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Abstract

We employ the techniques introduced in the companion papers [1} [2, 3] to derive a connection
formulation of Lorentzian General Relativity coupled to Dirac fermions in dimensions D + 1 > 3
with compact gauge group. The technique that accomplishes that is similar to the one that
has been introduced in 3 + 1 dimensions already: First one performs a canonical analysis of
Lorentzian General Relativity using the time gauge and then introduces an extension of the phase
space analogous to the one employed in [I] to obtain a connection theory with SO(D + 1) as the
internal gauge group subject to additional constraints. The success of this method rests heavily
on the strong similarity of the Lorentzian and Euclidean Clifford algebras. A quantisation of the
Hamiltonian constraint is provided.
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1 Introduction

In the previous papers of this series [I, 2, B] we introduced a new connection formulation of
vacuum General Relativity with compact gauge group in any spacetime dimension D + 1 > 3.
In this paper we consider coupling of this theory to matter. Here it will suffice to consider
fermionic matter because gauge bosons can be coupled in the same way as it has been done
in 34 1 dimensions already [4]: Scanning through the details of [4] one realises that nothing
depends substantially on D = 3 and since the background independent LQG representation for
theories of connections as well as its uniqueness generalises to any dimension, we can consider
the gauge boson sector as treated already.

Our starting point is the standard canonical treatment of fermions coupled to General Rel-

ativity:
To the best of our knowledge, Kibble [5] was the first to consider the canonical formulation of
fermions coupled to vierbein gravity. The classical coupling of fermions to the new variables [6]
was provided in [7]. Since then, several papers appeared debating issues arising when including
fermions. Among others, the role of the Immirzi parameter [§], the appearance of torsion [9, [10]
and the correct form the Holst modification [11] are ongoing debates. Here we will consider the
simplest possibility, namely the standard coupling of Dirac fermions to vielbein gravity.

In 3 4+ 1 dimensions the quantisation of this theory was carried out for the first time in the
context of the new variables in [4, [I2]. The new ingredient was the passage to Gramann valued
half densities and a representation in terms of holomorphic wave functions of the fermionic
variables. Technically, in 3 4+ 1 dimensions one works in the time gauge and with the Ashtekar
— Barbero connection which can be obtained by an extension of the ADM phase space subject
to an SO(3) GauBl constraint.

In higher dimensions, an Ashtekar — Barbero like connection is not available and therefore
a new idea is needed in order to arrive at a connection formulation with compact gauge group
although we are considering Lorentzian gravity. We start from the usual Dirac — Palatini La-
grangian for Lorentzian General Relativity and introduce the time gauge. This results in a
formulation in terms of a canonical pair (Kfl,EZ“), a,b,e,..=1,..D; i,5,k,.. =1,.., D which
is subject to an SO(D) Gaufl constraint. We now extend this phase space by a canonical pair
(Aary,717) subject to the simplicity and SO(D + 1) GauB constraint. This way we arrive at a
connection formulation in terms of the compact gauge group SO(D + 1) although we are con-
sidering Lorentzian gravity. Of course, the fermionic contribution to the Hamiltonian constraint
of Lorentzian gravity, just as in 3 + 1 dimensions, acquires correction terms as compared to its
Euclidean counterpart which in part is due to switching from Lorentzian to Euclidean v matri-
ces. Yet, these corrections are not as cumbersome as one might expect because the Lorentzian
Clifford algebra differs from the Euclidean one just by a factor of i in front of 4.

After having obtained the fermionic contributions to the classical constraints we quantise
them using standard methods [4] and using the representation [12]. Our formulation provides
access to the quantisation techniques developed in [I3] [I4 [I5], 16l [I7] and allows for a rigorous
construction of a quantum theory. Ideas on how to quantise the simplicity constraint, which has
been shown to be anomalous in [I8, [3] are supplied in [19].

2 Canonical Analysis of Lorentzian Gravity coupled to Dirac
Fermions

We start with the action
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M denotes the space-time manifold of topology R x 0. M foliates into hypersurfaces ¥; :=
X(o), where X; : 0 — M is an embedding defined by X;(o) = X(¢t,0). z%a,b,c =1,...,D
are local coordinates on o. The signature of the space-time metric is given by (—,+,...,+).
e denotes the vielbein and Furg = 04Avrg — 0,Aurg + [Au, Aylry is the field strength of
the SO(1,D) connection A,7;. ¥ denotes a Grafimann valued Dirac spinor. Additionally,
DU =0,V + LA, ;870,21 = L[y 47] and ¥ = U0, The properties of the v matrices
are summarised in appendix[Al The gravitational part of this action has been analysed in [1} 2],
we will therefore concentrate on the fermionic part.

The split in space and time is performed analogously to the D = 3 case. We split the
time-evolution vector field into

TH = Nn* + N*, n,N" =0. (2.2)

N is called the lapse function and N* the shift vector field. n* is the unit future pointing vector
field normal to the spatial slices X, i.e. n#n, = —1 and n*9,X; = 0. We use

o, = (¢", +n*ny,) —nfn, =: ¢", — n¥n, (2.3)

to project the vielbein as
I T VRN o ok Iz
ef =q"yef —efn,nt = e —nm”. (2.4)

We choose the time gauge prior to the canonical analysis (the time gauge is a canonical
gauge, see, for instance, [21]) by setting n! = §!. The action can now be rewritten ad!

Sq1r= /dt/ dPx (EgK; +i(WqUN)(Yq¥) — NH — N*H, — AjGY — (N + *i)Gi) , (2.5)

where
_ = R _E[a\zEb}]KaiK __Ktr r. Fazg bletr r.
H \/a + \/_ bj + \/_8 aij
+——\f‘1’ £ Va(Vq¥) — ——Va(é/?J‘I’)Eﬁi(W‘P)
2V Vi
7 a 1 7 r.Ir.
(A S (YK B — = GavEg {34 20 (AR, (26)
Vi NG
Mo = —2EYVKy;+ (\f‘I’)TV (Va¥) — —( o(VaV)T (Vav) + Kféfr GY, (2.7)
GY = 2Klipdil— ((‘/&\I’) S (/q0), (2.8)
G = K;ZE“]
and small Latin indices 7,7, k,... = 1,..., D are internal indices in the time gauge. F%7:%k and
the derivation of the symplectic structure have been described in [I, 2]. The Gaufl constraint
has been split into its rotational part G¥ and its boost part G°. Aij = —THA,;; and A\; = Ajp.

All terms proportional to K;%E“j not belonging to the boost part of the Gaufl constraint have

been written as %;G*. Further, E% = \/Q"e“i and we have decomposed A,;; = Pa[J+2n[[Ka‘J] +
K,ij. The boost part of the Gaufl constraint does not acquire a fermionic part because of the

alJ conjugate to A,r;. However,

LA proper canonical analysis would work in terms of the momentum 7
here we use a shortcut and use the fact that the corresponding simplicity constraint [Il [2] imposes ald =

on! B nIny; = —1, nyEY =0.



cancellation %% 4 (Z()i)T = 0. The Dirac spinors in the above equations appear only as half-
densities, i.e. /q¥. Since the symplectic structure tells us that these half-densities are the
natural canonical variables, we will abuse notation and denote by W from now on a half-density.
The importance of using half densities stems from the simple form of the symplectic structure.
Otherwise, the connection would acquire a complex part [22] and the techniques introduced in
[13} 14, [15], 16l 17] would not be accessible.

In order to facilitate the canonical analysis, we will employ the equations of motion for \; and
K flgjfr at the Lagrangian level. Their solutions translate directly to a purely canonical treatment
as one can check. Variation of the Lagrangian with respect to \; sets the boost part of the Gaufl

constraint to zero. Variation with respect to ngfr yields

Ktr fr. F—

b .
aij aij, bkl\IjEm {/}/mv EU} \ij (210)

which we use to eliminate I_(gﬁjfr' in H.
Next, we perform the Legendre transform, yielding the constraints

1 R
H = —\/§R+—E[“‘2Ethaiij
\/_
L Gpeyive - Ll wEeiw
24 xf
Lyisiguis, v 2w {7’2 Eij} T {;,, 5} T, (2.11)
2 e
; (3 (3
H, = —2B"V,Ky;+ 5\1/*%\1/ — 5(va\I/)Tfo, (2.12)
G7 = 2KIEI _9tyiyg, (2.13)

where V,, is the covariant derivative associated to the spin connection I'y;;, as well as the non-
vanishing (generalised) Poisson (anti-) brackets [21]

{E*(2), Ky (y)} = 0" (x = y)ops} and {9 (z), —i¥}(y)} = —6" (@ — )35 (2.14)

A term proportional to the Gaufl constraint has been omitted in H and H,,.
We define the generator of spatial diffeomorphisms

_ 1 » . . ; ;
Ho = Ha = STy G = —EY0, [ + (B Koy + %waaqf - %(aaw)xy, (2.15)

which acts as

{E“ N} = N'O,E™ + (9,N")E — (9,N")E", (2.16)
{Km,Hb Nb} - Nbﬁme-Jr(@ NY) Ky, (2.17)
{\If Ty [NV] } — N+ - S (0N, (2.18)
{\IIT Hy Nb} = NboUt 4+ 5(aaN“)xII , (2.19)
(2.20)



by Lie derivatives. The Gaufl constraint acts as

1 . .
{EGZ,EG”[AM]} = X\,EY, (2.21)
{Kai,%Gl [)\”]} = MK, (2.22)
1, 1. i
\I’, §G J [AU] == 5’5)\@)2 ]q’, (223)
i 1o _ Lgi v
\\ ,EG [/\2]] = —§Z\If /\ZJE s (224)
1 1
Da\I/, §G j[)\ij] = EZ)\UE jDa\I’, (225)
1 1 g
{(Da\I/)T,gG”[)\ij]} = —§i(Da\I/)T)\ij2”, (2.26)
{mTzijm,%GU[Aij]} = Ui\ 29w, (2.27)
_ - 1 .. _ - .
{\I’{’yk,zlj}\II,EGw[)\ij]} = T ({45 AT} + ™, B ) W (2.28)

We therefore conclude that the algebra of the diffeomorphism and Gaufl constraints closes
and that they both Poisson-commute with the Hamiltonian constraint, at least weakly.

Thus we are left with checking the Poisson bracket of two Hamiltonian constraints. We
split H = Hgrav + Hor + Har into the purely gravitational part, a part containing two fermions
and a part containing the four-fermion terms and define V, := MJ,N — NO,M as well as
Vb 1= (0, M)(OpN) — (0pM) (04N ). The non-vanishing Poisson brackets are given as

{Horav[M], Herav [N} = / dDa:<Vaq“b (—2Ecjv[ch}j) (2.29)

EaiEbj
+ Vap TKa[iE}l}> )

{Hop[M], Hor[N]} = / dPz (Vaq“b (%m*vam— %(vm)*m)

1

{Hgrav[M], Hor [N]} + {Hor [M], Hgrav[N]} = /dDa: <8q

V,U{Ei* 2 owt 2,-ij1> ,
1 L
{Hop[M], Har[N]} + {Hsr[M], Hor[N]} = /dD!E <—8—an‘I’{Eg7kaE”}‘I"I’TEiJ‘P> )

and sum up to

[H[M], HIN]} = /

o

D ab E;IE;) i
A% Vad " Hy + V=5 G ) (2.30)

The constraints are therefore consistent and the canonical analysis ends here.



3 Phase Space Extension

In [T, 2] it was shown that the extension of the ADM phase space (qqp, P%) to the extended

phase space (Aqrs, 77) subject to Gaul and simplicity constraint is equivalent to the ADM

phase space. Moreover, this is possible using SO(D+1) as the structure group while considering

Lorentzian gravity. Since spinors can only be coupled to vielbeins, we have to construct a

transformation from (E%, K,;) to (Aury, 7). The calculation turns out to be very similar to

the one described in [I1 2], we therefore only give the result and comment on some peculiarities.
The explicit construction is given by

EY = ym ™ ng,  Kar = (i’ (A =T)agn”, (3.1)
where ﬁ” = 77” — Cnln‘] ~ 77” — % (ﬂ“KIﬂaKJ - Cn”)), I'qzy is the hybrid connection of
EY (see [I, 2] for details) and n°0 = ¢, ¥ = 6. The peculiarity of these expressions is the
appearance of n!, which can only be directly (that is, without non-polynomial terms except for
V/q) expressed in terms of 77 for D 4+ 1 odd. For general D, we only have access to n/n’ and
then can define £n! through +n! = v'ninfsgn(n’n’) (no summation understood here and one
substitutes for nn! under the square root the expression for nin’ at I = .J ). Fortunately, we
can avoid to make use of this explicit square root expression by invoking the following trick:
Ultimately the non-vanishing Poisson bracket involving n! is of the form n’/{A.r;,n®}. Since
nEng ~ ¢ modulo simplicity constraint we have n’ {AarJ, nk tnk ~ 0. To see this, notice that
the simplicity constraint reads S;/[—d = €, eI mEL (see [1L 2] for details). It follows
¢, )KL 0

T ~

’I’LJ{Aa[J, S]c\/[—d} = 2nJEIJKLM5¢(z

on the constraint surface 77 = 2nll B4/l Tt follows n/{Aarg,n"} =~ nJ{AaU,nL}ﬁf =
—n?{Aars, 75 nt. However, {Au17, 75} = —({Aars,n"nr} and nfnp can be expressed un-
ambiguously as above in terms of 7*7. In order to compute the brackets between E% K,;
one then just hast to carefully insert the definition of nyny in terms of 7%/, The only term

which cannot easily be seen to vanish by algebraic manipulations alone occurs in the bracket
{Kaur, Ko7} and is of the form

I nN{[A = Tars, [A — Thrr} = =00 0N [{[Aars, Torcr} — {Avkr, Tars}]-

This term vanishes due to the weak integrability (modulo simplicity constraint) of the hybrid
connection I';7; and by using the trick mentioned above. See [I] for more details.

After a tedious calculation, the Poisson brackets of E* and K,; expressed as functions of
Aqry and 77 are given by

{E(2), E" ()} =0, {Kar(2), Koy ()} = 0, {EY(2), Ky ()} = —C67 (x — )83 ). (3.2)

modulo simplicity constraint.

The only task left to do is to write down a Hamiltonian theory in the variables A,y and
7KL with internal gauge group SO(D + 1) which reduces to the theory derived in the previous
section on the constraint surface S“Hb = n;G!’ = 0. The basic idea is to first derive a Hamilto-
nian formulation of Euclidean gravity coupled to fermions and then to adjust the Hamiltonian
constraint to mimic Lorentzian gravity. The reason why the procedure introduced in [1I 2] gen-
eralises nicely to Dirac fermions is the strong resemblance of the Clifford algebras, which differ
only by factors of ¢ for different signatures and the Euclidean signature of the internal gauge



group which ensures that /7 is a Hermitian matrix the Euclidean case. This requires care at
several places, e.g. the cancellation X% 4 (X%)T = 0 from the boost part of the Lorentzian GauB
constraint is no longer present. In order to derive the Kuclidean constraints, we start as in the
previous section with the action (1)) and perform a D + 1 decomposition. We replace 7 with
nry!, which reduces to 4% in the time gauge. We note that the object W is not a Lorentz
scalar any more when using Euclidean signature, because the 7° inherent in WV is needed in
order to maintain invariance under boosts which are generated by the anti-Hermitian ¥%. In
Euclidean signature the boost generator is also Hermitian and thus UTW rather than U is now
the appropriate Euclidean scalar to be used while ¥4/ ¥ is a Euclidean covariant vector with
index I. The substitution 7 — n;y! is therefore natural for Euclidean signature and allows
for the construction of a manifestly SO(D + 1) gauge invariant theory. We use the additional
n! in the action to form 7/¢7 = 2nll B4/l (see [II, 2] for details) and introduce the simplicity
constraint in order to replace /7 by 7%/, The Euclidean Hamiltonian theory is then given
by the constraints

1 1

HE = §7TGJK7TbJKFabIJ + <§\IJT7T“UEUD[1‘I’ + CC> ) (3.3)
) . .

HY = §7TbIJFabIJ + %\I’TDa\I/ - %(DQ\I/)T\I/, (3.4)

GY = D’ —wisly, (3:5)
1

S“Mb = ZEUKLMW“UWI’KL, (3.6)

and the Poisson bracket
{Aars (@), 7" ()} = 6P (@ — y) oo (6507 — 610%),  {T% (), —i\I’E(y)} = —6P(z —y)55. (3.7)

The task of “Lorentzifying” the gravitational part of H¥ has been addressed in [I} Z]. For the
fermionic part, we observe that we should add a factor of ¢ in front of the fermionic term in
order to compensate for ’y% = i’yg and denote the changed constraint by 7-[5{). The Hamiltonian

constraint now reduces to

1 1 - i .
1 : 1 D—2 . Eo .
—mmeEme - Z—Wﬁm%wmgg + 0, <7%WTE%W> +O(K5™).(3.8)

The terms proportional to K;ﬁjfr' can be dealt with using ideas from gauge unfixing. We calculate

_ — N 71
{SLlea), HE)INTY = DS [Nehy] + / deZC%WGUWbMNEMNKLM‘I’T{ZU’ Erri¥
= GDNeh] + r Dy [Nehi] (3:9)
and see that the gravitational gD constraint now receives a fermionic contribution pD. F%’%

however remains unchanged and gauge unfixing works as before. Next to compensating the
terms proportional to Kfl‘;-'jfr', gauge unfixing also produces a four-fermion term, which we have
to subtract again in order to build the correct Lorentzian Hamiltonian constraint.



Comparison with the previous section leads to the following correction terms:

2 1 _ c
HE = 7-[5) + %E[aIIEb]JKaIKbJ - §GD§7b (F 1) ab cd GD d

1 _ _
_iGD%) (F 1) ab cd FDCd FD@ (F 1) ab cd GDCd
1 1 D
2\/_D— 1

24
ou (Elwisyin) + L wiwrx,, + 1@{ R STy, D510 (3.10)
a \/a E 2\/6 al 32 A Vies 24ig . .

This Hamiltonian has to be rewritten in terms of A,;; and 7°X% only, desirably as simple
as possible regarding the quantisation. We propose the Hamiltonian

Uy, o D=2y DA ADHA

1 1
HE = gﬂ'alKﬂ'bJKFabIJ + <i§‘IJT7TaIJEIJDa\I’ + CC)

2 1
+%E[“”EWKGIKW _ EGD%) (FY) NN oD

1 - M N C 1 a - M N C
_§GD“—b (F™)ab e r DS = 55t (F7) o ca oD
1 3D—4
2{\1/*2”\1/\1/@”\1/ 2\[ 3D : OIS KGOS e Unn’ (3.11)
q [e—

™1 IJ Ty mai 1T[IJKL} Mg, t
o, (Cgistg) ¢ L givg Koi — o=VUly v 1 v
a < \/a ) + 2\/6 ai 39 Y nrn YIYIVKY M)
for quantisation, although we are well aware of the fact that other choices might lead to equally
reasonable classical starting points. We shift the problem of choosing the “correct” Hamiltonian
constraint to the semiclassical analysis. The expressions for nn; and E* K,; were derived in
[1, 2] and all y-matrices appearing are those for Euclidean signature.

4 Kinematical Hilbert Space for Fermions

The construction of the kinematical Hilbert space for fermions was discussed in [I2]. Results
obtained there apply for the case at hand, so we only give a short summary. It is crucial to work
with half-densitised fermionic variables ¥ for what follows, as was stressed in [12].

Faithful implementation of the reality conditions enforces the use of a representation in which
the objects

0@ = | Py/By) Balo) = lim [ dy Xf” Waly) (4.1)

become densely defined multiplication operators. Its adjoint 8 becomes a derivative operators.
Here, o = 1,...,n := 2LP*TD/2} (| ] denotes the integer part of .) and y.(z,y) denotes the
characteristic functlon of a box of Lebesgue measure ¢ centered at z. In the above equation,
the half-densities W are “dedensitised” using the J-distribution, which is a scalar in one of
its arguments and a density in the other. Thus, the variables 6 are Gramann-valued scalar
quantities, which is important for diffeomorphism invariance [I2]. In calculations it is understood
that the e — 0 limit is performed after the manipulation under consideration is performed.
The variables 6, (v) coordinatise together with their conjugates the superspace S, at the

point v. The quantum configuration space is the uncountable direct product S := [loeo Sv- In



order to define an inner product on S, it turns out to be sufficient to define an inner product
on each S, coming from a probability measure. The “measure” on S, is a modified form of the
Berezin symbolic integral [23]

dm (8,0) = d0doe” and dm, = @7_ dm (0,(v),04(v)) (4.2)

which has the additional property of being positive on holomorphic functions (those which only
depend on the 6, and not on ). Since the f are Gramann variables and thus anti-commute,
any product of more than n of these variables will vanish. The vector space of monomials of
order k is n!/k!(n — k)!-dimensional (0 < k& < n) and the full vector space @, built from all
monomials has dimension 2". The full fermionic Hilbert space is a space of holomorphic square
integrable functions on S with respect to dyup

Hp = Lo (3, d,uF) = Quecols (Sv,dmv) . (4.3)

When restricted to a point v, the inner product can be seen to coincide with the standard
inner product on @), when viewed as a vector space of exterior forms of maximal degree D + 1.
For a more complete treatment, the reader is referred to [12] where it is shown that the fermion
measure dup is gauge and diffeomorphism invariant and that the reality conditions 6, = —im,
are faithfully implemented in the inner product.

5 Implementation of the Hamiltonian Constraint Operator

The quantisation of the purely gravitational Hamiltonian constraint in dimensions D 4+ 1 > 3
was described in [3] and we will not repeat it here. The quantisation of fermionic degrees of
freedom was described in detail in [4 12], which we assume the reader to be familiar with.
Next to an explicit example, we will only provide a toolkit to quantise the fermionic part of the
Hamiltonian constraint operator as writing down the explicit terms is rather laborious.
Qﬂ@tisation of the @ variables is performed by promoting 6, to a multiplication operator
and (01)F = —h%, where L indicates the left derivative. The explicit quantisation follows the

(extended) toolkit of [3]:
(1) Choose a triangulation T'(,€) of o adapted to 7.

(2) Use classical identities in order to express the Hamiltonian constraint in terms of connec-
tions Agr, volumes V(x,¢€) and Euclidean Hamiltonian constraints Hpg(z, €).

(3) Replace all phase space variables by their corresponding regulated quantities.

(4) Instead of the the integration [ d”z, put a sum D, ZUGV(,Y over all the vertices v of the
graph 7.

(5) For every spatial e-symbol, put a sum E%)Zv( A)=p OVEr all D-simplices having v as
a vertex. The holonomies associated with the e-symbol are evaluated along the edges
spanning A.

(6) Substitute the generalised Poisson (anti-)brackets by + times the (anti-)commutator of the

corresponding operators, i.e. the multiplication operator he,L the volume operator V, the
multiplication operator 0 and the derivation operator —h 860@



The kinetic fermionic part of the Hamiltonian constraint operator is a bit more involved
since it contains a derivative. Following [I2], we explicitly get

gﬁirac, kin(N)f’Y (51)
_(in 20 N, e (™0, 1 . O — 8w o
_<2ve§v%> DEGT, 3z, (50) 2 (oo 060) = 000), g 5+ 1)

where by ¢(...) we mean the regulated quantity with the Poisson brackets substituted by i/h
times the commutator of the corresponding operators. The Hermitian conjugation operation
H.C. is meant with respect to the inner product on the Hilbert space.

Due to its length, we refrain from writing down the complete Hamiltonian constraint operator
which can be easily done when following the quantisation recipe. We remark that we could split
the Dirac fermions for D + 1 even into left- and right-handed parts, however, the presentation
does not benefit from this. Details are supplied in [24].The quantisation ambiguities from loop
quantum gravity are also present when considering fermions and, as usual, we shift this problem
to the semiclassical limit.

6 Conclusion

In this paper we extended the new connection formulation of General Relativity in all spacetime
dimensions D+1 > 3 [1 2, 3] to arbitrary gauge boson (for compact structure groups) and stan-
dard fermionic couplings. We did not discuss Higgs fields or other scalars but remark that the
strategy for background independent quantisation of Higgs field coupled to General Relativity
developed for 3+ 1 dimensions [4] straightforwardly generalises to higher dimensions. Fermionic
fields deserve special attention when we switch from the Lorentzian to the Euclidean Clifford
algebra which is a necessary step if we want to maintain a compact structure group for Gen-
eral Relativity in order to have access to background independent Hilbert space representations
[17]. In this paper we showed that while there arise corresponding correction terms, there is no
problem in principle in performing this switch and one can apply the quantisation techniques
developed for 3 4+ 1 dimensions. With this work, the stage is set to study Supergravity theories,
which we pursue in [24] 25].
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A Gamma Matrices

The properties of the gamma matrices can be found in most textbooks on quantum field theory,
see, for instance, [26]. Their basic property is the Clifford algebra

{77y = 29", (A1)

where 7!/ is the flat Minkowski metric of a spacetime with signature (p,q). From this relation
alone, one deduces,

(= A5 = =i ™ iR (A.2)
and
i1, 2L = pLInKI _ pLISKT 4 pJKSIL  IKSJL (A.3)
where 17 .= —%[’yl,’y‘]]. »!7 thus constitutes a representation of the Lie algebra so(p,q) on
spinor space.
Furthermore, the expression {7, %!/} = —iyE~T~y7l is completely antisymmetric in I, J, K.

It is noteworthy that 377 is a Hermitian matrix for Euclidean signature. In general, (EI J )T =
n!In?7$17 which becomes important when dealing with Lorentzian signature, i.e. the boost
part of the Gauf constraint is purely rotational as X% + (2% = 0.

Explicit representations of the gamma matrices exist for all dimensions D + 1 > 2, see, for
instance, [27], or [28]. A generalisation of left- and right-handed spinors exists for D + 1 even
and is spelled out in our companion paper [24].
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