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Abstract

The tree-level scattering amplitudes of general relativity encode the full non-linearity
of the Einstein field equations. Yet remarkably compact expressions for these amplitudes
have been found which seem unrelated to a perturbative expansion of the Einstein-
Hilbert action. This suggests an entirely different description of GR which makes this
on-shell simplicity manifest. Taking our cue from the tree-level amplitudes, we discuss
how such a description can be found. The result is a formulation of GR in terms
of a solvable two-dimensional CFT, with the Einstein equations emerging as quantum
consistency conditions.
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As a quantum field theory, general relativity (GR) is non-renormalizable and there-
fore fails to make sense at high energies. Nevertheless, it provides an important litmus
test which any purported theory of quantum gravity must pass by reducing to GR in
the semi-classical, or low-energy, limit. In other words, the low-energy observables of
any theory of quantum gravity should be equal to those of GR. In an asymptotically flat
space-time, tree-level scattering amplitudes are natural examples of such semi-classical
observables: they provide ‘theoretical data’ against which a theory of quantum gravity
can be checked. Due to diffeomorphism invariance, these scattering amplitudes are not
just natural, they are the only semi-classical observables [1].

The tree-level S-matrix also acts as a test for the complexity of classical field the-
ories, and GR is no exception. While its computation is usually presented in terms
of Feynman diagrams, it can also be understood — and in principle, computed — from
a purely variational perspective. Given a classical action functional, the tree-level S-
matrix is constructed by perturbatively expanding the action with respect to linearized
states propagating on a non-linear background (usually chosen to be trivial). Feynman
rules, derived from the action, give an intuitive method for organizing this perturbative
expansion. While a single scattering amplitude probes the action by linearized fields,
knowing the full tree-level S-matrix of a theory is equivalent to knowing its non-linear
equations of motion.

For general relativity, the non-linear equations in question are the vacuum Einstein
equations:

R=0=R,, (1)

where R, is the Ricci tensor and R the Ricci scalar. These are the field equations of
the Einstein-Hilbert action
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where d is the number of space-time dimensions. Unfortunately, the perturbative ex-

pansion of the Einstein-Hilbert action, as operationalized by Feynman diagrams, is a

nightmare, containing an infinite number of interaction vertices [1, 2, 3]. Consequently,

it seems that the classical scattering amplitudes of GR will be a complicated, unenlight-

ening mess.

Yet over half a century of research has uncovered surprises undermining the com-
plexity implied by (2). From the realization that terms in the Feynman expansion of
the four-point amplitude (over five hundred in number) sum to a simple expression (c.f.,
[4, 5]), to loop-level computations raising the possibility that maximal supergravity
could be a finite quantum field theory in four dimensions [6], it is clear that scattering
amplitudes in gravity have myriad properties which could never be guessed from (2).!
Regarding the tree-level amplitudes of GR, one particular development stands out: an
expression for the entire tree-level (Minkowski space) S-matrix in any dimension.

IDramatic progress in the study of scattering amplitudes — especially in the last decade — has been made
for a wide array of theories, including gauge theory and string theory (c.f., [7]).



Remarkably, this expression — found by Cachazo, He, and Yuan (CHY) [8] — has no
origin in the Feynman rules of the Einstein-Hilbert action. Indeed, rather than a sum
over Feynman diagrams, the CHY formula is given by an integral over the moduli space

of a Riemann sphere, ¥, with marked points, {z1,...,2,}. The locations of the z;s are
fixed in terms of the null momenta of the external states, {k1,...,kn}, by aset of n—3
constraints, known as scattering equations:
Si=) —2L=0, i=4,...,n. (3)
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Schematically, the formula for the n-point tree-level amplitude is

M= [ dpn []'6(Si) Zn, (4)
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where duy,, H; denote Mobius-invariant measures and products on the moduli space,

and Z,, is an integrand depending on the {z;} and kinematic data — see [8] for details.
We claim that there is a fundamental statement about GR implied by the disconnect
between (4) and a perturbative expansion of (2). That is, the unexpected simplicity of
(4) hints at an alternative formulation of GR making this structure manifest. As we
will see, not only does this alternative exist, but it takes a surprisingly elegant form [9].

The structure of (4) shares several similarities with the tree-level S-matrix of string
theory, including moduli space integrals, compact amplitude expressions, and manifes-
tation of low-energy behavior through degenerations of the underlying Riemann sphere
(c.f., [10, 11]).2 However, string theory depends on an additional parameter: the string
length v/a/. Taking o/ — 0 gives field theory amplitudes [13], so (4) seems — heuristically,
at least — to arise from some “infinite tension” limit of string theory.

Indeed, soon after the appearance of (4), it was realized that the CHY formulae were
equal to correlation functions of a certain chiral, first-order conformal field theory (CFT)
on the Riemann sphere [14]. The structure of this theory is akin to a complexification
of the worldline action for supersymmetric quantum mechanics (c.f., [15]); there is no
o/ parameter and the scattering equations emerge from a gauge-fixing procedure [16].
Since it computes the full tree-level S-matrix of GR on Minkowski space, formulating
this theory for a general curved space-time should give a non-linear description of GR.

The formulation of this curved-space model is relatively straightforward at the clas-
sical level. Consider a space-time M of dimension d equipped with a metric g,,, and a
closed Riemann surface ¥ (the “worldsheet”) with a complex structure represented by
the anti-holomorphic Dolbeault operator 9. The model is defined by the two-dimensional
action functional [9]:

1 _ o
S:/PuaX“Jr%Dd)“. (5)
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Here, X# are coordinates on d-dimensional space-time which are scalars on X, while P,
is a space-time covector taking values in the space of worldsheet (1,0)-forms. The pair

2Surprisingly, the scattering equations also appear in the high-energy regime of string theory [12].
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@N, ¥ transform as space-time covectors and vectors, respectively; both are worldsheet
spinors with fermionic statistics. The operator D is the anti-holomorphic covariant
derivative, pulled back to the worldsheet:

Dyt = 9yH 4+ Tl p"0X*,

where I'), are the Christoffel symbols of the metric g,,, on M.

Since the action (5) depends only on the complex structure of 3, it is a two-
dimensional CFT. As a classical action, it is also invariant under diffeomorphisms of
M. However, this invariance is far from obvious at the quantum level. That is, the path
integral defined by (5) may fail to be invariant under space-time diffeomorphisms.

Under a diffeomorphism on M, the bosonic portion of (5) must be shifted by a
level-one Wess-Zumino-Witten (WZW) term to remove potentially anomalous two-point
functions [17, 18]. For the fermions, this diffeomorphism corresponds to a chiral rotation;
while the classical action is not modified, the path integral measure is corrected by a
phase. This phase is precisely the same WZW action produced by the bosons, with
the opposite sign [19]. Hence, the path integral for the theory is invariant under a
diffeomorphism and thus makes sense with respect to smooth coordinate transformations
on M.

So (5) defines a two-dimensional CFT which is diffeomorphism invariant at both the
classical and quantum level. Additionally, this theory has the remarkable property that
it becomes free after a field redefinition

H,u = P,LL + Fﬁu&;ﬂﬁy ) (6)
giving a purely kinetic action:
1 _ o
Sz/nﬂaxuujﬂaw. (7)
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This means that the operator product expansions (OPEs) between worldsheet fields
are free, so any quantity in the CFT can be computed exactly, without recourse to
perturbation theory.

In addition to conformal symmetry on 3, the action (7) has three additional symme-
tries: a Hamiltonian (generated by a Laplacian on M), and two fermionic symmetries
(analogous to chiral supersymmetries). Gauge-fixing these symmetries leads to potential
anomalies in the model. These are a conformal anomaly and an anomaly in a certain
worldsheet current algebra related to the fermionic and Hamiltonian symmetries [9].
While the former is eliminated in the critical space-time dimension d = 10 and doesn’t
affect correlation functions on the Riemann sphere, the current algebra anomaly is more
subtle.

Though the model is sensible with respect to diffeomorphisms of space-time, its sym-
metries do not behave correctly under diffeomorphisms of the worldsheet. Crucially, this
is remedied by modifying (7) in a way that does not affect the conformal anomaly or the
theory’s OPEs. With these free OPEs, the current algebra anomaly can be computed
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ezactly, and is given by the Einstein equations (1).3 In other words, the field equations
emerge as the quantum consistency conditions of this two-dimensional CFT [9]. This
should be contrasted with the analogous calculation for string theory, where anomalies
can only be computed perturbatively in o via a complicated background field expan-
sion [20].

So GR can be described by a solvable two-dimensional CFT with free OPEs; there
is no need to make reference to a space-time action principle at alll In the context of
Minkowski space, this statement manifests itself in the structure of (4), given by a single
correlation function on the Riemann sphere as opposed to a morass of Feynman diagrams
coming from the Einstein-Hilbert action [14]. Beyond the classical level, correlation
functions on higher-genus Riemann surfaces appear to compute compact expressions for
the loop integrands of (super-)gravity [16, 21].

More generally, this reformulation implies that the calculation of any semi-classical
observable in GR is equivalent to computing a correlation function in a two-dimensional
CFT with free OPEs. While the consequences of this statement beyond the confines
of Minkowski space have yet to be explored, it seems reasonable to expect it to shed
new light on the computation of S-matrices in non-flat space-times — a subject hitherto
hamstrung by the complexity of the Einstein-Hilbert action’s perturbation theory. In
any case, the fact that our basic theory of gravitation can be formulated in this way,
using tools which seem so disjoint from standard space-time-based approaches, indicates
that even a century after its discovery, general relativity remains an intriguing field of
research.
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