOBOJHOBOTO (POHOBOTO H3JyueHHsT Bo BceseHHOH
B pesyJabTaTe pacCesiHHA CYIIECTBYIOT HalpaBJ/JeHHble B NPOLIIOe
3aMKHyTble JIOBYLIEUHbIE NOBEPXHOCTH; aJbTeDHATHBHBIM YCJOBHEM
UX CYIIeCTBOBAHHsl sIBJASETCs BBLIMOJHEHHE NpHHIHMINIA KonepHHKA,
COTJIACHO KOTOPOMY Hallle NoJoXKeHHe Bo BcesleHHOHI HHYeM He BHI-
gesdeno. B pasa. 10.2 Mpl paccMOTpHM BO3MOXKHYIO NPUPOAY 3TOH
CHHTYJIIDHOCTH © HECOCTOSTEeNBLHOCTb B CAMOH CHHTYJSIPHOCTH (O-
BPEMEHHOH (PH3HUCCKOH TEOPHH.

10.1 Pacwupenne Bcenenuoi

B pasp 9.1 MBl moKkasanad, uTo MHOTHE 3Be3[bl B KOHIE KOHIOB
OyAyT KOJA/IANCHPOBATb U NPH 3TOM BO3HHKHYT 3aMKHYTBIE JIOBY-
meyHble noBepxHocTH. [lepexonss Kk GosmpmiuM MacmTadaMm, MOKHO
paccmaTpuBaTh pacuinpeniue BceseHHON Kaxk oOpauleHHBIH BO Bpe-
MeHn KoaJgamc. [TosToMy MOKHO HameaTbCsd, YTO B KOCMOJOrHue-
cKOM MacmTade ycaoBHSI TeopeMbl 2 OyAyT BBINOJHEHH HOpH 006-
paTHOM HanpaBJeHHH BpeMeHH, ecJad MaTepud Bo DBceseHHOH
JOCTATOYHO IS TOTO, 4TOOBI BO3HUKJ/N 3aMKHYTble JIOBYUIEYHbIE M10-
BEPXHOCTH H €CJH OHa B HEKOTOPOM CMBICJAE JOCTATOYHO CHMMeT-
puuHa. Mbl npuseseM aBa J0BOAA B 10Jb3y TOTO, YTO MaTepHH
peficTBUTEbHO gocTaTouHo. OHu 06a OCHOBaHLI HA JAHHBIX HabJIo-
JeHu# MHKPOBOJHOBOrO (QOHOBOTO H3JY4YeHHsl, HO HCXORHbIE Npe]-
MOCHIJIKH HECKOJBKO Pa3/InyHbL.

HaGmoaenua B paguonnanaszose Mexnay 20 cm u | MM ykassl-
BalOT Ha CylllecTBOBaHHe (HOHOBOrO H3JMYUYeHHsl, CIEKTP KOTOPOro
(npencrasjeHHBIl Ha puc. 62, a), no-BEARMOMY, OJIM30K K CIEKTPY
H3JyueHUs: aBCOJIIOTHO YepHOro Tesa npu Temneparype 2,7 K (cM.,

13*
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Puc. 62. a— cnektp MHKPOBOJHOBOTO ¢oHoBOro Huadyuenns. Toukn coOTBET-
CTBYIOT HaGJI0MAeMBIM 3HAYEHHAM <«H30HTOUHOrO» (hoHOBoro Haayderns. Criou-
Has JUEHS npellctaBuaser cobofi  cmekrp I[lnanka, cooTBeTCTBYMHONEA TeMmepa-
Type 2,7K. 6 — usoTpouust MuKPOBO.JKOBOro (otroBoro usayuvenns. [lokasauo
pacmpenieJeHne MO TeMneparype BJOJb HeGeCHOTO 3KBATOPa; [MAJs NOJYUEHHH
5THX TOYEK YyCPeJHeHH naHHBe Oosee dem 3a 2 roda. (Ma xenru . Y. lamm
«CoBpeMennasi KocyoJorus», M., nsa-so «Mup», 1973.)
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Hanpuvep, [48]). 1o QouHoBOE U3MYYEHHE, 0-BHAHMOMY, H30TPOIHO
B npeaenax 0,2% (puc. 62, 6; cm., nanpumep, [155] u cenlaku, npi-
BefleHHble TaMm). Boicoxas cTemeHp H30TDPOMMM  CBHAETENBLCTBYET
0 TOM, 4TO 3TO H3JyueHHe HC MOKeT 3apOxKAAaThkCs B Hpeaeaax Ha-
wel [anaxtukn (CoJHeunast ciHctTeMa PacnofoxkeHa BHE MIOCKOCTH
[anaxTuku), a A0/MKHO OBbITh BHEraJaKTHYECKOTO MPOHCXOXKAEHHS.
B sTom ananasoHe Mbl MOxKeM Hab/1071aTh AHCKPETHBIE UCTOUHHKH,
mpHYeM pacCTOHHS A0 HEKOTOPLIX H3 HUX, KaK 3TO YCTAHOBJEHO
0 APYruM AaHHLIM, nopsiaka 10?7 cM; caenoBaTesNbHO, MBI 3HaeM,
4TO Ha yKa3aHHbIX AJHHAX BOJIH BcesedHas mpo3pavHa BILJIOTh OO
Takux paccrosHuii. Takum obpasom, H3AydyeHHe HCTOUHHKOB, Ha-
X0AAWNXCA Ha paccrosinugx Goabiie 10%7 c¢M, A0/MxKHO 6GbLIO CBO-
00AHO pacnpoCTPaHATLCS 110 HAUPABJIEHHIO K HaM 10 Kpa#Hel Mepe
Ha TaKUX pPacCTOsIHHSIX.

BosvoxHble 00bsICHEHHS MPOUCXOMAEHHsT 3TOTO HM3JIYUeHHs Ta-
KOBBI:

1) ono asasercs u3/ayuyeHueMm abCOMIOTHO YEPHOTO Tesa, OCTAB-
WHUMCSt OT paHHell ropsiuelt pasnpl Beesennoi;

2) oHO fABAAETCH Pe3ybTaTOM HaJOXKeHHs O4YeHb GOJBIIOrO
yucJa BecbMa YIaJeHHBIX HepaspelleHHBIX DHCKPETHBIX HCTOYHHU-
KOB;

3) OHO reHepupyeTcs MEXKrajJaKTHUECKOH NblIbIO, KOTOpas Tep-
MaJu3yeT Ipyrue BHIB U3JyueHus1 (BePOSATHO, B HH(pakKpacHOH
obsacTu).

V3 stux oObsicHenuit Haubojee MpHeMJIeMBIM MPeLCTaBJseTCS
nepBoe. BTOpoe KaxkeTcss HEBepOSITHBIM, Tak Kak, [0-BUIHMOMY,
HeT JOCTATOYHOTO UHCJAa HCTOYHHKOB C HYXKHBIM CIHEKTPOM, KOTOpbIE
MOFJIH OBl CO3JaTb 3aMETHYI [0J10 HalJ/i0faeMOro H3JyYeHHs B
AAHHOM JHanasoHe uyacToT. [lasee, MmejxomacmrTadHasi H30TPO-
MHS H3JYYEeHHs O3HAuaeT, YTO YHCJIO [AHCKPETHBIX HCTOUHHKOB
f0J2KHO OBITh OYeHb BeaHKO (MOpSAKa uHCJa TajakTHK), a 00Jb-
IIHHCTBO raJakTHK, NMO-BHAHMOMY, He HMeEeT 3aMETHOrO H3JyueHHsd
B aTofl oOJactn cnekTpa. Tperbe oObsicHEHHe TaKiKe I[peACTaB-
JfieTcsl MaJIOBEPOSITHBIM, MOCKOJBKY KOHIIEHTPALHs MeX3Be3IHbIX
yacTHll, KoTopass noHagobusace Obl JJs 3TOrO, CAMLIIKOM BeJIHKA.
Xorts mepBoe 0OODbsICHeHMEe KaxKeTcss Hambosee BeDOSATHHIM, Mbl BCE
ke He OyneM HCXOAUTHL M3 Hero, Tak Kak 3TO O3Hauaao Obl, uTO
MLl 3apaHee NpeANoJjaracM CylleCTBOBaHHe paHHeHd ropsiueli ¢aswl
B 3BOJIONIU BceneHnHoil.

[TepBoe oObsicheHne Bkawuaer B ceOs npuHuun KonepHuxa,
COTJIACHO KOTOPOMY Halle MEeCTOHaXOXK/eHHe B NPOCTPAHCTBe-Bpe-
MeHH HuueM He Bblieseno. [lo Hawedl HHTepnperanuu H3 3TOTO
NpHHIMIA CJelyeT, 4TO MHKPOBOJHOBOe (OHOBOE H3JyUeHHe AO0J-
KHO BHIIJfALETh OJAHHAKOBO H3OTPONHHIM AJaa Jaw6oro Hab.wona-
TeJIsl, CKOPOCTh KOTOPOTO OTHOCHTeNbHO OJIH3JexKallUX TraJakTHK
MaJja. IIpyruMH cJa0OBaMH, Mbl [peAno/JaraeM CyIeCTBOBaHHe



390 Ta. 10, Hawaavnas cuneyaaprocts 60 Beeaennod

pacxofsleicss reoe3Hueckoll KOHIPYIHLUHM (pacxoAsuleicss — mo-
TOMY, 4TO TaJaKTHKH YAaAsloTCs APYr OT APyra, rec[e3uyeckod —
[OTOMY YTO OHHM [IBHXKYTCA INOJ AeHCTBHEM OJHOTO JHllb TATOTE-
Ul ¢ IMHHYHBIM BEKTOPOM 4-ckopoctu V¢), mpeacrasisiouleil
yCpeaHeHHOe ABHXKEHHE raJaKTHK, OTHOCHTENBHO KOTOPbIX 3TO MHK-
POBOJHOBOE M3JyueHHe BBIIVISAUT IOYTH H30TpOnHLIM. K3 npuH-
uuna Konepruka ciemayer Takxe, yto 00abliasi 4acTb MHUKDOBOJI-
HOBOrO M3/YyueHHsi CBOOOJHO LBHKETCS K HaM ¢ GOJIbUIMX PaccTos-
Huit (=~ 3-10%7 cu). DTo BUAHO M3 TOrO, 4TO BKJAaA B (OHOBOE U3-
Jyueltine chepHUYECKOro ¢J0s BOKPYr HAc TOJAIMHON dr W paauyca r
B OTpedesieHHOM NDUOJMKEHHH He 3aBHCHT OT 7: KOJIHYECTBO WH3Jy-
YeHHsl, NOCTYNAOLEr0 U3 3TOCQ CJI0si, OYAET NPONOPUHOHAAbHO r?
4 yMeHblleHHe WHTEHCHBHOCTH — 006paTHO MPONCPLUOHAIBHO KBaj-
paty paccrosiHus r%. Tax Oyzer A0 Tex NOp, NoKa He CTaHeT 3a-
METHBIM KpacHoe CMellleHHe HCTOYHHKOB, He OyAeT CKa3blBaThCs
9BOJIOLHA MCTOYHHKOB HJH He CTaHYT 3Ha4WTeAbHbIMH 2PPeKTbl
KpHBU3Hbl. OfHAKO BCe 3TH sBJEHHS NPOABATCS JIHLIb HA PacCTOs-
HHSIX MOpsiAKka pamuyca XaG6sa, ~ 10% cm. CiaenosaTesbHO, rO-
faBaspoLas 4acTb H3/yueHHs Oyaer cBOGOZHO NPUXOAHTH K Ham
¢ paccrosigus >10%7 cM., Ms rtoro ¢axra, yto, mpeojosieB TaKoe
60JIblIOe PACCTOSIHHE, H3JyueHHe OCTaeTcd H30TPONHLIM, Mbl MO-
HKeM 3aKJ/I0YUTh, YTO B GOJBWIHKX Maclitafax MeTpHKa BcedeHHOH
Gauska K OZHOH M3 MeTpuK Pobeprcona — Yoxepa (pasa. 5.3).
DTOT BBIBOJ CJEAyeT U3 pe3yJbrTaToB diepca, ['epesa n Caxca [44],
K H3JI0KEHUI0 KOTOPBIX MBI NEPeXOHM.

MukpoBo/aHOBoe (HPOHOBOE H3JyyeHHE MOKHO ONHcaTb QyHKLHeEH
pacnpeneienus f(u, p)(u =M, p < Ty), 3alanHOd HA H30TPOI-
HbIX BekTopax B I («) (HX COBOKYHNHOCTb MOXKHO paccMaTpPHBaTb
Kak (a30Boe NpPOCTPAHCTBO (poTOHOB). Ecan QyHKuua pacnpeinesie-
HHS CTPOTO M30TPONHA AJsi Habamoparend, ABHKYLLETOCH ¢ 4-CKO-
pocteio Ve, To ona Gyaer uMmeTb Bup f(u, E), rae E = — Vap,.
ITockonbky 3To H3JAydeHHe pacnpocTpaHsercd CBOGOAHO, (YHK-
uMa { no/KHa NOAUHHATbCA ypasheHuio Jluysuina B T(A). D10
o3HayaeT, yTo QYHKUHA [ MOCTOSHHA BAOJb HHTErPajIbHbIX KPUBBIX
TOPH30HTAJMBHOIO BEKTOPHOro noJjs X, T.e. BAOJb J0G0H KpuUBOH
(u(v),p(v)), roe u(v)— u3oTpomHas reojeaunueckas B S U p =

v

[Tockoabky f(u, E)= 0 u [ po/mxHa CTPEMHTbCA K HYJIO NpH
E— oo (MHaue MJOTHOCTb DHEPTHH H3JAyUYeHHs Obwia Obl GecKoHed-
HOMH), MOJIKEH CyLleCTBOBATb OTKPLITHl HHTepBasn E, B KOTOpOM
O0f/0E = 0. B 3ToM HHTepBa/je Mh MOXKeM BBIpa3uTb E Kak GyHK-
uuio f: E = g(u, f). Torna ypaBtenue JIuyBusas 03Ha4aeT, 4To HA
KaykK10H H30TPONMHON reoie3udeckol

_‘d7—=gap , (10.1)
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rje g paccMaTpuBaeTcs Kak QVHKUHS Ha A npu GUKCUPOBAHHOM f.
Kpome Toro,

dE d(Vapy)

S = - AP — Vi (10.2)

MoOKHO pasfoXUTb p® Ha [Be COCTABJSIOL{HE: HAMPABJIECHHYIO
BAOJAL V¢ u opToroHasbHyio k V9, T.e. p=E(Ve+4+ W), rne
WeW, =1, WaV, = 0. Torpa us (10.1) n (10.2) caeayer, uro npu
BCeX eAMHHMYHBIX BekTopax We, OopTOrOHaJbHBIX K V@, BHINOJHsETCS
PaBEHCTBO

dg

1 y a a
dt +§eg+(gva+g;a)w +g0abw/ Wb:o’

rae dg/df — cxopocTb H3MeHEHU g BJOJb UHTEIPajbHBIX KPHBHX V.
Orjensiss chepuueckue FapMOHHKH, HMeeM

Oap =0, (10.3a)

V,+(ng,=aV, (10.36)
I d (In g)

s0=—20g (10.38)

ITockosasky Mbl mpusaau, uro V,==0, us (10.36) caeayer, uro
BexTOp V, OpTOroHaseH K MHoBepXHOCTAM {g == const}, H 3To 03Ha-
Yaer, UTO 3aBHXPEHHOCTb G4, paBHa Hyado. B cuay V=0 nmeem
Viapy=0. Caexgoparesnpro, V, MOXKHO 3amucaTh KaK TpajueHT
byuruun 1 Vo= —1t,.

Tensop sHepruu-umnyJbca u3AyueHHs OyAeT HMETb BHJ,

4 I
Top= 3 u VoV 3 Wr8ab,

rue u,=SfE3dE. ITockoabKy CKOpPOCTb TajlakTHK OTHOCHTENBHO

HHTErpa/ibHbiX KPUBBIX BeKTopa V@ masa, uXx BKJIaa B TeH30p 5Hep-
THH-UMIIYJ/1bCA MOXHO annIpPOKCHMHPOBaTb TEH30POM 3SHEPrHU-HM-
nyJbca HeNpepPLIBHON KHUAKOCTH C IVIOTHOCTBIO g, 4-CKOpOCThi0 V¢
1 npeHeOpeXHMO MaJgablM AaBieHneM. Torga Mbl DpPUIEM K BBIBOAY,
4TO TeOMETpPHSl NPOCTPAHCTBA-BPeMEHH Takas XKe, Kak B MOJeNH
Pobeprcona — Yokepa. [Iast 3Toro 3aMeTuM cHauyajaa, 4To

1
V%), =35 (0(8% + VW), = (V%a),, + RV, =0 + Ry V"
YMHOXA 3TO ypaBHeHHe Ha hb, = gb. -+ V'V, Haxoanm
/’LbcR‘-aVa —_ %hDCBC.

JleBasi yacTb paBHa HYJIO B CHAY YpaBHeHUHN NOJdA, H, Cl1eI0Ba-
TeJIbHO, pacXoxJeHHe O TMOCTOAHHO Ha NOBepXHOCTAX [ = const
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(KoTopble fBJAIOTCS TaKKe noBEpXHOCTAMH nocrodnnoro g). Ilo
dynxkuuu 0(Z) 13 ypaBHCHHSA S/S=—;—8 MOXKHO onpeaeauTh QyHK-
uuio S(¢). Torpa ypasuenue Paltuayaxypu (4.26) npuauMmaer
dopuy 3

3t 4au—A =0,

OTKYZa CJeAyeT, 4To u = g -+ 2up TOXKe MOCTOAHHO Ha NOBEpX-
Hoctsax {f = const}. M3 onpenenenna pg CJAeAyeT, UTO Ug H Wg MO
OTIe/JBbHOCTH MOCTOSIHHE Ha 9THX [IOBEPXHOCTSX.

W3 Toit yacTu paseHcTBa (4.27), cjef KOTOPOH paBeH HYJIO,
BUAHO, 4TO  CapeaVPV?1=10. VYpasreuuss Taycca— Koxauun
(pasa. 2.7) npuBOAAT Temepb K cJjeAylouledl ¢opmyJe A4 TeH30pa
Puuuy Ha 3-nosepxHocTax {f = const}:

Rsab = hachbdRcd + Racbdvcvd ‘i‘ 6ezzb + eac + 9cb =
L e
=2, (— 5 0% + 8y +A).

Ha tpexmepsoM Muoroo6pasuu TeH3op PumaHa IOJHOCTbIO OIpe-
ACHAACTCA TEH30POM Puuun:

1

Rsabcd = habe ('_ RSef + szhef) T\fcd°

Ortcionia Kaxjaas 3-mOBepXHOCTb {f==const} ecTh TpexmepHoe mpo-
. 1 i
CTPAHCTBO TOCTOSHHOH KpuBH3Hb K (f) = 5 (Snu +A— 3 62) .
Vurerpupopanue ypaBHeHust Pafiuayaxypu NpUBOLUT K dopmyJe
I 382 k

K(t)=5 (8ap + A — S ) =<, (10.4)
rne k— nocrosiuad. Hopmupysa S, mMoxHO moaoxutrs k= =1, 0
unn —1. PaccvartpuBaeMoe ueThLIpeXMEpHOE IPOCTPaHCTBEHHO-Bpe-
MeHHOe MHOrooGpasue ecTb OPTOTOHAJbHOE NPOH3BelNeHHe 3THX

3-mpoctpaHcTB 1 JauHuu f. Mrax, Hama MeTpuka Moxer OBITh 3a-
nHCaHa B COMYTCTBYIOIIUX KOOPIHHATAX, KaK

ds? = —=d* 4 S*(f) dv?,

rae dy? — meTpuka 3-mpocTpaHcTBa NMOCTONHHON KPHUBH3HBL R, T.e.
meTpuka Pobeprcona — Yoxkepa (cMm. pasi. 5.3).

Terepb Mbl ORAXKEM, 4TO B JOOOM rpocTpanctse Podeprcona —
Yoxepa ¢ MOJOXKHTEJBHOH INIOTHOCTbIO 3Heprud U A = 0 umeercs
3aMKHYTas JOBYUIeuHAas MOBEPXHOCTb B KamIOo# 3-NOBEPXHOCTH
{t = const}. Uro6s yOeautbess B 3T0M, npeacrasuM dy? B BHIe

dv? = dy’ + [* (0) (d8” + sin® 0 d?),

rae f(y) paBHo siny, yx uau shy B 3aBUCHMOCTH OT TOro, ueMy
pasio k: 41, 0 uau —1. Pacemorpum 2-cepy I~ paauyca yxo, pac-
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MOJIOKEHHYIO B [10BeDXHOCTH [ == fy. JlBa cemelicTBa HampasJel-
HBIX B [pOLLJIOEe OPTOTOHAJBHBIX K & H30TPONHBIX [e0Je3HUecKHX
GyayT mepecckaTh nosBepXHocTH {f == const} no aBym 2-chepam pa-
auyca
t
dt

="k tg e (10.5)

[Toomaas uosepxHocTH 2-chepbl pamuyca ¥ pasua 4aS?(f) f2(x).
Takum ob6pasom, 06a ceMmeilcTBA H3OTPONHBEIX I'eOAe3HUYeCKHX OYAYT
CXOASIIUMUCS B MPOLIJOM, ecJd NpH {==f; HEPABEHCTBO

L(STOF ) >0

BLINOJIHsIETCS AJs1 o0onx 3uavenufl y us (10.5). D10 npousoiaer npu

S ()
So (o)

7 (%0)
I TA YA

1o, coryacHo (10.4), 970 HEPaBEHCTBO BHIIOJIHAETCH, €CJH

8 N
[t S (1) — £] " > = 28,

YTO B CBOIO Ouepelb CnpaBennBo, ecan S (f;) Yo B3ATh GOJBIINM, UeM
(3/8nuo)]/2 npu k=0 uau —1, u GoJbIIKNM, UeM min (1/3/8nu0, n/2)
npu k=-1.

IToT pe3yabTAT MHTYUTHBHO MOKHO HHTEDPNLETHPOBATH KakK
TpeGoBanne, uToObl B MOMEHT BpeMeHH [, cdepa KOOPAUHATHOTO
pamuyca 7y, cojepkaja Maccy mnopsinka /s mpeS®(fo) %o’ u, TakuM
o6pasom, Oblla BHYTPH cBoero paauyca llsapumuaspa, ecau
S (1) to < 83 mtueS (8 %o, 1. e. ecam S(fp)y MO MOPALKY BeJHUHHBL
Goabie 4/3/8mu,. Mbl GyleM Ha3bBATb BEJTHUHHY A/3/8n g weapy-
600801 0AunOLl MaTePHU TJIOTHOCTBIO M.

o cux mop Mbl noJaralu, 4To MHKPOBOJHOBOE H3JyuyeHHe
CTPOTO H30TPONMHO. IDTO, KOHEUHO, He TakK, IOCKOJbKY BceseHHas
He #BJseTcs B TOUHOCTH mpocTpaHcTBoM Pofeprcona — Yokepa.
OnHako KpynHomacimtaGHasi cTpykTypa Bcesennoit jposxkna ObITh
6aM3Ka K CTpyKType Mogeau PofeprTcoHa — Yoxepa mno Kpainel
Mepe Hazaj BO BPeMeHH, K MOMEHTY, KOTJLa MHKPOBOJHOBOE (POHO-
Boe H3jyueHHe OBIIO HCHIYWIEHO HJAM [peTepriesic mnocjeaHee pac-
ceqnne. (OTK/IOHEHHs MHKPOBOJHOBOIO H3.JIYyUeHHS OT CTPOTO¥ H30-
TPONUH MOXKHO HCIOJL30BATL AAS OLEHKH TOro, CKOJb BEJIHKH OT-
KJOHeHHs OT reoverpun PobepTcoHa — Yoxepa.) JJas m0CTaTO4HO
Goablioil cdepbl CYLleCTBOBaHHE JAOKa/IbHBIX HEOAHOPOAHOCTEH He
IOJIKHO 3aMETHO BJMSTH Ha KOJUYECTBO MaTepHH B HeH H noTomy
He JOJUKHO CKa3blBATbCsl Ha CYILECTBOBAHHM 3aMKHYTBIX JIOBYLIeq-
HBIX MOBEPXHOCTEll BOKPYT HAac B COBPEMEHHYIO JMOXY.
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IlpuBeneHHOe Bblllle pacCyXJcHHe HE 3aBHCHT OT CIEeKTPa MHK-
POBOJIHOBOTO M3Jy4YeHUs, HO NMOAPa3yMesdeT BHINOJHEHHe NMPpUHLHIA
KonepHnuka. Paccyxkaenue, KoTopoe Mbl NpHBeLeM Telepb, He CBsl-
3ano ¢ npunauunom KomepHuka, HO B ONpeAeJCHHOH CTeleHH 3aBH-
CHT OT (popMbl CleKTpa. Mbl OPEeAnONCKHM, UTO MPUOIHIUTEBLHO
paBHOBECHBIH XapaKTep CIeKTpa M BLICOKAsi CTeleHb H30TPONHY
(HOHOBOTO H3Y4YeHUsT SABJAAIOTCS CBHAETENLCTBOM TOrO, YTO OHO, MO
KpafiHell Mepe YaCTHYHO, TePMaJ/U30BAaHO MHOTOKDATHLIM pacced-
uuem. MHaue rosops, Ha Kaxa0# HamnpaB/JeHHOH OT Hac B OpoOLU-
JIOe H30TPONHON Treode3HYeCKOH AOJKHO ObBITh JOCTATOYHO Belle-
CTBA, 4TOOBl NPO3PAaYHOCTh B 3TOM HampaBJaeHHdH OblIa He CAUIIKOM
BeJuka. Mpl [IOKaxkeM 3aTeM, YTO 3TOrO BellleCTBa OyAeT HOCTa-
TOYHO, 4YTOOBI Hall CBETOBOH KOHYC MPOULIOTO 0Ka3aJjcs CXO4d-
IHMCS B IPOLUJIOM.

PaccMoTpuM TOUKy p, M300pakaioulyilo Hac B HaCTOAWHHA MO-
MeHT BpeMeHH, u NycTp We — Hanpap/ieHHBII B MNpoll/ioe e€IHHHY-
HBbIH BEKTOP, napaJJe/bHblll Hauled 4-CKOPOCTHU.

A¢durHBI napamMeTp v HamnpaBJNeHHHIX B MNPOLIJIOE H30TPOMN-
HBIX TeOJe3MYecKHX, NPOXOASILHX Yepe3 p, MOXKHO HOPMHDPOBAThb
yenosnem KeW, = — 1, rae K = 0/0v — KacaTeJbHHHA K 3THUM
H3OTPOIHEIM TE0Je3HUeCKUM BekTop. Pacxoxpenue 6 B sTHX u30-
TPONHBIX Teode3HYecKHX OyAeT NOAUHHATBCA YpasHeHuno (4.35)
¢ & = 0. Takum obpasoMm, ecin RgpKeKb =0, 10 6 < 2/v. Or-
Crojla CJIeyeT, 4TO IPU U == U; > U

Uy
apb 2 A
SRabK K d0—7>e9
Uy

H TMOo3TOMY 6 CTaHeT OTpHUATENbHBIM, €CJM HaHIeTes vy, TaKoe, UTo

S RapKK? dv > 2/u,.

Hcnonb3ysa ypaBHeHus dfiHwTeliHa ¢ A =0, noayyaeMm

0,

5 S 8aT ., KK dv > 1. (10.6)

Uy
Ha casTuMeTpoBbIX BOJHAaX HanGoJbllee OTHOIIEHUE HENMPO3pPauHO-
CTH K IJIOTHOCTH BelecTBa IPH Da3yMHBIX 3HaueHHAX MOC/aeIHel
COOTBETCTBYET TOMCOHOBCKOMY paccesHHIO Ha CBOOONHBIX 3JEeKTpo-
HaX B HOHH30BaHHOM Bojopofe. [lostoMy onthyeckas TtoJumia Ha

pacCTOaHUN U 6y,ueT MCHBLIE
v

{0 (V) do,

0
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rle » — Henpo3pavyHoOCTb BCJIEACTBHE TOMCOHOBCKOTO paccesdHus Ha
ELUHHIY MacCel, p — IVIOTHOCTb BeLIECTBA H V, — J0KajbHas CKO-
poctb rasa. Kpacnoe cMemenune BeulecTBa onpenesnsercs GopmyJok
2 = KV, — 1. TlocKoJbKy BEILECTBO €O 3HAUYHTEJBHBIM (HHOIETO-
BbIM CMelleHdeM He HaOJiwopaercs, Mp OyaeMm MpeArnoJaraTe, 4To
Ha HalleM CBeTOBOM Koilyce MOpOLLIOro Bseauuuda K¢V, Bcerga
GoJiblue eAMHHIB! BIIOTb A0 ONTHYECKOH TOJILLH, PaBHOH eNHHHUIE.
[HockosbKy Ha 3THX AJIHHAX BOJH HAaGJ/0aI0TCA rajJakTHKH ¢ Kpac-
HeiMn cMetennamu 0,3, 6osbllast 4acTb paccesitus A0JKHA NPOHC-
XOMHUTh MPH KpacHbIX cMewleHusax 2 > 0,3. (B cavom pnene, ecaid
KBasapbl — AEHCTBHTENLHO KOCMOJOrHUecKue 0ObEeKTH, TO paccesi-
HHEe JOJKHO MPOUCXOAMThL NDH KDACHBIX cMeljeHusax 2 > 2.) Ilpu
nocroannoit Xa66aa nopsaxa 100 Km/(c-Mmc) ~ 10 ger—! kpac-
Hoe cmemienue 0,3 COOTBETCTBYeT paccTOAHMIO OKoJao 3-1027 cwm.
[IpunuMas aas vy 3TO 3HaueHme AJs BKiaaga B unterpas (10.6) se-
lIlecTBa, KOTOPOE BHI3bIBAET paccMaTpuBaeMoe paccesHHe, NMOJYYHM

3,7 10% S 0 (K.Y dv,

v

03

TOorfa Kak ONTHYeCKaf TOJIIA BEUECTBA MEXAY Uy U U; MeHbIIe

6,6 - 107 S 0 (K9V ) do.

Yo

[MTockoabky KoV, = 1, nerko yGemurbes, uto HepaseHcTso (10.6)
6yneT BBHINIOJHEHO NPH ONTHYeCKOH Tosue Menblie 0,2, Ilpu omrtu-
yeckoH ToJile BceneHHOH, MeHbiell |, Hesb3s OXKUAATb HH CIIEK-
Tpa, OJH3KO COBNAZAIOLIEr0 €O CIEKTPOM H3JAydYeHHA abCoJIIOTHO
YepHOTrO Tesa, HH TaKoH BBICOKOH CTENeHH H30TPONHH B MaJbixX
YIJIOBBIX MaciiTabax, ecjH TOJbKO He CYLIeCTBYeT OYeHb OO0JIbLIOTO
ypcAa JUCKPETHLIX HCTOUHHKOB, MOKPHIBAIOUIUX JHLIL MaJdylo uacTb
HeOa (1Mo MJOLIAjW), NPH 3TOM Kax B M3 HUX JOJKEH B rpy6om
npulOAHKEHUH HMETb CHeKTp H3JydeHHs aGCOJICTHO UYEpHOro Tesa
¢ rtemnepatypoit 3 K, HO 3HauuTedbHO OGoJiblleli HHTEHCUBHOCTH.
D10 OPEACTABJAAECTCH MaJoBepOATHBIM. [103TOMY MBI yBEpeHBl, 4TO
ycaosue 4. 11 teopemul 2 yaosaeTBopsieTca H, CJAel0BaTe/bHO, rie-
TO BO BcesleHHOH fOJIKHA OBITH CUHIYJASPHOCTb, €CJAH KOHEYHO, Bbl-
[I0JIHEHBI U OCTaJIbHBIE YCAOBHS.

Beuay csoell o0lHOCTH TeopeMa 2 He rOBOPHT HaM, HaXOAMTCH
J¥ CUHTY/SDHOCTb B HAlleM MpPOWIJIOM, HJIM B OyaylileM Hallero
npomioro. Kasamoch Obl, 04eBHAHO, UTO CHHILYJAPHOCTb HOMIKHA
ObITh B HALIEM NPOLLJIOM, OLHAKO MOXKHO MOCTPOHTHL NPHMEp, B KO-
TOPOM OHa HaxomuTca B Oyaymem: paccmorpum Bceeaennyio Po-
feprcoHa — Yokepa ¢ k= 41, KOTOpasi KOJJANCHUPYeT K CHH-
ryJsIPHOCTH B HEKOTOpPbIl Momenr f==1{; a m0pH [-—>—o00
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acUMOTOTHUCCKH npubakaercs K cratuucckofi BcesenHofi iin-
witefina. B Hell y1oBaeTBOpAETCS SHEPTETHURCKOE YCAOBHE H HMEIOTCs
TOYKH, CBETOBBbIE KOHYCBl MPOILJIOTO KOTODPLIX HAUMHAIOT CXOAHTHCH
(MOCKOAbKY OHH [MepeceKaloTcs Ha «IPOTHBOMOJIOXKHOI CTOPOHE»
Beeacnnoit). Oanako CHHIYASPHOCTL HaXoauTes B Oyaywem. Ko-
HEYHO, 5TO JIOBOJBHO HCKYCCTBEHHEI! MpPHUMep, HO U3 Hero BHIHO, 4TO
cJleyeT NpOSAB/AATE OCTOPOKHOCTb. [103TOMY MBI mpHBeIeM paccyx-
JeHye, OCHOBAHHOe Ha TeopeMe 3, KOTOpOE YyKaspiBaeT Ha TO, UTO
npy BbIMOJHeHun npuHnuna KonepHuka BceleHHas COAEPKHT CHH-
rYJAAPHOCTL B HauleMm mnpowoM. Teopema 3 moaofHa Teopeve 2, HO
tpebyeT, yToOB BMECTO BCeX H3OTDOINHEIX IeOAe3HUYECKHX Bce Bpe-
Menunogo6Hble reoje3nyecKue, HallpapdeHHble B NPOULIOE U3 HEKO-
TOPOH TOYKH, HaYMHAIH CXOJAHTbCA. DTO YCJAOBHE He BLINOJHAETCS
B TPHBELEHHOM BBIlle NPHMEpE, XOTA €My YAOBJETBOPAIOT reoie-
3MYecKHe, HanpapieHHble B Oyayliee H3 M0O0H TOUKH.

Paccyxaas Tax ke, KaKk B CJlydae H30TPONHBIX Ie0Je3H4ecKiXx,
MOJYyUHM, YTO CXOxKJeHue 0(S) HanmpaBJSHHBIX B NPOIIIOE H3 TOY-
KV p BpeMEHUNOJO0HBIX e0Je3HUeCKuX OyAeT MeHblile

S
2 — [RaVoV?ds,
So

rje S — coOCTBEHHOE PacCTOsAHHE BAOJDb ITHX Te0ae3nyeckux, V =

= 0/0s u s > Sp. [lyctb W — HamnpaBsJ/ieHHBH B MpoIIJ0e BpeMeHH-

nofoGHLIl eIHHHUHBIA BeKTOD B Touke p n ¢ = — VeWq|, (u, cie-

posareabso, ¢ > 1). Torza 0 craHer MeHbuUIe —C B npejesaax pac-

croadns Ry/¢c BROIL /110600 Treofe3dueckol, ecau CYIIeCTBYeT He-

koTopoe Ry (R > Ry > 0), Taxoe, 4To BAOJb 3TOH re0Ae3HUeCKOil
Rilc

[ Ravevtds>e (5 +e). (10.7)
R/c

Yciaosue (3) rTeopeMbl 3 OyaeT yAOBJETBOPeHo npu b =
= max (R, (3&)~").

Yrobel npusectu HepaBeHcTBo (10.7) k Buay, nopo6uomy (10.6),
MBl BBeleM BLOJb BPEMEHHINOZOOHLIX TeOoAe3HUecKHX adQHHHDLA
napaMerp v == §/c; Toria (10.7) mpuobperaer BHI

R
5 Ro \ RaKK? do > 1+ Ree, (10.8)
R,
rie K= 0/0v u K*W,|, = — 1. B otanune ot (10.6) MB He MO-

weM ybeauTbecs B BblmoaHeHunu ycaosus (10.8) mpamo no ero ss-
HOMy BHIY, NMOCKOJBKY OHO 3aluCaHo AJsi BPEMEHMNOAOGHBIX reo-
nesudeckux. [Tostomy Mbl of6paTuMcsi K PacCyXIeHHIO, NPHBEIEH-
HOMY B IEpPBOH YaCTH HACTOAULETrO pasjena, rae Mpl NOKasaJu, 4To
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Beesennan Gauska k momean PoGeprcona — Yokepa no kpaiimes
Mepe B NpoLLible BpeMeHa 10 MOMEHTa, KOrla MHKPOBOJIHOBOE (o-
HOBOe H3.JYyyeHHe NpeTepreso Hoc/JefHee pacCesHue.

[lycte W — pextop —0/0t B monean PoGeprcona — Yokepa.
Broab HanpaBaeHHOH B NMpOLIJIOe BPEMEHHITOL00HOH re0fe3HUecKOH,
npoxoasilell uepes p,

d ey . aypb __._I___q'i ar \? ]
Tr WK =W oK K = 5 S- { WK — 1},
Orciopa, WK< — 1, ecau dS/d¢ > 0. Opuaxo
ap _ dt
WeKs= 5.
H, coaeposatesnbHo, nmpu Hekotopom e >0 ycaosue (10.8) Gymer
YAOBJETBOPEHO mJs1 JI000H reoAe3nyecKkoll, ecam TOAbKO Ccylle-
CTBYIOT MOMEHTEl BDEMEHH fy, I3, £y < I3 < fp, TaKkue, 4TO
ty— b5
L | Rk K (— WK™ dt > 1. (10.9)
ty
B cuay ypaBueuu#t nossg ¢ A =0

RaKK® = 8 { (u+ p) (W oK — 5 (u — p) e=2} .

[Tosromy npu ycsaoBuu, yro p =0,
RabKaKb > 4““ (W/aKa)z-

CuoepoBatenpho, (10.9) ynosaersopsiercs, eciau
ts

th—t3 ¢
g | Ao di > 1. (10.10)
2

Ecan npHHATb, 4TO MHKPOBOJNHOBOE H3Jy4YeHHE HMEET CIeKTP
aBGCoJIOTHO 4epHOro Tesa npu Temneparype 2,7 K, To B Hacrosllee
BpeMsl MJIOTHOCTb ero 3Hepruu nopsiaka 10-%* r/em® Eciu sto us-
JlydeHne — NepBuuHOe, TO MJAOTHOCTL €ro 3Hepruu OyaeT mpomop-
nuonanapia S—%  [lockosbky S_‘-——O(t_‘/z) npu  cTpemJjenun i
K uyJwo, HepaeHcTBy (10.10) MOXHO YIOBJAETBODUTH, B3sB f3 =
= {p/2 u pocratoyHo MaJjoe fy. Hackosnbko Maso 3naueHue fy,
JOJKHO 3aBHCETb OT KOHKPETHOrO MOBELEHHS S, KOTOPOe B CBOIO
ouepeib 34aBHCHT OT IIOTHOCTH BelllecTBa BO BcesenHof. Jto pgo-
BOJIBHO HeOoNpeleJeHHAs BeJUuYHHA, HO OHa, NMO-BHAHMOMY, JEKHT
mexkay 10730 u 5-10-% r/em®. B nepsom caydae fy LOJIKHO 6bIThb
rakuM, utoObl S(fp)/S(f:) = 30, a B nocieaueM — TaKHM, yTOOLI
S(1p)/S(t2) = 300. Muxpopoanosoe H3JyueHHE, MO-BHAHMOMY, 3a-
nosiHser BClo Beeaennyio, noatoMy Jio0as Hamnpap/eHHast B Npowl-
Jl0e BpEeMeHHNnoAoOHas reojesnyecKkas AOJKHA NPOXOIAHTL CKBO3b
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Hero. Takum o6pas3oM, OlEeHKa, OCHOBaHHas Ha MoJean PobepT-
coHa — YoKepa, [0JKHA CAYKHTb XODOUIMM NpPUO/IUHKEHHEM A
BKJana ¢onosoro usayuedus B (10.10), ecsium oHO BO3HHKJIO MO3A-
Hee MOMeEHTa f; W ecad cama Moxeab PobeprcoHa — Yokepa sB-
JeTcsa XOpoliuM MpuO/MKEeHHeM IJIsi CTOJIb AaJeKOro [pOLJIOro.
M3 paccyxaeHuil, npuBeleHHbIX B Hayaje 1aHHOrO pasjena, cie-
AYeT, uTO NOCJAeAHEee CIPaBEAJHBO NPU YCIOBHH, YTO C MOMEHTa Zo
(oHOBOe H3JyueHHe DPACNPOCTPAHANOCH K HaM cBoGoAHO. OmHako
He HCKJI0ueHO, 4YTO CYILECTBYeT HOHH30BAHHLIH MeXra/JaKTHUeCKHil
ras IJO0THOCTbi0 mopsiaka 5-10-2° r/cM3, u B 3TOM caydae H3ayye-
HHE MOIJIO TIpPeTepleTh NOoC/eJHEee pacCesiHHe B MOMEHT BpPeMeHH f,
B KoTophll S(£,)/S(f) & 5. Ontuueckas ToJIla B MpPOLLIOE K MO-
MeHTy f paBHa

ip

S Rllpas 1, (10.11)

t

rae » He npesbrnaer 0,5, ecan p U3MepATh B r/cM® u £ B M.

B npomoM He MoXeT GBITh 3HAYHTENBHON HENPO3PAUHOCTH [0
t = 1t, — 107 ¢, Tak KaK HaM BHIHb OOBEKTH Ha DPACCTOAHHH [0
Kpalinelt mMepe 3-10% cm. Ilpunnumas mua f3 3To 3HaueHHe, Mbl BHU-
UM, 4TO TIPH TaKOH TUIOTHOCTH HOHM30BAHHOrO rasa COOTHOLIEHHE
(10.10) Oyxmer ynoB/1eTBOPATBCS NPU 3HAUYEHUH !5, KOTOPOE COOTBET-
CTBYeT ONTHUYECKOH ToJllle, He npeshiliapouei 0,5,

Hrak, croxuaoce cieayoilee nosoxenne, Mpl npuHnMaes, uto
BBINOJIHAETC NpuHUMN KoNepHHKa u uTO MUKDPOBOJHOBOE H3Jyue-
HHe OblJIO HCOYILeHO JH60 A0 MOMEHTA fy, B KOTophlii S(f,)/S (1) ~
= 300, nubo Ao MOMeHTa, B KOTOpPHI onTuyeckas ToJia BceseH-
HOH paBHa eAMHHIE, ecad 3TOT MOMeHT OoJiee NO3LHUH, uYem fs.
B nepsoM cayuae ycaosue (2) Teopembl 3 GyxeT yAOBJAETBOpEHO 3a
CyeT IVIOTHOCTH M3JYy4YEeHHS, a BO BTOPOM cCJayuyae -— 3a CUET MJIOT-
Hoctu rasa. C/le0BaTeNbHO, €C/IX BHINOJHEHD! OOBIYHBIE IHEPreTi-
yeCKHe YCJOBUSA U YC/IOBHSI NPHYHHHOCTH, TO MBI MOXKEM 3aKJiO-
YHTb, YTO B HalleM MPOLLIOM ROJKHA ObITb CHHTYJASPHOCTH (T. €.
IOJXKHa CYIlecTBOBaTh HANpaBJeHHAs OT HAac B INPOLLIOE HEMpO-
CTPaHCTBEHHONOAOOHAA reofe3udeckKas, KOTOpas HeNoJHa).

[TycTe mMeeTcss NpPOCTPaAHCTBEHHONOAOOHAS I[OBEPXHOCTh, mepe-
cekawllas Hall H30TPOIHBIH CBETOBOH KOHYC MPOIIJIOrO, W Psi TO-
YyeKk Ha 3TOI NMOBEPXHOCTH; MOMCHO M YTBEDPXKAATh, UTO B MPOIIJIOM
KaXKA0H H3 HHX €CTb CHHTYJSIPHOCTB? 3TO ObLIO OBl TaK, ecau Obl
Bcesennas Obliia HacTOMBLKO OAHOPOAHA M H30TPONHA B IPOLLIOM,
yTOOBl MOIVIO BO3HUKHYTh CXOXKJAEHHE BCeX HalpaBJeHHBIX B MpOII-
JIoe BPEeMEHHTOAOOHDIX Teo/e3UYecKHX U3 3THX TodeK., BBuay tec-
HOIl CBSI3H MEXKJIY CXOXKIEHHEM BDEeMEeHHNOLOOHBIX TIeOfe3HYeCKUX
M 3aMKHYTBIMH JIOBYIUGUHBIMH HOBEPXHOCTAMU MOXKHO OXHIAATh,
YTO Hy:KHas CTeNeHb OJHOPOAHOCTH H H30TPONMH B IPOILJIOM HMe-
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Jack, ecsiu Bceesennas Oblia 0OZHOPOAHA M M30TPOMHA Ha paccTosi-
HUAX TMOPSNKA IBAPIIIHABLOBOH NAHHBL (3/8 mu) .

Hsmepenus Ilensnaca, Ulpamas u Yuacona [134], oGrapyxus-
IIHX, YTO HHTEHCHBHOCTb MHKDPOBOJHOBOTO (DOHOBOrO H3JydeHHS
U30TponHa B mnpeaenax 4% npu TeJecHOM YIrJe AuarpamMbl
1.4.10-% kBaapaTHbIX rpaiyca, nalT NpsMble CBHAETEIbCTBA O1-
HOPOJAHOCTH BcesernHoll B npowaoM., B npeanosoxeHud, uto MHK-
POBOJIHOBOE H3JyueHUe He TIeHepHPOBAJOChH MO3JHee MOBEPXHOCTH,
COOTBETCTBYIOIEH ONTHYECKOH TOJIE, PABHOH eIMHUIE, NOJyuYaeMm,
yTo HalbJiogaeMasi WHTEHCHBHOCTb IHporopiuoHasbHa T¢/ (1 4 2)4,
rie T — sddekrusias remneparypa HabJ01aeMOll TOYKM Ha 3TOI
MOBEPXHOCTH M Z — e¢ KpacHoe cMelleHHe. Bapuauun nHabaonae-
MOH HMHTEHCHBHOCTH MOTYT BO3HHUKHYTH [I0 UCTLIDEM NPUUHHAM:

1) W3-3a AOMJIEPOBCKOr0 CABUra, BLI3BAHHOTG HAUIUM COOGCTBEIl-
HbIM JABHXKEHHeM OTHOCHTEJIbHO H3J/yueHUs abCONIOTHO 4YepHOro
teqa [154, 163];

2) w3-3a Bapuamuil rPaBHTALUOHHOIO KPACHOTO CMELLEHHs, BbI-
3BaHHBIX HEOLHOPOAHOCTAMH B pacnpeeseHHd BellecTBa MEXILY
HaMU H paccMaTpuBaeMoil mosepxHocTEIO [138, 144];

3) H3-3a JOINIEPOBCKHX CABMIOB, BLHI3BAHHBIX JIOKaJbHBIMH BO3-
MYILEHHSIMH CKOPOCTell BellleCTBa Ha NOBEPXHOCTH;

4) u3-3a Bapuanuit 3pQPeKTUBHBIX TeMIepaTyp [OBEPXHOCTH.
(B nefictBuTesqbHOCTH AeJeHHe Ha NYHKTH (1), (2) u (3) 3aBucur
OT crocofa OTcYeTa M HMeeT TOJbKO 3BPUCTHUECKOE 3HAUYEHHUE.)
Takum o0pasom, HaG/iofeHHsT CBUIETEIbCTBYIOT, 4TO HEOLHODPOI-
HOCTH TeMIepPaTypel ¢ XapakTepPHBIMH YIVIOBEIMH pasMepamu 3’
HMEIOT OTHOCHTeJNbHble aMIVINTYJAbl MeHblle 1% ¥ 49TO NpH Tex XKe
XapaKkTepHBIX pasMepax He CyLIECTBYeT JOKaJbHBIX (GJIyKTyalui
ckopocTu BelllecTBa ¢ 19 ckopoctu cBeta. O6sacTh NOBEPXHOCTH
C YIJOBBHIM JHaMeTpoM okoso 3’ OyZer COOTBETCTBOBaTb 06JACTH,
KoTopasi cefiyac umeer auamerp oxosno 107 cB. ser. Ecin nosepx-
HOCTb, COOTBETCTBYIOUlas ONTHUECKOH ToJlle, PaBHOH eNuHHIE,
uMeeT KpacHoe cMellende 2 = 1000 (MakcHMaJbHO BO3MOXKHOE),
TO IIBAPUIIK/IbAOBA IJHHA B TOT MOMEHT COOTBeTcTBOBaJa Obl 006-
JacTH C COBPEMEHHBIM AuameTpoM okogao 3-10% cB. ser. Takum o06-
pasoM, Kaxaas TOYKAa Ha TMOBEPXHOCTH €IMHHYHON ONTHYECKOH
TOJIILH, TO-BUAUMOMY, JOJKHA HMETb B CBOEM NPOLLIOM CHHTYJAD-
HOCTb.

BoJsee xocseHHble JaHHBle O CTeMeHU OXHOpoAHOCTH Bceesennoit
Ha paHHUX CTAAHSX OCHOBAHB! Ha TOM, 4TO HabJIOACHHSA cOJepKa-
HHA TreJus B Psijfie HeGecHBIX OOBEKTOB COIMACYIOTCA C pacyeTaMH
06pa3oBaHis Telus B MPEANOJOKeHHH, 4To Bcesennaa Oblia on-
HOpPOAHA W H30TPONHA B NpOUIIOM BIJIOTh A0 TeMIepaTypnl Mo-
psaka 10° K [121, 170]. C npyroft cTOpoHB!, pacyersl M0 aHH30TPOIl-
HBIM MOJEJIAM JalOT COBepLIeHHO HHBle KoJauuecTBa rejus. Ilo-
3TOMY, €cJH TpHHATb, uTO reqauifl pacnpedened Bo DBcesenHol



400 Ta. 10. Hauaannas cuneyasnprnocts 6o Beesennod

JOBOJILHO PABHOMEPHO (OTHOCHTEIBLHO ITOrO €CTh HEKOTOPbie COMIie-
HHS) U UYTO STOT requil o0pasoBajcsi Ha paHHHX CTaausx Bceqen-
HOW, TO MOXHO CjlejJaTh BBIBOA, uTO BceseHHas Oblia 3hdeKTHBHO
M30TPONHA W OJLHOpOAHA B 3moxy ¢ Temneparypeit 10° K. Caenosa-
TeJNbHO, MOXKHO OXKHAaTb, YTO B NPOLIJIOM JHOOOK TOYKH 3TOTO Bpe-
MEHH UMeeTCs CHHTYJSPHOCTb.

Musuep [106] nokasas, 4TO CTOJIKHOBEHHS 3JeKTPOHOB U Heil-
TPHHO CO31AI0T 3HAYHTEIbHYIO B3KOCTb, €CJH TeMIepaTtypa AOCTH-
raer 2-101° K. 3ta BsiskocTh Morsaa O6bl NPHBECTH K 3aTyXaHHIO He-
OJHOPOLHOCTEH, pa3Mepbl KOTOPLIX COOTBETCTBYIOT B HacTOsulee
BpeMsi paccrosHuio 10 cB. JeT, W CHH3UTb &HH3OTPONHIO O Cpas-
HUTEJBHO MaJoil BeJMUHHBL. TakuMm 00pasoM, ecid NPHHATL NOA0G-
HOe OGbsICHEHHe coBpeMeHHOH H3oTponuu BceejeHHOH (Takoe 00b-
sicHeHHe BeCbMa NPHBJeKATeIbHO), TO MOMHO 3aKJ/IOUHTb, 4TO
CHHTYJSPHOCTb OOJKHa OBITh B MPOULIOM JI0GOH TOYKH B 3MOXY
¢ Temnepatypoit oxoso 1010 K.

10.2. Tlpupoaa u NMposiBAEHUE CHHTYJSPHOCTEH

EcTh Hamexaa y3HaThb KOE-UYTO O NPHUPOJAe CHHIY/ISPHOCTEH, KO-
TOpBIE, TIO-BUAUMOMY, BCE Xe MOSBJAIOTCH, HCCAeLys TOUHBIE pelie-
HHS ¢ cHHTyJAsspHocTaMH. Ho XoTs MBI M nokasaju, 4To MaJjble BO3-
MYLleHHs1 HadaJbHBIX [AaHHLIX He [PENnATCTBYIOT IMOSBJCHUIO CHH-
ryJsipHOCTH, BCe XK€ He OYEBHAHO, UTO CBOHCTBA CHHTYJIAPHOCTH
GyAyT CTOJb Xe ycToHumBH. B pasa. 7.5 MBI nokasaJu, 4To 3ajgava
Koty ycrofluiBa OTHOCHTEJNBHO MaJblX BO3MYIHEHH HayasbHBIX
yC/JIOBHH, HO 3Ta YCTOHUHMBOCTE OTHOCHTCSI TOJLKO K KOMIAKTHBIM
nogobaactaM obaactu Kourd, a ob6jaacTe, coaepraulas CHHTYJSP-
HOCTh, He KOMMAKTHA, 32 HCK/JIOUEHHEM cJydasi, Korja CHHIYJAsAD-
HOCTH COOTBETCTBYET 3aXBaueHHOIl HemoJHoTe. Mpel npuBenem
puMep, B KOTOPOM XapaKTep CHHIYJASPHOCTH AeHCTBHTENBHO He-
yerofiuus. PaccmoTpum onHopoigHoe chepuueckKn CAMMeTpUYHOe
00/1aK0 MBIIH, KOJJIANCHPyIOLlee K CHHTYJApPHOCTH. MeTpuka BHY-
Tpu o6jaka Oymer Momo6Ha MeTpuke wacTH BeedeHHoll Pobept-
cona — Yokepa, Torga Kaxk o6gacTb BHe oOJaka OyldeT OMHCH-
BaTbca Merpuxoil [Isapminunbna. M BHYTpH, W BHe o6JkaKa MBLIH
CHHTYJSPHOCTh TpOCTpaHcTBeHHONOLOGHA (puc. 63, a). Homycrum
Tenepb, UTO K 3TOH MBI Mbl J00aBH/M JME€KTPHUYCCKUH 3apan He-
GoabloN TIOTHOCTH. MeTpuka BHe o06JaKa NBIM CTAHET TENepb
yacTbio peuienus Paiicciepa — Hopacrpema masa e? << m?  (puc.
63,0). BryTpu o6saka NOABHTCA CHHTYJASIPHOCTb, TaK Kak m0CTa-
TOYHO MaJjiasi MJAOTHOCTb 3apsila He MOMEeHIaeT ee BO3HHKHOBEHHIO.
XapagTep CUHTYJSPHOCTH BHYTPH ofJaka NbLIH, TNO-BHANMOMY, G-
JeT 3aBHCEThb OT paclpeje/exus 3apsiaa. BamkHo, onHako, ciaenyo-
mee: Kak TOJBKO [OBEPXHOCTh 0O/MaKa 0L NPOHIAET TOUKY p
BHYTPY r == 7, 4TO Obl HH NPOM3OLILIO BHYTPH 00/]akKa, 3TO He MO-
BJUSIET Ha 4acCTb S¢ BPeMEHUNOAOOHOH CHHIYAAPHOCTH,
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SIBJIETIHIO CHHTY.ISIPHOCTH B caMOM 06.JaKe; CHHIYJAPHOCT NosiBIseTcsa Bue o0.1aKa,

KOTOPO€ CIKHMAeTCsI H CHOBA pacIUupsercss B APYroe acHMITOTHYECKH IJIOCKOe
IPOCTPANCTRO
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Ecin Tenepp yBeJHYHTh IUIOTHOCTH 3apsifia HAacTOJbKO, YTG OH&
craHer OoJibUic TMJIOTHOCTH BeHIeCTBd, TO 00JaKo MOXKET npoiitd
yepe3 JBa FOPH30HTAa B TOYKAX 7 == 74 W r = r_ U BHOBb Ha4yHET
paclupATbCs B APYrylo BCGNEHHYIO, DU TOM BHYTPH HEro He 10-
ABUTC HHUKAKOH CHHTYJSIPHOCTH, XOTs BHe ero OyneT BpeMeHHIIO-
nob6uas cuHryaspuocte (Joc. M. bapdun, ue onydankosauo),
B MOJIHOM coTJachu ¢ teopemoft 2 (puc. 63, 8).

ITOT npHMep Ouelb BaxeH, TAK KaK O NOKA3bIBAET, UTO BO3-
MOXKHBI BDeMeHHNOAO0Hble CHHTY/ASIPHOCTH, UYTO MaTepHss MOXKeT
H30exaTb CHHIYJAPHOrO COCTOSIHHS Y UTO OHA MOXET NDOHUKHYTH
CKBO3b «KPOTOBYIO HOPY» B APYryio o0JIacTh HAH B APYTYIO 4acTh
TOI e oOJlacTu MpPOCTpaHCTBa-BpeMeHU. KoHeuHo, BpAx Jid KOJ-
Jancupyooilas 3Be3fa MOMKET HMEeTb CTOJb OOJBWIYI0 IJOTHOCTD
3apsila, HO NMOCKOJIBKY pemenne Keppa Taxk noxoxe Ha pelleHHE
Paiiccuepa — Hopacrpema, M0KHO OXHAATb, YTO MOMEHT KoJuue-
CTBa [BHKEHHs crnocobeH co34aTb MOJOOHYIO <KPOTOBYIO HOPY».
MoxHo HevHOro nogaHTasupoBaTh U NPEANOJOXKHTb, UTO A0 CO-
BpeMennoi ¢aspl pacmupenns Bcenennas Haxoaumaace B (dase
cXKAaTus, B TeueHHe KOTOPOH pOCJH JOKa/bHble HEOLHOPOLHOCTH H
BO3HHUKAJU OTJAeJbHble CHHIYJAAPHOCTH; OJHAKO OoJbllasg yacTb Ma-
Tepuu, U30exaB STUX CHHIYAAPHOCTEH, mepeuia K pacllupeHHIo,
npeBpaTHBLINCH B Hawy Habuaopaemyio BceeseHuyio.

CyliecTBOBaHHe CHHTYJSPHOCTEH B mpejesax MPOIIJIOTO KaxXao#H
TOYKH B BecbMa pDaHHHI MOMEHT BPeMEHM, KOrZa MJOTHOCTb Obl1a
BeJMKa, Hak/albiBaeT OFPaHHYCHUS Ha PacCTOSHHE MeEXAYy CHHIY-
JIAPHOCTAMH. B npHHOHIE MOXHO OblJIO 6bI MPEACTAaBHTh, UTO MHO-
KECTBO Te0Je3MUECKHX, KOTOPble «YIHUPAIOTCA» B 3TH CHHIYJSIPHO-
cra (T.e. HeMmoJHbI), UMeeT Mepy Hy/db. Torma MOXKHO OblI0 GbI
VTBEP:KAATb, UTO 3TH CHHIYJAAPHOCTH (DH3HYECKH HECYILECTBCHHBHI.
OpnHako Ha caMOM [eje 3TO He TaK, NOTOMY UTO CYLECTBOB&HHE Ta-
KHX CHHTYJAPHOCTEH NPHUBOLUT K oOpasosaHuio ropusoHra Kown wu,
clen0BaTebHO, K HEBO3MOXKHOCTH NpeAcKasbiBaTh Oyayilee. Mbl
MOTJI OBl TMOJAYYUTh TakuMm 00pasoM MyTh K pelleHHio mnpobJaeMbl
SHTPOINHKU B MOJEJH HyJbcupyioliell BceleHHON, MOCKOIBKY B KaxK-
IOM ILHKJE CHHTYJASPHOCTH MOrJd Obl BHOCHTH OTpHIIATeIbHYIO 3H-
TPOIIHIO.

Jo cux nop Mbl HCCJAEROBAAM MaTeMaTHUECKHE CAE[CTBHS NPEi-
IOJIOKEHHS O TOM, YTO MOZENb MPOCTPAHCTBA-BPEMEHH IMpeACTaB-
Jsier co00# JopeHUeBO MHOroo6pasue W 4YTO IPHU 3TOM YIOBJETBO-
psloTCs ypaBHeHHst moag Dfinmreiina ¢ A = 0. Mur noxasaJau, uto,
corJlacHoO TakKoil TeopeMe, B HamleM MNpOUIJIOM AOJKHE  OHITDH
CHHTYJ/ISIPHOCTH, CBSI3aHHBIe ¢ KosJjancoM Bcesennod, a B nauem 0y-
LylileM — CHHTYJsPHOCTH, CBsi3aHHBIe ¢ KOJTamcoMm 3Be3f. Ecin
A << 0, TO 3TH BBIBOABI OCTalOTCsi HeH3MeHHbIMH. Ecan xe A > 0,
To HabJaogennst CKOpocTH pacmupenns Bceemennoit [145, 146] ro-
BOPAT O TOM, uTo A He MOKeT npesbiuiath 3107 cu=2 D710 3Ha-
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4eHHE 9KBHUBAJEHTHO OTPHHATENBHOIl MJIOTHOCTH wHepruu 3 X
> 10727 rfem3. Takoe 3HaueHHe A MOrJo Obl CKa3aTbCst 11a pacliu-
penun BceedeHHON B Lea0M, HO OHO OECCH/JBHO MOBJAHSATH Ha MOJO-
KUTCJAbHYIO IJIOTHOCTb BeLIeCTBa KodaJancupyrouleit 3Be3unl. Ta-
KHM o6pasoM, A-ujleH, Mo-BHAMMOMY, He [aeT HaMm BO3MOKHOCTH
u30eKaTh NpodaeMbl CHHIYASIPHOCTH.

MoxKHo, KOHeUHO, cKazaTh, YTO o0lHasd TEOPHS OTHOCHUTEIbHOCTH
e jgacT npasuabuoro onucanus Beesennoii. Jo cux nop sra rteo-
pust 1poBepsiiach TOJIBKO MPH BeCbMa MaJjblX OTKJAOHEHHSX OT MJ0-
CKOTO TNpocTpaHcTBa (pamnycol KpiBu3Hbi nopsiaka 1012 cm). Ilo-
3TOMy ee HpHMeHelHe K SIBJICHHSM THNA KoJJanca 3Be3ibl, Koria
pajauyc KpUBH3HBI CTaHOBUTCH MeHbile 10° cm, KaeTcss CJIMILKOM
gajexo uaymicd skcrpamodsuued., C Ipyrol CTOPOHDLI, TEOPeMBb
O CHHIYJADHOCTSX 3aBHCSIT OT ypaBHeHull IDfHimTeliHa He Bo BCeH
MOJHOTC, & TOJABbKO OT TOro, 4T0 R ;K Kb = 0 nag nawoboro Hempo-
CTpaHCTBeHHoNno100Horo BekTopa K% nostoMy oHH OYAYyT clpaBeln-
JUBBLI TaK:Ke U B J1I060H MoanuKauuu OOLLIeH TEODHH OTHOCHTENb-
goctu (Taxkoi, Kak Teopust Dpanca — Jlukxe), B KOTOpO@l TArOTE-
HHE Bcerja ecTb CHJa MPUTSKEHUS.

[To-BHANMOMY, MOMKHO BBIABHHYTH CAEIYIOMUHA pas3yMHBIH NMpHH-
UMM eCcJu TeOpHst MpeAcKasblBaeT CHHIYJAADHOCTb, TO 3TO YyKa3bl-
BaeT Ha HapylleHHe TEOPHH, T.e€. OHa OoJee He AAeT NPABUJIHHOTO
onucanus HabmoaeHni. BosHuKaeT BOTpoC: KOraa Hapyuiaercs 06-
uLasi Teopusi OTHOCHTeAbHOCTH? MOXKHO OxHUAaTh, 4TO B J0060M
caydae OHa HapyllaeTcsl, KOTJa CTaHOBATCH BaxKHB KBAaHTOBBIE
sdpexTel; u3 cooOpaxkeHHH pasMEpPHOCTH CJeAyeT, YTO 3TOro
He JOJKHO CJAYUHTBCS, MOKa PaiHyc KPHBH3HBEI He CTaHeT MOpPSAKa
1033 cw, uto cootBercTByeT mjaoTHocty [0% r/em® OpHako ME
MOXKEM CIPOCHTBb: SIBJAAETCS Ju JOPEHIEBO MHCroo0pasue LpHEM-
JeMOH MOJeJbI0 AJsi TMPOCTPAHCTBA-BPEMEHH TpPH  XapaKTepHBIX
AJHHAX TAKoro nopsiaka? B HacToslllee BpeMs 3KCIEPHMEHTHl CBH-
JeTeIbCTBYIOr, UYTO MPEANOJOXKeHHE O CTPYKType MHOTOOOpd3us
pu XapaxTepHLIX AJuHax Gomee 10-1° cM nmpuBoaHT K mpeacKasa-
HUAM, COrJacyiolluMes ¢ Habmoaenuamu [49]; Ho MoxKeT oKasaThcs,
yTO HapylleHue TEOPHH MPOUCXOAMUT Mpu aanHax Mexay 1015 n
10-33 cm. Panuye 10-1° cM cootserctByer maotHoctd 10% r/cM3, Ko-
TOPYIO BCEraa NpakKTHUYeCKH MOXKHO paccMaTpuBaTbh Kak CHHIYJSAp-
Hocth. [Toatomy cieayer nmoctpouth no Meroay Illwmunra (pasz. 8.3)
MOBCPXHOCTbL BOKPYr ofJjacTefi ¢ paauycoM KPHBH3HBI MeHblle,
ckaxeM, 10-1% cm. C Hameldl CTOPOHB HOBEPXHOCTH OYAET HOIMy-
CTHMO paccMaTpuBaTbh NPOCTPaHCTBO-BPeMs Kak MHoroofpasue, HO
BHYTPH 3TOH IIOBEPXHOCTH noTpefyercsl elle He H3BECTHOE HaM
KBaHTOBOe oOmHcanue. Martepuio, nepecexalollylw) TaKkyilo OBEpX-
HOCTb, MOXKHO paccMaTpHBaThb KakK BXOAALLYI0 BO BceseHHylo wu/u
HNOKHJAIOIIYI0 ee, W HeT MPHYHH, MO KOTOPbIM KOJHYECTBA BXOMIS-
el ¥ yXOAAUleH MAaTePHH HLOMKHBI ObITb DPaBHbL.

14*
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Bo BeaxkoM ciayyae, TeopeMmbl O CHHIYJAADHOCTSX CBHAETJBLCT-
BYIOT O TOM, 4TO 110 npeickasaHusav OOILeH TeopHH OTHOCHT/IbHO
CTH TPaBUTALMOHHOE MOJAC TOJKIO CTaTh MPCAeIbHO CHABHBIM. UT¢
3TO MMeJ0 MeCTO B HalleM INpOoULIoM, MOJATBEPA1aeTCsi CYLIeCTBO
BaHHeM MHKDOBOJIHOBOTO (POHOBOTO H3JYYeHHA O creKTpom abco-
JIOTHO YEPHOTO TeJja, CBMIETENLCTBYIOLLErO O TOM, uTo y Bceesen-
HOlt Gblj1a OYeHb ropsuasi M IJI0THAd paHHAS dasa.

BeposTHO, TeopeMBl O CYIIECTBOBAHUM CHHI'YJSPHOCTEH MOXKHO
HCCKOJIBKO YCOBEPIIEHCTBOBATD, HO Ha HAIl B3MVIfI OHH H B TaKOV
BYJE HOCTATOUHO XOPOIIO OTpaxalor cyTh Aenaa. OaHAKO OHH Maso
YTO TOBOPAT HaM O XapakTrepe cuHrydasapHocreffl. Xotenoch Gb
3HaTh, KAKOTO POjla CUHTYJsAPHOCTH MOTYT NOABHThCS B 00LLeH Teo-
DPUH OTHOCHUTEJBHOCTH B XapaxTepHuiX cHTyanuax. OxnH u3z uyrel
K 9TOMY COCTOMT B yCOBEPLICHCTBOBAHHM NpeAI0KeHHOTrO JIuduIy-
noM M XaJdaTHUKOBLIM MeTOJa pAa3JoKeHHs B CTENEHHble pSABl H
BLISICHEHHU TIPCICJIOB ero npumennMocTH., Moxker oxasaTbes Takxe,
YTO CYMIECTBYET ONPCACJCHHAS CBS3b MEXKAY CHHIYJIAPHOCTAMH,
paccMaTpHBAacMbIMU B OOLICH TEOPHM OTHOCHTEJIBHOCTH H B APYTHX
obaactax GH3MKU (cM., HanpuMmep, TEODHIO 3JeMEeHTapHLIX KarTa-
crpod Toma [165]). C apyroit cTOPOHBI, MOXKHO OBLIO OBl IMOIBI-
TaThCs pPeWHTh NpodJaeMy B 100, YHCAEHHBIM HHTETDHDOBaHHEM
ypaBHeHuH DiiHlnTeliHa Ha BbLIUMCAUTeIbHONH MaumudHe. OgHako miIs
3TOrC, BEPOSTHO, MPHAETCS] KAATh MOSBJEHHS HOBOIO TOKOJEHHS
BLIYHC/JUTEAbHBIX MaminHd. XOTenoCh Obl 3HATh TakiKe, OYAYT JH
TOJIBIMH CHHTYJSIPHOCTH, BO3HUKAIWOU[HE NPH KOJJIance H3 HEeCHHIY-
JSIPHOTO aCHMITOTHYECKH IJIOCKOTO COCTOSIHHA, T. . GyAyT JH OHH
BUIHLl ¢ OECKOHEYHOCTH WM OYAYT CKPBITLI 3a TOPH30HTOM COOHI-
THH.

Hpyroit Baxkyoil mpobueMoll fABJIsAeTCa (GOPMYyIHPOBKA KBAHTO-
BOH TEODHH IPOCTPAHCTBA-BPEMEHH, NPHMEHUMOH K CH/JbHBIM IIO-
AsM. Takoro poga TCOpHsT MOXKET HCXOAUTH U3 HEKOTOPOTO MHOrO-
o6pasus WJIH MOXKET HOmycKaTb M3MeHeHHs Tonogoruu. Hexoroprie
npegBapuTeabHbIE TONLITKH B 3TOM HaNpaBJeHHH yxKe OblIH mpei-
npunatel Jde Burrom [38], Musuepom [107, 108], ITenpoysom [132],
Yunepown [173] u apyrunu. OgHaxo nHTepnperalnus KsaluToBOl Teo-
P TIPOCTPAHCTBA-BPCMEHH I eC OTHOMICHHE K CHHTYJNSDHOCTAM
ellie JajseKku OT SICIOCTH.

FunoTesbl W CHOPBI, KacawlHecs: npeaMera 3ToH KHUCH, He
Hoswl. Ilo cyuiectsy, emte Jlanaac mpeackasas CyliecTBOBAHHE Yep-
Hbix App: «MHble 3Be3aH NOABIAMINCH BHC3ANIHO M HCYE3aJH IOC]e
HeCKOJBbKHX MecsilleB sipyafimero cusiuusl.. . Bce aTu 3Be3nn
He W3Meldad CBOHX IOJOXKeHH, noka oHM cBeTuau. Ilostomy
B GecrpeneabHbIX TIVYOHHAX [POCTPAHCTBA CYLIECTBYIOT TeMHble
Tesa, CTOJAb e 3HauuTebHble 10 BeJIHYHHE H, BO3MOXHO, CTOJb
XKe Muoroumnc/ieHssle, xaxk 3sesabl». (I1. C. Jlamnac, «Manoxenne
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CHCTeMBl Mupa»)., Kaxk Mbl BHIHM, COBpeMeHHOE NOHMMAaHHe M[OJO-
JKEHHS Bellell YIHBHTEJbHO NOX0KEe Ha JalaacoBeKoe.

C He3amaMATHBIX BPeMEH BBICKA3bIBajlach MBIC]b O BO3IHKHOBE-
Huy BcesieHHO#l M3 HHuYEro; cM., HalpuMep, MepPBYI0 «AHTUHOMHIO
Uncroro Pasyma» Kanra u kommeutapuu x Heil ([158), p. 117--123,
145—159 u [117], 389—406). PesyapTatbl, KOTOPBIE MBI MOJYUYHJIH,
FOBOPAT B N0Jb3y HIEH, 9TO HCTOpus BceseHHOH Hauagach Heko-
TOpoe KOoHeyHOe BpeMst TOMy Hasag. OQHaKo caMblii MOMEHT BO3-
HUKHOBEHHSI — CHHTYJIIPHOCTb — HAXOLUTCS 3a TpPeLeNaMu CrlpaBe-
JUBOCTH H3BECTHBIX C€fiuac 3aKOHOB H3HKH.



[Tpunoxenue A

[Ibep Cumon Jlanaac*)

JloKa3aTesbCT80 Teopembl 0 TOM, YTO CUAQ MPUTAXCCHUS Hebec-
Ho20 Teaa Mmo2aa 6Goi ObiTo CTOAL BeAuKa, 4T0 OT Heeo He Oyder
ucxodute ceer **)

1. Econ v — cKopoCTb, {— BpeMs H § — pacCrosiHue, KOTOpOe
paBHOMEDHO MNPOXOJUTCH B TeucHHe 3TOTO BPEMEHU, TO, KaK HU3-
BECTHO, v = S§/[f.

2. Ecau nBuXKeHHE He §IBJAAETCS. PaBHOMEDHBIM, TO JJs HOJyue-
HHS 3HAYEHHs U B KAaKOH-JMOO MOMEHT HYXKHO MOJEJUTh MPOHJEH-
HOoe paccTosinve ds u uHTepBas BpeMmenu df ofHO Ha APYroe, T.e.
v = ds/df, mOCKOJIbBKY CKOPOCTb Ha GECKOHEUHO MaJjoM HHTepBaJje
NOCTOsIHHA H JBIXKEHHe, TaKMM 00pa3oM, MOMXKHO NPHHATL 3a PaB-
HOMEpHOE.

3. HemnpepoiBHO JeficTBylOINas cuja OYAeT CTPEMHTbCA H3ME-
HUTb 3Ty CKOPOCTb. DTO H3MeHeHHe CKOPOCTH, a uMeHHo du, sB-
JigeTcsl MOITOMYy HamboJjee ecTecTBeHHOR Mepolt 3Toil cuisl. Ho mo-
CKOJIBKY J100asi cHJa BbI3bIBaeT JBOHHOH addexT 3a gBOHHOE
BpeMs, MBI IOJ/UKHBl Dasfe]uThb H3MeHeHHe cKopoctd du Ha BpeMsd
df, B TeueHdHe KOTOPOrO 3TO H3MeHEHHe BBI3bIBaeTcs cuJoi P; Ta-
kuM o6pasoM, noJydaercss oblee BhIpaxKeHHe s cuanl P, T.e.

ds
pde O
Tde T dt !

Tenepn, ecan df ecTh mocTosiHHAS,
d ds _d-ds _ dds |

= 5

de — dt T
COOTBETCTBEHHO
dds

P TEm

*) Allgemeine geographishe Ephemeriden, verfasset von Einer Gesell-
schaft Gelehrter, Weimer, IV, Bd. Ist, 1799, ed. F. X. von Zach. Mu 6aarczapnu
J. Y. duioxspery, cnaGauBlieMy Hac 3Tof CChLIKOH.

**) Dra TeopeMa O TOM, 4TO BO BceqaeHHofl cBeTsuleccs TeJo TOH e IJIOT-
HOCTH, 4TO ¥ 3emJus, HO auamerp Kotopoil B 250 pas Goavuie auaverpa Co.anua,
MOXKET CHJIOH NpPUTSAXKEHHS BOCIPENATCTBOBATH CBOUM JYUdM CBCTa AOCTIYL Hac
H, CJelOBaTe/]bHO, caMmple OoJbline Teaa Bo Bceedenuoil moran Ol OCTATLCA AJS
HAC HCBHAMMBIMH, Oblia 1pHBefeHa JlamsacoM B ero «lsiokeHun cucremsl
Mupa_z», vyactb 11, erp. 305, 6e3 morasarempcrBa. CM. A, G. E., May 1798, p. 603,
v. Z.
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4. TMycre cua nputszkenus Tena M; BTopoe Tesno (Hampumep,
YaCTHILA CBETA) HAXOJHTCS Ha pacCTOAHMH r; peficTsue cuasl M
Ha 5Ty uactuny cseta Oymer —M/rr; OTPHUATEJbHBI 3HAK MOSAB-
JIgeTCs H3-3a TOTO, 4TO jAeficTsue M NPOTHUBONOJONKHO ABHKEHUIO
cBeTa.

5. Tenepp corsmacHo (3) ata cusia Takxke pasHa ddr/df?; coe-
LOBATENbHO,

M d df —2
— =g =M
YMmuoxasi Ha dr, noJayunm
drddr o,
-_(l—t;’_— =—Mdrr N
nocJie HHTErPHUPOBAHHS
1 dr? 1
5 a7 =G+ M,

rjpe C — HOCTOSIHHAA BeJHUHHA, HJH
dr \? —
(W) =9C 4 2Mr-1.

Tenepnb, B cuay (2), dr/dt — cKopocTb v H COOTBETCTBEHHO Clpa-
BEI11IBO PaBEHCTBO
v?=2C + 2Mr~,

rJe v — CKOPOCTb YaCTHIIb CBeTa Ha PacCcTOAHMT 7.

6. Tenepb mis ompenenenust nocrosHHo# C gomycTuM, uTo R —
panuyc NpHTATHBAIOIIErO Teja ¥ a4 — CKOPOCTh CBeTa Ha paccrod-
HHd R (cilej0BaTesNpHO, HAa MOBEPXHOCTH NPUTATHBAIOUICTO TeJa);
Torga u3 (5) noJyyaercs

a?=2C + 2M/R,
MO3TOMY
2C = a® — 2M|JR.

ITopcraBasia 310 B npeaplayliee ypasHeHHe, NMOJYUYHM

7. Mycre R’ Gymer paauyc Apyroro NMpUTATHBAIOLLErO Teja; €ro
cusia npuraxeuus Oymer iM, a CKOPOCTb CBeTa Ha PacCTOSIHHH T
cocTaBuT ©’; TOTJA, COrMacHO ypasHeHHIO B (6),

. 2iM 2iM
12 __ 42
UT=a R’ + 7

8. Ecau cuensate r 6BeckoHeuluo 6GOJbLIHM, HOCHERHUE YJjeH
B MpeAblAylleM ypaBlleHHH ofpauiaeTcs B HyJb, H Mbl I0Jy4yaem

2iM

72 9

02 =" ~ .
=q° — R
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Paccrosiiiie 10 UEHOABHAKHBIX 3Be3J CTOMb BEJIHKO, 4TO 3TO
NpeNnoaoKenue CnpaseiiugBo.

9. IlycTb cua NPUTSIKEHUST BTOPOro Teda Tak Be/dlKa, 4To
CBET He MOXKEeT yAa/JHTbCS OT Hero; 3TO MOXKHO BBIPAa3HTb aHaJH-
TUYECKH CJAeAYIOUHMM 00pasoM: CKOpPOCTb CBeTa v’ paBHa HYJIO.
IlogcraBuB Takoe 3HaueHue v’ B ypapHeHHe (8) nid v/, HOJTyuHM
ypaBHEHHE, H3 KOTOPOTO MOXKHO BBIBECTH Maccy iM, mnpu KoTOpoil
9T0 1MPOUCXOAUT. CileoBaTENbHO, HMeEEeM

s 2M s 2M

O=a — = WM Q=

10. Uro6r1 ompeje/suTh a, AONYCTHM cHauaja, 4To 3THM MpH-
TATHBAIOWNM TeaoM ssisdercsi CoJHIle; TOTja ¢ — CKOPOCTb CBeTa
Cosnna Ha nosepxHoctd Coanuna. Ofpaxko cujia  OPHTSIKEHHS
ConHua B CpaBHEHUH CO CKOPOCTBIO CBeTa CTOIb MaJja, YyTo MOXKHO
3Ty CKOPOCTb NDHHSTH 3a paBHOMepHyio. M3 sBjeHus abeppaunuu

CJELYeT, YTO 3eMJIsl IPOXOIHUT 20”4 cBoero myTH, B TO BpeMs Kak

ceeT npoxoauT ot CosHna 1o 3eMJH; c/1ef0BaTeIbHO: IyCTh V ecTb
CpelHssT CKOpPOCTh 3eMJid Ha ee opOuTe, TOTZa Mbl HMeeM

a:V = paanycy (BbIpaKeHHOMY B CeKYHAAX): 20”71——-: 1:tg 20"%.

I1. Moe npexnosioxxerne B «l3/0KeHH CHCTeMBbl MHpPa», 4acTb
11, crp. 305, cocrout B TOoM, uro R’ = 250 R. [ aJjee, macca usMe-
HsieTcsd Kak 00beM NPUTATHBAIOUIETO TesMa, YMHOXEHHBIH Ha ero
IJIOTHOCTb, 00beM — Kak Ky0 pajuyca, COOTBETCTBEHHO Macca —
KaK kxy0 paamyca, yMHOXEHHBIH Ha IIOTHOCTh. [lycTh MJIOTHOCTE
CosHpa == 1, MJIOTHOCTB BTOPOrO Teja == Q; TOTAa
M:iM=1R?: pR’®= 1R*p250°R5,
UJIn
l:i=1":p(250),
HJH
i == (250)p.

12. TToxcraBaseM 3HaueHus { u R’ B ypasHenue a’=2iM[R u,
TakuM 00pas3oM, HMeeM
s 2(2500 oM s M
HJH
__a*R
0= 91os0) a1 *

13. UtoGpl 1oayulite p, Heobxomnmo eie onpeaeaits M. Cuna
M Connna Ha paccrosinuu D pasuna M/D% Ilycrs D — cpennee
paccrostiie 10 3ewmuau, V — cpeliHsas CKOPOCTh 3eMJM; Toraa 3Ta

g

cusa papra raxke VYD (em. «Acrponowino» STanre, I, § 3539).
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Orciona M/D? = V?/D, unu M = V?D. TlogcraHoBKa 3TOro B ypas-
nenne (12) nnaa p naet

— a’R 8 ( ay? R
P=3ws0rvip — (000 \V) D
a __ CKOpOCTh CBeTa 1 .
V' T ckopocTh Jeman L, coraacuo (10),
tg 20 T
R age. paanyce . 7 )
D~ “cpeausee paccrosimie g0 () tg cpeauero BupuMoro paguyca ©.

CJ/e10BaTeJIbHO,
tg 1672”

/4 1 20
(1000 tg 20 I)

p=38

OTKyna <CJenyeT, 4To IIOTHOCTb O HpI/I6JII/13HTeJIbHO paBHa 4, I
Takasl XKe 0 BeJu4YMHe, KaK i IVIOTHOCTDL 3emuau,



[Tpunoxenne B

CdepruecKu-CHMMETPUUYHbBIE PelleHUd
n TeopeMa Dupkxoda

Mpl XoTUM paccMOTpeTb ypasHeHue DiHIITelna B cayuae che-
pPUYECKH-CHMMETPHYHOTO NPOCTpaHCcTBA. CyIICCTBEHHBIM CBOHCTROM
chepuyecKu-CUMMETPHUHOrO NPOCTPAHCTBA-BPEMEHH MOXKIO CUHTATh
CylUlecTBOBaHUE MHPOBOH JHHHH &, OTHOCUTENBHO KOTODOH mpo-
CTPAHCTBO-BpeMA cdepHyecKH-cHMMeTpuuHO. Torza 3KBUBaJeHTHH
BCe TOYKH Ha KaxJI0# TMPOCTPaHCTBEHHONOAOOHOH 2-chepe Py
C ILEHTPOM B MPOU3BOJNLHON Touke p & % U onpeleaseMoi Kax
MOBEPXHOCTb MOCTOSHHOTO pAaccTOfHUS d BAOJNb BCEX Teofe3nue-
CKHX, OPTOTOHAJbHBIX K & B Touke p. EcaIM H3MEHHThL HamnpasJe-
HHe B TOYKe p JAeficTBHeM OpPTOroHadbHOil rpynnsl SO (3), ocras-
aswomelt chepy & MHBAPHAHTHONH, NPOCTPAHCTBO-BpeMsi NO Ompe-
AeJeHHIO He MeHsIeTcss M COOTBETCTBYMOIIHe TOoukH chepbt Fg
arobpaxkaloTcs APYr B APYyra; TakuM 06pasoM, NpocTpPaHCTBO-BpeMs
nonyckaeT rpynny SO(3) 8 KauecTBe IPYMILl H30METPHIl, Opuyev
opbutamu rpynnbt sBasoTcs cepel Fy. [Moryr 6niTh uacrtHbie
3HayeHus d, NPH KOTOPBIX NMOBEPXHOCTb Py MPEBPALIACTCH B TOUKY
p’; rorma p’ 6ymer ApyruM ueHTpoM cumMeTpuu. Touek (p’ n cama
TOYKA P), CBA3aHHBIX TakuM 00pa3oM, MOKeT GuiTh CaMoe GOJb-
wee ase.]

Oanako MoxeT OBITb TaK, 4TO B HEKOTOPBIX MPOCTPaHCTBAX,
KOTOPbIe XOTeJOCh Obl paccMaTPHBATh KaK ChepHuyecKH-CHMMETpHY-
Hble, MHpOBasi JuHUA, nojobHas &£, He OyleT cyllecTBoBaTh. Ha-
upumep, B pemenusx Ilsapmuwmasna n Paiiccaepa -— Hopacrpema
MPOCTPAHCTBO-BPEMsI CHHTYJAAPHO B TOUKAX, AJA KOTOpHIX r = O;
vHaye 3TH TOUKH MO/ Obl ObITL LEHTPaMu cumMerpuu. [Tostomy
MBl TIDHMEM CyLlecTBOBaHMe rpynnsl H3oMeTpuit SO (3), me#cTByw-
e Ha 2-NOBEPXHOCTNIX, NONOGHBIX Py, 3a XapaKTEPHCTHUECKOE
CBOMCTBO CHepHYECKU-CHMMETPHIHOrO NPOCTPAHCTBA-BPEMEHH.

Mrax, MBl CKa)eM, 4TO MPOCTPAHCTBO-BpeMs Cepuuecku-cum-
METPUYHO, €ClH OHO NONyCKaeT B KauyecTBe TIPYNNBl H30MeTpHil
rpyrnny SO (3) c opbutavy B BUIE MPOCTPAHCTBEHHONOAOOHBIX 2-110-
pepxuocreil. Toraa stu opOuTbl HeoGXOAUMO OyIYT 2-NOBEPXHO-
CTAMU NOCTOSHHOH MOJOXKHTENBHON KPHBU3HBI

I Kaxao# Toukn ¢ na Jwboi opbute Z(g) cyliecTByeT oj-
HOMepHas TOArpymnia H3omeTpuil /,, ocrasasioluas ¢ HHBApPHAHT-
Ho# (ecan ecTp UeHTpadbHas ocb &, TO 3TO-— TPynna BpalleHHH
BOKPYT p, OCTa/siiollasg Te0Ae3HYecKylo pg HHRapHaHTHOi). MHO-
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HKECTBO @ (9) Bcex I'€01e3UUeCKUX, OPTOrOHAMbHEIX K #(g), B TOUKE
g ofpasyeT JA0KaJALHO 2-NOBEPXHOCTH, HHBAPHAHTHYIO OTHOCUTENb-
o [, [nockoanky noarpyuna [, KOTOpasi MelsieT HanpasJeHHs
B F(g) OTHOCHTE]BLHO ¢, 0CTABASICT HeH3MEHHBIMH HAanpaBJ/eHHS,
neprueHaukyasipasle Kk F(g)]. B qu0doii apyroi Ttouke r & F(q)
rpynna [/, CcHOBa MeHsieT HalpaBJeHHs, OPTOrOHajdbHbie K % (q),
OCTaBJASL B TO ke BpeMsa € (q) HHBApHAHTHOM; BBIHLY TOro 4TO
[, nomxna meiictoBaTh B rpymnnosoii opbute F(r), npoxoasinei
uepes r, 3Ta opbura OpToroHadrHa Kk € (g). Takum obpasom, rpyn-
nospie OPOUTH ¥ OPTOTOHAMLHL! K NOBepXxHocTsiM € [147]. HaJee,
5TH IIOBEPNHOCTH JOKAABHO ONPEeAeTsioOT B3aHMHO-0JHO3HAYHOE OTO-
Opaxeuue MexAy opOuTaMu CpYINb, B KOoTOpoM [(g), ofpas
TOUKH g B F(r), aBasiercsl lepeceueHueM € (q) u F(r). IockoabKy
370 oTOoOpakeHue HHBAPHAHTHO OTHOCHTEJBHO HAeHCTBUSA 1, Bek-
TODLI paBHOH WauHLL B #(g) B TOuKe ¢ OTOOpaXKarmoTCs B BEKTOPHI
paBHOH AJuHbl B F(r) B Touke [(g); ¥ Tak Kak Bce ToukH F(q)
3KBUBAJEHTHBI, NTPU OTOOpaKeHUN BEKTOPOB U3 J0O0HA Touku F(q)
B ee o0pas B F(r) BCce MJIUHBI NOJAYUAOT OJUH H TOT XKe MHOKHU-
Teb. TakuM 00pa3oM, OPTOroHaAbHble TMOBEPXHOCTH % KOHDOPMHO
otobpaxarT opOuTh ¥ OAHY B APYTYIO.

Ecan BeiOpath kKoopauHatsl {f, r, 0, ¢} Tax, yToGbl rPyNNOBLIMHA
opbutamu & craau mnosepxHOocTH {f, r = const}, a oprorouaJsn-
HLIMH [OBEPXHOCTSIMH % — roBepxHOCTH {8, ¢ == const}, To Mmer-
puka mnpn 3ToM mnpuMer Bux ds?=dr?(¢, r)+4 Y2(¢, r)dQ2(0, ¢),
nLajee BbIGHPaTh QYHKUUU f, r Tak, uTobu {f = const}, {r = const}
rne dt? — HeonpejeseHHas MeTpHKa 2-moBepxHOCTH u dQ? — mer-
pUKa [0BEPXHOCTH TMOCTOSSHHOH M0OJ0XKHUTEJbHON KPHBH3HBL Ecau
OblIM OPTOrOHAJbHBl B 2-noBepxHOCTAX € (cp. ¢ [6]), meTpuky
MO2KHO 3alHCaTh B BHIE

ds?= F:((tjtr) +X*(t, ) dr* + Y2(, 1) (d0° + sin?6 dg?). (B.1)

(OT™eTruM, 4TO Ha 5THX MOBEPXHOCTAX BCe ellle OcTaeTcs cBoGona
IIPOM3BOJIBHOTO BhIGOpA r UK £.)

Honyctum, uto HabJmoparelb, ABHXKYIIMACS BIAOJAb JHHUE {,
H3MepsaeT MIOTHOCTh SHEPTHH [, U3OTPOTHOE JaBJieHHe, NOTOK SHep-
THH ¢, NpHYEM aHU3OTPONHBIX JAaBJeHUd Her, Toraa ypaBHeHUs
noJs a5 MeTpuku (B. 1) MoxHO 3anucaTth B BUjC

D R 5
s =+ 3 (~ ) s (5) +

+2F)“ +F (% )2, (B.3)
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~smp= 26 (1) 3 () ot
FENE ()

Ao+ 39 = (—+¢) —F(ry 5 —or (F LY
—r(3) () e (F) — e e

rje WTPUX O3HauaeT 0/dr, a Touka — 0/0f.

PacemorpuM cHavasna ypaBHEHMs 10Js B IIYCTOM NPOCTpaHCTBE
R, = 0; 310 osHauaer, uto B (B.2)—(DB.5) MB A0MKHBI 1OJO-
KHTb W =p =¢ =20. JlokaJgbHOe peileHHe 3aBHCHT OT DPOAA
nosepxuocteil {Y = const}; 31H noBepxnocTH MOTYT GLITL BPEMEHH-
NOAOOHE], NMPOCTPAHCTBEHHONOANOHE! MM H3OTPONIHLI, KPOMe TOro,
OHM MOTyT ObITb He omnpejesennl (ecin Y -— nocrognnast). B nceximo-
yuTeJBHOM cayudae, Koria Y'Y, =0 Ha IEKOTOPOM OTKPHITOM
MHOXeCTBe 2¢ (ciofa BXOAHT cayuail nmocrosiHHoro Y), 1na 24 BbI-
TMOJIHAETCS PaBEHCTBO

Y’ ")
= FY. (B.6)

Onnako, ecan cnpasenauso (B.6), sHaueHue Y/, moaydamolneecs
us (b.2), ne cornacyercs ¢ (B.3). CaepoBatesbHO, MLI MOXKeM
paccMatpuBaTh TOuky p, rae Y'Y, <0 wan Y'Y, > 0; Takoe He-
PaBeHCTBO MOJXKHO BBINOJHSITLCA B HEKOTOPOH OTKPLITOH OKPECT-
HOCTU %4 TOYKH p.

Pacemorpum npexiae Bcero cayya#, korna Y'Y, < 0. Toraa
B % mosepxHocTu {Y = const} BpeMenunoa00HEl, # MOXHO B3Th Y
B Kauectse koopaunatnl r. (IIpwm stom r Gymer xKoopduwnarod, on-
pedeagenol naow,adero, TaK Kax IWIOMaAb 2-nosepxuocTH {r,f ==
= const} pasna 4nr?) Urak, Y =0, ¥ =1, a us (b.2) Bunuo,
yto X == 0. Hanee, us (B.4) cuenyer, uro (F'/Fy = 0, u nostomy
MOXKHO BHIOpPaTh HOBYIO BpeMeHHYIO KoopiauHaTy ¢ (f) Takum 006-
pasoM, 4To0bl MoJ0KUTh F == F(r). Torpa numeem F = F(r), X =
= X(r), Y=r u pewenue neobxodumo cratuueckoe. W3 ypaB-
Henus (B.3) mnocae 3toro moayuaercs, yto d(r/X?)/dr =1, rax
yto pewenne nMeer sug X? = (1 — 2m/r)~, rne 2m — HOCTOSIHHEAS
uHterpuposanus. Ypasuenue (B.4) MoxKHO mpounTerpupoBaTh; NnpH
NOAXOASLIEM BEIGODE MOCTOSHHON HHTErpUpOBaHMst moJyuum F? =
= X? u rtorna (B.5) toxaectBeHHO yuosjerBopsietcda. [Tpn Taxux
F n X MeTpuka UMeeT BUI

w=—@—%ﬁw i )+m@+mmw)mﬂ

570 -— Merpuxa llIsapumuapaa npu r > 2m.
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Teneps upennoaomuy, urg YoV, == 0. Torga HOBepXHOCTH
{Y = const} npocrpancisennonn1odunl 8 2. 1 Mhl MOKeM BbHOPATH
Y p kauyecrse woopannavet f. Tenepn Y==1 Y =0, 1 uz (b.2)
ciaeayer, uto F7 = 0. Moxuo BBOParts KOOPAHHATY r Tak, urodbl
6outo X = X(f); roraa [ = F(t), X = X(f), ¥V = { u pcuwenne —
npoCcTpancTgennonodobrno oduopodroe. Tenepb (B.4) u (B.5H)
MOXKHO IIPOUHTErpHpoBaTe H IOJYUHTDL caetylouee pelicHue:

ds? = — _nﬂ‘__ + (it-’i — 1) dr? — (46 + sin0 d¢?). (B.8)
(=+-1)

t
I10 uactb pemenus [IBapuminaeia, oTHOCAWASCH K 00J4CTH BHY-
TpU WIBaPUIIXIBIOBA pajguyca, ndo npeodpasosanue f—r/, r—1
npuBoANT 3Ty MeTpuky Kk Buay (b.7) ¢ ¢ < 2m. Haxoneu, ecau
nosepxHocTh {Y == const} B HCKOTOPOIl YACTH OTKPLITOrO MHOZXKE-
CTBa 7° NPOCTPAHCTBEHHONOA00HA, a B APYLOH 4YacTd BPEMCHHIO-
10o0Ha, MOXKHO B 3THX 4YacTsax Hoayuntb pemrenus (B.8) u (B.7)
M 3aTeM CIUUTBL HX Ha mosepxuocru Yi¢Y,, == 0, kak 370 OblLIO cHe-
naHo B pasg. 5.5. Takum 00pas3om, 110JAYUHM TY 4acTh MAKCHMaJb-
noro pemenus Bapumuiabia, kotopast Jexur B 7°. B urore Mbl
nokasagau reopesy bupxxogha: modoe C?-pewenie ypaBHeHHE DiiH-
HITeHHa B TYCTOM IIPOCTPAHCTBE, CPepHUCCKU-CHMMETPUIHOe B OT-
KPBITOM MHOMXeCTBe 7°, JIOKaJbHO SKBHBAJEHTHO B #° 4acTH MaKcH-
MaJapHO paciuupenHoro pewenus Ulpapumnasna. (Do BepHO, 1a)e
ecau npoctpaHcTBo Kaacca C° u kycodwo xaacca Cl, cum. [6].)

Tenepb Mbl PAcCMOTpPHM CQEPUUECKH-CHMMCTPUUHBEIE pelleHnd
LIS cTaruyeckofi udearvnoil scudkocTu. Mowuo mopoBpate Taxue
koopauHaTu {f, r, 0, ¢}, B KoTOpHIX MeTpuxa umeer Bug (b.1),
KHUAKOCTb JBHKETCS BROJb JHHUI [ (u, cleloBateqapHo, g = 0)
u F=F(r), X =X(r), Y= Y(r). U3 yparuenuit mons (B.3),
(B.4) torma caexayer, uto p—+p =0, ecan Y = 0; raxofi cay-
gali Mbl HCK/JIOYaeM KaK He HMEIOWH[I CMBICIa AIs peajJbHOH
KHIKOCTH ¥ cuuTaeM, uto Y’ == 0. [Tostomy Mol cHOBa MOXKeM BBHI-
6patb Y B KayecTBe KOOPAMHATH r; TOrAa MeTPHKA HMeeT BHA

ds? — ~F_df(.r.)_ 4 X2(r) dr® 2 (d0? +sin? 0 dg?).  (B.9)

U3 cBepHyTHIX TOxkAeCTB buanku T8, == 0 ciaepyer, 410
p—(n+p)%=0. (B.10)

Vpasuenue (B.5) ynosierBopsiercst TOKIAECTBCHHO, €CJAH CIpaBex-
ausp (B.3), (B.4) u (b.10). Vpasneune (b.3) moxHO npouH-
TErpupOBATh SIBHO M NMOJYYHTDH

I4

F
F

-1

Xr=(1-21 (B.11)

r
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rae

Mir) = 4dn S pir dr,
{1
W HcrmoJp30BaTh rpaHnuHoe ycaoBie X(0)= 1 (r.e. sra xunxas
chepa nmeer peryaapublil uentp). C yuerom (B.10), (B.11) ypas-
Henne (D.4) npuBoaurcs K BHAY
Adp _ (w4 p) (B + 4aprd)
dr r{r— QZV!)

, (B.12)

KOTOpOe ONPEleJsieT p Kak (PYUKIIO 7, eCJM K3BEeCTHO yDaBHEHIIe
cocrostius. Hakonen, u3 (B. 10) umeem
p (1)
F(r)=Cexp S dp , (B.13)
: w+p
» (0)
rne C — nocrosnnas. ¥Ypasneuns (B.11)—(B.13) sanaior wer-
pUKY BHYTpH cepbl, T.e. 10 7 == ry, IAe ro— 3HA4YCHHE 7 Ha [10-
BEPXHOCTH XKHIKOCTH.
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Yucaa ykaseleaior na CTPanuybt, ede danol onpedesenus.

= -— onpejeseHue

3 — cyuectByeT

= — caelyer

> — 3HaK cyMMbl

O — KoHell agokKaszaTeabCTBa

MuoxecTtBa

U AUB — o6wenunenue A u B

n ANB — nepeceuenne A u B

> A< B, B> A— A conepxurca 8 B

— A—B — B pniunTaercs u3 A

= rxsA — X ecThb 3/MeMeHT MHomecTsa A

%] — IyCcToe MHOXKECTBO
Oto6paxeHus

6: U — 7, — ¢ orobpaxaer p= U B P(p)EV

¢ (U) — 06pa3 @¢ npH oTOOpaKEeHUH

¢! — oTo6paxenne, oGpaTHOe K P

fog — KOMIO3HIHS, BCJea 3a ¢ NPOH3BOAMTCA oToOpaKe-

Hie f
¢, ¢ — 0TOGpaKeHHs TEeH30DOB, WHAYUHPOBAHHbBE 0TOGPA-
xKenueM ¢, 31

Tonoaorus

A — sambikanne A

A —rpanuua A, 203

int A — sBuyrpentocts 4, 232
JdudphepeHLUpyeMoCThb

C°, C', C™=, C° — ycaosus muddepeunupyemocty, 19
Muoroo6pasus

M — n-mephoe mitorooGpasne, 19—20

(ouw (pu) — JOKaJ/Jbltag Kapra, 3ajatoliiast JOKaJ/JbHDIE KOOpAH-
natel x%, 20
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oM — Kpa#l mtioroo6pasus A, 20

p

R” — eBKJIHLOBO 1-MepHOe NMpPOoCTpaHcTRo, 19

1

—2—R“ — HHKHAA noJgoBHHA (¥ << 0) npocrpaucrea R», 19

S” — n-cdepa, 21

X — npsiMoe (LeKapToBo) MpoHu3BeAeHue, 23

Tensopn

(0/ot),, X — BeKTopsl, 24

o, df — l-popmpl (uneiinwic Gopmer), 25, 30

(o, X) — CKaJIipHOE MpOM3BeAeHHe BexkTopa u l-hopwmel,

{E,}, {E®}  — nyaabHbie 6asucnl BeKTOpoB u 1-popm, 25

T af,',l ... 5, — KOVITOHEHTBI TEH30pa THIa (r,s), 26—29

@ — TEH30pHOe NpousBelenue, 27

A — BllelIHee npousseaeHue, 30

() — cummerpusauug (r. e. Tgpy), 29

[] — aHrucuMMmerpusaius (T. e. Tias1), 29

6%, — cumBoa  Kpouexkepa (41, ecqu a =050, u 0,

. ecau a = b)

T, T, — KacartejbHOoe IPOCTPAHCTBO H JyaJbHOE I[PO-
CTPAHCTBO B TOUKe p, 24

T5(p) — NPOCTPAHCTBO TEH30POB THIA (f, S) B TOuKe p,
27

TS (A) — paccioeHue TeH3opoB Tuna {r,S) ua ., 64

T (A) — KacaredbsHOoe K J paccaoenue, 63

L{A) — paccJjoense JHHERHBIX pernepos Ha A, 64

IIpousBoaHbIe U CBSI3HOCTH

ofax’ — 4yacTHas# TNPOM3BOJAHAs N0 KoopjauHaTe X!
(0fot), — IIPOU3BOjIHAS BLOJb KPUBOI A (), 24
d — BHEIIHsAs MpoH3BoAHas, 26, 34

LxY, [X, Y] - npoussonuas Jlu sexropa Y no sexkrtopy X, 37
V, Vx, Tupe — KOBapuautiast npoussoanas, 40—41

D/ot — KoBapHaHTHasl POH3BOAHAS BIOJAL KPUBOH, 42
I — KOMIIOHENTL cBsisHocTH, 41
exp — 3KCHOHenIaablioe otTodpamcuue, 44

PuMaHOBH NpocTpaHCTBA

(A, gy — muoroo6pasne A ¢ MECTPUKOH ¢ H CBA3HOCTBIO
Kpucropdeas
n — 3JeMent of6bema, 60
R,peq — TeH30p Pumana, 46
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Rep — TeHsop Puuum, 47
— CKaJIsipHas KpHBU3HA, 52
Capeqy — TeH30p Befns, 52

O(p, g) — opTOoroHa/JbHad TpyHna, OCTaB/slollas MeTPUKY G
HHBApUaHTHOH, 64

G,,  — [uMaroHaJibHas MeTpHKa
diag (+1, +1, ..., +1, -~1,...,—1)
P WieHOB g uNeHoB

O (A) — paccioeHHe OPTOHOPMHPOBAHHBIX pelepos, 64

IMpocTpaHcTBO~BpeMs

[IpocTpaHcTBO-BpeMsi ecth 4-MepHOe pPUMAHOBO MPOCTPAHCTBO
(A, g) c HOpwanwHOK Merpuueckoit dopmoi diag (41, 41, —I1,
—1). B KauecTBe J0KaJbHBIX KOOPAWHAT BEIGpaHBl (X!, x%, x3, x*)

T ap . — TEH30p HEPruH-UMOYyJabCa MaTepu, 74
Wiy e ... 4 — MartepuadbHble noas, 77
L — Jlarpanxuat, 77

YpaBHeHUs noJjis DUHWTEHHA UMEIOT BU/L

1
Rab Y Rgab + Agab = 8ﬂTab’

rre A — KOCMOJIOrHUecKasi oCTOAHHAas.
(#, ®) — KOMIJIEKT HauaJbHBIX JaHHBIX, 258

BpeMeHunono0Heie KPHBHE

L —— OpTOroHaJIbHAs Npoekuus, 92
Dz/0s — npoussontas Gepmu, 93
6 — pacxoxjeHue, 96

0%, Og, ®— BpalleHue, 96
Oup, O — caBur, 96

Hu 30TpOnHbIE TI€oNe3HYECKHe

0 — pacxoxjenue, 101
Bgp, & — Bpamemnue, 101
Gup, O - capur, 101

MpuuuHras cTpykTypa

I, I” — xpouoJoruveckne Gyaymee u npourioe, 203
J¥, J7 — mpuunHmble Gyaymlee n npoutoe, 203
EY, ET — xoutypnl 6yayuwero u npomoro, 204

DY, D™ — odaactn Kommu 6yayuiero u npouwioro, 135, 224
H+, H™ — ropusontol Kouu B 6yayuiem u upouwaom, 178, 224
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I'paHuua mPOCTPAHCTBA-BPEMEHH
M= MN, toe A — c-rpanuna, 224

4 R

I, 97,7, iT — crpaHuIA ACHMUTOTHYECKHM MPOCTOTO H My
cToro mpocrpaHcraa, 138, 250

M= MYOM, — xorga M ~— aCUMIOTOTHUECKH MNPOCTOE B cCJja-

Gom cMmblcae; rpaHnia 0.4 muorooOpasusa 4
cocTOUT U3 I+ u 9, 246, 250

MY = M0, —raedectb b-rpanuua, 319
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— gondopmuas 53, 73—77, 89. 90, 200

— Jopeniea 49—52, 56, 68, 90, 119,
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— neBLpoXKennas 48

— M0JOXKHTEABHO-0Npe1eenyas 49

-— nNpOCTPAHCTBERHO-Bpemennas 68, 84

- ctartnucckas 85

— dounopas 253—255, 271—276, 280-—
281

Muoroofpasue 19, 69

— reojesidecku moasoe 44, 216, 286,
289, 292, 296

— kmaacca Cr (Cr-muorooOpasue) 20

~— — — ¢ Kpaem 20

— HakpeiBaowee 228

Muoroofpasue opueHtupyemoe 22, 56,
60, 65

- napakoMmnaxThoe 22, 44, 49—50

— napaaieansyemoe 65, 202

— npuyuHio npocroe 210, 229, 295

-— cBA3HOoe 68

-—— YHHBCPCa/bHOE HaKphiBawilee 228

— xaycjopdoso 22, 44, 69, 193, 194,
277, 278

MuozxecTBo axpouadsuoe 207, 225—
227, 232, 297

-~ Oyaviero 207, 208, 209

— BHOJHE ynopsjioueHHoe 276

— rao6aabHo  TunepBoiHyeckoe
230236

-— JoByweyunoe ajas Oyayuwero (mpo-
waoro) 297, 299

— bapyuwaiowee xponojoruio 210, 211

— Henpuuunuoe 208, 227

-— TpHuMHIO npoctoce 210, 229

Mopenn Beegmennofi T'énens (87, 188—
190

-~ cTaTHueckan Ditnwrelina 137, 156

--- cTauHoHapHasa [41

Moyess npocrpaucTBa-BpeMedn MaTe-
MaTyyeckas 68

— — — TeoJes3HYecKku noadas 33, 165

— — — Hu3oMeTpuyHas 68

— — — -— J0KaJbHO CT-Hempoao/KH-
masa 71

— — — — JoKaibHO CT-Hepaciupse-
Mas 71

— — — — Cr-Hepacmupsemas 7]

HB (nepasiowumoe MHOKeCTBO 6y-
ayiero) 241, 242245

HIT (#epasjoxuMoOe MHOXKECTBO IIpo-
wioro) 241, 242—245

229,

Odaacts Kournn 135, 150, 166, 224, 232
— — Oynyuiero 224

-— JoBYylleuHas 356
b-Orpannuensocts 325, 327
OKpecTHOCTb BuIYKJIas 44

— J10KaJbHOH mpuuuHHOCTH 217, 219
—- HOpMaJabHan 44

Ortofpaxcune HI'beKTHBHOE 32

— xaacca C* (Cr-orobpaxenue) 19, 31
-— Koubopmioe 53, 157

— co6GcTBeHHoe 33

— CIOpBEKTHBHOE 32, 62

— TeH30poB 32, 34

— 3KCMOHeHuHaabHoe 44, 134

Mepenoc napanienpust 213
— Gepmu 94
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ITnockue Boauwt (rpasuraiiounbic) 199,
229

[ToBepxiiocTh BHelHSs JdoBYyileyHast 355

— — — MaprunaJjbnas 359

-— 3aMKHyTast JoByleuHas 11,
292, 297, 334

— Kowmn 135, 150, 199, 228, 295

—— npocTpancTBeHnonogobuas 113, 115

~— CTallHOHAPHOCTH TpedeabHas 185

-— TpausntusHocTH 151, 152

[Torpy=xenue 32

[ToamHorooGpasue BaoKeloe 33

— Torpyzetigoe 33

[ToxnpocTpanctso BepTHKadbHOE 66

- ropu3oHTagbHoe 66, 308

IToae aunciinbix 3qementon 50, 212

— ckasspuoe 80, 109

— — 3apsKensoe 81

~ agekTpoMarnuTHoe 80, 81

— gko6ucso 110, 125

174,

-— — BJOJb H30TPONHOIl reojiesnye-
ckoit 114

IToauora 289, 308

-— reojieandeckast 286, 289

— Mmetpuueckas 286, 308

ITocjaen0BaTENBLHOCTL  CUABHO — CXOAM-

masicst 269

— caabo cxopduasics 270

— ¢yunamentaabHas 286

[TponsBesneniie BHelllHee npsaMoe (MHO-
roobpasuii) 93, 62

— Tensopuoe 27

Tpoussoanast BHewnsas 34, 35, 45

— xoBapuautHas 41, 42

— — BJOJb KpHBOI 42

— Jlu 37—40, 45

— ®epuu 93, 94

[TpocTpancTBo AyaabloC KacaTedbLHOMY
25

— eBKaugoBo 10

-— KacateJbHoe 25

— KoMmnakTHoe 40

— m-moJauoe (MeTpHUecKH noJHoe) 286,
308

— nocTosIHIION KpuBH3HBL 140

— paccioetnoe 62

— Cof6oaesa 259, 260

— Tay6a — HYT 190,
322

— rtuna buaukn I 160

[TpocTpauncTBo-BpeMs 68

— aCHMUTOTHYECKH NpocToe 246, 247-—
250

— — — 7ycToe 246, 247—250

— — — B cagabom cmeicae 251, 345

-—335 CHUJIBHO  MpejackKasyemoe 348,

191--198, 229,

-— reojiesiuccku moJanoe 286, 289, 292,

296
- ae Cutrepa l-ro poga 140, 141—

148

— — — 2-ro poxa 148, 149—151, 229

~~ KoMnakTHoc 189

— Mruukosckoro 133, 134—140, 247

— b-orpamiennoe 325—327

~— OpHCHTHpYeMoe 1o Bpemenn 201,
202, 212, 246

—- b-noaioe 289, 308, 310, 326

-~ [POCTPANCTBCHIO-OPHEHTHPYEMOE
202

— paccaoentoe 62, 63

~— pery/sipio npeackasyemoe 354, 356,
360

-~ —— — cTartHyeckoe 363

-— -— — crauxonapuoe 360, 36!, 366,

371
-— Pofeptcona — Yokepa 152, 153—
159, 390—398

[Tpowmoe acumnToTHdeckH npoctoe 352

Pasputie (HayaJbHBIX JAHHBIX) 253,
273—277

— MaxcuMmaJabHoe 276—281

Pasaoxenue equnuusl 23, 36

Pacxoxenue 96, 98

~— H30TPONHBIX reojpesuuecknx 101, 108

-— obbeMmuoe 91, 111

Paccioenue 62

— KacaTesabHOe 63

— JunefiHblX pernepoB 64, 194

— OpPTOHOPMHPOBAHHHIX 0a3ucOB 64

— TeHaopuoe 64

Pacwnpense MmHoroo6Gpasus 70,
172, 177, 183, 253, 276—281

Cr-Pacwupenne 70, 171

Pewenine (ypaBHenuil diinmrefina) 132

— Keppa 180

— OpPOCTPAHCTBEHHO-OAHOPOAHOE 160

— Paiiccuepa — Hopactpema 175,
176—186, 229

— TouHOe 132

— Ulpapuwnapaa 167, 166—174, 363,
412

169,

CeepTka Teiizopa 28

Cssiznoctb 40, 41, 52, 53, 65

— 0e3 KpyveHust 45

— kaacca Cr (Cr-csiznocts) 41

— nJaockas 47

Curnarypa merpnkn 48, 49

CHHTYJApHOCTL «rojas» 346

— KPUBH3HBl B NapaJjelbHO TNepeHe-
cenHoM Gasuce 290, 323
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= CKa/IApPHHIX
290

Ckanapuas kpususna 52

CHB (CHIT) 243, 245

Co6CTBeHHO-pa3pbn3Hoe JAeficTBlie rpym-
net 193, 194

IOJHHOMOB  KPHBH3IHbI

Tenzop 26

— anTHcHMMeTpuuuslil 30

— Befias 53, 54, 98, 102

— Bpatenus 95

— Kpyuenust 45

— MeTpuyeckuii 47

— fapaaiesbHsiil mepenoc 43

— 1nonepe4Horo ciasura 96

—— pacxoxjJeHis 96

— Pumana (xpusususl) 46, 47, 52—54,
93, 98, 99

-— — Ha THIepnoBepxHocTH 59

— Puyuyyn 47, 52, 98

— cBepTKa 28

-— CHMMeTpuunblii 30

— caoxeuue 27

— YMHOXCHHe Ha ckaasp 27

— (yHpamenTaabnbii BTopoi 113

— — nepsuiit 113

— 3Hepruy-uMuysasca 78—=80, 102—110

— — — wujxea’apHoll XKuakoctn 83

— — — KaHoHHuyecKHe (QOpMBI (THIHI)
102, 103

— — — cxaaspuoro noJas 80, 81
— ~— 3JeKTpoMarsuTHoro moJs 81

Teope'via Bupxxoda 413

— Taycea 62

— Croxca 35

— — obolwenHasa 36

Teopus otHocuTesbHOCTH ofIias 68, 72,
403

— — cneunaasnas 68, 72, 74, 133

Tonoaorus 19, 220

— Aunexcanaposa 219, 220

— JopenueBbLx meTpuk 220, 280

— oTKpeiTag 221

— mpoctpancTBa Kpussix 230, 231, 238

Touka koueunast 205, 209, 226

— npeaeasnas 205, 207

— conpsxennas nosepxuocry 113, 131

— — Toure 111, 112—114, 125, 130

Ypasuenue ['aycca 59

~— Kopauun 59

— Pafivayaxypu 97, 98, 101, 111

— Slko6u (meBuanuu) 93, 110

YpaBHeuuss noqast (mocryqaat) 90

Ypanenus: Dinepa — Jlarpamxka 78

— Diinwrefina 87, 88, 89, 131, 252

— —— npusefeHHble 255, 970—976

Ycaosue, Bujedsiomec Gyaymee 215,
216

- BPeMeHHNOA06HOTO ¢X0oxIenus [08,
319, 398

-— H30TpONHOro cxowjaexus 108, 109,
319, 398

— Jlummuua 19, 70, 238

-~ upuunngocra 211, 212--216, 241,
398

— CHJIBHOH npuyuHHOCTH 215, 216—
219, 231233, 302

— runosoe 115, 213, 296, 359

~— yCTOliuHBOH NpHYnHHOCTH 221

-— XpoHoJoruueckoe 210, 297

— 9HepreTHueckoe cuabHoe 109, 154,
334, 398

— — caaboe 102, 103—105, 334

— 3HEpProJAoMHuHaHTHOCTH 104, 360

Yeaosus KanubpoBounsle 255

— — rapMoHuyeckue 255

YerofiunBocts pemtenus 3anaun Kown
281, 334

Dopma auHeitnas 25, 56, 57

-— KaHoHHueckasa 60

~— (yHzaMeHTal1bHasg BTOpas 58
1-bopma 30

g-tbopma 30, 34

OyHkuusa Ha MHoroo6pasuu 23

— — — kjacca Cr (Cr-dynxuns) 23

Yepuan pmpa 351, 352-—-359, 368—370
~— — Bpauwawowmasca 362—370
— — causuue 370--373

Weapuwunabaa paguyc 334
HIsapmnabnosa panna 393

Diinepa xapaxrtepuctuka 51, 65
diinwtelina oneparop 255
dprocdepa 185, 364—366, 369
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