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The BFCG Theory and Canonical Quantization of
Gravity

RESUMO

Das quatro interac¢des fundamentais conhecidas na Natureza, a gravidade é a que
melhor é acessivel aos sentidos , bem como aquela que mais estd presente na vida
de todos os dias. A melhor descrigdo que a investigagdo cientifica foi capaz de
produzir da gravitagdo é a Teoria da Relatividade Geral (RG) que foi criada por
Albert Einstein no principio do século XX, mais precisamente em 1915.

O mesmo século vinte testemunhou também o nascimento daquela que seria
outro dos pilares da Fisica contemporanea: a Teoria Quantica. Esta assenta sobre
a compatibilidade das teorias fisicas com o chamado Principio de Incerteza for-
mulado por Werner Heisenberg. Desta maneira foi criado um programa que tem
como objetivo a quantizagdo das interagdes fisicas . Este programa foi bem suce-
dido em trés das interacdes fundamentais, nomeadamente: a interacdo eletromag-
nética, a intera¢do (nuclear) fraca e, a interacdo (nuclear) forte. No caso destas
interagdes, este programa ndo sé levou a cabo a dita quantizagdo mas produziu
também a unificacdo destas interagdes. A teoria que saiu deste processo da pelo
nome de Modelo Padrio da Fisica de Particulas (MP) e representa um dos grandes
(se ndo o maior) triunfos da Fisica contemporanea. S a interacdo gravitica per-
manece portanto fora deste programa.

A RG ¢, de facto, uma teoria classica. Termo que em Fisica se toma por significar
ndo-quantica. O método mais comummente utilizado para levar a cabo a quan-
tizagdo de uma teoria é a denominada Quantiza¢do Canonica (QC). Esta assenta
na utilizacdo do formalismo Hamiltoniano, baseado numa disting¢do entre o es-
paco e o tempo. Em algumas teorias aparecem relagdes entre as variaveis (e os
momentos) chamadas constrangimentos. Estes constrangimentos implicam que
nem todas as variaveis iniciais correspondem a graus de liberdade fisicos da teoria.
Assim sendo, torna-se necessario utilizar um método, o Procedimento de Dirac,
para determinar quais sdo os graus de liberdade da teoria em questdo, bem as-
sim como para explicitar o numero e a natureza dos constrangimentos. No caso
da RG, a separagdo entre espago e tempo e a subsequente formulagdo Hamiltoni-
ana da pelo nome de formalismo Arnowitt Deser Misner (ADM). A QC aplicada a
RG d4 origem a equagdo de Wheeler-DeWitt (WdW) que para além de ndo estar
rigorosamente definida é muito dificil de resolver. Esta dificuldade na resoluc¢do
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tem a ver com o facto de o Constrangimento Hamiltoniano (CH) ndo ser polino-
mial.

Numa tentativa de resolver este problema Abhay Ashtekar, encontrou um novo
conjunto de variaveis para a RG. Esta teoria é comummente formulada em termos
da métrica, ao passo que estas novas variaveis tém o caracter de conexdes. O CH,
em funcdo destas novas variaveis torna-se de facto polinomial. No entanto, dado
que as variaveis de Ashtekar sdo complexas, torna-se necessdria a introdugdo de
uma nova condigdo, a condi¢do de realidade. Esta condi¢do é por sua vez, também
dificil de quantizar. Podem ser utilizadas variaveis anadlogas reais mas, neste caso,
o CH torna-se de novo ndo polinomial.

As dificuldade encontradas na resolugdao do CH no contexto do formalismo canénico,
levaram ao desenvolvimento de uma abordagem da quantiza¢do baseada em in-
tegrais de caminho. Mais precisamente, numa generalizagdo destes. Esta abor-
dagem é conhecida como modelos de spin foam. Estes modelos tém no entanto,
o problema do limite classico. Este limite deve ser a RG mas é dificil de calcular.
Tém também o problema do acoplamento de fermides a spin foam. Ambos estes
problemas estdo relacionados com o facto de os comprimentos das arestas, ou
equivalentemente as tetradas, nem sempre estarem definidos na gravidade quan-
tica de spin foams.

Para se introduzir os comprimentos das arestas no formalismo das spin foams,
torna-se necessarios introduzir as tetradas na formulacdo da Relatividade Geral
baseada na teoria BF (as letras representam 0s campos que aparecem na agao).
Isto é levado a cabo usando uma formula¢do da RG baseada no 2-grupo de Poincaé.
A'ideia geral é reformular a RG como uma teoria topologica do tipo BFCG (as letras
representam os campos que aparecem na a¢do) constrangida. Este método é uma
generalizagdo categorica da formulagdo da RG baseada na teoria BF que por sua
vez é a base dos modelos de spin foam.

A reformulagdo da RG, em termos da teoria BFCG, é especialmente apropriada
para a quantizagdo baseada em integrais de caminho. Assim como da teoria BF
constrangida se derivam os modelos de spin foam, no caso da teoria BFCG con-
strangida obtém-se os modelos spin-cube. Estes modelos representam uma gen-
eralizagdo categodrica dos modelos de Spin foam.

No que diz respeito a QC, o progresso estd a ser obstaculizado pelo facto de a teoria
BFCG ter uma estrutura candnica complicada. Uma estratégia razoavel consiste
em estudar em primeiro lugar uma teoria mais simples. Neste caso decidimos
comecar pela teoria BFCG topoldgica, ou seja sem graus de liberdade locais. A im-
posic¢do posterior de um constrangimento conduz a uma teoria que é equivalente
a Relatividade Geral. A analise candnica da teoria BFCG, primeiro passo para a sua
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quantizacdo candnica, pode mostrar-se ser simples, este é um dos resultados deste
trabalho. Outra caracteristica digna de nota é o fato de que a teoria BFCG é equiv-
alente a teoria BF para o grupo de Poincaré. Dado que a quantizagdo candnica
da teria BFCG se encontra muito dificultada pelo facto de se desconhecer, até
ao momento, o equivalente para 2-grupos do teorema de Peter Weyl, a eqivalen-
cia mencionada acima com o teoria BF torna-se particularmente util. Sabendo
que a teoria BF foi ja quantizada usando quantiza¢do candnica. Torna-se possivel,
gracas a esta equivaléncia fazer uma quantiza¢do canodnica da teoria BFCG dire-
tamente em termos das varidveis da teoria BF. Esta abordagem, alem de ser mais
simples do que a quantizagdo direta da teoria BFCG, pode também ajudar a com-
preensdo da quantiza¢do na base spin foam que por sua vez é uma generaliza¢do
categorica da quantizagdo na base de spin network.

Em conclusdo, nesta tese levamos a cabo andlise canonica da teoria BFCG para
o 2-grupo de Poincaré em termos das 2-conexdes espaciais e 0s seus momentos
canonicos conjugados. Encontramos uma equivaléncia dindmica entre a a¢do de
BFCG para o 2-grupo de Poincaré e a agdo BF para o grupo de Poincaré e deter-
minamos a transformagdo candnica que relaciona as duas teorias. Estudamos a
quantizacdo canonica da teoria BFCG passando a base da conexdo de Poincaré.
A quantizagdo na base da 2-conexdo pode entdo ser encontrada efetuando uma
transformada de Fourier. Discutimos também muito brevemente o problema de
como construir uma base de estados de spin foam. Estes estados sdo a generaliza-
¢do categorica dos estados de spin network.

Na primeira parte deste trabalho, utilizou-se um método abreviado para encon-
trar a estrutura candnica da teoria BFCG. Num artigo subsequente generalizamos
o método utilizado. Para isto introduzimos uma ag¢do que interpola entre a teo-
ria BFCG para o 2-grupo de Poincaré e a teoria BF para o grupo de Poincaré,
reduzindo-se a estas teorias em limites apropriados de um parametro escolhido.
Fizemos em seguida a andlise candnica desta teoria mais geral, utilizando o pro-
cedimento de Dirac. Desta maneira fomos capazes de reter toda a liberdade de
gauge da teoria. Encontramos que, apesar de haver uma equivaléncia dindmica
entre o BFCG para o 2-grupo de Poincaré e o BF para o grupo de Poincaré, estas
teorias tém estruturas canonicas muito diferentes.

Palavras Chave: Relatividade Geral; Gravidade Quantica; Analise Hamilttoniana;
Quantizacdo Canonica; Generalizacdo categorica.
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The BFCG Theory and Canonical Quantization of
Gravity

ABSTRACT

Of the four interactions known in Nature, gravity is the most accessible to the
senses. The best description we have, so far, of the gravitational interaction is the
theory of General Relativity (GR) developed by Albert Einstein in the beginning
of the XX century.

This same century also witnessed the birth of Quantum Theory. This means that
the Principle of Uncertainty formulated by Werner Heisenberg must be taken into
account in the construction of physical theories. This way a programme was set
up to quantize interactions. This quantization was accomplished in all but the
gravitational force.

GR in fact is a classical theory. The most commonly used method to carry forth
the quantization of a theory is called Canonical Quantization (CQ). This method
applied to GR gives rise to the Wheeler-DeWitt equation which is ill defined and
notoriously hard to solve. This difficulty is for the most part connected to the
non-polynomial character of the Hamiltonian Constraint (HC).

To alleviate this problem, Abhay Ashtekar found a new set of variables for GR.
Written in these variables, the HC has a polynomial character. However, given
that Ashtekar’s variables are complex, the necessity arises for a new condition, the
reality condition which is very hard to quantize. A real version of Ashtekar’s vari-
ables may be used but the Hamiltonian Constraint is again non-polynomial.

The difficulties of solving the HC in the canonical formalism have led to the devel-
opment of a path-integral quantization approach known as spin-foam models (SF).
SF models have the problem of the classical limit and the problem of the coupling
of fermionic matter. These problems are related to the fact that the edge-lengths,
or the tetrads, are not always defined in a SF model of quantum gravity.

In order to introduce the edge lengths in the SF formalism, one has to introduce
the tetrads in the BF (the letters represent the fields featuring in the action) theory
formulation of GR. This can be done by using a formulation of GR based on the
Poincaré 2-group. The idea is to reformulate GR as a constrained topological the-
ory of the BFCG (the letters represent the fields featuring in the action) type. This
approach is a categorical generalization of the constrained BF theory formulation
of GR which is used for the SF models.

The BFCG reformulation of GR is useful for the path-integral quantization. In
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this case one obtains the spin-cube models, which represent a categorical gen-
eralization of the SF models. As far as the CQ is concerned, the progress has
been hindered because the constrained BFCG theory has a complicated canonical
structure. A reasonable strategy is to study first a simpler theory, which is the un-
constrained BFCG theory. This is a topological gravity theory, and we will show
that its canonical formulation is simple to understand. Another feature of this
theory is that it is equivalent to the Poincaré group BF theory, so that one can
perform a CQ in terms of the BF theory variables. This is mathematically simpler
than performing a CQ in terms of the BFCG theory variables and it can also help
to understand the quantization based on a spin-foam basis, which is a categorical
generalization of the spin-network basis.

Keywords: General Relativity; Quantum gravity; Hamiltonian analysis; Canoni-
cal quantization; Categorical generalization
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Introduction

At the end of the nineteenth century the Newtonian view prevalent in Physics was
challenged by two sets of problems. The first set contained among other issues
the black-body radiation, the photoelectric effect, and, the stability of matter at the
atomic level, whereas a second group incorporated the electrodynamics of moving
bodies, or the possible existence of a preferred frame for the propagation of light.
These two classes of scientific questions would develop into the two major theories
of the last century. These theories Quantum Mechanics and General Relativity
seem to be incompatible. Their harmonization is the subject of this thesis.

Also in mathematics, the last century witnessed some major developments. Among
these we can count category theory. A category is the simplest framework where

we can talk about objects and morphisms. These categories proved to be impor-
tant in areas like physics, topology, logic and computation (see [1]). In physics,

categories may be thought of as generalizations of Feynman diagrams.

This work revolves around the use of category theory as a way to generalize gauge
theories, and the application of one such generalization — the BFCG theory to
the problem of Quantum Gravity. It was carried out in the context of a Doctoral
Programme at Faculdade de Ciéncias da Universidade de Lisboa (FCUL), and in
the Grupo de Fisica Matematica da Universidade de Lisboa (GFM).

This work produced the following papers:
« A. Mikovi¢ and M. A. Oliveira,

“Canonical formulation of Poincaré BFCG theory and its quantization’,
Gen. Rel. Grav. 47, no. 5, 58 (2015) [arXiv:1409.3751 [gr-qc]].

+ A. Mikovi¢é, M. A. Oliveira and M. Vojinovi¢,
“Hamiltonian analysis of the BFCG theory for the Poincaré 2-group”,
Class. Quant. Grav. 33, no. 6, 065007 (2016) [arXiv:1508.05635 [gr-qc]].

+ A. Mikovic, M. A. Oliveira and M. Vojinovic,
“Hamiltonian analysis of the BFCG theory for a generic Lie 2-group’,
arXiv:1610.09621 [math-ph].

the third awaits publication.



Introduction

This thesis is composed of two parts: Part I in which we deal with the general
formalism and, Part Il where we present the BFCG theory.

Specifically, concerning the general formalism, in chapter 1 we summarize the
problem of Quantum Gravity and explain how it is rooted in the development
of physics in the last century. In chapter 2 we review some mathematical tools
and methods useful for the discussion of gauge theories. In this chapter we also
present some relevant (both because of their similarity to the General Theory of
Relativity and, because they are quantized theories) examples of gauge theories.
In chapter 3 we give a brief account of the Dirac procedure for the Hamiltonian
analysis of constrained theories. In this chapter we also apply this procedure to
some of the examples given in chapter 2. In chapter 4 we discuss the Hamiltonian
formulation of General Relativity. This is a crucial step for the canonical quan-
tization of Einstein’s theory of gravitation. And, in chapter 5 we introduce the
Ashtekar variables, as well as holonomies, fluxes and some of the Loop Quantum
Gravity (canonical) formalism.

Regarding the BFCG theory, we discuss in chapter 6 some aspects of category
theory. We also generalize categories to higher categories. We give the notion of 2-
group wich is of paramount importance for the BFCG theory. Also in this chapter
we explain the meaning of the term categorical generalization and that of higher
gauge theory. In chapter 7 we do the canonical analysis of the BFCG theory for
a generic Lie 2-group. In chapter 8 we discuss the Hamiltonian structure of the
BFCG theory for the Poincaré 2-group. We also study the relation between the
BFCG theory and the topological Poincaré Gauge Theory. Finally in chapter 9 we
present our conclusions.

Some of the chapters of this thesis represent original results. This is the case of
chapters 7 and 8. Additionally appendix D also contains original results from an
ongoing work related to the canonical analysis of the constrained BFCG theory.
They are presented as an appendix because they are to this date unfinished.



Quantum Gravity: a bird’s-eye view

1.1 The twofold way of physics in the last century

The first group of questions gave rise to Quantum Mechanics (QM). In 1900 Max
Planck put forth a hypothesis to account for the radiation function of a black body
(see [2, 3]). This consisted in assuming that the blackbody emits energy in a dis-
crete way, with each energy packet obeying a relation between energy £ and fre-
quency v given by,

E=hy (L1)
where h = 6.626 x 1073*m? kgs~! (Js) is Planck’s constant. Later in 1905, Einstein
in an effort to explain the photoelectric effect, hypothesised that light (and elec-
tromagnetic radiation in general) exists as discrete quanta, called photons, each
of which obeys the same relation, now called the Planck-Einstein relation.

Quantum Mechanics grew out of this hypothesis. It is based on Heisenberg’s uncer-
tainty principle first introduced in 1927. This principle states that the uncertainty
in the position of a particle Ax and in the momentum Ap, are related by,

AxAp, > g (1.2)

where the reduced Planck constant is i = h/(27).

Also pivotal in the development of QM was the de Broglie hypothesis, according to
which, a particle (an electron for example) with momentum p caries a wavelength
A given by,

)= (1.3)

h
5
7



L.1. The twofold way of physics in the last century

A similar concept of wavelength associated to a material particle was discovered
by Arthur Compton when analysing the scattering of photons by charged particles.
He found that a transfer of energy occurs between the photon and the charged
particle (decrease in the energy of the photon and increase in that of the charged
particle in the Compton effect) and that this particle (the photon) behaves in re-
spect to this transfer as having a wavelength,

= (1.4)

called the Compton wavelength.

In the the first decades of the twentieth century, QM was developed by Schro-
dinger, Dirac, Bohr, Born and others. In QM states are vectors of a Hilbert space,
the dynamical variables are hermitian operators and (in the Schrédinger picture)
the evolution of the states is given by the Schrodinger equation. For one parti-
cle, in the Schrodinger representation, the Hilbert space is L*(R, dxdydz) and the
Schrédinger equation reads:

ihgt‘P(V, ) = HY(7.1), (15)

where i = v/—1 and, H is the Hamiltonian of the system.

The classical variables x, p and H,,, correspond to real values observables X', P, and
H, according to the rule,

x— X, XY =x¥ (1.6)

p—P, PY= 7—?2‘1’ (1.7)
[ Ox

H., — H, H=H(X,P). (1.8)

The operators in QM are hermitian and obey commutation relations of the form,

X, P,] = XP, — P.X = ih. (19)

This is an example of the so called canonical commutation relations which will
play an important role in subsequent chapters. For a thorough formulation of
QM see [4].

The problems in the second group mentioned above, were related to an incompat-
ibility between the Maxwell theory of electromagnetism and classical mechanics.
Maxwell’s equations predict a constant value for the speed of light ¢ related to the

(vacuum) magnetic permeability x,, and electric permittivity ¢ by ¢ = (go,uo)*%.

8



Chapter 1. Quantum Gravity: a bird’s-eye view

Since in Newtonian mechanics a composition law for velocities exists, related to
Galileo’s principle of relativity, one may naturally ask: in which reference frame
is the speed of light ¢ and, why is this frame singled out in Maxwell’s equations?
At the time, a purported frame for the propagation of luminous signals was pos-
tulated, and dubbed aether. Around 1887, the Michelson-Morley experiment was
performed in an attempt to measure the speed of light in two perpendicular direc-
tions and therefore identify the aether. No velocity difference was ever found and,
this experiment became one of the most surprising (null) results of the time. See
[5] for details about this subject.

Einstein solved this issue in 1905, by postulating that: (1) Physical laws are the
same in all inertial reference frames (principle of relativity); and (2) the speed of
light (in the vacuum) ¢ = 2.997 x 103m s~ is the same for all observers (constancy
of the speed of light). These are the postulates of the Special Theory of Relativity
(SR) (see [6] and references therein).

In SR, time intervals and lengths are not invariant by themselves, rather for any
two events separated in time by df and in space by dx,dy, and dz, the invariant
quantity is termed the space-time interval:

ds* = —c*di* + dx* + dy* + dZ* . (1.10)

This quadratic form is preserved by the set of Lorentz transformations. These
transformations and the translation form the Poincaré group.

Using the Minkowski metric

-1 0 0 0
Nab = g (1) (1) 8 (1.11)
0 0 01
the space-time interval may be written,
ds* = 5 ,dx“dx" . (1.12)

We are using the Einstein summation convention i.e. whenever an index is re-
peated up and down, a summation is implied. Also, in this thesis, lower-case latin
letters from the beginning of the alphabet a, b, c. .. will be used when the metric
involved is 7. Therefore these indices will always be raised or lowered with the
(flat) Minkowski metric. The points (events) in Minkowski space M, may be split
into three sets, according to the sign of the interval between the point and the
origin. If a point has coordinates x* = (x”,x) i = 1,2,3. (Latin letters from



L.1. The twofold way of physics in the last century

the middle of the alphabet i,j,k... will be used for three-dimensional vectors)
we have,

n,,x°x" > 0 | spacelike
1,5x°x" = 0 | null or lightlike (L13)
Nx"x" < 0 | timelike

Points separated by spacelike vectors are causally disconnected that is, the event
at the origin of the vector cannot influence the event at the tip since that would
require a signal to travel at a velocity greater than c.

The relation, for a free particle, between energy and momentum in Newton’s me-
chanics E = p*/(2m) becomes in SR

E* — (pc)* = (mc*)?, (L14)
and the total energy is,
2
oL (L15)
VZ
'ma

Whenever a body is at rest relative to an inertial reference frame, we find the well
known relation Ey, = mc?, between the rest energy and the mass.

The special theory of relativity, became the setting for non-gravitational physics.
Physical laws are required to be invariant under Poincaré transformations, Poincaré
invariance. QM was later harmonized with SR. First relativistic quantum mechan-
ical equations were found. The Klein-Gordon equation reads,

mc 2
(D + (%) ) o(t,7) =0, (116)
where the d’Alembert operator is define as,

0= —»n,0, —la—z—vz (1.17)
- n ab—c2at2 . .

In the case of the Schrédinger equation a probability density can be built from a
complex V¥ it is,

pSchrédinger = \P*\P’ (118)

this quantity is obviously positive definite.

For the Klein-Gordon equation (1.16) the corresponding quantity is,

P =5 (070 — 0p") , (1.19)



Chapter 1. Quantum Gravity: a bird’s-eye view

and is a not a positive definete quantity, which forces us to abandon the interpre-
tation of the Klein-Gordon equation as a single particle equation. Details may be
found in any elementary relativistic quantum mechanics textbook e.g. [7].

The Dirac equation developed in 1928 is,

(ihy*0y — me)w =0, (1.20)

where the y* ;a = 0,...,3, are a set of 4 x 4 matrices called the Dirac matrices
(see [8]).

A solution of this equation, w(¢,x) is called a Dirac spinor. It describes a particle
(e.g. an electron) with its associated antiparticle, both of which may have spin
"up” or "down”. Antiparticles (the positron if the particle is an electron) were ex-
perimentally observed by Carl David Anderson in 1932, and spin (intrinsic angular
momentum) a purely quantum property of matter had been proposed in 1925 by
George Uhlenbeck and Samuel Goudsmit.

The pursuit of quantization led to a quantum theory of the electromagnetic field
— Quantum Electrodynamics (QED). Moreover current experimental research has
so far uncovered four fundamental interactions: strong, electromagnetic, weak,
and gravitational. Of these, gravity is not only the most common-day interaction,
in the sense that we experience it constantly and in an obvious way, for example
in the way we are “puled to the ground” but (maybe because of its commonness)
was the first to be investigated. The gravitational interaction is also the weakest
of the four.

It is significant that the strong, electromagnetic and weak interactions, have been
put into a quantum framework called (there are numerous textbooks on this sub-
ject, one of the most notable is [8] ) Quantum Field Theory (QFT). Also the known
elementary particles in nature are described in the formalism of QFT in the so
called Standard Model of particle physics (SM). QFT has had an experimental suc-
cess that can hardly be overstated and, QM has led to the development of nuclear
physics, atomic and molecular physics, solid state physics, with all the technolog-
ical triumphs achieved by these fields.

Gravity however has remained outside of this equation!

After developing SR in the beginning of the twentieth century, Einstein turned to
the problem of finding a relativistic theory of gravity that would replace the new-
tonian description of this interaction. After arduous labour, in November 1915 he
presented to the Prussian Academy of Science, a theory — the General theory of
Relativity (GR). In this theory, the “force of gravity” is identified with the curva-
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ture of spacetime. The gravitational field is described by a rank two tensor, the
metric.

In the words of John Wheeler:“spacetime tells matter how to move; matter tells
spacetime how to curve”([9] page 235). What is described in loose terms here (see
the next section for a more precise account of GR) is the backreaction of matter
on geometry.

In the course of his intellectual endeavour Einstein was guided by ideas such as
the equivalence principle, which asserts that a gravitational field is locally equiva-
lent to a field of accelerations. He eventually came (after having considered it for
a first time and abandoning it see [10]) to the notion of general covariance i.e. the
field equations for gravity must be invariant under general coordinate transforma-
tions. This is a crucial feature of GR also related to background independence. This
means that unlike previous theories — which depended on the a priori existence
of some fixed spacetime structures (e.g. the Minkowski metric #) both for the de-
velopment of the formalism and for the interpretation of the results — GR does
not rely on any fixed, non-dynamical space-time structures. Einstein’s field equa-
tions are invariant under all diffeomorphisms of the underlying manifold, which

has no space-time structure until a solution of the field equations is specified (see
[11, 12]).

Background independence is a crucial characteristic of GR and it will be a constant
source of issues in the subsequent presentation.

Despite being the weakest of all four interactions, gravity can in some situations
become the dominant force. In the final stages of the evolution of some stars a
gravitational collapse occurs terminating in a state of infinite density and curva-
ture. Thus we have a singularity of spacetime. This physical situation is particu-
larly evident in the Schwarzschild solution of the Einstein field equations. In this
metric, a singular point exists that may be regarded as the final state of a collaps-
ing star. There is also a horizon, which is a surface around the singularity, that
can only be entered and never exited. It acts as a point of no return ([6]). This

12
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horizon is at the Schwarzschild radius' ,

2GM
where G = 6.674 x 10" Nm?kg—2 is Newton’s gravitational constant.

: (L.21)

s

Surprisingly this view of a black hole is not the whole story. Stephen Hawking
working in a fixed curved background geometry, an approach called quantum field
theory in curved spacetime, (CSQFT) (refer to [13, 14] for textbooks on this subject)
found the startling result that a black hole emits (the radiation is called the Hawk-
ing radiation) like a blackbody at a well defined temperature called the Hawking
temperature Ty,
hx

N 277,'](36'
where kz = 1.380 x 1072 J/K is the Boltzmann constant and « is the surface gravity
of the black hole, which for a spherically symmetric Schwarzschild black hole is
given by,

Ty (1.22)

¢ 4AGM

“Taom T n

The entropy of the black hole can be calculated and is found to be proportional to
A, the area of the event horizon,

(L.23)

3

C
SBH — %Ahor . (124)

This is the Bekenstein-Hawking entropy. Black hole thermodynamics was devel-
oped with four laws in full analogy to the very well known theory of heat developed
in the nineteenth century (refer to [15]). As an example, the area of the horizon
never decreases therefore the second law states that the (black hole) entropy also
shares in this property. Finally we mention that since the black hole is emitting
it must loose mass and a phenomenon known as black hole evaporation occurs.
Eventually the black hole may evaporate completely.

General Relativity brought with it another innovation: relativistic cosmology. Al-
though the construction of physical theories suited to the description of the Uni-
verse was possible in pre-relativistic physics, GR introduced a novelty into the

'We mention that the Schwarzschild radius has a simple (heuristic) non-relativistic interpreta-
tion.
It may be thought of as the radius corresponding to an escape velocity equal to the speed of light

_ 26M
Ve = =cC
Vs
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picture, a nonstatic universe! In fact, the Newtonian universal law of gravitation
seemed to imply ([16] contains some History and the description of the contem-
porary discussions) an infinite, static, perfectly uniform Universe. GR on the con-
trary, has an exact solution, the Friedmann-Lemaitre—Robertson-Walker metric
(FLRW), for which the Einstein field equations (called Friedmann equations in
the context of cosmology) predict an expanding or contracting Universe. Einstein
tried to escape this prediction by adding the cosmological constant term to have
a static Universe.The explanation of the origin of this constant became a problem
in itself, the cosmological constant problem, one of the most important in contem-
porary physics.

However Hubble’s observations of the relation between the distance to galaxies
d and their velocities v (redshifts to be precise) led him to propose a linear law
relating the two v = Hd, where H is the Hubble constant®. These observational
data awoke the necessity for a dynamical model of the Universe. Subsequently the
work by Friedmann, Lemaitre, Robertson and Walker led to the development of
Big Bang cosmology (refer to [17] for a recent review), in which the Universe is not
only expanding but exhibits a singularity at a finite time in the past.

The observational evidence for the Big Bang cosmological model comes not only
from the expansion of the Universe (which is presently in an accelerated expan-
sion) but also from the Microwave Background Radiation (CMBR), the relic radi-
ation left over from the cooling of the Universe to temperatures below those cor-
responding to the recombination of electrons and protons into bound atoms, and
the Big Bang nucleosynthesis (BBN), which accounts for the relative abundances
hydrogen, deuterium (an isotope of hydrogen) and helium. Recently in 1998 two
independent research groups, the Supernova Cosmology Project and the High-Z
Supernova Search Team, found that the expansion of the Universe is accelerating.
This was a major scientific discovery that not only contradicted the decelerating
expansion of the models of that time, but that itself requires a physical explana-
tion. The first candidate for this explanation is the cosmological constant A, orig-
inally introduced by Einstein to create a static universe, and now brought back to
make the universe accelerate! This constant, albeit a problem in itself, is central to
the standard model of cosmology the Acpy model. Also important in cosmology
is the question of inflation. This is a proposed phase of accelerated expansion hap-
pening in the early universe (for details about this subject see [18, 19, 20]).

The cosmological solution, like the black hole solution, has singularities. These
represent a loss of predictability of GR, the curvature (and other invariants) be-
comes infinite, and so they mark the failure of this theory at the points in question,
or even in a sufficiently small neighbourhood of these points. Moreover, these sin-

%It is a time dependent function H(¢) to be precise.
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gularities are not an accident, there are theorems — the singularity theorems —
that enforce the existence of these points given some reasonable set of hypothe-
ses, plus the existence of what is called a trapped surface (for details about these
theorems, and global methods we refer the reader to [6, 21, 22]).

1.2 What is Quantum Gravity?

We are therefore presently in a situation in which the best description of the grav-
itational interaction — namely GR — is incomplete. There are physical systems
(black holes, the Universe) for which the theory fails at (and around) some points.
Someone could argue that black holes are not real physical systems, or better
stated that through the use some mechanism we could remove the singularity,
or that the FLRW solution does not adequately account for the Universe. Even
if these arguments are proposed, the fact remains that in some solutions of GR
singular points exist where the theory ceases to be applicable.

Furthermore in GR, the geometry interacts with matter trough the Einstein equa-
tions, and one can show that treating matter quantum mechanically and the geom-
etry classically leads to inconsistencies. Einstein made a similar remark (although
not directly linked to Quantum Gravity (QG)) when he said that the left hand
side of his equations (the geometry) is like marble whereas the right hand side
(the matter part) is akin to wood. The use of expectation values in the matter part
only highlights the problem.

Also worthy of mention is the view held by most researchers, that some insight
into QG is gained from the CSQFT treatment of black holes and their singularities.
Namely, the Hawking temperature (1.22) and the Bekenstein-Hawking entropy
(1.24) may be considered quantum gravitational in nature in the sense that they
involve both the Planck # and Newton’s constant G, which characterize QM and
gravity respectively. These phenomena must therefore be a part of any theory of
QG . Furthermore, the development of black hole thermodynamics motivates the
search for a “microscopic statistical mechanics” that would explain it, in parallel
to the situation in the usual thermodynamics.

The existence of singularities together with the quantum nature of all the other
interactions strongly motivates the research into the quantization of gravity. A
related problem is that of the unification of the fundamental interactions. QFT
and the SM present a unified view of particle physics and their interactions. A
first kind of unification comes from the fact that we are using the same formalism
to describe different interactions. However a second type of unification comes
from the fact that there are unified theories for which (above some energy scale)
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two interactions become different aspects of the same force. This is the case of
the Glashow Weinberg Salam theory (GSW) that unifies the electromagnetic and
weak interactions. In this model a single interaction called electroweak gives rise,
through symmetry breaking to the two interactions we know to exist at lower en-
ergy scales. More ambitious is the case of Grand Unified Theories (GUT), in the
context of which the strong, weak and electromagnetic interactions become one
unified interaction. These however lack experimental confirmation. The unifica-
tion of the gravitational force with (one or all of) the other interactions may also
be a motivation to do research in quantum gravity.

Additionally questions like the cosmological constant problem, with its associated
dark energy problem (the problem of the nature of a possible dynamical field driv-
ing the accelerating expansion of the Universe) are sometimes invoked as quan-
tum phenomena that would be explained by a theory of quantum gravity.

In this thesis, by Quantum Gravity we mean a Quantum Field Theory of geom-
etry and matter which is background independent?, takes fully into account the
backreaction of quantum matter on quantum geometry and reduces to GR and
QM in appropriate limits ([23] gives a good overview of this area of research). An
indication that there is something special about the physical domain where QM
and GR are both relevant can be found if we take the uncertainty principle (1.2)
written in the form mvr ~ h, and take the velocity to be of the order of the speed
of light v ~ ¢ and the radius to be of the order of the Schwarzschild radius (1.21)
r ~ 9 then we find that the distance will be of the order of the Planck length
[ ~ [, where

[hG
l, = 7 = 1.616229(38) x 10~ m, (1.25)

this astonishingly small distance is the relevant length scale for QG.

A related order of magnitude calculation comes from equating the Compton wave-
length (1.4) to the Schwarzschild radius (1.21) 1. ~ r,, we find a mass?,

h
m, = ‘/E(*: = 2.176 x 10 %kg, (1.26)

this is called the Planck mass.

Although the above arguments do not prove anything, they seem to indicate that a
scale exists (and is related to relevant quantities in QM and GR) in which quantum
gravity is non-negligible. This scale is characterized by the plank units (refer to

3This is not a requirement in all approaches to QM.

4 : : he
Sometimes written {/ ——.
8tG
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[24] for an interesting account). In this thesis we will use ¢ = h = G = 1, but we
will reinstate these fundamental constants when they are necessary to clarify the
physics involved.

It must be said at the outset that the disagreement about QG seems to be larger
than the points of consensus. This may be a result of the lack of direct experi-
mental probing of the physics at the Planck length. There is a question however,
that stands sharply athwart agreement about what a QG theory should be: is the
central problem in QG one of physics, mathematics or philosophy? Can we build
a theory that addresses these questions without first dealing with the nature of
space, time and matter? How fundamental are these concepts? For reviews about
this refer to [25, 26]. There are open issues related to the interpretation both of
QM and of GR. On the QM side a complete interpretation was never fully devel-
oped. The Copenhagen interpretation for example relies on a fixed background
structure, and gives only a partial answer.

Among the intuitions researchers have had, a persistent one claims that we must
abandon continuum concepts, and that they must be replaced with some discrete
notions. Also the linearity of QM, is sometimes believed to fail at Planck scales.
In general the possibility of new physics, meaning perhaps, presently unknown
fundamental interactions, principles or phenomena, at the Planck length is oc-

casionally proposed as an explanation for the disparity between the principles of
QM and those of GR .

As was mentioned above, physics in the last century evolved along a dual path: on
one hand we have GR with its insistence on general covariance and, on the other
QFT based on a fixed flat background. This being the case it is only natural that
a similar polarization appears in the field of QG, with field theorists and particle
physicists, on one side and researchers with a background on GR on the other. In
fact, researchers coming from a QFT background are more likely to emphasize
Poincaré group based techniques where the founding concepts come from SR and
a flat fixed Minkowski spacetime where quanta of the gravitational field propagate.
The expectation of a particle physicist is that the theory should produce scattering
amplitudes and should be renormalizable or, better still, finite. In the best case
scenario the theory should be part of a theory that unifies gravity with the other
interactions.

For a general relativist everything revolves around the geometrical features of GR,
with a great weight placed on background independence and a consequent reluc-
tance in employing any methods that rely a priori on the use of a background
structure, like perturbative methods. In general researchers in this category ex-
pect that a theory of QG may solve the problem of space-time singularities, both
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in the case of black holes — where the theory is expected to incorporate Hawking’s
prediction of the production of particles — and in cosmology where a resolution
of the Big Bang singularity is awaited.

The construction of a theory of QG faces some key questions that arise even be-
fore the onset of its construction. One of these is the extent to which this theory
can maintain the picture of spacetime given by GR and the framework and inter-
pretation of QM. Another question, more concrete than the last is related to the
role of the diffeomorphism group Diff(M) (see the definition in the text following
(2.3) ) of the space-time manifold M. General relativity, as was already mentioned
is invariant (the equations are covariant under these transformations) under this
group. Elements of Diff(M) are active transformations, they move points not co-
ordinates. This implies two things: (1) that a theory compatible with this group
should be built using tensorial objects in spacetime and, (2) that points in space-
time have no direct physical significance.

The diffeomorphism group plays a role similar to the Yang-Mills gauge group. The
main difference lies in the fact that whereas Yang-Mills transformations occur at a
fixed spacetime point, the diffeomorphism group actively changes the points. This
is related to the Einstein hole argument, which he devised as a line of reasoning
against general covariance. Using a region of space devoid of matter (a hole) and
a diffeomorphism reducing to the identity outside the hole Einstein purported
to show that the specification of the matter sources in the exterior of the hole
(and on the boundary of it) together with the field equations were not sufficient
to determine the gravitational field in the interior. Einstein later realized that
“in the absence of a metric tensor field, a coordinate system on a differentiable
manifold has no intrinsic significance”[10]. This is of course a restatement of point
(2) above.

A related question is that of the construction of physical observables, an issue on
debate for decades. If we define an observable as a quantity (an operator) that
commutes with the gauge group, then given the action of a representation of an
element U(f) of f € DiffiM), i.e. U{\)¢(x)U"(f) = #(f'(x)) we see that ¢ is not
an observable in this sense. A particularly obvious way to construct a diffeomor-
phism invariant quantity out of a scalar function of g, (x) is to integrate it over all
spacetime (see [25]), in the following way:

[ Rw@etigtats, [ RoR" (o) et gt (127)

This would be a non-local quantity and the issue of non-locality finds its way into
QG. Another way of achieving the same goal is to note that although the quantity
#(x) does not transform as an observable ¢(X) does if X is the location on the
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manifold of a concrete material object. That is we must use “material reference
frames” to ascertain our location on the manifold. This highlights the importance
of matter in QG. Vacuum theories more then just a simplification may turn out to
be a oversimplistic approach to the problem of QG.

Related to the question of diffeomorphisms is the well known problem of time.
This problem arises in any approach to QG that considers GR as a starting point.
The problem is related to the roles time plays in QM and in GR. In quantum the-
ory, time is not a physical observable in the sense that it is not represented by
an operator. It is a background parameter that labels the evolution of a system.
This idea of time can be carried over to SR and consequently to relativistic quan-
tum mechanics. Here, the set of relativistic inertial reference frames replaces the
Newtonian absolute concept of time. A theory in these conditions must thus be
endowed with a unitary representation of the Poincaré group of isometries of the
Minkowski spacetime. We note that this parameter cannot be measured by any
clock, there is always a probability that a real clock will run backwards with respect
to it’ (see [28] and references therein).

Very different is the situation in classical general relativity, where time (instead of
af'a background parameter) is a coordinate that (like the spatial metric) is influ-
ence by the matter present. If the space-time manifold can be foliated as a one-
parameter family of spacelike hypersurfaces there is in general no way to single
out as natural any subset of such foliations. Each of the time directions orthog-
onal to these families of spacelike hypersurfaces could be considered a notion of
time. These definitions of time are in general unphysical, in that they provide no
hint as to how this time might be measured by physical clocks.

1.3 Do all roads lead to Quantum Gravity?

We explicitly assume here that a theory of Quantum Gravity exists. That is, who-
ever discovers it is not simply constructing a scientifically coherent set of state-
ments with predictions that coincide with observations and experiments, but is
rather factually uncovering an unknown part of the natural world. What we do
not assume, either overt or covertly is that our approach is the only one that leads
to the theory of QG.

Einstein himself was the first to recognize in his first paper on gravitational waves
in 1916 [29] that,

>This means that a dynamical variable that correlates monotonically with time cannot be found,
even in the Schrédinger theory. For details we refer the reader to [27].
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the atoms would have to emit, because of the inner atomic elec-
tronic motion, not only electromagnetic, but also gravitational energy,
although in tiny amounts. Since this hardly holds true in nature, it
seems that quantum theory will have to modify not only Maxwell’s
electrodynamics, but also the new theory of gravitation®.

He would later change his position and work on the unification of gravity and
electromagnetic theory.

The three positions about the quantization of gravity and the methodology to be
used were already expressed by the mid-1930’s [31]. They are:

1. In analogy with QED, quantum gravity should be formulated by quantizing
the linearised field equations using the same methods. Investigators that
held this viewpoint (Rosenfeld, Pauli, Fierz) thought that the problem which
would arise would be substantially similar to those of the quantization of the
electromagnetic field and they would be presumably solved pari passu.

2. The gravitational field has such distinctive features that the full non-linear
set of field equations must be quantized. Although, according to this view,
the techniques to be utilized come from QFT they must be properly general-
ized in order to suit the needs of this novel problem (Bronstein, Solomon).

3. GRis only a macroscopic theory, “e.g. a sort of thermodynamics limit of a
deeper, underlying theory of interactions between particles”[32]. This was a

position held by Frenkel, van Dantzig.

These are essentially the same positions that we find in today’s approaches to QG.
Perhaps the fact that more then three quarters of century later no fundamentally
new ideas have appeared marks the need for some truly creative approaches as
well as more experimental data.

A classification of the types of avenues to QG was given in [25]. The four types
proposed are the following

I The quantisation of general relativity. We start with classical GR and apply some
quantization scheme to this theory. This further subdivides into (i) canon-
ical quantization, in which splitting of spacetime into three-dimensional
space and time is made and, (ii) covariant quantization where a quantiza-
tion method is applied to the four-dimensional space-time manifold . Note

Translation from [30] page 24.

20



Chapter 1. Quantum Gravity: a bird’s-eye view

that both positions 1. and 2. mentioned above are of this type. Moreover
the Rosenfeld-Pauli-Fierz stance is a covariant quantization scheme which
we will explore succinctly in the next section, the Bronstein-Solomon posi-
tion is also of this type and may be (but not necessarily) a canonical form
of quantization. This subtype is the subject of this thesis and chapters will
be devoted to the space-time splitting and to the new variables discovered
by Ashtekar which prompted a renaissance in the research into canonical
quantum gravity.

II Quantise Some Other Theory That Can Give General Relativity as the Low-Energy
Limit. We start, with some other classical theory, quantize it and given an
appropriate notion of classical limit, we find GR. There are (at least) two
difficulties here. The notion of classical limit can be: a special state whose
evolution in time follows classical laws; or some quantum quantities taking
values in a range where classical theory is successful. And, it is not clear
from what theory we should begin.

The main example of an approach of this type is superstring theory, where
a classical string theory given by the Polyakov action is second quantized,
and GR or a generalization thereof is obtained in the low energy limit.

About the notion of GR as the classical limit of a quantum theory we remark
following [25, 33] that “within the context of the particle-physics approach
to quantum gravity (see the next section), there are a series of, more or less,
rigorous theorems which show that any Lorentz-invariant theory of a spin-2
graviton coupled to a conserved energy-momentum tensor will necessarily
yield the same low-energy scattering results as those obtained from the tree
graphs of a weak-field perturbative expansion of the Einstein Lagrangian.”

II1 "General-Relativise”” Quantum Theory This is in a way the inverse of type I
Here we start with quantum theory and try to harmonize it with GR. This is
exemplified in the already mentioned quantum field theory in curved space-
time. This consists in building QFT on a fixed curved background, and al-
though this is not a QG theory proper (backreaction is difficult to account
for in this setting) it may help clear up some issues.

IV General Relativity and Quantum Gravity Both Emerge From Something Quite
Different. This type involves starting ab initio from radically new concepts.
The relation of QG and GR and/or QM is in this category analogous to the
relation between quantum theory and classical mechanics. That is the leap
from GR and QG is of the same iconoclastic kind as the one from classical

"The verb General-Relativise does not exist it is a creation of C. Isham.
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to quantum physics. This is the most exciting avenue although arguably it
may not be the most promising.

The most natural starting point in the search for QG is the type I idea of quantizing
GR. Since this option, in its covariant form using tools analogous to those used in
QED, was the first to be tried, we next describe GR in more detail, and introduce
the notion of graviton.

1.4 The General Theory of Relativity

Our best theory of the gravitational interaction is GR, so it is logical that we should
describe this theory before attempting even to speak of quantization.

We define space-time, (see [6, 21, 34]) that is the set of all events, to be a connected
four-dimensional Hausdorff C>°8 manifold M in which a connection, I'* , and a
symmetric non-degenerate Lorentzian metric g,, are defined.

u?
The connection is related to parallel transport and, can be used to define a covari-
ant derivative:
vAa,=04",+1",4% -1 ,A4",. (1.28)
The Riemann tensor is:
Rt =-—-o,I" +0,I",+T* T —T" T . (1.29)
The Ricci tensor is:
Ry =R, =R, (1.30)
or in terms of the connection,
Ry =01, -0, +T,1°, —TI" I, (131)
In GR the torsion is identically zero:
T, =T%,,=0, (1.32)

which is equivalent to the symmetry of the connection and, the metric is covari-
antly conserved,
V.gw =0, (1.33)

8Infinite differentiability is in reality not a physical requisite, see [22] and reference therein.
The requirement of C* differentiability or even C? with a C? piecewise C* differential structure is
sufficient according to the author.
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this quantity is sometimes called the non-metricity tensor Q,,, which in GR is
null.

Using these two conditions (1.32) and (1.33) a relation between the connection and
the metric exists,

1
r)yv = Eglp (avgp,u + a,ugpv - 8pg,uv) ) (134)
this is the Levi-Civita connection.

The Einstein-Hilbert action

4
4., = 3
Sen = e / (R —2A) /—gd*x 8n G f hKdx (1.35)

where 7 is the determinant of the 3-metric on the boundary OM (here assumed to
be spacelike) £ is the trace of the second fundamental form or extrinsic curvature,
and A is the cosmological constant mentioned above.

The second term in this action, is a surface term needed to cancel the result of the
variation with respect to the metric (about this surface term refer for example, to
35, 36]).

A matter action of the form,

= /M d*xv/=gLu(gu, v), (1.36)

may be added to (1.35).
If we take the variation with respect to the metric we obtain,

1 871G
G,uv = R,uv — Eng + Ag,uv = TT/N, (137)

these are the Einstein equations. The stress-energy tensor 7, is given by

2 9
7= 2 95w (1.38)

T Vmgag

This is a second order formalism called the metric formalism. If we assume no a
priori relation between I' and g, or in other words if we consider these to be two
independent variables, we may build the Palatini action® [6, 34] (for A = 0)

C4

_ — 14
Sp = 167TG/MR(F,g) V—gd’x (1.39)

9Sometimes also called the Einstein-Palatini or Hilbert-Palatne action.
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here R is built using an independent connection and metric. Varying this action
with respect to both the variables we recover the Einstein equations plus the def-
inition of the Levi-civita connection. This is the Palatini variational formalism.
We will rediscover this action in the following chapters written in terms of tetrads
and spin connections.

In the Palatini approach the independent connection I is not coupled to the mat-
ter part of the action. If however we decide to introduce such a coupling, we have
what is termed metric affine gravity(see [37] and references therein). A good exam-
ple is Einstein—Cartan Theory where the spin of matter is coupled to the torsion

(8.

1.4.1 Plane gravitational waves and the graviton

The discovery that material particles have wavelike properties was the starting
point for QM. It is natural therefore to try to take the same path in GR and look
for wave solutions of Einstein’s equations and try to quantize them. Gravitational
waves were first detected in 2015 [39], however they had been predicted one hun-
dred years before by Einstein himself. In the following we briefly review a set of
solutions of Einstein’s equation called plane gravitational waves and the quantiza-
tion of GR based on the graviton.

A striking difference between GR and QM is that whereas the latter is linear, the
former is highly non-linear. Thus we start (see [6, 30] for a details) by expanding
the metric g,, around a fixed flat background 7,,'” plus a perturbation f,, consid-
ered to be small (i.e. the components are small)

Guv = My S (140)

inserting this into (1.37) we have (for ¢ = 1),
1
O, = — 162G (T,w _ E%T) , (1.41)
where 7= »,, 7" the harmonic condition was used,

1

S, = Evaa# . (L.42)

10We are making an exception in this subsection, to our Latin index convention for the sake of
consistency.
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Chapter 1. Quantum Gravity: a bird’s-eye view

If we make the coordinate transformation,
= X"+ e (x), (L43)
then f,, changes (to first order in ¢) in the following way,

f,;w _>ﬁxv - 8,11,\) - 8\1,/1 (144)

If we take the combination,

~ 1
ﬁw :ﬁtv - ET,uvfaa (145)

the field equations can be cast in the form,
Of,, = —16zGT,, (1.46)

this is the linear approximation for the Einstein field equations. The harmonic
condition becomes 9, ;V = 0, in analogy with the Lorenz condition 9,4* = 0.
This condition is consistent with 0,7 = 0 but not with V, 7" = 0. This implies
that the energy momentum tensor is conserved but not in a covariant way, and
that there is no energy transfer between matter and gravitational field in spite of
the fact that 7, acts as a source for f,,..

In this approximation, vacuum solutions (i.e. 7,, = 0) that are planar" gravita-
tional waves can be found. They are given by,

fiv = euwe™ + €™ (1.47)

where, ¢,, is the polarization tensor. We have the relations ik, = 0 and k'e,, =
1/2k,e",, see [30] for details. By making a new coordinate transformation of the
form (1.43) we find the condition,

1
S = 3" = —Oeu. (1.48)
This way we can consistently take the condition,
Dg,u =0, (1.49)

and consequently reduce the number of components of f,,, from 10 to 10—4—4 = 2.
We therefore see that in the linear approximation the gravitational field has two
local degrees of freedom (two degrees of freedom per space point) correspond-
ing to the two polarizations of the plane gravitational waves, (refer to [6, 30] for
details).

ISometimes also caled plane gravitational waves.
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1.4. The General Theory of Relativity

We furthermore mention that this linearised theory is the same that would be
obtained by asking for the classical field corresponding to quantum-mechanical
particles of (1) zero rest mass and (2) spin two in (3) flat spacetime, moreover
from this “spin-2” approach one can recover GR albeit in a non-geometric way
(refer to [6] for this point, see also [40] about the “spin-2 massless field in flat
spacetime”).

We see therefore that the gravitational field can be identified (in flat spacetime
anyway) with a spin-2 massless field, the quantization of which gives rise to a
(quantum) particle called the graviton. The arguments for the existence of a spin-
2 particle come from the representations of the Poincaré group which are used
in the SM to classify elementary particles (see [30]). The main argument for the
masslessness is the long range of the gravitational interaction combined with the
discontinuous effect of a non-vanishing mass on the deflection of light.

Using a method similar to the one used for the electromagnetic field we can quan-
tize the perturbation jjw. The field operator for the graviton is,

ikx * —ikx
Suv(x) Z / \/2|_k a(k,0)e,n(k,0)e™ +d'(k,0)e;, (k,o)e™] (L50)

o=+12

where ¢ = £2 are the possible helicities for this particle. The a(k, ) and a'(k, o)
operators are interpreted respectively as the annihilation and creation operators
for a graviton having momentum /k and helicity . These are bosonic operators
and therefore obey the commutation rules

la(k,0),a' (K ,0")] = d,po(k —K). (L.51)

This quantization scheme ultimately hit the wall of the non-renormalizability of
the gravitational field. Goroff and Sagnotti [41, 42] demonstrated that in order to
obtain a finite S-matrix, the action should contain a counterterm,

2 _ 1209 1 / 4 oAT v
ry’ = d Cope C7°CL" 1.52
div 82880(1671‘2) x\/§ mvp ( )

cubic in the Weyl tensor (refer to [6] for the definition), the regularization param-
eter ¢ (the deviation from four dimensions in dimensional regularization) must be
taken as going to zero ¢ — 0 at the end of the calculation. The difference between
the Riemann tensor and the Weyl tensor is immaterial in this case since, all terms
containing R or R,, can be absorbed in redefinitions of the metric [43]. At higher
loop order, counterterms involving the fourth and greater powers of the Riemann
would appear. In general therefore, the theory would involve an infinite number
of counterterms and associated coupling constants and thus becomes useful only
as an effective theory of QG [44].
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Chapter 1. Quantum Gravity: a bird’s-eye view

The existence of non-renormalizable infinities in GR may lead to very distinct con-
clusions. A considerable group of researchers think that a modification of Ein-
stein’s theory at short distances is needed to tame the infinities, this was the view
in Supergravity and later in String Theory. Others consider that a proper non-
perturbative quantization of Einstein’s theory, will resolve the problem of the in-
finities since these were an effect of the methods just described. From this point
of view the single most important feature of GR is its general covariance and back-
ground independence and relinquishing this central pillar of the theory will teach
us nothing about quantum gravity.
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Mathematical toolbox for gauge
theories

In this chapter we review some background from differential geometry. The fol-
lowing is not meant to be self contained, for a thorough treatment refer to a stan-
dard text like [45].

2.1 Manifolds vectors, tensors and differential forms

Manifolds are spaces that locally resemble R”, in a sense that will be made precise
in the following subsection.

2.1.1 Manifolds and diffeomorphisms

Let M be a topological space (see [34, 45, 46] for the definition, refer also to [47]
upon which a part of this chapter is based). The space M is an m-dimensional
manifold if there exists a family of open sets U; for I € Z that cover M, that is
M = J,c; U;, and homeomorphisms,

x: U — x(U) CR”
p = xi(p) (2.1)

with the following property: for every 7,J € Z with U; N U, # () the map,
gDUZ)CJOxl_l ZX](U]ﬂ U_]) —>XJ(U]ﬂ UJ), (22)
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2.1. Manifolds vectors, tensors and differential forms

is a C*° map between subsets of R”.

The pair (U, x;) is called a chart, while the set of charts {(U,, x7) IGI} is an atlas'.
The set U, is called the coordinate neighbourhood while x; is a coordinate func-
tion.

Let the map,
¢:M—N, (2.3)

be a homeomorphism 2, and x; and X; coordinate functions. If xlo¢o§c,’1 isinvertible
i.e. the map %; 0 ¢~' o x; ' exists, and if both these functions are C* the map
¢ is called a C* diffeomorphism, and M is said to be diffeomorphic to N. The
dimensions of M and N are equal, in this case.

The set of diffeomorphisms of a manifold forms a group denoted Diff{M).

2.1.2 Vector one-form and tensor fields

A smooth vector field is a linear map:

viCP(M) — CO(M) (2.4)
fo= i,

that satisfies the Leibniz rule3:
vifgl =v[f] - g+ Vgl (2.5)

As a consequence we have the properties,

for constantc  v[c] =0, (2.6)

forfe C*(M)  (MT=5 T (2.7)

The vector fields 0 may be defined on U; through the condition

O,lx7)(p) = 9y, (2.8)

'The terminology is not uniform, we follow in this respect [46].

2A map between topological spaces, that is continuous and has a continuous inverse.

3A linear map v : C>°(M) — C>°(M) that satisfies the Leibniz rule is a derivation in C>(M).
Here we are defining vector fields as derivations (see [48] page 99), however the more intuitive
path of defining tangent vectors and subsequently defining a vector field as a smooth assignment
of a vector to each point of M is usually taken.
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Chapter 2. Mathematical toolbox for gauge theories

we have from this definition,

Oy, (x1)
o) — 20y 29)

~

for IJ € Z. Here ¢, is a diffeomorphism.

A vector field restricted to a point p is a tangent vector. The set of tangent vectors
at p form the tangent space to M at p denoted 7,(M). At each point p the set vectors
0/, are a basis of T,(M). A tangent vector v has components 1* given by,

v=0,. (2.10)
The basis {0, } is called the coordinate basis of 7),(). A non-coordinate basis ¢,
can be used in 7,(M) and we have,

€ = e,/ Oy, (2.11)
where ¢, € GL(n, R).
The space of vector fields over M is denoted y(M) and forms a Lie algebra.

A smooth one form is a linear map,
o : (M) — C*(M) (2.12)
such that for f,f" € C>*(M) and v,V € y(M), we have
o+ =fop+fo]]. (2.13)

Given a function f, € C*°(M) we may define the one form df by the rule df[v| = v[f],
we have as a consequence dx;[0!](p) = 5.

The cotangent space T ;(M) at point p is the set of one-forms (sometimes also
called dual vectors) at p i.e. the fields defined in (2.12) restricted to p.

That is, the dx* form a basis of T' (M) dual to the coordinate basis of the tangent
space at p. The components of a form o in this basis are w, given by,

® = w,dx" . (2.14)
A non-coordinate basis {#“} can also be use in 7' ;(M)
0" = e dx" (2.15)

where ¢?, is the inverse of e,* above.

31



2.1. Manifolds vectors, tensors and differential forms

The space of 1-form fields, (defined in (2.12)) is denoted 7;(M) or in the context
of differential forms Q' (M).

A smooth (a, b)-tensor field (a times contravariant and b times covariant) is a mul-
tilinear (i.e. linear separately in each variable) functional of the form

t: [} Ti(M)] % [X?:IX(M)} — C*(M), (2.16)
with components (we drop the point and the chart indices)

fhte — l‘(dX’ul, .. ,dx#a; avla <o 78\’17) : (217)

Vi...Vp

The vector space of (a, b)-tensors at point p (i.e. the restriction of tensor fields to
the point p) is denoted 7,,(M). The space of tensor fields of type (a,b) on M is
denoted by 7,%(M).

The space of functions C>(M) is just T*(M).

The tensor product of s € 7(M) and ¢ € T;(M) is a tensor s ® t € T} 15(M) given
in terms of the components by

/ul"'lu(a+c) oty /u(a+1)'“lua
(S @ v vy = Sl e X b vy - (2.18)

2.1.3 Forms of degree p exterior derivative and interior product

A differential r-form is a (0, 7)-tensor antisymmetric in its indices that is,

/B,ul,uz...,ur = ﬁ[yl,uz...,u,,] : (219)

The anti-symmetrizer is given by,

1
A[/h seeoty] ﬁ Z sgn(n)Aﬂ”(l) ol () (2'20)

" 7ES,

and the symmetrizer by,

1
Ay o) = P ZAﬂm) s ol (r) (2.21)
" z€S,
where 7 € S, is a permutation of {1,... ,r} and sgn(r) is its sign.

The space of r-forms if denoted by Q" (M), functions are 0-forms i.e. Q°(M) =
C>*(M).
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Chapter 2. Mathematical toolbox for gauge theories

The exterior (wedge) product is a map,

A QN (M) x Q(M) — QUF)(M) . (2.22)

That is from a r-form a and a s-form f we form a (r + s)-form

(r+s)!

(@A Byt = Ta[ﬂl---/‘fﬂ/t(s+1>---ﬂ(p+q>] ’

(2.23)

that is, one takes the tensor product of the tensors corresponding to the forms
and antisystematizes the result.

The wedge product has the following properties

aNp = (“1)°pAa (2.24)
(aAB)Ny = aAN(BAy) (2.25)
(clat+af) Ny = claNy+cffNy (2.26)
al(dif+dy) = daNy+dr,fNy. (2.27)

where a is a r-form, f a s-form, ¢, , ¢,, and d; , d, are functions.

The basis of the space of 1-forms at p denoted QL(M) is just dx* as stated above.
For two forms, the basis of Q5 (M) is dx* A dx’ = dx* ® dx” — dx” ® dx*, and so on.
Since for dx" Adx* = 0 it follows that for an n-dimensional manifold M there are no
r-forms with » > n. Hence the space of forms is the direct sum of these spaces i.e.
Q (M) = @,_, Q,(M). (M) is the set of all differential forms at p and is closed
under the exterior product.

For differential forms, the appropriate concept of derivative is the exterior deriva-
tive,
d: Q' (M) — QY (M), (2.28)

given by,
(da>/l1--~ﬂ,~ = (l"—|— l)a[ﬂlaﬂzmﬂr] (229)

this is just (2.23) for the partial derivative d and the p-form a i.e. 9 A a. The
exterior derivative is both independent of the choice of the usual derivative 0 and,
nilpotent @> = dod = 0.

The interior product of a r-form with a vector field v is the map,
iy (M) — QU (M) (2.30)
given in terms of components by,

1

(00) )., = m"”%m..-uw (2.31)

I
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2.1. Manifolds vectors, tensors and differential forms

We have i,f = 0 for f € C>*(M), and i,(df) = v[f].

Given a manifold M with dimension m, a metric g € T9(M) is a symmetric non-
degenerate two-times contravariant tensor field. The signature of g i.e. the num-
ber of negative and positive eigenvalues of its component matrix, (n,m — n) is
constant on the manifold. If » = 0 then g is said to be Riemannian and if n = 1
Lorentzian.

2.1.4 Hodge * operator and adjoint exterior derivative

The dimensions of the Q (M) spaces of differential 7-forms, at point p, over an
n-dimensional manifold M are:
n!

dim(Q;(M)) = (’Z ) = T (2.32)

so given the equality of the binomial coefficients (") = (," ), we have dim (Q,(M)) =
dim (Q{""(M)) and the spaces Q;(M) and Q""" (M) are isomorphic. If M is en-
dowed with a metric a natural isomorphism, given by the Hodge star * can be
defined between these spaces.

The Hodge * is a linear map:
£ 1 Q'(M) — Q") (M) (2.33)

whose action on a basis vector of Q" (M) is defined by,

s(dx" AL N dxtr) = —'|g‘8”1'“”’v o dXTED A A dX (2.34)
(n—r)! ()=t
where,
+1 if (ay,... a,) is an even permutation of (1,... ,m)
€ayrnam § —1 if (a1, ... a,) is an odd permutation of (1,... ,m) . (2.35)

0 otherwise

In components the general r-form « is given by,

1
o= ﬁ(lm...ﬂ,dx"' ANVANY b v (2.36)

and using (2.34) % acts on an r-form like,

= rl(n —r)!

Oy, AX"CFD NN (2.37)

V(,.+1)...Vn
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. 8l ...
that is (xa), .\, = gs’“ K0ty Oty o -
The Hodge operator has the following property,
%k o = (—1)’(’””)a if (M, g) is Riemannian, (2.38)
xxa=(—1)"""q if (M,g)is Lorentzian, (2.39)

for a r form «a.

An important form is the volume form [46] given by

vol = x1 = +/|gldx' A ... Ndx" = ‘n‘!g|8ﬂl__ﬂndx”' AN dxf (2.40)

the ¢, ., is the n-dimensional Levi-Civita object®.

An inner product of forms can be defined for a and f r-forms,

(0, ) = /M s (2.41)

(we will not give the definition of the integration of differential forms, however we
refer the reader to [46]) if both forms are expanded in the basis we have,

@h = /M @, vol, (2.42)
/a/\*ﬁ = /(a,ﬂ) vol (2.43)
M M

where (a, ) is the usual inner product. This last equality is sometimes used to
define the * operator.

For a given exterior derivative d the adjoint exterior derivative is a map,
d Q' (M) — QU V(M) , (2.44)
constructed in the following way;,

d'a = (—1)"*"" " xdxa if (M,g)is Riemannian, (2.45)
do=(=1)""xdxa if (M,g)is Lorentzian, (2.46)

for a r form a. The adjoint derivative has the property,

(do,B) = (a,d"B) , (2.47)

fora (r — 1) form a and a r form f.

4Sometimes also called Levi-Civita symbol.
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2.1.5 Connection covariant derivative curvature and torsion

We mentioned in Section 1.4 that in a manifold we can define an affine connec-
tion and a metric. In general, given a manifold M vectors are in the tangent space
T'(M)(p) at point p. There is however no way to relate vectors on tangent spaces
at different points. This is precisely the role of the affine connection and the co-
variant derivative.

A covariant derivative is an operator,
VT (M) — T (M) (2.48)
with the following properties,

1. linearity
VxlaS+ bT) =aVxS+bVxT, abecR (2.49)

2. the Leibniz rule
Vx(TU) = Vx(T)U+ TV (U) (2.50)

3. commutes with contraction (in indices)
Vo (Teil) =V, T (2.51)
4. reduces to the usual derivative on functions,

Vif=X[f] = X'0f, feC*M), (2.52)

where X € (M) and S, T € 7,*(M).Moreover, the vector structure of 7' (M) implies

VaxroyT = aVyT+bVyT, abce R, X, Y T'(M). (2.53)

The connection components are defined as,
V.0, =17,,0,, (2.54)
where V,, = Vy,. Using V,(d"[0,]) = V,(0,]d"]) = 0 we find,

Vdx' = —T",,d (2.55)
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The coordinate expression for the covariant derivative of a general tensor field is
the generalization of eq. (1.28),

VI oy = 0" 6+ (2.56)
a b
+ ZFV;J(XTMW“MV“(TIMUI; - Zra;tquzll..:‘(;a...ab .
i=1 j=1

The curvature R € T3(M) is defined as,

Rlsw uv| = ([Vu V| — V[u,v]) w, (2.57)
and the torsion 7 € T3(M) is,
T[u,v|=V,v—Vu—|uv, (2.58)
where [+, -] is defined as,
[u, v] = uv[f]] — v[ulf] . (2.59)

Evaluation of (2.57) in the bases {0,} and {dx"} results in (1.29) and (2.58) in the
same basis gives (1.32).

2.1.6 Pull-back and push-forward

For a diffeomorphism y : M — M and f'€ C*(M) the function,

W) ) = (Fow) (p) = (f(¥p))) , (2.60)

is called the pull-back function.

Fora a vector field v its push-forward is,

(v ) (wlp) = (v f) (p) (2.61)
for f e C*(M).
For a one-form w the pull-back is,

(v @) ) (p) = (@ly.]) (v (p)) - (2.62)

For tensors, we have:

((W*t) [@1 ... 04 vi...v]) (p) = (2.63)
(t[w o1 (v )V oumwv-. . wm]) (w(p))

(w0 (o1 0, v1 .. W) (p) = (2.64)
= (t[y'or... v o, W )i (v o)) (wp).
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2.1.7 Lie derivative

Let M be a manifold and X a vector field, an integral curve x(¢) of X is a solution of
the equation,

dx*

- = X'(x(2)), (2.65)
for coordinates x*. This means that the tangent vector to the curve is X.

If (¢,xp) is an integral curve of X which passes a point x; at # = 0, the map o :
R x M — M (provided it exists) is called the flow generated by X [46]. Flows
satisfy the equation

o(t,o(s,xy)) = o(t+s,x0), (2.66)

for s, ¢ € R such that the previous equation makes sense.

For fixed ¢ a flow o(z,x) is a diffeomorphism from M to M denoted ¢, : M —
M.

The set of flows satisfies:
l. 0,00 = 0,1;
2. 09 = id;
3. 0= (0,)71;

where id is the identity map. This therefore definees a one-parameter subgroup

of Diff(M).

Under the action of ¢, with infinitesimal ¢, a point with coordinates x* is mapped
to,
ot (x) = x" + eX". (2.67)

The vector X is termed the infinitesimal generator of the transformation o,.

Let X, Y be vectors the Lie derivative L£yX of X along Y is defined as,

.1
EXY: }:li%g [(O',E)*Y

os(x) — Y‘X] . (2.68)

This definition can be extended to arbitrary tensors see [46].

2.2 Fibre bundles

A fibre bundle (E, 7z, M, F,G) is composed of:

38



Chapter 2. Mathematical toolbox for gauge theories

L.
2.
3.
4.

a manifold E called the total space;
a manifold M called the base space;
a manifold F called the typical fibre;

a surjection’
. E— M. (2.69)

The inverse image 7' (p) = F, is called the fibre at p;

. a Lie group G called the structure group which acts on F on the left i.e.

A:GxF — F
(h,f) —  Ahf) = () (2.70)

with An 0 Ay = A and j.h—l = (/1;,)71.
an open covering U;, I € 7 and diffeomorphisms

0, U xF—a'(U), (2.71)

such that 7 o ¢,(p, f) = p, called a local trivialization.

The map

¢, F — F, (2.72)
f o= e,= 0;(.f) »

is a diffeomorphism.

maps called transition functions exist,
hy=9,00,, UNU#0 — G, (2.73)

and we have

9,(p.f) = o,(p, his(P)f) - (2.74)

>That is every element p € M has a corresponding element F), in E such that z(F,) = p.
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2.2. Fibre bundles

Sometimes the shorthand notation

E—"~ M

is used for the bundle just defined.

The fibre bundle defined in this way depends on the open covering and the co-
ordinates it is therefore a coordinated fibre bundle. Two coordinate bundles are
equivalent if the bundle on the union of the atlases of the two is again a bundle.
A fibre bundle is an equivalence class of coordinate bundles.

The tangent bundle 7M is the bundle formed from the base M and with fibre 7 (M)
atx € M.

The transition functions # must satisfy the following conditions,

]’l[[(]?) = IdUI p € U], (275)
hy(p) = hy'(p) peUnly, (2.76)
hup)hx(p) = hx(p) p€ UNU;NUk, (2.77)

Where Idy, is the identity map. These are consistency conditions that ensure that
all local pieces of fibre bundle can be glued consistently.

A trivial bundle is one where there the transition function is independent of the
label 7 and therefore there is only one of them. In this case the bundle is diffeo-
morphic to the direct product £ = M X F.

A local section of E is a map
s;:UyCM — P, (278)

such that 7 os; = Idy,. We call a global section (i.e. one that is defined everywhere
on M) a cross section.

Starting from M, {U;}, hy(p), F and G it is possible to reconstruct the bundle
(E,m,M,F,G). This implies finding a unique z, £ and ¢,, see [46] for the pro-
cess.

A principal G-bundle is a fibre bundle where the typical fibre and structure group
coincide with G.

On a principal G-bundle P (we will denote such bundles by their total space or by
P(M, G)) a right action can be defined as a map

p:GxP — P, (2.79)
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such that p,(u) = ¢,(z(u), h(u)h) for u € == (U;). With h; : P — G, hy(u) =
-1
o (u).

This right action is transitive in every fibre and fibre-preserving. In addition canon-
ical local sections and trivializations may be constructed.

Unlike the case of general fibre bundles, for a principal G-bundle it can be shown,
using transitivity of the right action that triviality is equivalent to the existence of
a global section.

A vector bundle £ is a fibre bundle where the typical fibre is a vector space. Given
a principal G-bundle and a left representations 7 of the group G on F, a vector
bundle exists called the associated fibre bundle denoted by E = P x, F. It is given
by the set of equivalence classes,

(p1) = { (Pr =) s € G (2.80)

for (p,f) € P x F. The projection is given by zz([p,f]) = n(p) while the local
trivializations are y,(x, /) = [(s/(x),f)].

2.3 Connections on principal fibre bundles

For a principal G-bundle P(M, G). Let u € P and G, be the fibre at p = 7(u), the
vertical subspace V,(p), is a subspace of the tangent space T,(P) which is tangent
to G, at u.

It may be constructed using the right action,
Pexpa)t = uexptd, A€g, (2.81)

to define a curve passing through u in P. Here exp : (g) — G is the exponential
map.

Since 7(u) = w(uexptd) = p, this curve is in G, and the vector,

A flu) = ﬁfﬂu exptd)| . feCx(P) (2.82)
d t=0
is tangent t P at u and therefore 4% € V,(P).
The map,
#:9 — Vulp)
A — 47 (2.83)
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is a vector space isomorphism.
The horizontal subspace H,(P) is the complement of V,(P) in T,(P).
For a principal bundle P(M, G),

P—"+M

a connection on P is a unique separation of the tangent space 7, (P) into the verti-
cal subspace V,(P) and the horizontal subspace H,(P), such that,

1. T,(P) = V,(P) ® H,(P);

2. a smooth vector field X on P is split X = X + X7, into X € H,(P) and
X" € V,(P), and both X*, and X" are smooth vector fields;

3. the space H,,(P) = p,.H,(P),foru e Pand g € G.

g

This definition is equivalent to the introduction of a Lie algebra valued one form
(see Appendix A) w € g ® T;(P) satisfying the conditions below, which is called
the connection one-form.

A connection one-form w € g ® T,°(P) is a projection of T,(P) onto the vertical
component V,(P) ~ g with the following properties,

L wA#)=4, Aecg;
2. pp0 = Ady1o;
3. H,(P) ={X € T,(P)|lo(X) = 0}.

For an open covering {U;},cr of M and s; a local section defined on each Uj, the
Lie algebra valued one-form 4; defined on U; by,

A=s5i0 € g A (U)), (2.84)

are called the connection potentials.

The A; obey the following identity,
n*A; = n* [Ady,A; — dhyhy;'| (2.85)
or pulling this expression back to M we get,

Ay = Ady, Ay — dhyhy' (2.86)
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Chapter 2. Mathematical toolbox for gauge theories

which is the transformation under a change of section (or trivialization or gauge).

Given a principal G-bundle P(M, G), and a curve ¢ : [0,1] — M, the curve ¢ :
[0, 1] — P is the horizontal lift of ¢ if:
l. moc=c;
de
Cdt

The horizontal lift can be proven to be unique.

2 e H(P), te€][0,1].

For g. € G the parallel transport equation is the following ordinary differential
equation,
&e(t) = ge(1)Aa(c(2))e (1) , (2.87)

where 4, is the connection potential. Given initial data ¢(0) a solution g, exists,
called the holonomy of 4 along c. It is given by,

ho(4) = P oxp ( / A) , (2.88)

where P is the path ordering operator it orders the smallest path parameter to the
left. The connection 4 is written in the form,

A=A, (2.89)

with 7; a Lie algebra basis.

Let ¥ be a vector space and o an vector valued n-form (i.e. a € A"(P) ® V) the
covariant derivative Va is

ValXi .. Xp1] = day[XT .. X1 ], (2.90)

where X is the horizontal component of X and d is the exterior derivative.

The covariant derivative of the connection one form o is the curvature two-form,

Q=Voe NP og. (2.91)

The curvature two form o has the property,
PQ=Ad,-Q=g"'Qg, ge€G. (2.92)
The connection one-form w and the curvature two form Q satisfy the Cartan struc-

ture equation,
Q=dpo+ow Ao, (2.93)
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2.4. Electrodynamics

see Appendix A for the definition of @ A @ and its relation to [w, ] .

The curvature and connection forms also satisfy the Bianchi identity;,

VQ=0. (2.94)

The local curvature form® F; of the curvature Q is,
Fr=s/Q, (2.95)
and F may be written in terms of the local connection as,
F=dA+ANA. (2.96)

Notions of connection and curvature may also be defined in the associated bundle
E = P x, V mentioned above. Roughly, a connection 4 on a principal bundle P
completely determines the covariant derivative in the associated bundle E, mod-
ulo representations, refer to [46].

In the rest of this chapter, we present some examples of physical theories relevant
to the quantization of gravity. We begin with electromagnetism (a U(1) gauge
theory) and continue to the Yang-Mills theory where we focus on the SU(2) sym-
metry group. We then go on to describe a first order formulation of GR that uses
the Cartan formalism. Finally we present a topological theory, the BF model, that
has relations with three-dimensional GR and with the full four-dimensional Ein-
stein theory as well as with Yang-Mills theory.

2.4 Electrodynamics

The Maxwell theory (the standard reference is [49]) is the classical theory of the
electromagnetic field. In the four-dimensional Minkowski space My, with coordi-
nates x’a = 0,1,2,3, we define a (one form) potential 4 = A4,dx* thisisa U(1)
gauge potential. The curvature is

F=ddA, (2.97)

this is also the field strength or the Faraday electromagnetic two form. The fol-
lowing Bianchi identity holds,

dF =dd4 =0. (2.98)

®We will drop the index 7 in some formulas.
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Chapter 2. Mathematical toolbox for gauge theories

The action is given by,
S:/ FAF, (2.99)
My

and its variation gives together with (2.98) the field equations,

dxF=0, dF =0. (2.100)

It is noteworthy that F is not uniquely determined by 4 since for a 0-form y we
can make the change,
A— A =A4+dy, (2.101)

that leaves the F unaltered, since F’ = d(4 + dy) = dA.

Expanding the forms in components we have,

1
F = 3 wdx® A dxb (2.102)
Fopo = 0,4y — 0pA, . (2.103)
The Bianchi identity becomes,
e0,Fp. =0, (2.104)
and the action is now,
1
S=- / F,F* (2.105)
4 Ju,
variation of this action gives,
0,F* =0. (2.106)

We can write Maxwell’s equations in their usual (vector notation) form by splitting
F,, in its time and space components (using the (— + ++) signature for the flat
metric), we have for the electromagnetic potential,

A= (4%, 4) = (p,A) (2.107)

where we are denoting the vector 4’ in boldface. The electromagnetic tensor splits
in the following way,

Ja— (2.108)

. 1 .
Fi = EgUkB’“ (2.109)

where E' = Eisthe electric field and, B’ = B is the magnetic (induction) field.
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2.5. The Yang-Mills theory

With this splitting the field equations take the familiar form of the vacuum (i.e.
in the absence of charges and currents) Maxwell equations,

V-E=0 (2.110)
OF
VxB- o =0 (2.11)
B
VxE+%—t:0 (2.112)
V-B=0. (2.113)

2.5 The Yang-Mills theory

The Yang-Mills theory (YM) is a generalization of the Maxwell theory for non-
abelian symmetry groups. It is a theory of paramount importance in particle
physics — the standard model of particle physics is a YM theory for the group
SU(3) x SU(2) x U(1), for a survey of the enormous impact this theory had in the
past decades refer to [50, 51]

Let P — Mbe a principal G-bundle, M be an n-dimensional manifold, G a sim-
ple compact Lie group. Let 4 be the local connection and F; = d4 + A N A the
curvature.

The Yang-Mills action is given by,
S:tl’/FA/\*FA (2114)
M

where the trace indicates the symmetric bilinear non-degenerate form on the Lie
algebra of G, denoted g, and * the Hodge operator. We are interested here in the
case of Minkowski flat metric # for an application of general Lorentzian metric see
[52]. The field equation is:

*VyxF;=0. (2.115)

this equation together with the Bianchi identity
VuFy=0, (2.116)

is a nonlinear version of Maxwell’s equations.

The connection transforms in the usual way under gauge transformations,

A — adg1A+ g dg, (2.117)
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where g : M — G is the local form of a map in the gauge group see equation
(2.85) and (2.86).

A class of important solutions is formed by the (anti)selfdual solutions. These are
the connections satisfying,’

FE =Pt (2118)

These solutions are related to instantons, and are absolute minima of the Yang-
Mills (Euclidean action) see [53] about this subject.

We further specialize to the case of a SU(2) theory on flat Minkowski space-time.
The relevant bundle is P(M,, SU(2)) and the (local) connections is,

A=A4Tdx", a=123, (2.119)

where T, = 0,/(2i) are the generators of the Lie algebra su(2). Their commutator
1S,
[Tm Tb] = &apclc (2120)

where ¢, is the totally antisymmetric object in three dimensions.

We have also,

Tl"(TaTb) = 25(117 . (2121)
The action may thus be written,
1
S=—— [ d&'xF,F, (2.122)
4 Ju,

where we have expressed the curvature in components and,
F, = 0,4% — 0,4°, — ge®™ A", 4°, . (2.123)

The field equations (which we call the Yang-Mills equations) and the Bianchi iden-
tity become respectively,

V. F*" =0, (2.124)
and,
£ Y, = 0 (2.125)
We use the following identifications,
F% — EU=E, (2.126)
1 .
Egvkﬁaij = B%* =B, (2.127)

“Where the + sign is for the sefdual connection 4%, and the — for the anti-seftdual one 4.
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note that the components of E and of B are 3 x 3-matrices.

Taking the time and space components of (2.124) and (2.125) we find,

V-E=g(A-E—E-A) (2.128)
E
v ><B:aa—t—g(AoE—EAo)+g(A><E—E><A) (2.129)
B
v ><E+aa—t:g(A0B—BAo)+g(A><B—B><A) (2.130)
V.-B=g(A-B—B-A). 2.131)

These are analogous to Maxwell’s equations (see [54, 55]) but the non-linear char-
acter of the Yang-Mills theory introduces quantities that behave like sources of
the fields even in the vacuum.

2.6 First order formalism for General Relativity

In Section 1.4 we considered the Palatini formalism defined in terms of two inde-
pendent quantities the metric g, and the affine connection I'. The action func-
tional is to be varied with respect to both these fields.

We now consider this same variational method but defined in terms of two other
quantities the coframe ¢ amd the connection w, which we will relate to g and I'.In
terms of these variables, the gravitational field is represented by e. The reasons
for this are to be found in the fact that in the standard model of particle physics
the coupling to fermions is done using this field [12] and also the fact that the
variables are better suited to describe gravity as a gauge theory (see [56] about
this).

Let space-time be a 4-dimensional smooth manifold M. The co-frame field e is a
map of vector bundles (see [57, 58])

™

NS

where 7, an internal bundle isomorphic to the tangent bundle 7M. If T is trivi-
alizable and e : TM — T = M x R'3 is a choice of trivialization then on each
tangent space e, : T,(M) — R'? is a co-frame. The bundle 7T is equipped with a
fixed metric # and we can pull this back to TM using e,

g(u,v) = nleu,ev), (2.132)

T
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Chapter 2. Mathematical toolbox for gauge theories

for u , v vector in 7,(M). In this way, we have a relation between e and g.

Using the non-coordinate basis (2.11) and (2.15) we have that (2.132) becomes in
indices,
8w = €"u€ My - (2.133)

If we have a connection @ defined in 7 we can pull it back to 7M using e if it is an
isomorphism. For a local section s of 7 the covariant derivative is,

Vis® = 0us” + pus” (2.134)
where Vi = Vg the derivative in the direction of the basis vector.

In TM we can differentiate a section in the usual way,
Vis" = 0us” + T | (2.135)
using the connection T

If we use e to pull back the vector u in TM, differentiate it using V* and use ™! to
turn the result back into 7M we have,

Viu=e"1(V?(eu)) (2.136)
For V/‘j = Vgﬂ
VZu = ¢, (VZ’ (eavu“)) (2.137)
whence
e’y — T ey + e’y = 0. (2.138)

This condition has generated a lot of misunderstandings, refer to [59] for the clar-
ification of some of these.

In these variables the action fror GR can be written (see [12, 56, 60]) in the follow-
ing way

1

Sr = —
EC 4k |\,

Eabed (e“ Ael AR — %ea Ael A el A ed) , (2.139)
Where the curvature R and torsion 7 are given by egs. (2.57) and (2.58) respec-
tively, and A is the cosmological constant. We call this action the Einstein-Cartan
action although it is just the Palatini action (1.39) written in terms of w and e and
in the case where the tetrads are invertible i.e. det(e,) # 0 (for the equivalence
of the two formulations see Appendix C).

This action is invariant for diffeomorphisms and for (local) Lorentz transforma-
tions (refer to [61]).
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2.7. The BF theory

Variation with respect to @ and e yields respectively,
avcaV (€°NE") = 0 (2.140)

A
Eabea€” N R — ?sabcde“ NP AN = 0 (2.141)

from the first equation above, if the tetrads are invertible i.e. det(e?,) # 0, we
recover the no torsion condition 7% = Ve* = 0, which constrains the connection
to be the Levi-Civita connection. The second is equivalent to Einstein’s equation
with cosmological term

1
Ry — Eg”VR + Aguw =0. (2.142)

To couple GR to fermions we add the matter action®,

Sp = ik /eabcd NP Nef Ny (yd Z +w, y} + % ed) v, (2.143)

where o = w[y*,y"]/8 and k, = 8zl /3.
In this case, variation of Sgc + Sp with respect to e gives,
T,=Ve, = —kKyS,, (2.144)
where the spin 2-form is,
Sa = i&apca € N Pysyy, (2.145)

and x, = —3k, /4.

2.7 The BF theory

A theory that does not have local degrees of freedom is called a topological theory,
see [62] for an axiomatization. Topological theories are in a sense the simplest
kind of gauge theories. These theories do not depend on any background geom-
etry, the metric does not feature in the action or the field equations. They are
therefore a realization of background independent theories. Since these theories

8Note the importance of tetrads in this regard. We are not aware of any other way of coupling
fermionic matter to gravity.
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do not have local degrees of freedom all interesting observables are global (see
[63] for the construction of observables in the case of the BF theory).

The BF theory is a topological theory, it can be defined in any dimension and for a
general (under some restrictions) Lie group. This theory is related to other areas
of Physics like electromagnetism [64], condensed matter [65] and hydrodynamics
[66]. We are however, interested in BF theory for its relation to gravity (refer to
[67] for a review). Since the theory has a lot of symmetry to extract metric degrees
of freedom from the fields a constraint has to be added, this is the Plebanski ap-
proach [68] or a symmetry breaking term is added to the theory, this is the case
of the MacDowell and Mansouri action [69].

Take a Lie group G whose Lie algebra g that has an invariant nondegenerate bi-
linear form (the Cartan-killing form (x,y) = #(xy)), M an n-dimensional smooth
manifold and a principle G-bundle P over M.

A connection 4 is defined on P, and we also need an ad(p)-valued ( ad(p) is the
vector bundle associated to P via the adjoint action of G in its Lie algebra) (n — 2)-
form B.

Given a local trivialization of P we may regard 4 as a g-valued one-form on 7 its
curvature F as a g-valued two-form and B as a g-valued (n — 2)-form.
The BF action is
5= / wBAF. (2.146)
M

where F' = d4 + A A\ A Variation of the action with respect ot the connection 4 and
B gives the field equations,

V;B _ 8 . (2.147)
Where V, is the exterior covariant derivative.
The equations must be completed with the Bianchi identity,
ViF=0. (2.148)

The second equation of (2.147) says that the connection 4 is flat. All flat con-
nections are the same modulo gauge transformations. The infinitesimal gauge
transformations are,

A—A+Va, B [B,a (2.149)

where a : M — g.

The first of the field equations (2.147) has another symmetry,
A A, B— B+ Vn, (2.150)
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2.7. The BF theory

where 7 is some ad(P)-valued (n — 3)-form.

The relation with three-dimensional gravity is evident if we take n = 3, G =
SO(2,1) and choose minus the trace for the invariant form mentioned above. A
Lorentzian metric on M can be defined by?,

g(u,v) = (Bu,Bv) , u,veT,(M)), (2.151)

provided that B : T(M) — ad(P) is one-to-one. The map B can also be used to
pull back the connection 4 so that we have a metric preserving connection I’ is
obtained on the tangent bundle 7(M). In this case the equation V4B = 0 turns
into the no torsion condition for the metric B which is effectively the Levi-Civita
connection on M. The equation F = 0 enforces the flatness of I' and therefore
of g. We therefore have a (vacuum) theory of flat metric in 3 dimensions. Since
in (2 4 1)-dimensions GR is also a theory of flat metrics, and since modulo gauge
transformations all flat metrics are equal, the BF theory is just an alternate formu-
lation of Lorentzian General Relativity.

This is true, as stated above, if the map B is one-to-one if it is not, the metric
becomes degenerate and the BF theory with gauge group SO(2, 1) may be regarded
as an extension of the Einstein theory to the case of degenerate metrics.

In the four dimensional case, GR can be recovered by constraining the form B to
be,
B=x(eAe), (2.152)

where e = ¢, is the co-tetrad and  is the Hodge dual with respect to the internal
metric 77,,. This is called the simplicity constraint.!°

The Plebanski action enforces the simplicity constraint, it reads
Sp = / B AN Fu+ ¢,.,B" NB“ (2.153)
M

where the Lagrange multiplier ¢ is by definition symmetric under the exchange of
the first and second pair of indices, and antisymmetric within each pair.

The BF theory can allso be deformed in such a way that we recover Yang-Mills
theory. The action is,

S:/B/\FA—l—qB/\*B, (2.154)
M

where ¢ is a coupling constant.

“We use the notation Bu = Blu], since u is a vector and B is a form.
10A simple form is one that may be written as the exterior product of form of degree one, hence
the name.
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Variation of the action with respect to the forms B and 4 gives

Fi+qg+B = 0 (2.155)
VB = 0, (2.156)

taking ¢~ '+ V 4* of the first equation!! and using the second we find g~ '*V +F,; = 0
the Yang-Mills field equation (2.115).

Note that, with a Lorentzian metric ** = —1 when acting on 2-forms.
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The Dirac Procedure

In this chapter, after a brief review of Lagrangian and Hamiltonian mechanics,
we present the Dirac-Bergman iterative algorithm for the calculation of all the
constraints, and the Dirac classification of constraints. This method is considered
as a first step for the canonical quantization of gauge theories. This subject is
presented in many textbooks, we cite those we used in this Chapter [55, 70, 71,
72, 73]. We also apply this method to some of the examples of Chapter 2. In
the case of topological theories, this procedure will enable us both to confirm the
topological character of the theory (it will have zero local degrees of freedom) and
to find the complete set of the constraints as well as their characterization.

Gauge theories, are those in which a physical system is described by more variables
than the independent degrees of freedom of the system. The relevant degrees
of freedom are those invariant under transformations connecting the variables.
These are called gauge transformations. In other words, gauge transformations
change the variables but leave the physical degrees of freedom unaltered.

As a consequence, gauge theories have the property that the general solution of
the equations of motion contains arbitrary functions of time. Since we have ‘too
many variables), we will need to find relations among these variables. These rela-
tions are called constraints. Furthermore we have that a gauge system is always a
constrained system, the converse is not always true: not all constraints arise from
a gauge invariance. (Refer to [71] for details).

We start by reviewing the Lagrangian and Hamiltonian formulation of classical
mechanics.

55



3.1. Review of Lagrangian and Hamiltonian mechanics

3.1 Review of Lagrangian and Hamiltonian mechanics

Let us assume that a system has a finite number N of degrees of freedom. The
equations of motion are obtained by varying the action functional:

5]

s= [ Llg.r, G
141

with respect to the generalized coordinates ¢" »n = 1,...,N. In this equation

L(q",¢") is called the Lagrangian function. That is, the equations of motion are

those that make the above action equation (3.1) stationary under variations of the

form d¢” that vanish at the end points ¢, and 2.

This variation gives the Euler-Lagrange equations:

oS OL d [ 0OL
= — — — =0 ithn=1...N 3.2
5qn 86]” dt (aqn) ’ wl n ( )
here [f—qL,, is a functional derivative, that is,
%) L .
55 = / OL(G-9) 5 gy (3.3)
t 5q

for n = 1...N. We are assuming the usual summation convention, whenever an
index is repeated up and down a summation is implied.

The Euler-Lagrange equations (3.2) can be written in the form,

0*L .. OL 0L .
aqlaq]ql aql aq18q1q17 l?j ( )
or in matrix notation,
with,
0L
My = = .6
y aqlaq/ (3 )
oL L .
Thus we see that if the matrix M (the Hessian of L) is invertible that is,
O*L )
det (M;;) = det | —— 0, (3.8)
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we can write, _ ) .
§=M")K =F(q.9), (3.9)

which means that, under the conditions of the existence and uniqueness theo-
rems for the solutions of systems of differential equations, and given appropriate
boundary (initial) conditions the equations are solvable with respect to the high-
est derivative, the accelerations g (refer to [72, 73]).

A theory is called singular if

O°L )
det(M;) =det( ——— | =0, (3.10)
( ]) (aql@%‘

and non-singular if the condition (3.8) holds.

The canonical momenta are given by,

o a=1...N. (3.11)

We see that the Hessian matrix mentioned above is equal to g—’;f so the above re-
7

quirement (3.8) means that the p; are invertible as functions of the ‘velocities’

)

q.

We call configuration space, the N-dimensional space whose coordinates are the N
generalized coordinates ¢". The 2N dimensional space whose coordinates are the
¢" and p" given by (3.11) is called phase space.

The Hamiltonian, for a non-singular theory is given by the Legendre transform of
the Lagrangian with respect to the generalized velocities ¢” that is:

N
H(q",pa) =Y _pad" — L(¢", ") (3.12)
n=0

Note that H. is a function of ¢" , p,, so that is the reason we need the velocities
expressed as functions of the coordinates and momenta.

The equations of motion in the Hamiltonian formalism are:

oH
~ Op,

n

) (3.13)
_ oH
aqn

pn:
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forn=1,... N.
The Poisson bracket is defined in the following way;,
N
of 0g _ If 9g
= === 14
{r.g} IZ:: <8q"8p,~ op;idq' )’ (3.14)

here f = flp,,q",t) and g = g(p., ", t).

The Poisson bracket is antisymmetric, linear (in each variable), obeys the product
law, and the Jacobi identity. And the time evolution of a phase-space function is
given by

af f
—={H}+ =. A
a = VT GB5)
The equations of motion are therefore,
¢ = {q¢".H}
: (3.16)
pn = {pn»H}

In the continuum case we have fields that have an infinite number of degrees of
freedom. The action for a field ¢p* (where the index 4 denotes the set of indices of
the field) without higher order time derivatives is

s— [ Lar G.17)
where the Lagrangian L is given by,
L= / L(p,0,0)dx, (3.18)

where L(¢, 0,¢) is the Lagrangian density.

We may then write,
S = / L(0,0,0) . (319)

Variation with respect to ¢* gives

oS oL d (dL
—z;_—<;.> (3.20)



Chapter 3. The Dirac Procedure

where gﬁ and oL L are variational derivatives with fixed time (see [72]).

We may also write for a theory with no explicit time dependence,

oS oC oL
=g =) 21
opt D O (W@W)) G.2)

The criterion for the non-singularity of a theory is the invertibility of the Hessian,

Man(r) = 2ok (6.22)
T i x)0at ) |
and takes the form,
0*L
M —5(3) —x'). 3.23
wt ) = Gty ) 2
The momenta conjugate to the ‘variables’ ¢ are in this case':
oL
Ty = Sl (3.24)
with our assumptions we have,
oL
The Hamiltonian is,
H= Z/EA(x)('pA(x)d3x —L. (3.26)
4
The Poisson bracket in this case is defined by,
ofix) dglx)  flx) dglx) )
— : 3.27
N=Y [0 (im0 ~ el 520
And Hamilton’s equations become,
o' = {¢".H}
: (3.28)
fl’A = {EA,H}

In the next sections we describe the Dirac procedure using the case for a finite
number of degrees of freedom for simplicity.

'We drop the index ¢ in the derivative.
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3.2 Primary and Secondary constraints

If we are unable to obtain the velocities as functions of the momenta and coordi-
nates, that is if we have (3.10) the theory is singular. We then have that the set of
momenta (3.11) are not all independent and there are some relations,

Ou(q"Pn) =0, m=1,...M. (3.29)

These relations are called primary constraints (PC).

We assume that rank 832551_ = N— M is constant and so the Primary Constraints
i0qj

define a submanifold embedded in the phase space called primary constraint sur-

face. The dimension of this submanifold is 2N — M’ because there are M’ indepen-

dent PCs. There exists the possibility that the constraints may be dependent in

which case M > M’'. We then have, M constraints, M’ of which are independent

and M — M’ dependent of the others.

The 2N — M’-dimensional constraint surface ¢, = 0 should be coverable with

open regions on each of which the constraint surface can be split into independent

constraints ¢,, =0 m’' =1,..., M such that the Jacobian matrix % has rank

M’ on the constraint surface, and M — M’ dependent constraints ¢,, = 0 m" =
M +1,..., M that hold as consequences of the others.

There are other ways to state the condition on the Jacobian:

1. The functions ¢, ... ¢,, can be taken as the first M’ coordinates of a regular
coordinate system in an open set in the constraint surface;

2. the gradients dg, ...dgp,, are linearly independent at every point of the con-
straint surface;

3. the variations d¢,, are of order ¢ for variations d¢' and dp; of order ¢.
The following results may be proved:

* Theorem: If a smooth Phase space function G vanishes on the constraint

surface ¢,, = 0 then
G=g"p, =0, (3.30)

for some phase-space functions g”.
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* Theorem: If 1,0¢" + u"op, = 0, for arbitrary variations d¢” , dp, tangential
to the constraint surface then

g

o= unom 331

o (3.31)

W= mgﬂ. (3.32)
pn

where u™ are some functions.

We refer the reader to [71] for the proofs.

3.3 Canonical Hamiltonian

The canonical Hamiltonian is defined as:
H=p4g —-L, n=1,...N. (3.33)

We have that H, is well defined on the primary constraint surface, it can be ar-
bitrarily extended off this surface and, the formalism remains unchanged by the
replacement:

H— H+"(q,p)p, (3.34)

and the ¢" will be determined below.

The Legendre transform from (g, ¢)-space to the surface ¢,, (¢, p) = 0 of the (¢, p, u)-
space is given by

qn — ql’l

oL )
Pn = a_qn(q"” (335)
um - “m(‘]aQ)a

note these are now spacees of the same dimensionality 2N.

The inverse transform is:

qn — qn
OH )
"= m_— 3.36
1 Opn o Opn (3.36)
um — um(q’ q)
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we recover invertibility of the Legendre transform (when det( 822;(.],) = 0) at the
104

cost of the introduction of extra parameters.

We can write Hamilton’s equations for constrained systems as:

. OH  Op,
T o ope

. O0H 09,
P _(9q” Y oq"
u" = u"(q,9),

(3.37)

they can also be written in the form,
F={F,H} +u"{F,0,} (338)

where F(p, g) is a function in phase space,andm =1,... ,M.

The Total Hamiltonian is defined as,
Hr=H.+u"9,(q",p.), (3:39)

where the summation convention is used.

The equations (3.38) may be written using (3.39) as,

F={F H} . (3.40)

3.4 Secondary Constraints

A basic requirement, is that the time evolution of the PC must vanish, these are
the consistency conditions

O =0 H} + 1" {0, 0,0} = {0 Hr} = 0. (3.41)

Equation (3.41) may:
1. be identically satisfied, in which case the process stops;
2. give rise to new constraints, called Secondary Constraints(SC);

3. determine some of the u’s.
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Chapter 3. The Dirac Procedure

If any SC’s x(q", p,) = 0 arise, new consistency condition similar to (3.41) must be
imposed that is,

i={0HY +u" {0 = {x, Hrt = 0. (3.42)

This process will continue until no new SC’s arise. We are then left with M + K
constraints:

0(q" . ps) =0, j=(..MM+1.. . M+K=J) (3.43)

where M is the number of primary constraints, and X is the number of secondary
constraints. This is a complete set of constraints. The process is depicted schemat-
ically in figure (3.1).

3.5 Weak and Strong equalities

Two functions F'and G that coincide on the submanifold defined by the constraints
9, j=(l...M,M+1...M+K) are said to be weakly equal an denoted F ~
G.

In particular the constraint equations (3.43) are written,

9;(q",pn) =0, j=(1..MM+1...M+K). (3.44)

Using (3.30) with ¢,, replaced by ¢; we have,
F%G<:>F—G:Cj(p,q)goj. (3.45)
If a quantity vanishes in all of phase space we say that it is strongly equal to zero

and use = in this case. We will also refer weak equality ~ and on-shell and strong
equality = as off-shell.

3.6 Determination of the Lagrange Multipliers

The consistency conditions for this set (3.43) now results only in equations deter-
mining the u’s. That is,

{p, H} +u" {90, } =0, (3.46)
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3.6. Determination of the Lagrange Multipliers

with the summation indexm = 1,... ;M and,j = 1,... ,J. The equations (3.46)
form a system of J linear equations on the M unknowns u”. Accordingly, the most

general solution is given by,
u"=u"+1r", (3.47)

where, U” is a particular solution of the full equation and, 7 is the general solu-
tion of the homogeneous equation i.e.

Vm{(oﬁ(om}%oa Jj=1,...J, (348)

and, the most general solution to this homogeneous system is a linear combina-
tion of independent solutions namely, V' witha =1, ... 4.

Putting this together, most general solution of (3.46) can then be written:
u" = UtV (3.49)

the v* = 1“(¢) are arbitrary functions of time. The total Hamiltonian can now be
written,

Hr = H.+u"p, (3.50)
= H.+ (U +v'V]) o,
(HC + Ungom) + vaVan)m

= H +V,. (3.51)
Where we have defined,
P = Vitu, (3.52)
H = H.+U"p,. (3.53)
The index m is summed in therange 1,... ;M,anda = 1,... 4.

Here we have a dependence of the Hamiltonian on arbitrary functions of time
v, and we therefore conclude that initial conditions alone are not sufficient to
determine state of the system (that is, the values of dynamical variables) for all
time.
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S= [Ldt

Non-
Singular
theory

Singular
theory

some of p; = g—qL_
1

not invertible

Primary
Constraints
(7

Process continues until no

new constraints appear.

Build total
Hamiltoninan
Hr=H +u"p,

New consistency
conditions.

Secondary

Constraints

Determins
some u"

Figure 3.1: Schematic depiction of the Dirac procedure steps needed to obtain all the constraints
in a singular theory. For detail and the meaning of the symbols see the main text.
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3.7 First and Second Class constraints

The distinction between primary and secondary constraints is not fundamental in
the construction of the Hamiltonian formalism.

A more useful classification of constraints (and phase space functions in general)
distinguishes between first and second class constraints.

A function F(q", p,) is First Class (FC) if it has a weakly vanishing Poisson Bracket
with every constraint:

{F(q"pn)0;} =0 j=1,... J (3.54)

A function that is not FC (that is, a function that has at least one constraint such
that its Poisson bracket does not vanish weakly) is called Second Class (SC).

We note that the FC property is preserved by the Poisson bracket, this means the
Poisson bracket of two FC functions if FC.

The quantities /' and ¢, in (3.51) are FC as a result of egs. (3.46) and (3.48) In this
way the total Hamiltonian can be (non uniquely) split into an FC Hamiltonian
H' and an FC (complete) set of Primary Constraints ¢, multiplied by arbitrary
functions.

As stated earlier, the presence of arbitrary functions of time means the canoni-
cal variables and their momenta cannot be uniquely determined from their initial
values. These variables (¢’s and p’s) therefore, do not have a direct physical signif-
icance.

Consider a dynamical variable F(7) at time #, and its change after J¢. The initial
value F(t,) is determined by the canonical variables (¢"(t)) , p.(#)) at time #,. The
value at time o7 can be calculated by,
F(6t) = F(ty) + otF
= F(ty) + 0{ F, Hr} (3.55)
= Flto)) +ot({F, H}+v{F,9,}),

where in the second line (3.40) was used.

The functions v* are arbitrary, which means that if we choose different values for
the v* we will find different F(J7). We find that the difference in the values of
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Chapter 3. The Dirac Procedure

a dynamical variable F between ¢ and ¢ + ¢ and for two different choices of the
arbitrary functions that is, v* and * is,

OF =0V {F, ¢} (3.56)

note that ¢, witha = 1,..., 4 was defined in (3.52), and 5v* = (v* — )dt.

The transformations JF does not correspond to a change in physical state. These
transformations are called gauge transformations precisely because, although they
change the canonical variables they leave the physical state unaltered. The ¢,
(primary first class constraints) generate these transformations.

If the equations ¢, = 0,j = 1,...,J are not independent the constraints are
called reducible. When all the constraints are independent they are called irre-

ducible.

The gauge transformations (3.56) are independent if and only if the constraints
are irreducible. When the constraints are reducible some of the gauge transfor-
mations will lead to 6F = 0. (See [71]).

It can be shown that:

1. the quantity {¢,, ¢, } where ¢, , are any FC primary constraints, generates a
transformation thet does not change the physical state, a gauge transforma-
tion.

2. {¢,, H} where ¢ is FC primary constraints also generates a gauge transfor-
mation.

These results show that we can expect that at least some secondary first class con-
straints will act as gauge generators.

Dirac conjectured that all first class constraint in a theory generate gauge trans-
formations. This is called the Dirac conjecture.

To include all the gage freedom the Hamiltonian is,
Hp=H +uy,, (3.57)

where y, incorporates all (both primary and secondary) FC constraints. This is
called the extended Hamiltonian.
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3.8 Second Class constraints and Dirac Bracket

If a theory has Second Class (SC) constraints, they indicate that some of the de-
grees of freedom in the theory can be neglected. The presence of SC is known
by the fact that the matrix C;y = {¢;, ¢; },jj’ = 1 ... ,J, does not vanish on the
constraint surface.

After finding all the FC constraints whichwe will call y,,a = 1,... Nj, the remain-
ing v, a=1,...,N,are SC, and the matrix C,4 = {,, 7,4} is invertible (refer to
[70, 71]). We then define the Dirac bracket as

(gt =1fet =) C{xp 2} - (3.58)

where C* is the inverse of C,y that is, C*/Cy, = 67.

By construction the Dirac Bracket of any second class constraint y, with any vari-
able vanishes,

(e F}p=0. (3.59)

We have the following situation: the Poisson bracket served to distinguish be-
tween FC and SC constraints and once the Dirac bracket is introduced the PB may
be abandoned. The SC constraints become strong equalities and all the equations
of the theory may be formulated in terms of Dirac brackets. In principle, we may
always use the SC constraints to eliminate some of the degrees of freedom of the
theory, but in practice this may be extremely difficult.

So to sum up, FC constraint generate gauge transformations whereas the SC may
be treated as strong equalities after one introduces Dirac brackets.

3.9 Gauge fixing and counting of degrees of freedom

Since the presence of first class constraint implies the existence of gauge transfor-
mations and that the the canonical variables are not in on-to-one correspondence
with the physical states. Sometimes conditions are introduced to restore this cor-
respondence. These are called gauge (fixing) conditions.

A gauge condition,
Co(p,q) = 0, (3.60)

must satisfy two conditions:
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Chapter 3. The Dirac Procedure

1. Accessibility: given any set of canonical variables (p”", ¢,) there must exist a
gauge transformation that maps the given set of variables onto a set satisfy-
ing (3.60).

2. The gauge conditions (3.60) must fix the gauge completely. This implies
that no gauge transformations except the identify will preserve the above
gauge conditions. Or stated differently the equations,

ou'{Cp,y,} =0, (3.61)

must only be solved by du® = 0, where y, are the first class constraints.

In particular this means that we must have,

det{ Cy, 7,1 #0. (3.62)

These two conditions together imply that in order to completely fix the gauge, the
number of independent gauge conditions must be equal to the number of inde-
pendent first class constraints. We also see from (3.62) that the gauge conditions
together with the FC constraints form a second class set Cj, y,.

After the gauge fixing only second class constraints remain, we will have no arbi-
trary function in the Hamiltonian, and a set of canonical variables that satisfies
the constraint equations determines one and only one pysical state.

The following counting of independent degrees of freedom therefore holds. Given
N initial independent variables, the dimension of the phase space is 2N. From
this one subtracts the total number F of first class constraints, the total number
S of second class constraints, and the total number F of gauge fixing conditions,
which we know to be equal to the number of first class constraints. The result is
the dimension of the physical phase space, 2n, where n is the number of physical
degrees of freedom.

Thus we have the general formula,

n:N—F—g. (3.63)

In the continuum case, the phase space is infinite dimensional, the previous for-
mula holds only locally. That is per point.
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3.10 Generators of gauge transformations

Consider a system determined by the total Hamiltonian (3.39) and a complete set
of constraints 9, =~ 0,/ =1,... ,J.

Suppse we have a trajectory in phase space (¢'(¢), p;(¢)) which starts from the point
(4'(0), p;(0)) on the constraint surface.

The equations of motion for some choice of v take the form,

g o= O .00
T Ipi Ipi
OH' 0p
—p; = —— e .64
P o +v g (3.64)
q)a(qi? pl) =0.
in this and the following equations the index ¢ is summed in therange 1, . .. , 4.

Take a variation of this trajectory of the form (¢'(¢) + doq'(¢), pi(f)) + dop;(2) that
starts form the same point and satisfies the equations of motion with new func-
tions v*(¢) + dpv*(¢). Expanding equations (3.64) for small variations of the canon-
ical variables and arbitrary function we have,

. 0 o\ oHr . ,0p,
506] = (506]/ aq] + 50pj apj) api + 5()\/ 8p,~ (365)
—00D; = Ond — oop— | —= a a )
0Pi ( qu aq/ + 0P; apj) 8q’ + 50‘) O_q’ (3 66)
5o 2+ 6p ) puld i) = 0 (3.67)
0 aq]- 0P (91?]' o,\q,pi) =V, .

these are the conditions that the varied trajectories must satisfy to be dynami-
cal.

The generators of the gauge transformations are functions of the form,

k
G=) &"G,, (3.68)

n=0

where ¢ is the n"-time derivative of ¢.
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And the variations in the canonical variables are given (refer to [74] for details)
by,

k

sog = Y e"{q G}, (3.69)
n=0
k

oopi = Zg(n){thn}' (3.70)
n=0

With the G, determined recursively by the following conditions,

Gy = primary

Gi—1 +{ Gy, H} = primary
: (3.71)
Go+{ Gy, H} = primary
{Gy, H} = primary
We have therefore the following situation, all G, are FC, G, calculated from G,
using (3.71). In practice we start with every primary FC and use (3.71) until G,
is reached, that is until we find a quantity such that its Poissonn bracket with H
vanishes. Finally we note that & is equal to the number of generations of secondary

constraints. So if there are only primary and secondary constraints we know that
k=1.

3.11 A shortcut

This process just described is the Dirac Procedure. In special cases one can almost
by inspection find out which are the variables and the Lagrange multipliers.

Namely, given an action for variables Q

S = /1 L(Q,0) dt, (3.72)

where Q = dQ/dt, then the end-result of the Dirac procedure will be described by
the action

Sp = /dt [PQ_HO(Pa Q) — A Ga(P7 Q) _:ua Ha(P7 Q)} ) (373)

1

71



3.12. The Canonical Analysis of Classical Electrodynamics

where P are the canonically conjugate momenta for the coordinates Q, G, are the
First Class (FC) constraints, 6, are the Second Class (SC) constraints and 4 and u
are the corresponding Lagrange multipliers?.

The FC constraints will satisfy

{Ga7 Gb}D :ﬂlbc(P7 Q) Gc ) (374)
and
{Ga, Ho}p = h(P,Q) Gy, (3.75)
where
{4,B}p = {4,B} — {4,0,}A"’{6,, B}, (3.76)

is the Dirac bracket. A” is the inverse matrix of {a, 8} and the Poisson Bracket

(PB) is defined as

04 0B OA OB
A,By = 277 T2 _
4.8} = 550 ~ apao B77)

In particular, if one can write the action (3.72) in the form

s= [atlpi -~ Hip.a) - # Gulp.a)] (3.78)
I
where pUqgU A = Qand

{Gk7 Gl}* :fklm(p7 Q) Gm ) (379)

where {, }* is the (p, ¢) Poisson bracket, then from (3.73) it follows that (3.78) is a
gauge-fixed form of S, where the second-class constraints have been eliminated
and some of the phase-space coordinates have been set to zero. Hence the remain-
ing FC constraints are given by G, and and the Hamiltonian is H(p, q).

3.12 The Canonical Analysis of Classical Electrodynamics

As a first example we carry out the canonical analysis of the Maxwell vacuum the-
ory. This is a very well known calculation see [70, 75].

2Here Q denotes both the set of the coordinates and the corresponding vector. Hence PO de-
notes the scalar product of vectors P and Q.
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Let M, be the four dimensional Minkowski spacetime with metric 77,,.> We write
the action as,

S = / d*xL (3.80)
= L [dE, P 3.81
- 2 XLy (3.81)
The field strength tensor is,
F,uv = a,uA v avA U (382)

The field equations plus the Bianchi identity (Maxwell equations without sources)
are

o.F"" = 0, (3.83)
"o F,, = 0. (3.84)
We are considering a second order formalism so the variables are,
Ay (x), (3.85)
and for the canonical momenta we have,
; oL
A TEWE
= -, (3.86)

Note that using (3.82) the definition of F** we have,
m(x) = 94" — 0A°, (3.87)
so that the momenta 7’ are invertible with respect to the “velocities” 4;.

Note that both A(x) and 7z(x) are functions so that the phase space is infinite-
dimensional.

The fundamental Poisson bracket between the variables and momenta are,

{4"(x), m,(x)} = 60 (x —¥), (3.88)
{4"(x), 4,(x")} = 0, (3.89)
{z"(x), 7. (x")} = 0, (3.90)

(3.91)

>We use Greek indices for flat spacetime in this and in the next sectioon to avoid collision with
the Lie algebra indices in the Yang-Mills theory.
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3.12. The Canonical Analysis of Classical Electrodynamics

where these brackets are calculated at the same time. Since the field strength is the
antisymmetric part of the derivative of the potential, the momentum conjugate to
A° is always null. We therefore have,

P=7"~0. (3.92)

which represents one constraint per space point sometimes denoted 1 x oo?.
The canonical Hamiltonian is:
H = | &x[r"0A, — L] (3.93)
R3
this gives,
3|1 i1 i i
I‘IC = d’x —FijF] — ;T — A()aiﬂ' s (394)
w4 2

We are discarding a surface term since the integrals are calculated in all three
dimensional space and, we take the fields to decrease sufficiently fast so that the
integral of a total divergence may be neglected. And the total Hamiltonian is,

Hr=H,. + / d*x)P, (3.95)
]R3

where A(x) is a Lagrange multiplier.

The consistency condition for the primary constraint is,

P={pP H;}, (3.96)
and it gives rise to a secondary constraint, Gauss’s law

S=0n' ~0. (3.97)

The consistency condition for the secondary constraint does not give any new con-
straints,
S={S.Hr} =0, (3.98)

so there are no more constraints. The Lagrange multiplier 1 has a meaning easily
found by calculating, '
A= {4’ Hr} =7, (3.99)

and we note that 4° itself is another multiplier because it features in H, in the
form A°S, that is as a multiple of a secondary constraint.
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The constraints are first class since,

{P,S} =0. (3.100)

The generator of gauge symmetry is,

G = / (én” — e0') | (3.101)

and the gauge transformations are,
0pd" = O'e, (3.102)
oom, = 0. (3.103)

These are the infinitesimal gauge transformations for the connection we found
from the Lagrangian formalism.

In this case, the general relation between phase space dimension 2V, number of
first class constraints FC, number of second class constraints SC and gauge fixing
conditions FC (since we know them to be equal to the number of first class con-
straints) and the number of degrees of freedom # (all per point) becomes,

2n =2N - FC - FC, (3.104)

since there are no second class constraints.

Therefore, using N = 4 for the variable 4* and FC = 2 one for P and one for S we
come to a total number of local degrees of freedom n = 2.

3.13 Hamiltonian form of the Yang-Mills theory

The Hamiltonian analysis of the Yang-Mills theory is well known it may be found
for example in, [8, 55, 76, 77].

Let M, be the four dimensional spacetime with metric 77,,. Let G be a Lie group
and g its Lie algebra with generators such that,

(0, Tp) = fpeTe - (3.105)
The structure constants satisfy the Jacobi identities

fdacfcbe :facbfdce _fcaefdcb . (3106)
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For the purpose of the canonical analysis, we write the Yang-Mills theory (2.114)
in the following way:

1
S=—- / d'xF " F (3107)
4 a 5%
wherea=1,2,...  dim(g).
F, = 0,4% — 0,4%, + A" A, . (3.108)
The field equations and Bianchi identities are

V=0, (3.109)
TP O = 0. (3.110)
where V 1 = 90" + f.A° v

The gauge transformations for the connection are given by (2.117) which for an
infinitesimal o becomes,

SAl = V', . (3.111)
The 4dim(g) variables are,
A%(x) (3.112)
and the canonical momenta are:
T (x) = _OL
“ —0(0p4%)
= —F". (3.113)

As in the case of the Maxwell theory, the momenta 7' are invertible with respect
to the “velocities” 4%;.

Since both 4“,(x) and z,*(x) are functions the phase space is infinite-dimensional
and has 8dim(g) x oo coordinates.

The variables and momenta obey the following fundamental (equal time) Poisson
brackets ,

{4(x), 7" (X))} = 98646 (x —x'), (3.114)
{4 (x), 4" ()} = 0, (3.115)
{m( x), 7’ (x )} o= o0, (3.116)

(3.117)
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Like in the U(1) case, the field strength is the antisymmetric part of the derivative
of the potential therefore, the momentum conjugate to 4,° is always null. We
therefore have,

P,=n"~0. (3.118)

this represents dim(g) constraints per space point or dim(g) x oo>.

The canonical Hamiltonian is:

H.= | d&x[rt0p4°, — L] (3.119)
R3
this gives,
3 1 ij 1 a i a i
H. = &'x | -F'FY — —nin) — A*\Vim,'| (3.120)
R3 4 2

up to a boundary term.

And the total Hamiltonian is,
Hr=H, + / dx)“P, (3.121)
]R3

where 1°(x) is a Lagrange multiplier.

The consistency condition for the primary constraint is,

P,={P, Hr} , (3.122)
and it gives rise to a secondary constraint, the generalized Gauss law

S, =V, =0. (3.123)

This is really dim(g) X oo® constraints, but we will continue to speak of ‘a constraint’
for simplicity.

The consistency condition for the secondary constraint does not give any new con-

straints, .
Sa = {SaaHT} ~ Oa (3124)

so there are no more constraints.

The constraints are first class since,

{Say Sb} :fcabSc ) (3125)
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where we used (3.106). And the rest of the brackets are zero,

{P.S.} =0, (3.126)
{p,P} = 0, 3.127)

so we have a first class constrained system with a Poisson algebra,

{9000} =f wp., (3.128)

where ¢, are generic constraints. This algebra is isomorphic to the Lie algebra g
of the gauge group eq. (3.105).

The generator of gauge symmetry is,
G= / dx (&P, — &°S,) , (3.129)

and the gauge transformations are,

Sod = Ve, (3.130)
Son’, = 0. (3.131)

These are the infinitesimal gauge transformations for the connection eq. (3.111) we
found from the Lagrangian formalism.

Like in the previous case, the general relation between phase space dimension 2N,
number of first class constraints C, number of second class constraints SC and
gauge fixing conditions F'C (since we know them to be equal to the number of first
class constraints) and the number of degrees of freedom 7 (all per point) becomes,

2n =2N - FC - FC, (3.132)
since there are no second class constraints.

Therefore, using N = 4dim(g) for the variable 4,# and FC = 2dim(g), with dim(g)
for P, and, dim(g) for S, we come to a total number of local degrees of freedom
n = 2dim(g).

3.14 Hamiltonian structure of BF theory

In this section we use the Dirac procedure to find the constraints of the BF theory,
the analysis can be found in [78].

78



Chapter 3. The Dirac Procedure

We specialize the BF action (2.146) to the case of the SO(1,3) group. The Greek
indices u,v,... =0,1,2,3, are space-time indices whereasa,b,... =0,1,2,3,
are internal SO(1, 3) indices raised and lowered with the flat metric 7.

The Lorentz connection is,

0® = o® dx" (3.133)
an SO(1, 3)-valued one-form. And B is
1
B = EB"Z’ wdx!" N dx” . (3.134)
The curvature is,
1
R = ER“Z’ wdx! N dx” (3.135)
with,
R, = 0,0”, — 0,0, + 0P, — 0 Wo®,. (3.136)

The action can be written in the form?,
1
S = / d*x e"re ZBab,wRab o - (3.137)
M

where the four dimensional spacetime manifold has the topology M = X x R, with
¥ a 3-dimensional spacelike hypersurface.

The Lagrangian is:

1
L= / d’x e’”p"ZBabWR“bpg. (3.138)
T
The variables in this canonical analysis are,
B v s w® u- (3.139)

Variation of the action (3.137) whith respect to these variables gives the following
equations of motion,

Rab,uv =0, gi/lvpvaabluv —0. (3140)

4As is customary in the literature of this field, we use the letter R for an SO(1,3) Lie algebra
valued curvature. This is the case, for example, of (8.4). In the general case we use the symbol F,
e.g. (2.114).
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The momenta are given by,

oL

B)u = = 0,
m(B)ar 500B® ,
. oL N
(@) = SO, = 80kaabjk ) (3.141)
0 i
(@)’ = —— = 0,
5800) bo

Since these momenta are not invertible with respect to the time derivatives of their
conjugate variables, we identify the following primary constraints,

P(B) ™
P(Cl))ab”

H(B)ab’uv = 0,
w(@)ap" — €% Bapy, = 0.

(3.142)

The simultaneous Poisson brackets®> between the fields and their conjugate mo-
menta,
{Bab,uv ) 77:(B)cdp(f} = 45?052]5/[;55]5(3) )

3.145
{0, w0’} = 2004500, 015)
where [ab] is given by (2.20).
We use (3.145) to calculate the algebra of primary constraints,
{P(B)™*, P(w)i' } = 46"*57.556%, (3.146)
The canonical, on-shell Hamiltonian:
1 1
H. = /d3x {ZE(B)ab”V(%B”bW + En(a))ab”aoa)“b#} —L. (3.147)
z

this can be written in a form where all time derivatives are multiplied by primary
constraints, and therefore drop out of the Hamiltonian. The resulting expression
can be written in the form,

a1 1
H = —/ClﬁXSOljk |:§Bab0iRabjk+ Ea)aboviBabjk] ’ (3-148)

>In order to simplify the notation involving Poisson brackets, we will adopt the following con-
vention. The left quantity in every Poisson bracket is assumed to be evaluated at the point x = (¢, x),
while the right quantity at the point X' = (¢,x’). In addition, we use the shorthand notation for
the 3-dimensional Dirac delta function ) = §®) (x — x’). This allows us to write an explicit but
bulky expression like

{A(t,x), B(t,x')} = C(t,x)6® (x — ¥) (3.143)

more compactly as
{4,B} =Cs®, (3.144)

without ambiguity. This notation will be used systematically unless explicitly stated otherwise.
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up to a boundary term, note that this Hamiltonian does not depend on the mo-
menta only on the fields and their spacial derivatives.

Like in the previous examples, we introduce a Lagrange multiplier 4 for each of
the primary constraints. In this way, we construct the off-shell, total Hamiltonian:

1 1
Hy = H.+ / d’x {Ei(w)“b#P(w)ab"vLZ/I(B)“b,,vP(B)ab“V : (3.149)

The next step in the Dirac procedure is to impose the consistency requirements
for the primary constraints, that is,

P={P,Hr}=~0. (3.150)
We find that from the conditions:
PB)u" =0, Plw)s’~0, (3.151)
arise respectively the following secondary constraints:
S(R)y = R =~0, SB)* = % VB ~0. (3.152)
The remaining consistency requirements,
PB)y* ~0, Plw)s~0, (3.153)

determine the following multipliers:

i(a))abi ~ Via)abo7

(3.154)
AB)®; ~ 2V B0 + 201 4B, .
We therefore find that the Lagrange multipliers:
i(a))flbo ) }“(B)abOi ) (3155)

remain undetermined.

The procedure now continues with the consistency conditions for the secondary
constraints (3.152), _ '
SRy ~0, S(B)*®~0. (3.156)

are identically satisfied. They do not produce new constraints or determine any
remaining Lagrange multipliers.

We have now found all the constraints in the theory. The next step is to classify
them into first and second class. The algebra of primary constraints (3.146) may
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3.14. Hamiltonian structure of BF theory

be used to read of some of the secondary constraints. However the complete clas-
sification is not easy since constraints are unique only up to linear combinations.
In order to find all first class constraints, we substitute all determined multipliers
into the total Hamiltonian (3.149) and rewrite it in the form

Hy = /aﬁx [%X(B)abOiﬂl)(B)abiﬂL %j«(w)ab(p(w)ab

1 |
_EBabOi o(R)™ — 2 @ato o(VB)*

3.157)

The quantities ¢ are linear combinations of constraints, but must all be first class,
since the total Hamiltonian has a weakly vanishing Poisson bracket with all con-
straints. Written in terms of primary and secondary constraints, they are:

q)(B)abi = P(B)ab(z)i7
(@) = P(®)ab .
gD(R)abi — OykS( ) _ VP( )abl} (3158)
p(VB)™® = S(B)* + v iP(w)™" — B ;P(B)" .
The remaining constraints are second class:
X(B>abjk = P<B)abjk ) X(a))abi = P(a))abi 5 (3159)
the algebra between the first class constraints is
(R, p(VB)u} = —40p(R)"q'ds®)
: (3.160)
{o(VB)", p(VB)w} = —45.9(VB)" 46

And the algebra between the second class constraints is, according to (3.146),
{x(B)™*, y(w)ed'} = 458,650 (3.161)
While the algebra between the first and second class constraints is
{o®R)™ y(@)ed } = 40x(B)" 470"
{p(VB)®, y(0)ed} = 40(x(@)q ”5“”, (3.162)
{p(VB), x(B)d*} = 40{x(B)g""s®) .
All other Poisson brackets among ¢ and y are zero.
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Chapter 3. The Dirac Procedure

WEe see that the algebra is closed, and all Poisson brackets involving ¢ constraints
weakly vanish, confirming that all ¢ are indeed first class. We see also that the
constraint ¢(VB)“ is analogous to the Gauss constraint and generates the SO(1, 3)
transformations.

To count the physical degrees of freedom we proceed in the following way. Given
N initial independent fields in the theory, the dimension of the phase space per
point is 2N. From this one subtracts the total number F of first class constraints
per point, the total number S of second class constraints per point, and the total
number F of gauge fixing conditions per point. The result is the local dimension of
the physical phase space, 25, where n is the number of physical degrees of freedom.
Thus we use the above formula,

n:N—F—; (3.163)
For the fields in the BF theory we have that the number of independent compo-
nents is,

wabﬂ Bab,uv
24 36

which gives the total N = 60.

Similarly, the number of independent components for the second class constraints
is

X(B)abjk X(w)abi
18 18

which gives the total § = 36.

For the first class constraints, there are relations among the components of some
of the constraints called Bianchi identities (see Appendix B). In particular, not all
components of ¢(R)*" are independent. To see this, take the derivative of ¢(R)*
to obtain

Vip(R)™ = "R + RV z(B) .2V . (3.164)

The first term on the right-hand side is zero off-shell as a consequence of the sec-
ond Bianchi identity (B.8). The second term on the right-hand side is also zero
off-shell, since it is a product of two constraints,

RY,(B)Y = S(R),P(B).M = 0. (3.165)
Therefore, we have the off-shell identity

Vip(R)™ =0, (3.166)
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3.14. Hamiltonian structure of BF theory

abi

which means that 6 components of ¢(R)“” are not independent of the others.

Taking (3.166) into account, the number of independent components of the first
class constraints is

9By’ | 9(0)as | 9(R)P | p(VB)®
18 6 |18—6 6

which gives the total of F = 42.
Substituting N, F and S into (3.163), we obtain:

n:60—42—?20. (3.167)

We conclude that (if the constraints are independent) the theory has no local de-
grees of freedom.

The gauge generator for the BF theory is given by,

G = /d3x (Voe”)p(B)as' + (Vo0& )p(@)ap + ari?(R)™ + eap(VB)™) . (3.168)

And the gauge transformations are,

50a)”b0 == V()Sab
5()C()abl‘ = —V,e“b
5OBah0[ — Vogahl_
5OBabij — V[igabj] + 8[a\c|Bcb]ij
(3.169)
Som(@)® = 0
507r(w)abi = 8[jkvj8abk + 4E(B)[a6ik8‘c|b}k + 2ﬂ(w)[a‘c|iecb]
507[(B)ab0i =0
Oom(B)w” = —27(B)aje)"e ) -
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Hamiltonian formulation of General
Relativity

The cannonical quantization program begins with the Hamiltonian analysis of the
theory we want to quantize. Here we sketch the Arnowitt Deser Misner formalism
(ADM) following [47] but restricting the discussion to the four dimensional case.
Other sources are [30, 34,79, 80], and an example of the original work is [81].

4.1 The Arnowitt Deser Misner formalism

Let o and M be manifolds, the differentiable map,
Y:io—M (4.1)

is called an immersion if the differential of ) is injective at every point of ¢ (a
submersion if the differential of ) is surjective at every point of ). Furthermore,
if Y is an injective immersion and a homeomorphism' onto its image )(o), then
Y is an embedding of ¢ in M (refer to [82] for the relevant definitions and conse-
quences).

The image of ¢ by this embedding is a submanifold of M. In these conditions, )
is a diffeomorphism between ¢ and X = (o).

ISee footnote 2 in chapter 2.
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4.1. The Arnowitt Deser Misner formalism

Our goal in this section is to write the Einstein-Hilbet action (1.35) (for A = 0) in
canonical form. We avoid complications arising from boundary terms, by assum-
ing that M is spatially compact without boundary. For a treatment of the general
case the reader is referred to [83]. We write the action in the form,

1
Son = /M VgR, (4.2)

A
162G *

where 1 =

To achieve the above mentioned objective, we must restrict the topology of space-
time by assuming that it is of the form M = R x o, where ¢ is a fixed three-
dimensional, compact manifold without boundary. In this case ¥ = Y(o0) is a
3-dimensional manifold in the 4-dimensional spacetime and therefore a hypersur-
face. This topological restriction can be related to global hyperbolicity of space-
time (see [47]).

Under this assumption a diffeomorphism exists,

Y: Rxo — M
(t,x) +— Y(t,x) =Y, (x), 4.3)

here Y, : ¢ — M is a one-parameter family of embeddings (see figure 4.1), which
foliates M into hypersurfaces X, = Y,(s). Let ¥/, fori = 1,2,3, and X" for u =
0,1,2,3,belocal coordinates in ¢ and M respectively. This foliation is not unique.

Figure 4.1: A one-parameter family of embeddings
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Chapter 4. Hamiltonian formulation of General Relativity

The inverse of (4.3) is (obviously also a) a diffeomorphism

Y': M 5Rxo
X = (1(X),0(X)) , (4.4)

which takes the form of a product of a time function 7 : M — R, and a space
functiono : M — o.

The map (4.3) can be viewed as,

Y,: R - M
t = Y(t) =Y(t,x), (4.5)

which for each x € o defines a curve. We therefore have a one-parameter family

of tangent vectors Y,(¢) with components (2%)" in local coordinates.

The deformation vector can be written in the form,

WD) . N )+ v(x) (4.6)

where, #* is a unit normal vector to X,. The coefficients of proportionality N and N
are called lapse function and shift vector field respectively (the geometric situation
is depicted in figure 4.2).

For a more precise characterization of the the foliations as dynamical variables
and their relation to the diffeomorphism group refer to [84, 85].

We make the restriction to spacelike embeddings. The hypersurfaces %, are space-
like and the normal vector has the properties,

n(x),Y; = 0 (4.7)
guh'n” = —1. (4.8)

The first of these equations defines what it means to be spacelike, while the second
is a normalization condition and says that the vector is timelike with respect to the
metric g on M.? Since we are dealing with spacelike hypersurfaces the deformation
vector given by equation (4.6) is subject to the restriction —N* + g,,n"n" < 0.
Furthermore we have N > 0 everywhere for a future directed foliation.

The normal vector 7, also has the following property,

n,=Fr,, (4.9)

2Note we are using the (— + ++) signature.
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4.1. The Arnowitt Deser Misner formalism

X=const.

Figure 4.2: A spacelike hypersurface X, and the relation between lapse function NV and shift vector
N given by equation (4.6).

where F'is a function.

For a spacelike embedding Y and a 3-dimensional manifold ¢, embedded in space-
time M through X, = Y,(¢), we have the possibility to work either on ¢ or on the
hypersurface X, when developing the calculus of ‘spacial tensor fields’. We choose
to work on %, since this has the advantage that we can compare spacial tensor fields
with arbitrary tensor fields restricted to X, because they are both tensor fields on

a subset of space-time M.

We introduce the first and second fundamental form on X,
9w = v + n,n, K,uv = qungn,; s (410)

where indices are raised and lowered with the metric g,,. Note that n,n, is a pro-
jector orthogonal to %, and so g, + n,n, plays the role of a projector on this hyper-
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Chapter 4. Hamiltonian formulation of General Relativity

surface (see [70]). Since these tensors vanish whenever they are contracted with
n*, they are sometimes called ‘spatial tensors’ Furthermore K, called the extrinsic
curvature, is a symmetric tensor satisfying the following property,

2K,uv = (/qu),uv . (411)

This can also be cast in the form,

1
K,uv = ﬁ(ﬁpz\/q)ﬂv
1
= Ev(ﬁTq_ENQ),uv (412)

where we used, n* = (7" — N*)/N. Note that, in equation (4.12) there is an extra
term, proportional to the Lie derivative of the inverse of the lapse function, which
vanishes because it is contracted with the spatial metric.

The derivative D associated with the metric ¢,, is given by,

Df = qzvv]f (4.13)
D, = QZCI‘JV/;%, foru,n =0, (4.14)

where, fand i are arbitrary smooth extensions of fand u respectively into a neigh-
bourhood of ¥, in M. The derivative D is compatible with the (Euclidean) metric
g ie. D,q,, = 0 and, also has the property Dy,D,)f = 0 for scalar functions f. The
two properties are the three-dimensional counterparts of the metric compatibility
and the no torsion conditions.

The Riemann curvature tensors R®) and R respectively for D and V are related

by,

/ v/ ! o_/ 4
RO. = dia)a)d; Ry

Hvpo wv'p'c’

—2K,,K s (4.15)
called the Gaufs equation.
The corresponding Ricci scalars are related by the Codacci® equation

RW =R® 4 [K,, K" — K*] — 2V, (n"V 0" — n"V,n"). (4.16)

We can now use Y, to pull-back the metric and various other quantities. We define
spatial vector fields on X, by,

Y (X) = Yfli(-xu D ¥(ri)=x - (4.17)

>Sometimes written Codazzi equation.
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4.1. The Arnowitt Deser Misner formalism

Using the first of (4.10) and the first of (4.7) we have,

qi(t,x) = (YiYq,0) (Y(1,x)) = g (Y(£,%)) Y (1, %) V{2, x) (4.18)

And for the extrinsic curvature,

Kj(t,x) = (YK, ) (Y(t,x)) = (YiY5V,n,) (4 x) . (4.19)
The inverse of g; is given by,

q’ si'"”dpqqmpqnq ) (4.20)

~ 2det((qu))

We can also define,

NG, ) = N(Y(x,0)) . N(xt) = ¢/ ) (PiguN') (Y, 1)) . (4.21)

And we write the extrinsic curvature in the form,

1

Kii(x,1) = 555 — (Lyq)g) (x, 1) (4.22)

We can now express the line element in the new variables ¢;, N, N'. It reads,

ijy

ds? = [N} +q;N'N)dt® dt + q;N'[dt @ dx' + dx' @ di] + q;dx' @ dx' (4.23)
y y 7k

Or in matrix form,

(4.24)

And finally, writing the volume element as +/det(q)Ndtd’x, the Einstein-Hilbert
action in the ADM form reads,

1 ) .
Saou =~ / dt / d’x\/det(q)N(R® + K;K" — (K})?]) (4.25)
R o

where we have dropped the total derivative coming from the Codacci equation
(4.16) (for a treatment of these boundary terms refer to [47]).
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Chapter 4. Hamiltonian formulation of General Relativity

4.2 Hamiltonian analysis of metric General Relativity

We now perform the canonical analysis of the Einstein-Hilbert action written in
the form (4.25). We begin by noting the the action depends on the ‘velocities’ g;
but not on Nand N'. Using this observation, equation (4.22) and the fact that that
R does not contain time derivatives, we find the following momenta:

Pitx) = Saow_ L /aciayiky — gi (k)

0q;(t,x) K

I1(z, x) 5.S ADM
ON(t,x)

Mey) = —ooa0M g (4.26)
ON(t,x)

Note that we can invert P? to solve for ¢; (with N and N'), but this is not possible
for IT and II;. We therefore have a singular system.

The primary constraints are:

C(t,x) =TI(t,x) =0 C'(t,x) =IT'(¢t,x) = 0 (4.27)

Using the following formulas,

gi = 2NKj+ (Lyq);
. il j det(q) o vy o2
g;P" = (Lyq)yP" + 2N"———[K;K" — K]
K
. 2det(q)\’
P o= (P) = (—de (‘1)) K (4.28)
K

the action can be written in the form,

S = / dt / &x{q;P" + N1 + N'TI; — [AC + 2'C; + N'H, + NH} (4.29)
R o

where
H, = —2qikD]P/k
K 1 y det(q) (4.30)
H = adil — ~qiqu|PTPY — Y21 RG3)
det( )[Clk%l 2%%] P

These are called the spacial diffeomorphism constraint and the Hamiltonian con-
straint respectively.
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4.2. Hamiltonian analysis of metric General Relativity

At this point, the phase space coordinates are,
qij,N,]\[i,Pij,H,Hl’. (431)
The fundamental Poisson brackets are,
N(t,x), IL(t,x' = 069 (x,x
{N(1,x), TL;(£,x7) } 70 (o, x')
{N(t,x), M(1,x)} = 6% (x,x), (4.32)
{gi(t,x), PUt,x)} = 0150)0(x, )

with all other brackets vanishing?.

The Hamiltonian can be identified as the term is square brackets in equation
(4.29).

H = / &’x [AC+ A'C; + N'H; + NH| (4.33)
— C(2) + C(Z) + H(N) + H(N) .
Where we made the following identifications,
Cc(i) = / &xiC,  C() = / &xIC;,
’ ’ (4.34)
H(N) = / dxNH, H(N) = / dxN'H; .

For consistency, the primary constraints (4.27) are required to have a vanishing
time derivative, that is:

()= {H,C(H}=0 C{@:={H,CH}=0 (4.35)

for all (+-independent) smearing fields.

The conditions give,
{C(h,H}=H(). {CH,H}=H{. (4.36)
So we have the following secondary constraints
H(x,t) =0 and  Hi(x,t) =0. (4.37)

where H and H; were defined in (4.30).

“*In the last equation, we are exceptionally using (i,j) = ij + ji with no preceding factor.
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Chapter 4. Hamiltonian formulation of General Relativity

There are no tertiary constraint since,

- =

H(f) = {H,H({f)} =H(Lyf) — HL;N) =0
H() = {H H()} = H(Lyf) +HNN,f,q)) =0, (4.38)
where, -
NS ) =" —f'fy)- (4.39)

The conditions (4.38) weakly vanish if we use the constraints (4.37). The algebra
of constraints is

{H),HF)} = H(Lyf')
{H(),H(f)} = H(L;f) (4.40)
{H(f),H(f)} = HN(f.q))

this is called the Dirac algebra (see [86]) or also the hypersurface deformation al-
gebra. We immediately see that the constraints are first class since they form a
closed Poisson algebra.

We note that because N* = 1*, N = 1 we can treat N, N’ as Lagrange multipliers and
drop all terms proportional to C, C; from the action (4.29), and get the following
reduced action

S = /R dt / d*x{g;P" — [N'H; + NH|} (4.41)

this action, called the canonical (ADM) action (see ([81])), is equivalent to (4.29)
in all that concerns g;;, P’. From this action we find the following reduced Hamil-
tonian,

ijy
H= / d*x[N'H; + NH] . (4.42)

We note also that the secondary constraints ((4.37)) are related to the Einstein
equations (in the vacuum) G,, = 0 by,

G .n'n = — L
. 2./det(q)
H
Gluvnluq; - S (4.43)

2,/det(q)
The Hamilton equations (3.28) in this case take the specific form:

95 = {aqy,H}, (4.44)
Plo= {P/ H} (4.45)
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4.2. Hamiltonian analysis of metric General Relativity

The constraints (4.37) and the algebra (4.40) have the following geometrical in-
terpretation:

» The constraint H(f) is the generator of spatial difffomorphisms. The Lie
algebra of the diffeomorphism group Diff(X) is generated by the vector fields
on X, with minus the commutator of a pair of vector fields

(4.46)

J?

[K’I»K’Z]l = NN, , — N/,

as the Lie bracket. The first of (4.40) shows that the map N — —H(N) isa
homomorphism of the Lie algebra of Diff(X) into the Poisson algegra of the
theory.

A direct calculation of the Poisson bracket of H(N) with g; and pY gives:

—

{4(x), HIN)} = (Lq)(x) (4.47)

{P(x), HN)} = (LzP) (x) (4.48)

which confirms H(N) as the generator of spacial diffeomorphisms.
* The constraint H(f) generates normal deformations of the hypersurface .

This is confirmed by the following Poisson brackets,

{gs(x), HN)} = (Lyw )y(x)

wNEH
(v HN)} = 2 5 =N det(q)[g"*q"” — ¢""¢"|R})  (4.49)
4 LaP™

Furthermore, in both the brackets the field equations must be used to obtain
the geometric interpretation of H(N) as generator of deformations normal
to . In the second equation of (4.49) we explicitly see that we must use the
Einstein equations’ R,(ft) = 0 (note that the constraints H and H; are projec-
tions of the Einstein equations as given in equations (4.43) see also [47]) so
this is an on-shell relation. In the first of these equations the field equations
were used in the intermediate calculations to re-express P in terms of ¢ (see
[47] for the details of the calculation), so this is also an on-shell relation.

>Note that in the vacuum, we may write R,, = 0 or G, = 0 for the Einstein equations.
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Chapter 4. Hamiltonian formulation of General Relativity

We add two things (refer to [79]) about the constraints (4.37) and the algebra
(4.40). First, it is not the Lie algebra of the diffeomorphism group of spacetime
Diff{M) even though this was the the invariance group of the original theory. Sec-
ond, it is not a Lie algebra at all! Given the presence of ¢’ on the right hand side
of (4.39) and consequently in the last Poisson bracket in (4.40).

The counting of the degrees of freedom is the following. The canonical variables
parametrizing the phase space are the fields (¢;, P’) and they constitute 12 vari-
ables per space point (sometimes written 12 x oo variables). We have 4 constraints
per space point (three for H; and one for H), furthermore since these constraints
are first class, they generate a four parameter set of gauge transformations, per
space point. Therefore we need four gauge fixing conditions per point. This way
we are left with (12 — 4 — 4) x oo? variables® for the reduced phase space which
correspond to two local degrees of freedom. This is consistent with the number of
variables we found in section (1.4) for the linearised theory, corresponding to the
the polarizations of planar gravitational waves.

©This is sometimes stated as: first class constraints act twice.
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Ashtekar variables

We now proceed with the canonical quantization of GR and examine its conse-
quences. However, we take a slight change of stance and start using tetrads in-
stead of the metric g,,. This is intended to facilitate the transition to Ashtekar
variables, considered a major breakthrough in this subject. Since tetrads and the
metric are related, some parts of this chapter overlap with the the previous one,
this is necessary to clarify the subsequent discussion. We follow [87, 88, 80].

To facilitate the use of tetrads (or triads in the Hamiltonian formalism) we intro-
duce a tensor similar to (4.10) in the following way,

q‘y =€y +n'n,. (5.1)
where n“ = n*e?,. This has the properties ¢°,n* = 0 and ¢,*n“ = 0.

Furthermore, we choose a decomposition compatible with the splitting of space-
time of the last chapter. That is, in terms of the pull-back of e:

. N 0
P = g ) 5.2
where the group indices are split in @ — (0, a) where a = 1,2,3, and N* = Ng?.
This is the time gauge which consists explicitly in demanding that the pull-back
of ¢%; vanishes (for a generalization see [89]).

The variables are the triads ¢%; and the momenta are functional derivatives of the
Palatini action (2.139) with A = 0, written in these variables (refer to [90]). We

have,

R
P =

) (K. —0./K) (53)
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Where, ¢ = det(¢%) and K is the trace of K/, i.e. K = K, *. This is analogous
to (4.26). where the tensor K,; can be calculated from (4.10) in the following
way,

K,uv = q,upqvavpna
qﬂ“qvﬁea/’e/;”vpeo,, (5.4)
= q,u(XQVﬂKa/f .

Where we used ¢’, = n, and the already mentioned property of the contraction
of ¢ with the normal.

We note that, since in this section we have objects with ‘spacial indices’ a, b, ...,
their derivatives are given by (2.134) and in therefore, in this section, the symbol
V is an abbreviation of V?.

Furthermore, using (2.138) we have,

Kop = ea”eﬁvvﬂeov = e, wpo, (5.5)

The extrinsic curvature can be written as a function of the momentum P,

2 1
Kyp=2=(Py—=6,4P) . 5.6
/ q(ﬂ 2ﬂ> .6)

In this equation, P,s can be related to (5.3) by the use of the triad. Furthermore
P is the trace of P,g.
In the previous chapter we used a similar relation (4.28).

The symmetry K,5 = Kp, gives the Lorentz constraint,
Lup = daioPp = 0. 57
this is the generator of spatial rotations of the triads ¢%; [88].

The reduced Hamiltonian is given by equation (4.42)
H= / d*x[N“H,, + NH) . (5.8)

where the spacial diffeomorphism and Hamiltonian constraints are given respec-
tively by the equivalent of equations (4.30),

H, = —D/P,}

1 1

H = - <Pa,gpaﬂ - §p2> — GR® (5.9)
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Chapter 5. Ashtekar variables

For the relation between the metric and triad canonical formulations see [47,
87].

The fundamental Poisson brackets (these are essentially the same as the (4.32) but
written with triads) are,

{qai(x),P/;j(x/)} = 5a/;5;j53(x—x'), (5.10)

with all other brackets vanishing, for the position and momentum variables with
the indices in the indicated positions.

Canonical Quantization, in the ‘position space representation’ is constructed by
promoting the canonical position and momentum to operators. The triad acts
diagonally as a multiplicative operator and the momentum acts as differentiation
with respect to the triad. That is !

q%¥ lq] = %aiq; q] ( )
- 513
P,/'¥ = - b

.V q] ioq q] ,

in the following we will drop the " from operators. In these formulas ¥ [g] is the
‘wave function’ (functional to be more precise) of the system.

Through this quantization, the classical constraint equations (5.7) and the first
of (5.9) become quantum constraint operators. These are called the ‘kinematical
constraints’ They read,
Lyp¥lg] = 0
HY[q] = 0.
Dynamics is generated via the Hamiltonian constraint, by the Wheeler-DeWitt
(WDW) equation

(5.14)

H¥[q] =0. (5.15)

This? is a highly singular and ill-defined equation. The two P, in (5.9) become
functional derivatives which in turn involve distributions. Their square is there-
fore singular [91] and needs to be regularized. The lack of an appropriate Hilbert
space structure on the space of quantum states ¥(g) makes this theory virtually
inviable.

'The same may, of course, be written in terms of the 3-metric g; ant its conjugate momentum
PY, the operators are

q;¥0lq] = q;¥Iq] (5.11)

" h o

Py = - “ vy, (5.12)
[q] P54, (4]

2The WdW equation, obtained after substituting (5.13) in the Hamiltonian constraint, the sec-
ond equation of (5.9) see [88].
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5.1 New variables for General Relativity

A breakthrough in this subject was achieved by Ashtekar who introduced a new
set of variables [92]. These variables may be derived ab initio from the Holst action
(more details may be found in Appendix C and [93, 94]). Here we consider the
combination®:

1 y 1
Aai = _Egaﬁy a)ﬁyi + 5 (Paz - EQazp) (516)
1
= _Egaﬁy wﬂyi + 7K,

where y # 0 is the ‘Barbero-Immirzi’ parameter. It is believed to be important at
the quantum level (by defining the fundamental units of areas and volumes, more
details may be found in [12]) despite lacking physical significance classically.

There is a parallel here, to the #-parameter of the Yang-Mills theory. The SU(2)
Yang-Mills action can be extended — through the addition of the Pontryagin topo-
logical term (Cf. Appendix C) — to the Yang-Mills action,

1
S:—tr/F/\*F+0tr/F/\F. (5.17)
28 Ju M

It can be consistently argued (see [95]) that the parameters y and 6 play analogous
roles.

The variable conjugate to 4, is the densitised inverse triad,
El=4qq,. (5.18)

Note that,
det(E,)) = 3*. (5.19)

The fundamental Poisson brackets are?:

{400 45,(")} = 0

E/x)Ej(x)p = 0 (5.20)
A% (x) Eﬁj(x’) = yézéﬁy(x—x’).

>Note that since we are usiing 7, = diag{—1,1,1,1} the spacial part of this metric is the
Kronecker delta d,3. Consequently there is no need to distinguish between internal upper and
lower indices e.g. 4,; = A%. However, we will try to keep all indices in their original positions,
whenever it is possible.

4The parameter y is sometimes eliminated from these brackets through its placement in the
definition of E, equation (5.18).
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Chapter 5. Ashtekar variables

The Gauss constraint, in the variables (5.16) and (5.18), reads:

ViE, = OE, + e,5,4" 4" = 0. (5.21)
This constraint implies the covariant constancy of the spacial triads and the Lorentz
constraint (5.7).

Note that, although up to this point everything could be generalized to » dimen-
sions, equation (5.21) can only be written in three dimensions (more details can
be found in [47] page 127).

The field strength is defined by

Fly = QA% — 9A% + e A,A, (5.22)
= _%eabCRbc,, + 7 (ViKY — V,K%) + 7 e KK,
thus the diffeomorphism constraint (the first equation of (5.9))) becomes
EJF,~0. (5.23)

The Hamiltonian constraint can be expressed in these variables using the rela-
tion,

a i i a 1 ~
eMEJESF,; = —y <p PDas — Epz) — #*RY (5.24)

1
= y’qH — 7 (1 ) @ (K"K, — K°) .

and choosing y = =+i. For this particular value of the Barbero-Immirzi parame-
ter (and example of a similar construction for real y is [96]), the second term in
(5.24) drops out, and the Hamiltonian constraint is completely written (except
for an extra g) in terms the new variables. A very important feature of this form
is that — unlike the second equation of (4.30) or the second equation of (5.9) —
it is polynomial in these variables! Although the Ashtekar variables have other
nice advantages, this is probably the most important: the polynomiality of the
Hamiltonian constraint.

Sadly, this same choice, has brought into play a nearly insurmountable obstacle:
the value y = +i implies a complexification of the phase space of GR, and obvi-
ously the real phase space must be later recovered using suitable reality conditions.
While in the classical theory this is a fairly straightforward procedure, in the quan-
tum formalism however, problems arose concerning the definition and imposition
of appropriate hermiticity conditions on the states and operators [88].
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If we take y to be a real, quantity, no reality conditions are necessary, but the the
cancellation in the second term of eq (5.24) no longer takes place. As a conse-
quence, we loose the polynomial character of the Hamiltonian constraint.

5.2 Connection representation and Kodama state

A quantization scheme based upon the the connection 4% may be set up and in
this context the choice y = +i,. The functional W[4] now depends on this connec-
tion, and the operators are,

A“W[A] = A°Y[4] (5.25)
E/¥[4] = ?ﬁqwmy (5.26)

In this connection representation the 3-metric (operator) becomes a lot less intu-
itive. It reads,

, 0 0
i — _ 2
where ¢ = det(g;). The volume operator is given by,
73
g(x)¥[4] = ig“ﬁy 0 0 0 P[4]. (5.28)

6" 64" () 54 (x) 047, ()

We must note that these operators are highly singular, mainly because they con-
tain products of functional derivatives evaluated at the same point. However, ig-
noring these difficulties for now the WdW equation (5.15) becomes in this repre-
sentation’,

o 0

PEj—7 —7 VA =0. 5.29
& a]kéAﬁj 5Ayk [ } ( )
this represents a somewhat simpler form of (5.15), then the one obtained substi-
tuting (5.13) in the Hamiltonian constraint, the second equation of (5.9). Since
F(A4) and £ are operators (analogous to % and p in the quantum mechanics of
particles) they do not commute and their ordering is important.

Although there are no known solutions to eq (5.29), if we ad a Cosmological Con-
stant term Ag and choose the ordering opposite to one in the last equation we get,

o 0 ihA 0
gaﬂyéAﬁ 54T (Fajk - Tgi;km) Yal4] =0, (5.30)
jOTk !

>We are omitting the point dependency for simplicity. We are also allowing for an extra factor
of g and imposing g # 0, co (see [88])
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Chapter 5. Ashtekar variables

and after having complicated the problem, (at least formally) a solution exists! It
is called the Kodama state [88, 97] and is given by,

WAlA4] = exp (ﬂ /d3xﬁcs) , (5.31)
A Js
where,

Los=ANdA+IANANA |

is the Cheren-Simons Lagrangian density (see [98]).

The solution (5.31) has problems with its limits: both the flat limit — vanishing
A — and the ‘semiclassical’ limit — vanishing 7 — are hard to calculate and inter-
pret.

5.3 Holonomies and Fluxes

As mentioned above, the WdW equation (5.29) is very complicated and hard to
solve. This motivates the search for other variables. As it turns out, a better set of
variables exists called Holonomies and Fluxes®. Given a curve e in X, sometimes
called a link, the holonomy is given by

h.[A] = Pexp /A = Pexp /A“iradxi (5.33)
where 7, = —0,/2, and o, are the Pauli matrices. The connection 4 we are using

takes values on the su(2) Lie algebra and its path-ordered exponential, in turn,
takes values in the SU(2) Lie group. The connection transforms in the usual way
— given by (2.86) — under the action of the SU(2) group. The holonomy” ,[4],
transforms under the action of this same group, in the following way,

held] — hE[A] = g(e(0))hc[dlg™ (e(1))  with  g(e(0)),g7"(e(1)) € SU(2). (534)

5The transition from the connection representation to the Loop Representation may be carried
out using the Loop Transform. This a sort of infinite dimensional Fourier transform from the space
of connections 4 to the space of “loops” e. It is given by,

Yle] = / duoA) rPelA (4] . (532)

We use a similar concept in Sec. 8.6 equation (8.118). More details about the Loop transform can
be found in [99].
7Parallel transport to be precise.
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This transformation under the action of SU(2) is, in fact, a strong reason to choose
the holonomy as a variable.

To parametrize the phase space of GR we need one more set of variables. For this
we note that the (infinitesimal) flux vector may be written in the following way,

1 .
dF, = Egaﬂyeﬂ AN 0% = g%dX (5.35)
or in terms of the variables e E
1 o . 1 o
dF, = Ego,ﬁyqﬂiq{,dx' Nd¥ = ek, dy dx* . (5.36)

Given a surface S embedded in X, we have the following flux vector
FE] = / dF. (537)
S
This vector may be smeared using a test function f* giving,

1 , . 1 -
F = /?‘ﬂgaﬁyeﬁieyjdx’ Ndx = /—f“a,»jkEa’dxf Adx* (5.38)
s 52

The Flux variable (5.36) does not transform as a vector under gauge transforma-
tions. Since this is such an important feature, a modified definition of flux variable
can be used (see [100, 101]).

Take an oriented path e embedded in X and a point z € e. Take also a surface S,
that is intersected by the path e transversally such that z = e S,. We choose now,
aset of paths 7, : S, x [0, 1] — X. These paths are in a one to one correspondence
with the points y of e in such a way that they go from the source point S(e) to
y € S,. This means that z(y,0) = S, and z(y, 1) = y. In these conditions we can
define,

~ 1 ) .
(Fu)s 2, (E,A) = 5 /s,-jkh,[(,Ea’hlmdxf A dif (5.39)
s

where, /1, is the holonomy of the connection along the path 7. The integral in #,,
goes from S(7,) to y. Note that this variable depends on E and on the holonomies
(of course though these also on the connection 4).

The new form (5.39) of the flux, has a transformation under the SU(2) group sim-
ilar to (5.34). It reads,

(Fu)sze = (Fa)§ s, = 8(S(me)) (Fa)s ng™ (S(xe)) (5.40)
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Chapter 5. Ashtekar variables

The variables (%,[A]) and F (or (F,)s x,) are used to describe the phase space.

To calculate the Poisson bracket between holonomies and fluxes we note that, if a
curve ¢ intersects the surface S tangentially at a point p (this point splits the curve
in two parts ¢, and ¢,) then we have,

{sl )y FIE A} = ale. SIfulP) (hy,[d]he,[4]),,  (5.41)

and the intersection number
(¢, 8) = / dx’ / d d* e300 (x — y) (5.42)
¢ s

can take values £1 or 0 and is a measure of how ¢ intersects S. In particular, if
the curve does not pierce the surface the Poisson bracket is null. All other Poisson
brackets vanish.

If we choose to use the alternative form of the flux variable (5.39), the Poisson
brackets of these fluxes no longer vanish (as in the case of the Poisson brackets
between (5.37)) instead, we have a bracket of the form

{ﬁge Te? Fge/ T, } = 80‘ﬁ}’5€e, N}’Se e * (54-'3)
The brackets between % and F are
{ﬁge Te? hel} = —0cT’he + 566/_1Tah6 (544)

where 7% was defined in the text following (5.33) (details may be found in [100],
and bout the absence of y in (5.43) and (5.44), see footnote 4 in this chapter).

5.4 The quantization process in LQG

Holonomies and fluxes, are the starting point of the LQG quantization formalism.
In this context, appropriate Hilbert spaces and operators can be constructed see
for example [12, 88]. In this section we describe some aspects of this quantization,
however we do not mention (for the sake of brevity) the construction of operators
like those associated to holonomies, fluxes, areas and volumes which are an in-
tegral part of LQG, details about these may be found e.g. in [12, 88, 102] and in
references therein.

105
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SU(2) by i H "
- Diff - phys

Cylindrical

) Spin-networks s-knots Physical states
functions

Figure 5.1: The general quantization scheme in Loop Quantum Gravity.

This quantization scheme starts from the phase space of GR expressed in terms of
the real SU(2) Barbero connection. Thus we have the Poisson brackets (5.20) and
the constraints (5.21),(5.23) and (5.24) for real y. It is important to stress that in
the LQG quantization scheme (sometimes called Polymer Quantization), the vari-
ables to be promoted to operators are the holonomies (5.33) and fluxes (5.36) (or
alternatively (5.39)), which are taken as variables in their own right. The Poisson
brackets that go over to commutators are (5.41) (or alternatively (5.43) and (5.44)).
Quantizing holonomies and fluxes has some analogies with QM where one may
replace the Heisenberg operators x and p by Weyl operators ¢ and 7. In QM
one may invoke the Stone-von Neumann theorem to guarantee the uniqueness of
the quantization, that is, it makes no difference whether we quantize the Heisen-
berg or the Weyl algebra. However, the Stone-von Neumann theorem does not
apply in the case of field theories (infinite degrees of freedom), and an alternative
uniqueness theorem had to be found. In 2006 Lewandowski, Okolow, Salhmann
and Thiemann proved such a theorem. The LOST® theorem guarantees such a
uniqueness, provided that the quantization carries a unitary action of the diffeo-
mophism group (see [103, 104] for details).

The quantization process continues with the construction of a kinematical Hilbert
space H from functions of holonomies called cylindrical functions. We then im-
pose the constraints (5.21),(5.23) and (5.24) successively. We then obtain from #
the SU(2)-invariant Hilbert space H; by imposing the Gauss constraint (5.21).Next,
by imposing (5.23) the SU(2) and diffeomorphism invariant Hilbert space #p; is
obtained. And finally, the physical Hilbert space #,,, is constructed imposing
the Hamiltonian constraint ((5.24)). This is depicted in figure 5.1.

An ordered oriented graph (we will use the simpler term graph to mean the same

8The acronym formed from the initials of the names of the authors.
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Chapter 5. Ashtekar variables

concept) embedded in X, is a collection I' of piecewise analytic oriented paths ¢,
with / = 1 ... L. If we take a smooth function f{U,,...,U;) of L SU(2)-group
elements , the couple (I", f) defines a function of 4, with,

Wr A] = flho 4], . B JA]) (5.45)

A function of this sort is called a cylindrical function.

For two cylindrical functions ¥r /4] and ¥r 4[4] with the same graph, a scalar prod-
uct can be define by,

<\Pr7f|lyr’g> == / dU] dULf(Ul UL)g(Ul UL), (546)
SU(2)-

where dU denotes the Haar measure on the group SU(2). This definition can be
extended, in a consistent way, for cylindrical functions on different graphs.

The space of cylindrical functions is denoted Cy/ and the kinematical Hilbert space
H is the Cauchy conpletion of Cyl with respect to the norm of the inner product
(5.46) (more details may be found in [12]).

The Gauss constraint (5.21) ensures the invariance under the internal SU(2) rota-
tions. It may be written in the following form,

i

= dxI*V.E . 47
8nGy/, MViE, (5.47)

This constraint (5.47) can be promoted to an operator of the form,

d

(C¥)) = =

P[4 — eV (5.48)

e=0

The SU(2) invariant states are those in the kernel of the operator (5.48) for ar-
bitrary A. The state H¢ as the kernel of (5.48) can be obtained as the invariant
subspace of H under finite transformations (see [102] and references therein for
details).

A spin network, consists of a graph I' embedded in X, a finite number of edges
(sometimes also called links) ¢; and vertices v (the edges intersect at the vertices).
Each edge caries a holonomy 7,[4] (and consequently an irreducible representa-
tion j of the SU(2)) and each vertex an intertwiner i, these may be regarded as
generalized Clebsch-Gordan coefficients (see [12] for details). This process of as-
signing holonomies and intertwiner to links and vertices respectively is sometimes
called colouring. In this way, a spin-network state |T', j;, i,) can be constructed (see
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[12, 102]. We will have more to say about the spin-network wave functions in sec-
tion 8.6 see equation (8.115)).

To implement the spatial diffeomorphism constraint (5.23), a process a known as
group averaging is employed. In general, group averaging involves finding an inte-
gration mesure du(g) in the infinite dimensional diffeomorphism group Diff(X).
We would then have the following (formally) diffeomorphisms invariant state:

2

WU L [ dulprlacy). (5.49)
Diff(%)

However, no measure of this sort is known in Diff(X), and consequently the last
expression is meaningless. In LQG, a modified version of the group averaging
technique is used. The constraint can be formally solved in a much larger space,
the algebraic dual Cyl* of the space of cylindrical functions. We then have,

Cyl CH C Cyl*. (5.50)

We note that given a graph I, there is a subgroup Difft of Diff that maps T to itself,
there is also a subgroup 7TDiffr of Diff that preserves every edge and its orientation.
The quotient,

GSr = Diffr / TDiffr, (5.51)

is the group of graph symmetries of I'. It permutes the ordering and/or flips the
orientation of the edges of T (see [102]).

In this way, following [102] we construct the general solution to the diffeomor-
phism constraint in two steps:

1. For a given graph I' the cylindrical functions with support on I' form a finite-
dimensional subspace H of 7. The proper subspace # of Hr is the sub-
space spanned by the spin network states associated with T'.

Take a state |¥r) € Hr, a projector PD,]];F form Hr to it’s subspace invariant
under GS; is given by

~ 1 A
Poyr [¥r) = 3 > U, |¥r) (5.52)

peGST

where Nr is the number of GSr which is a finite group. The operator U¢ is
given by,
U, |¥r) = [¥,r) . (5.53)
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2. Now, for any given state |¥r) € Hr we can define the group averaged state
(n(¥r)| € Cyl* by its action on arbitrary cylindrical functions |®r) in the

following way:

(n(Pr)| @) = > (UpPpyr¥r|®r) (5.54)
0EDiff/Diffi

Where (-|-) is the inner product of H.

The states of Hp; are called s-knots. A knot is an equivalence class of unori-
ented graphs under diffeomorphisms. A coloured knot (a diagonalization process
is necessary see [12]), i.e. one in which we associate a spin to each link and an
intertwiner to each node is called an s-knot.

The implementation of the Hamiltonian constraint (5.24) which is supposed to
reveal the quantum dynamics, is at the heart of the quantization procedure for
LQG. One may think of following a procedure for the scalar constraint (5.24) sim-
ilar to the one used for the spatial diffeomorphisms constraint. This however, runs
into difficulties because the finite transformations generated by the Hamiltonian
constraint are poorly understood even at the classical level. We then resort to a
process of regularization of the classical expression, and then we promote this reg-
ularized classical constraint to a quantum operator. There are many difficulties
related to this process, the complexity of (5.24) is the obvious one. Another one,
pertains to the fact that if we are to satisfy the spatial diffeomorphism constraint
(5.23), we must — as we saw above — transfer the action of the operator to the
dual space Cyl*. This in turn, implies that we must use a weaker notion of limit
[88]. In any case, this is still an open question in LQG, and at the same time one
of its limitations.
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Categories and the BFCG theory

In this chapter, we present a brief introduction to the theory of categories. The
standard reference about categories is [105], although in this Chapter we closely
follow [106], from which we adopt the notation and conventions. Categories the-
ory can be thought of as an attempt to treat processes (called morphisms in this
context) on an equal footing to things (objects as they are called in category the-
ory) [107]. The main interest of categories (and their higher order generalization)
is that they serve as a language for formulating Topological Quantum Field The-
ories which, in turn are related to topological theories mentioned in section 2.7.
After an exposition of the theory of categories, we present the BFCG theory which
is the main concern of this thesis.

6.1 Categories

A category consists of:

+ a collection of objects, which we denote by dots,

x (6.1)
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+ for any pair of objects x and y a collection of morphisms f between them,

X /\‘o y (6'2)

x is called the source and y the target of /.

* A composition exists for morphisms: given the morphisms fand g, such that
the target of fis equal to the source of g

S g

N . 63

their composition is,

O\ o4

because gf'looks awkward, we write the last composition with reversed ar-

rows which make composition look more natural,

S g Jg
z o/\’/\ x = z o/\ X
y

(6.5)
Composition of morphisms obeys an associative law,

(hg)f = h(gf) - (6.6)

* For any object x there is an identity morphism 1, : x — x, that satisfies the
right and left unit laws:

lyf:f:fl)m (67)

for any morphism f: x — y.
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An example of a category is Set. The category Set has sets for objects and functions
for morphisms. A second example is a group. In category theory, a group is a
category with one object and for which all morphisms are invertible. The elements
of the group are the morphisms of the category, and composition of morphisms is
the group composition law.

Given categories C and D a functor F : C — D consists of:
+ a map F sending objects in C to objects in D;

+ another map also called F sending morphisms in C to morphisms in D, that
fulfils the following conditions:

- for a morphism f: x — y in C we have, F(f) : F(x) — F(y);

- the map F preservers composition, i.e. F(fg) = F(f)F(g) when both
sides are well defined;

- the map F preserves identities F(1,) = 1), for every object x in C (this
property is a consequence of the others).

If the categories C and D are groups (one object categories with invertible mor-
phisms) then, a functor F : C — D is only a (group) homomorphism.

A connection, in this language, can be viewed as a functor from a category called
the path groupoid P,(M) to a Lie group G. For a smooth manifold M the path
groupoid is a category P, (M) where,

* Objects are points of M.

* Morphisms are equivalence classes of a special kind of paths of M. To be

precise morphisms are thin homotopy classes of lazy paths of M (refer to
[106] for the definitions).

* There is a composition for these classes of paths. If a thin homotopy class
for the path y is denoted by [y] composition is denoted [yd] = [y][d], and is
related to the usual composition of paths (see [106]).

+ For a point x € M, the identity 1, is the thin homotopy class of the constant
path at x.
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This functor from P, (M) to G (viewed as a category), will send every object of
the path groupoid to the same object of the group category (after all there is only
one object in the category of a group ). This functor, the connection, will also
send every morphism of P; (M) to a morphism of the category G (a group element,
since the morphisms of a group category are precisely the elements of the group).
So the connection assigns a group element to each path on the space M. This is
just what a connection does, it gives the parallel transport of of the wave function
of a particle as it moves along a path.

6.2 2-Categories

The generalization of categories is given by the notion of 2-categories. These con-
tain objects, morphisms and morphisms between morphisms called 2-morphisms.

To be precise a 2-category consists of:
+ a collection of objects, which we denote by dots,

X (6.8)

« for any pair of objects x and y a set of morphisms f (the same as before but
with inverted arrows) between them,

s
, O/\ ) (6.9)

+ for any pair of morphisms f, g : x — y a set of 2-morphisms a : f = g,

y®

g (6.10)

where f'is called the source of o and g its target.
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« morphisms can be compose like in the case of a category:

S g g

N

y
(6.11)

+ while 2-morphism can be composed in two different ways:

- vertically

S

7
e ,
@ YV e o -a X (6.12)
7

- and horizontally

il f fifa
A | aq a2 X = Z o 1002 X
y
/i 5 s

(6.13)

+ composition of morphism is associative, and every object x has a morphism,

1y

) o/\ ) (6.14)

fulfilling the role of identity, as in the case of categories.
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* Vertical composition is associative and every morphism fhas a 2-morphism,

/ (6.15)
which is the identity for vertical composition.

* Horizontal composition is associative and the 2-morphism,

1,

L (6.16)
plays the role of identity for this composition.

* The vertical and horizontal compositions obey the interchange law:
(o) - ar) o (0 - @2) = (e 0 0) - (@1 0 2) (6.17)

that is a diagram of the form,

u 2 (6.18)

defines unambiguous 2-morphisms.
An example of a 2-category is a 2-group G, which consists in:

* one object,
(6.19)
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there is only one, so no label will be used.

* morphisms g,
g

/\ (6.20)

>

& (6.21)

+ and 2-morphisms

+ the morphisms form a group under composition

S L e

* the 2-morphisms form a group under horizontal composition,

&1 &2 8182
o@@ ) o@ (6'23)
g g 818

+ 2-morphisms can also be composed vertically,
g 4
g// g/l
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vertical composition is associative with identity and inverses. However the
2-morphism do not form a group under vertical composition.

Two-groups were originally introduced using the concept of Lie crossed module
(G,H, 0,>). This structure is composed of,

* the morphisms of G form a group G with group operation given by the com-
position law (6.22);

+ the group H is the set of 2-morphisms whose source is the identity 1.,

<l
Oh (6.25)

the group operation for H is given by the following horizontal composition

le le le
a(h) a(r) a(hh')

(6.26)
where we are using 4/’ for the horizontal composition /o /' of two elements
of H. We will also denote the horizontal inverse of an element of H by /™.
From the definition of 2-category it follows that the map 0 : H — Gis a

group homomorphism
O(hh") = O(h)O(H') . (6.27)

That is this is a group homomorphism 0 sending each 2-morphism in H to
its target.
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* An action > of G on H given by

g le g I,
g g} )

ah) d(gvh

this defines an 2-morphism in A which we call g 4. For a given g € G the

map > is an automorphism of /, i.e. a one-to-one and onto function with,
gv (hh') = (g>h)(g>H), (6.29)

note that we are omitting o like we said before.

The automorphisms of H form a group called Aut(H), sot that > is a group
homomorphism > : G — Aut(H), which means,

(gg) > (h) = (g)(g' > h). (630)
* We have also that 0 is G-equivariant

d(g>h) =gd(h)g™', forallge G, hecH. (6.31)

* The Peiffer identity holds,

o(h) > = hi'h™", forallh,h € H. (6.32)

For the diagrams corresponding to these last two properties we refer the reader to
[106]. We also note that the inverse path we took is also possible. We can recover
a 2-group G form a Lie crossed module (G, H, 0,>), this way crossed modules are
just a way of looking at 2-groups (see [106]).

A 2-functor is a map between categories that preserves all properties and compo-
sition laws. Given a pair of 2-categories C and D, a 2-functor F : C — D consists

* A map F sending objects in C to objects in D;
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+ another map F sending morphisms in C to morphisms in D;
+ yet another map F sending 2-morphisms in C to 2-morphisms in D.
* Given a morphism f: x — y in C we have F(f) : F(x) — F(y);

+ the function F preserves composition for morphisms and identity morphism,
that is,

F(fg) = F(HF(g), (6.33)
F(ly) = lgy. (6.34)

* Given a 2-morphism « : f = g we have F(a) : F(f) = F(g),

+ F preserves vertical and horizontal composition for 2-morphisms and iden-
tity 2-morphisms:

Fla-p) = Fla)-F(p), (6.35)
Flaop) = Fla)oF(p), (6.36)
F(ly) = lgy. (6.37)

A 2-connection can (like in the case of a connection) be viewed as a 2-functor
from a 2-category called the path 2-goupoid to a 2-group G (refer to [106] for de-
tails).

We will, however, take a more operative point of view and define a connection in
the following way. Let (G,H,0,>) be a Lie crossed module with 0 : H — G and
> : G — Aut(H) group homomorphisms given in (6.27) and (6.30) and denoting
with the same letter the corresponding homomorphism of the algebras. Given a
smooth manifold M, a 2-connection can be defined as a pair of forms (4, ) such
that 4 is a g-valued 1-form and S is a h-valued 2-form (i.e. 4 € Q'®gand f € Q*®b
). One can associate to (4, ) a curvature 2-form F and a curvature 3-form § as

Fup =dA+ANA—-Ip, Sup =dB+AN B. (6.38)

Note that F;, = d4 + 4 A A is the curvature on the principal bundle P;(M) and
(4, p) is a 2-connection on a 2-bundle associated to the 2-group (G, H).

There are two types of gauge transformations for a 2-connection (4, ). Given a
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Chapter 6. Categories and the BFCG theory

smooth map ¢: M — G, we can define maps
A o 'Ap + 9 Ndy o 'vp, (6.39)

which will be called a thin gauge transformation.

Similarly, given a 1-form 7 on M with values in ), we can define maps
A A+ 0n, = pB+dn+AN n+nnin, (6.40)

which will be called a fat gauge transformation.

The curvature F, the fake curvature  and the 3-form curvature G transform under
a thin gauge transformation as

Fi 9 'Fap,  Fup =9 ' Fupe, Seap) = 0 > Sup (6.41)
while under a fat gauge transformation, they transform as

Fy—F+0dn+AN n+nAn), (6.42)
Fup = Fup Sup = Gup +Fup N 0. (6.43)

6.3 The BFCG theory

In the same way we can generalize the concepts of category and group, to those of
respectively 2-category and 2-group, the BF theory can be categorically generalized
to a 2-BF theory (see e.g. [108, 109]). This is part of a generalization of gauge
theories called Higher Gauge Theories (for details refer to [110], see also [111] for a
generalization of 2-form electrodynamics).

Specifically one can construct a topological theory of flat 2-connections by gener-
alizing the BF action (2.146) to the Lie 2-group case. In the case when the homo-
morphism 0 is trivial, the corresponding action was constructed in [108], while
the action for the general case was constructed in [I109]. The action for the BFCG
theory is given by

S= [ (BATuns+ [ (€A Sy, (6.44)
M M

where B is a 2-form taking values in g (the Lie algebra of G) and Cis a 1-form taking
values in b (the Lie algebra of H). Also in (6.44) (, ), and (, ), are G-invariant, bilin-
ear, non-degenerate and symmetric forms in the corresponding Lie algebras.
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6.3. The BFCG theory

The BFCG action (6.44) will be invariant under a thin gauge transformation if

C—o'n>C, B — ¢ 'Boy, (6.45)

while the invariance under a fat gauge transformation is achieved if the fields B

and C transform as
B—B+CA g, C—C. (6.46)

The antisymmetric map 7 : h x h — g is defined as
(T(u,v),Z)g = —(u,Z>v)y, uveh,Zeg. (6.47)

Also note that CA7 7 is the antisymmetrization of 7 (C, 1), see [109] for details.

The BFCG theory is the main concern of this thesis, the case where we use the
Poincaré 2-group has applications to quantum gravity.

124



Hamiltonian analysis of the BFCG
theory for a generic Lie 2-group

In this chapter, following [112] we perform the canonical analysis of the BFCG ac-
tion (6.44) for a generic Lie 2-group. The structure of this chapter is the following:
in section 7.1 we write the BFCG action (6.44) as well as various other identities in
component form and give a brief overview of the Lagrange equations of motion.
In section 7.2 we preform a gauge fixed canonical analysis of this theory using a
theorem proved in section 3.11. In section 7.3 we generalize the analysis of the pre-
vious section to a full Hamiltonian analysis using the Dirac procedure of chapter
3. Finally in section 7.4 we count the local degrees of freedom of the theory, and
find it to be — under the assumptions made here, namely the independence of
the constraints — a theory without degrees of freedom per point, i.e. a topological

field theory.

7.1 Spacetime components of the BFCG action

To carry out the canonical analysis of (6.44), we need to write it in terms of the
spacetime components of the relevant fields.

Let 7, be a basis in g and 7, a basis in . The structure constants are defined by

{Ta; Tb] :fab Tc ) [Tm Tﬂ] = wyaﬂ Ty . (71)
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7.1. Spacetime components of the BFCG action

The homomorphisms d and > (defined in equations (6.27) and (6.29) respectively)

then act as
ara:&,aTa, TaDTa:DﬁaaTﬁv

and satisfy the following relations,
Dﬁaoz aﬂb = aacfhcwa aaa > af — qoyaﬂ .
Also, the following relation

fabcbaa/f = Dalbly >’ le]B
will be useful, where X, = Xy — Xep.

The structure constants satisfy the Jacobi identities

Saclse =Fap e 0as 0 pe = 0 aip 951 -

We have also
(XAY)g=XANYT0, Th)g = X AN Y' Qup,

and
<U/\ V>b =U"A Vﬁ<‘[a,’[ﬁ>h =U"N Vﬁqaﬁ.

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

(7.7)

recall that (,), and (, ), are G-invariant, bilinear, non-degenerate and symmetric
forms in the corresponding Lie algebras. Therefore Q and ¢ are matrices associated

to these forms.

The fake curvature, defined in equation (6.38) can be written as

1
Foup = Eﬁ"bﬂva dxt A dx”

where
Sjbyv = ayAbv - avay +fbchcyAdv - aahﬁayv .

The curvature 3-form (equation (6.38) on the right) can be written as
1
9(’47/3) = gga,uvpfadx'u Adx" A dx?

where,
%y = a[uﬂaw} +Aa[ﬂﬂyw] > %y -
X,y denotes a total antisymmetrization of indices, given by

Z(_ 1 )p XP(HV/J) :

PES3
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Chapter 7. Hamiltonian analysis of the BFCG theory for a generic Lie 2-group

where p is a permutation and (—1)? is the parity of p (cf. (2.20) with no factor in
the denominator).

The BFCG action then becomes

1 1
S = / d*x e*re <Z B Iy Oup + < S qaﬁ) . (7.13)
M

To simplify notation we use Q and ¢ to lower g and b Lie algebra indices respec-
tively, for example,

By, = B*Qu Bs = PBqup - (7.14)

We also use the same symbol for 9, and 0%, = ¢*?04" Op, and >4, = >4,9p,. This
last quantity (that was in fact already defined in (6.47)) is antisymmetric in ay,
that is >,,, = — > ,44, and we have as a consequence

C“VZﬁa = C*(Oufa+ A > wrP)
= —(0,Cp+ 41 40, C") p* + 0, (C*B,) (7.15)
= =V (C) B+ 0 (C'B,)

where V7, is defined as the quantity in parenthesis.

The equations of motion are obtained by equating to zero the variational deriva-
tives of the action with respect to all fields. The variational derivatives with respect
to B and C give respectively,

FW=0, Gy = 0. (7.16)

While the variational derivatives with respect to 4 and S give respectively,
1
gh're (V,uBavp + ;Baﬂv > aaﬁcﬂ/)) =0 ) e (VZC“V - EaaaBaﬂV) =0. (717)

We will also use the Bianchi identities (BI) associated to the 1-form fields 4 and C.
Namely, the corresponding 2-form curvatures

F* = dA® + f. A" N A° T" =dC* + %5 4° NP, (7.18)
satisfy the following Bianchi identities
"N, =0, (7.19)

and
e (Vo T, — % apF 0 CP,) = 0. (7.20)
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7.2. A gauge-fixed canonical analysis

There are also the Bl associated with the 2-form fields B and . The corresponding
3-form curvatures are given by

G* = dB* + fp. A" N B, G = dp* + 0 AN (7.21)
so that

g <§vl G ap = S0eF 1 Bcvp) =0 (7.22)
and

P (%Vi Gy — DO Y, ﬂyvp) —0. (7.23)

7.2 A gauge-fixed canonical analysis

We will assume (as was done in chapter 4) that M = ¥ x R and that 7 is a coordinate
on R while {x'|i = 1,2,3} is a local coordinate chart on X. We can split the BFCG
fields into temporal and spatial components by using

¥ = (x%x) = (1, %) (7.24)

and U, = (U, U;). For example

.U, = (96Us, 8oUs, 8iU, O,U) (7.25)
and

e"?0,U,0,V,; =

= " QU0 Vi + Y 0;Us 0V + 7% 0;U00 Vi + €7°0,U;0, Vo

— gijk (Ulaij — 8,~anij + anVk - 8inakV0> y (72‘6)

where X = 9,X and throughout the rest of this chapter, &/ = g%k,

The BFCG action can be then written as
[5)
S = / dtL(t), (7.27)
51

where the Lagrangian L is given by

i gqa 1 ipa |
L= /Zaﬁx |:7T(A>aA i+ Eﬂ(ﬁ)a ,B l]:| H (728)
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and
+ A°%S(CBB)q + B1S(CA),*
+ 0 (x(4)d'A% — =(B)"B%) | - (7.29)

The fields 7(4) and z(f) (which are the conjugate momenta to 4 and f respec-
tively) are given by

E(A)ai = 5 gijkBajka n(ﬂ)(xij = - gljkcak ) (730)
while
Sy = Ty,
1 .
S(9>a = ggljkgaijku
_ 1 K a op (7.31)
S(Bcﬂ)a == vkn(A)a - EE(IB>(I > a/)’:B Jk
1 > j a
S(CB)ak = Evj ”(ﬂ)ajk + 0 ”(A)ak'
From these equations we see that the BFCG Lagrangian has the form

According to the theorem proved in section 3.11, (see also [113]) such a Lagrangian
is a result of the Dirac procedure in the gauge P(4,) = 0 if the constraints G,(P, Q)
are of the first class with respect to the (P, Q) Poisson bracket, i.e. form a closed
algebra under the Poison bracket (3.27), which can be equivalently defined by

(4B} — Z ( 04 OB  0A OB ) . (7.33)

90, 0P,  oP, 00,

It is straightforward to verify that the constraints from (7.31) are of the first class,
by using the Poisson bracket (7.33). The non-zero Poisson bracket are then given
by
{4%x), z(A)/ ()} = 525’,}(5(13) (?g =),
{B%(x), x(B)F0)} = 0501076 (x — ),

where x = ¥, y = jand 6®(x — y) is the three-dimensional Dirac delta func-
tion.

(7.34)
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7.3. The complete canonical analysis

The Poisson-bracket algebra for the constraints from (7.31) is then given by

{S@)4(x), SBCRHK)} = 25S(T)y(x) 6% (x ~ ),
{8(9)(x), S(CB)(v) } £y S(F) 5 (x) 09 (x — v),
{S(BCP)(x), S(BCHs()} = 2wS(BCP)(x) 0 (x ), (7.35)
{S(9)(x), S(BCH)a(y) } 20 pS(9) (x) 6V (x — y) |
{S(CB)(x), S(BCA)n)} = >uuS(BC)sHx) 6P (x ),
which confirms that they are of the first class. Hence the constraints of the action
(7.13) correspond to the constraints of the Dirac analysis in the gauge

E(Ba(),') = E(Ca()) = 7T(Aa()) = ﬁ(ﬂa()i) =0. (736)

7.3 The complete canonical analysis

The analysis in the previous section has an implicit gauge fixing. To see this, we
can perform the complete canonical analysis by using the Dirac procedure, see
[70]. For this we consider the Lagrangian

6

and calculate the momenta (the functional derivatives of the Lagrangian with re-
spect to the time derivatives of the variables) for all variables B*,,, 4,, C*, and

ﬂa,uva

1 1
L — / dPx &P° (Z BT O+ = C S e qaﬁ> , (7.37)
>

oL
B = ~ 0,
n(B) FEN:R
oL
E(C)a'u = - 07
53,C*,
SL 1 oy (7.38)
A a,u = = =" Bav )
m(4) 5004, 2 P
oL
)% — - _ O,uvpC )
n(ﬁ)a 580'80[”‘; & ap

All of these momenta give rise to primary constraints since none of them can be
inverted for the time derivatives of the variables,

P(B), = rn(B)/" ~0,
PO) = n(C)f~0,
(€) s (€) e (739)
P(4), = n(d) — 7€ Bwy =0,
PR = wm(B) +e%7C,, ~0.
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Chapter 7. Hamiltonian analysis of the BFCG theory for a generic Lie 2-group

« ).

We use the weak equality “~” for the equality that holds on a subspace of the
phase space, while the equality that holds for any point of the phase space will be
called “strong” and it is denoted by the usual symbol “=" (see section 3.5). We will
also use the expressions “on-shell” and “off-shell” for strong and weak equalities,
respectively.

We will use the following fundamental Poisson brackets

{B(x), x(B) ()} = 6467,076% (x—y),

{C(x), 2O ()} = 646,6D(x—y), (7.40)
{4%(x), 24" ()} = 850,0% (x—y),

{Bw(x), x(B)" ()} = 6507056 (x—y),

to calculate the algebra between the primary constraints. We obtain

(PBA), PN L = e 0() 00 ()

. . ’ (7.41)
{P(O)f(x), P (1)} = —e"qup(x) 6D (x — ),
while all other Poisson brackets vanish.
The canonical on-shell Hamiltonian is defined by
1
Hc = /d3x lzn(B)a’”aoB“,w + n(C)a”(%Caﬂ—i—
x (7.42)

1
—l—n(A)a"aoA“,, -+ Eﬂ(ﬂ)a’uvaoﬂa#v} —L

By using (7.37), (7.9) and (7.11) we can rewrite the Hamiltonian (7.42) in such a

way that all the velocities are multiplied by the first class constraints. Therefore
in an on-shell quantity they drop out, so that

[ 1
H = —/d3xgoyk |:§Ba0igjajk+ gcaogaijk—i-
1
+B%0 (V?Cq,- — 5&/’&,_-,-) + (7.43)
1 a ol
+§A 0 (ViBujk — C*i Puap ;Bﬁjk)} :

This expression does not depend on any of the canonical momenta and it contains
only the fields and their spatial derivatives. By adding a Lagrange multiplier 4 for
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7.3. The complete canonical analysis

each of the primary constraints we can build the off-shell Hamiltonian, which is
given by

Hr = HC+/a’3x [A(C)%P(C)a”+/1(A)“/,P(A)a”
(7.44)

2B wP(B) + 22(B) P ()"

Since the primary constraints must be preserved in time, we must impose the
following requirement

P={P H/}~0, (7.45)
for each primary constraint P. By using the consistency condition (7.45) for the
primary constraints P(B),”, P(C),°, P(B),% and P(4),° we obtain the secondary
constraints S

S@yn = T
89 = &G =0,
B 6 (7.46)
S(CB)O”] = V COCI]] a Bal] %0,
1
S(BCP). = 58‘”’" (ViBu = C*Bugp ') =0

In the case of P(B)/*, P(C),*, P(B),/* and P(4),* the consistency condition deter-
mines the following Lagrange multipliers

i(A)a[ ~ V[Aa() - aaaﬁai() )
AB) i~ VB — B> apd,
ij [{|# 0l] ij (7.47)
MOV~ VEC%+ CF i, A%,
AB)y = VBl — Chova W5 + foeA 0By — Coi vy B o) -

The consistency conditions of the secondary constraints (7.46) turn out to be iden-
tically satisfied, and produce no new constraints. Note that the consistency con-
ditions leave the Lagrange multipliers

A(A)% , A(B) i 2(C)%, A(B)%i s (7.48)

undetermined.
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By using (7.47), the total Hamiltonian can be written as
Hy = [ @ [B) wp(B) + A0 o(Chut )10 (B
z
+A(A)" 9(A)a — Baoi 9(F)" — Cao 9(9)° (7.49)

IBaOI (CB)(H — Aao (p(BCIB)a] ’

where
9B, = P(B).",
9(C). = PO,
o) = P,
oA = P(A)a0>
oI = 3 0’”‘5(3") i — V;P(B)", (7.50)
p(9)* = S(9)" + ViP(O)" ——ﬂﬁ,ﬁﬁ P(B)",
o(CBY" = éeOff"s<CB>“jk—v;P<ﬂ>mf—cﬂj»ﬂxp( BYY + 0 P(A)".
o(BCB)* = S(BCﬂ)“+v,-P(A)f"'—l scB iP(B)7
i PV — 3y P,

are the first-class constraints, while

(7.51)
1) =PA)d,  x(B)d” =P(p)"
are the second-class constraints.
The Poisson bracket algebra of the first-class constraints is given by
{0(9)"(x), p(CB)"(y) } = D p(F)(x) 6V (x —y),
{0(9)*(x), p(BCA.()} = 20%40(9)(x) 0% (x—y),
(0(CB)), 9B} = Pau B x) 00 (x ), (7.52)
{0(F)(x), 9BCRK) } = 2/ p(F)3(x) 6 (x —y),
{9(BCB)ax), 9(BCR()} = 2fwp 9(BCP)(x) 6D (x — ).
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Whereas the Poisson bracket algebra between the first and the second-class con-
straints is given by

{op@) @), x )/} = frex(B)T(x0) 6D (x —y),

{0(9"@), 20} = —p%(C)'(x) 0P (x—y),

{0(9)"@), B0} = >y x(B)(x) sV (x—y),

{o(CB)“(x), x()/)} = —>% 2(8),"(x) 6D (x =),

{o(CB)“(x), x(C)f (1)} = papx(B)T ()57 (x ), (7.53)

{9(BCB)"(x), x(4)s'(v) } Fbe 2(4)(x) 69 (x = »).
{o(BCR)Y(x), x(B) (1)} = v x()/*(x) 3P (x =),
{o(BCH (), 1O ()} = —>up2(CVi(x) 6D (x ),

{0(BCH(x), x(B)* (1)} = —fex(B)(x) 6% (x —y).

The elimination of the second class constraints can be achieved by using the Dirac
brackets (DB). It can be shown that the DB algebra of the FC constraints is the
same as the PB algebra (7.52).

Note that the constraints (7.50) and the algebra (7.52) reduce respectively to (7.31)
and (7.35), if we consider the second-class constraints (7.51) as gauge-fixing con-
ditions.

7.4 The physical degrees of freedom

In this section we will show! that the structure of the constraints implies that there
are no local degrees of freedom in the BFCG theory for a generic Lie 2-group. In
general case, if there are N initial fields in the theory and there are ' independent
first-class constraints per space point and S independent second-class constraints
per space point, then the number of local degrees of freedom (DOF), i.e. the
number of independent field components, is given by

n:N—F—; (7.54)

'We are, however, assuming without proof that the constraints are independent.
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The formula (7.54) is a consequence of the fact that S second-class constraints are
equivalent to vanishing of S/2 canonical coordinates and S/2 of their momenta.
The F first-class constraints are equivalent to vanishing of F canonical coordinates,
and since the first-class constraints generate the gauge symmetries, we can impose
F gauge-fixing conditions for the corresponding F' canonical momenta. Conse-
quently there are 2N — 2F — S independent canonical coordinates and momenta
and therefore 2n = 2N — 2F — §.

In our case, N can be determined from the table
A% | B | C% | B
4p | 6q | 4q | 6p

where p is the dimensionality of the Lie group G and ¢ is the dimensionality of the
Lie group H. Consequently N = 10(p + q).

Similarly, the number of independent components for the second class constraints
is determined by the table

x(B)d" | x(C)d’ | x(A)d" | X(B)o”
3p 3q 3p 3q

sothat S = 6(p + q).

The first-class constraints are not all independent, since they satisfy the following
relations

-1 1 -1 y
Vip(F)a' + 5 Oua 9(9)“ — 5 " Vix(C)d' — Efabc 0" IBaij x(B)*¥ =0, (7.55)

1 . 1 .
Veo(CB), — = Cpi P u0(F) + 0yaS(BCP) + =FP;i oy x(B)7+
2k | I (7.56)
+Tﬁjk [>ﬁaoc X(B)ajk - aaaviX(A)al =0.
One can show that
1 1 1 B
viw(?)al + Eaaago(g)a - Eaaav?)((c)al - Ef;zbcaabﬂain(B)cy =
= "V, F i , (7.57)

which gives (7.55) because &/ Vil = 0 is the 1 = 0 component of the BI (7.19).
In the same way

. 1 )
V> o(CB), — > Cpi > P 400 (F) + 0,S(BCR)* +
1 3 . .
5P Pay 2B) + Tivpan 2B = 0, Vix(4)" (7.58)
= Sijk (V?Tajk — Daa/;F;-lkCl-ﬂ) .
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The right-hand side of the equation (7.58) is the A = 0 component of the Bianchi
identity (7.20), so that (7.58) gives the relation (7.56).

As discussed in [114] for the case of the Poincaré 2-group, only the A = 0 compo-
nents of the BI give new restrictions on the canonical variables, because those Bl
do not contain the time derivatives of the fields. The BI components with 1 # 0
will contain the time derivatives of the fields and hence must be consequences of
the equations of motion (EOM). Related to this is the fact that the Bianchi identi-
ties associated to the 2-forms f and B do not induce any new relations among the
constraints, see [114]. Namely, the corresponding BI (7.22) and (7.23) contain the
time derivatives of the fields, so that the equations (7.22) and (7.23) are necessar-
ily consequences of the EOM, and hence do not represent additional restrictions
on the canonical variables.

The number of components of the first-class constraints can be obtained from the
table

9(B)d' | 9(C)a | 9(B)d | 9(A)a | @(F)” | 9(5)" | (CB)™ | p(BCH)*
3p q 3q p 3p q 3q p

The number of independent components for the first-class constraints is given
by
F=8p+q)—p—q=Tp+4q),

where we have subtracted the p relations (7.55) and the g relations (7.56). There-

fore,
n—lO(p+q)—7(p+q)—@—O, (7.59)

and consequently, under the present assumptions (see footnote 1) there are no
local DOF in the BFCG theory. Hence the physical DOF are global, and can be
identified with the coordinates on the moduli space of the flat 2-connections on
the 3-manifold X, see [113] for the case of the Poincaré 2-group.
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Hamiltonian analysis of the BFCG
theory for the Poincaré 2-group

In this chapter we present the the BFCG theory for the Poincaré 2-group and a
canonical analysis of this theory. This is original work published in [113, 114].

The structure of this chapter is as follows.. In section 8.1 we give the motivation
for the BFCG theory for the Poincaré 2-group. In section 8.2 we introduce in de-
tail the actions for the BFCG theory and the topological Poincaré gauge theory —
as well as the relations between them —, we give a short overview of the Lagrange
equations of motion, and prepare for the Hamiltonian analysis. The bulk of the
Hamiltonian analysis is done in section 8.3. We evaluate the conjugate momenta
for the fields, obtain the primary constraints and construct the Hamiltonian of
the theory. Then we impose consistency conditions on the primary constraints,
which leads to secondary constraints and some determined Lagrange multipliers.
The consistency conditions of the secondary constraints turn out to be satisfied
identically, and do not introduce any new constraints. The constraints are then
separated into first and second class, and their algebra is computed. Finally, the
number of physical degrees of freedom is calculated, and ends up being zero, con-
firming that the theory is indeed topological. Building on these results, in section
8.4 we construct the Dirac brackets, which facilitate the elimination of the sec-
ond class constraints from the theory, leading to the reduction of the phase space.
Section 8.5 is devoted to the study of the properties of the reduced phase space,
with the emphasis on the differences between the BFCG model and the topologi-
cal Poincaré gauge theory. . Appendix B provides some technical details about the
derivation and the discussion of the Bianchi identities, used in the main text.
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8.1. The BFCG theory

Regarding notation in this Chapter the capital Latin indices 4, B, C, . .. represent
multi-index notation, and are used to count the second class constraints. Antisym-

metrization is denoted with the square brackets around the indices (Cf. equation

(2.20)),

1
Ajap) = 2 (Aap — Apa) - (8.1)

About the notation and conventions for Poisson brackets see footnote 5 in chapter
3.

8.1 The BFCG theory

The canonical formulation of General Relativity is generally viewed as a prereq-
uisite for a non-perturbative and background-metric independent quantization
of this theory (see chapter 5). When using the spatial metric and its canonically
conjugate momentum as the degrees of freedom for the gravitational field, one
obtains a non-polynomial Hamiltonian Constraint (4.30) and (5.9). Consequently
the corresponding operator in the canonical quantization yields the WdW equa-
tion (5.15) which is a complex mathematical object because it is difficult to define
in a rigorous way, and generally nearly impossible to solve.

The situation improves if the Ashtekar variables are used, see section 5.1. These
are given by, equation (5.16), an SU(2) complex connection on the spatial manifold
and its canonically conjugate momentum (5.18). One then obtains a polynomial
Hamiltonian Constraint (equation (5.24) with the choice y = +i), but since the
connection is complex, this introduces an additional non-polynomial constraint,
the reality condition, which makes the quantization complicated. One can also
use the real Ashtekar connection (see section 5.4 and [96]) but then the constraint
(5.24) becomes again non-polynomial.

In any case, the fact that the basic canonical variables are analogous to the ones
used in the SU(2) Yang-Mills gauge theory , makes it possible (as we saw in chapter
5) to use the holonomy (5.33) and the flux (5.35) (or its gauge invariant modifica-
tion (5.39)) variables, which leads to spin-network variables and LQG.

The difficulties stymying progress in the Hamiltonian approach led to the devel-
opment of a path-integral quantization method known as spin-foam models, (see
[115]).

Just as a spin-network (or s-knot) represents a discretized 3-dimensional space,
a spin-foam may be viewed as a discretization of space-time. In a related way,
spin-foams may be regarded as the time evolution of spin-networks.
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Chapter 8. Hamiltonian analysis of the BFCG theory for the Poincaré 2-group

A spin-foam (further details can be found in [116, 117]) F = (A*,j/,i.), consists
of:

- A two-dimensional cellular complex A*! that is, a combinatorial structure

consisting of faces fintersecting at edges e which in turn meet at vertices v;
* the faces fare coloured by irreducible group representations jj;
+ and the edges are coloured by intertwiners i,.

We can look at the colouring mentioned above as some kinematical information
inherited from the boudary states. These are one dimensional cellular complexes
(graphs) obtained by intersecting the spin-foam with codimension-one surfaces.
The graphs are coloured in the way described in section 5.4. So we have a spin-
foam which encodes information about space-time with the boundaries being
spin-networks (which represent a discretization of space). In this way, we can
think of the sum over different spin-foams as a discrete path integral over possi-
ble geometries, interpolating between given boundary information.

To calculate transition amplitudes we must assign complex amplitudes 4/j;) to
faces, A.(j~e, i.) to edges and 4, (jry, i) to vertices of F. Where the notation
f D e means that the faces f meet at edge ¢, and likewise for the others.

The transition amplitude, for a spin-foam with a 2-complex A* interpolating be-
tween two graphs S; and S;, is given by,

W(A*) = /d:u{]/} /dﬂ{lc} HAf(]f> HAe(ijw ie) HAV(]'f:)\M ieDv) . (82)
S e v

In this expression, du;, and du;, are the integration measures depending on
the group theoretical data used to colour the 2-complex. However, if the spin
foam model is constructed with a compact Lie Group, then the integrals become
discrete sums over all the representations colouring the faces and intertwiners
colouring the the edges of the two-dimensional complex.

Spin foams replace the problems besetting the Hamiltonian formulation of LQG,
with difficulties of equal — if not greater — magnitude. First of all, there is the
problem of the divergence and regularization of (8.2). There is also the issue of
the classical limit of a spin foam model [118] and that of the coupling of fermionic
matter [118, 119]. These questions are related to the fact that the edge-lengths, or
the tetrads, are not always defined in a spin-foam model of quantum gravity. We

ISometimes the dual two-dimensional complex is used (see [117] for the definition).
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8.1. The BFCG theory

therefore see a need for a model of QG were the tetrads (the edge-lengths) are
present.

The BFCG theory (6.44), a categorical generalization of the BF model, has ex-
actly the property we need, if we choose to build the theory upon the Pincaré
2-group.

The importance of the BFCG theory for the Poincaré 2-group, defined by the
choice G = SO(3,1) and H = R* (see section 6.2 equations (6.22) and (6.25) for
the definitions), lies in the fact that one can construct the action for GR by sim-
ply adding an additional term to the BFCG action, called the simplicity constraint
(2.152), thus we have the following action:

S:/ (BAR),+(eAG)y— (0 A (B=x(ehe)),. (83)
M

Here we have made the identifications C = e and F = R, since in the case of the
Poincaré 2-group these fields have the interpretation of the tetrad field? and the
curvature two-form for the spin connection 4 = w. The g-valued two-form ¢ is an
additional Lagrange multiplier, featuring in the simplicity constraint term. The %
is the Hodge dual operator for the Minkowski space. See [119] for details.

The constrained BFCG theory (8.3) see also appendix D is in full analogy to the
Plebanski model (2.153), where GR is constructed by enforcing a suitable simplic-
ity constraint upon the BF theory based on the Lorentz group. However, in con-
trast to the Plebanski model, the constrained BFCG model has one big advantage.
Namely, the Lagrange multiplier C has the interpretation of the tetrad field, which
is therefore explicitly present in the topological sector of the action. This is not
the case for the Plebanski model, where the simplicity constraint merely infers
the implicit existence of the tetrad fields. Upon the covariant quantization, the
Plebanski action gives rise to spin-foam models, while the constrained BFCG ac-
tion gives rise to the spin-cube model. These are categorical generalizations of
spin-foam models, they consist of a coloured 3-complex. The colouring in turn is
given by objects, morphisms and 2-morphisms of a 2-category representation of
the relevant 2-group (for details the reader is referred to [118]) . Then, the explicit
presence of the tetrad in (8.3) enables us to easily couple matter fields to gravity in
the spin-cube model, in contrast to spin-foam models where this is a notoriously
hard problem.

As a classical theory, the constrained BFCG action lends itself also to the canonical
quantization programme. In the canonical approach (see Chap. 3), the first and

2This identification is base on the fact that the transformation properties of the one-forms C*
are the same as those of the tetrad one forms ¢ (see [119] for details) under local Lorentz and
diffeomorphism transformations.

140



Chapter 8. Hamiltonian analysis of the BFCG theory for the Poincaré 2-group

crucial step is to perform the Hamiltonian analysis of the theory, study the algebra
of constraints, and eliminate second class constraints from the theory. However,
due to the technical complexity of the Hamiltonian analysis, it is wise to discuss
the pure BFCG theory first, leaving the constrained theory for later. That is the
aim of this Chapter largely based in [114]. We will perform the full Hamiltonian
analysis of the unconstrained BFCG theory based on the Poincaré 2-group, as a
preparation for the more complicated case of the constrained BFCG theory (8.3).
The similar analysis has been done for the BF theory in [78], and our analysis rep-
resents the generalization of that work to the BFCG case. The analysis here can
also be viewed as a special case of the one we presented in chapter 7. However, in
our work we took the opposite route, beginning with the Poincaré 2-group case
and later, generalizing some parts of this to the case of a generic Lie 2-group. Fur-
thermore, since our main interest is quantum gravity it is instructive to see the
specific details of the analysis unfolding when we apply the Dirac procedure to
the topological BFCG theory for the Poincaré 2-group.

We should note that the Hamiltonian analysis of the BFCG model has been done
in a gauge-fixed form in [113]. Here we improve those results by providing a gauge-
invariant canonical analysis.

There is an interesting relationship between the BFCG theory for the Poincaré
2-group on one hand, and the topological Poincaré gauge theory on the other.
Perhaps surprisingly, the two theories are equivalent, while their Hamiltonian
structure is vastly different. This was discussed to an extent in [113], but the full
Hamiltonian analysis presented here is naturally suited to a more complete com-
parison of the Hamiltonian formulations for the BFCG theory and the topological
Poincaré gauge theory. The results of this comparison are especially intriguing,
and provide additional insight into the structure of the theory.

8.2 BFCG action
The BFCG theory for the Poincaré 2-group is defined by the action
SBFCG = / Bab A\ Rab + e N Ga . (84)
M

The variables of this action are the one-forms e, ®* and the two-forms B*, p°.
The curvatures R> and G are the field strengths of the 2-connection (v, 5),

R = do® + 0, N 0, (8.5)

141



8.2. BFCG action

G =V =dp'+ o' A" (8.6)
The fields B* and ¢ play the role of the Lagrange multipliers.

It is also convenient to introduce torsion as the field strength for the tetrad ¢,

T* =Ve* =de* + v’ N e (8.7)

Then, performing a partial integration in the second term in (8.4) and using the
Stokes theorem one can rewrite the action as

STPGT:/ Bab/\Rab‘{'ﬁa/\Ta—/ e“/\ﬁa, (88)
M oM

where now B“ and f“ play the role of Lagrange multipliers. Aside from the imma-
terial boundary term, this action represents the topological Poincaré gauge theory
(TPGT). In order to fully appreciate the relationship between the two theories in
the sense of the Hamiltonian analysis, let us introduce a parameter ¢ € R and
rewrite the action as

S—/ By AR + & NG, + (1 = OB AT, (8.9)
M

where we have dropped the boundary term. It is obvious that the action (8.9) is
a convenient interpolation between (8.4) and (8.8), to which it reduces for the
choices ¢ = 1 and ¢ = 0, respectively. The action (8.9) will therefore be the
starting point for the Hamiltonian analysis.

It is also clear that all three actions (8.4), (8.8) and (8.9) give rise to the same set
of equations of motion, since these do not depend on the boundary. Taking the
variation of (8.9) with respect to all the variables, one obtains

SB: R?®=0,
op : "=0,
Se:  G'=0, (8.10)
Sw: VB —eappl=0,
where
VB = dB® + v, N B® + w®. N B*. (8.11)

The first two equations of motion are equivalent to the Einstein vacuum field equa-
tions, while the third and fourth determine #° and B“*. As we shall see later, there
are no local propagating degrees of freedom in the theory.
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Chapter 8. Hamiltonian analysis of the BFCG theory for the Poincaré 2-group

Finally, for the convenience of the Hamiltonian analysis, we need to rewrite both
the action and the equations of motion in a local coordinate frame. Choosing dx*
as basis one-forms, we can expand the fields in the standard fashion:

e’ = e dx" o = o® dx" (8.12)

1 1
B = EB"bﬂvdx" Ndx”, p = Eﬁaﬂvdxﬂ Ndx". (8.13)

Similarly, the field strengths for w, e and j are

1
R® = ERabwdx" Adx"”,
1
™ = ET"ﬂvdx" Adx”, (8.14)

1
G¢ = EG dx N dx¥ N dx’ .

a
wvp

Using the relations (8.5), (8.6) and (8.7), we can write the component equations

Rab,uv — a,uwabv - 6vwab# + a)ac,uwav _ Coacvab,ua
T = 0,6 — 0, + oye’, — vy, (8.15)

Guvp = Oufsp + OB pu + 0% + wabﬂﬁb"/) + wabVﬂbPﬂ + wabpﬁbﬂv .

Substituting expansions (8.12), (8.13) and (8.14) into the action, we obtain

1 1 —
S= /M d*x &re {ZBabWRabpa + geaﬂGavpa + Téﬁawlﬂpa} ) (8.16)

Assuming that the spacetime manifold has the topology M = X x R, where X is a
3-dimensional spacelike hypersurface, from the above action we can read off the
Lagrangian, which is the integral of the Lagrangian density over the hypersurface

1 1 —
L= /zd3x gtvre [ZBabﬂvR”bpg + geaﬂG”Vpg + Tgﬂaﬂvf’pg] . (8.17)

Finally, the component form of equations of motion is:

Rab/w _ 0, Tu,uv =0, Gaﬂvﬂ = 07
, (8.18)
g [va“b,,v —elp,| =0.
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8.3. Hamiltonian analysis

8.3 Hamiltonian analysis

Now we turn to the Hamiltonian analysis of the BFCG theory. A review of the gen-
eral formalism can be found in chapter 3. In addition, the equivalent procedure
for the ordinary BF theory has been done in [78] see also section 3.14.

As a first step, we calculate the momenta 7 corresponding to the field variables
B, e, o, and p°,,. Differentiating the Lagrangian with respect to the time
derivative of the appropriate fields, we obtain the momenta as follows:

oL
B)u' = = 0,
7B 5008,
oL 1 -
m(e)d = = © g0 Bavp
58()60’,,J 2 p
SL . (8.19)
n(w)abﬂ = 58()60017” = ¢&* pBabvp )
oL
w7 = _ gl
ﬂ’-(ﬁ)(l 58(),8(1,“‘; 68 ea/)

None of the momenta can be solved for the corresponding “velocities”, so they all
give rise to primary constraints:

PB)af" = 7(B)a'
— 5 0 v
P(e)a'u = 71'(6) 2 # pﬂavp (820)
P(w)abﬂ = 71'(0)) H— goluvaabvp ~ 07
PR = wm(B) + e, ~ 0.

The weak, on-shell equality is denoted “x”, as opposed to the strong, off-shell
equality which is denoted by the usual symbol “=".

Next we introduce the fundamental simultaneous Poisson brackets between the
fields and their conjugate momenta,

{B*,,m(B)"} = 46 5’95%“5

{ey, m(e)y” } = 5a5v5 (8.21)
{0, m(0)a"} = 26 55,]5%3
{Bw, xB)”} = 2525@5;5
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Chapter 8. Hamiltonian analysis of the BFCG theory for the Poincaré 2-group

and we employ them to calculate the algebra of primary constraints,

{P(B)"*, P(0)} = 4a°vk5fca%5<3>,

{P(e)™® PRI} = —gkseo®) (8.22)

while all other Poisson brackets vanish. Note that the algebra of primary con-
straints is independent of ¢£.

Next we construct the canonical, on-shell Hamiltonian:

1
Hc = /d3x |:Z7Z'(B)a[,'waoBabluv -+ n(e)af‘aoe“ﬂ—l-
z (8.23)

I I
3 7(@)at 0000+ ST(B)d " 0o | L.

The factors 1 /4 and 1/2 are introduced to prevent overcounting of variables. Using
(8.15) and (8.17), one can rearrange the expressions such that all velocities are
multiplied by primary constraints, and therefore vanish from the Hamiltonian.
After some algebra, the resulting expression can be written as

1 1
H = - / dx e {iBabOiRabjk + geaoGaikar
1 1 ) (8.24)
+§,Ba0kTaij + Ewabo (viBabjk —e'p jk) )

up to a boundary term. The canonical Hamiltonian does not depend on any mo-
menta, but only on fields and their spatial derivatives. Also, note that it does not
depend on ¢ either. Finally, introducing Lagrange multipliers 4 for each of the
primary constraints, we construct the total, off-shell Hamiltonian:

Hr = Hot [ @ [ier,pe+ 3Ho)Po)

2B W P(Bluf” + 3 2(B) P ()

(8.25)

We proceed with the calculation of the consistency requirements for the primary
constraints, .
P={P,Hr} =0. (8.26)

Half of the consistency requirements will give the secondary constraints S, while

the other half will determine some of the multipliers 1. In particular, requiring

that ) o _ .
PB)p"~0, Ple),” =0,
PP ~0, P(0)a’ =0, (8.27)
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we obtain the following secondary constraints:

S(R)ab]k = Ra'l.)jk ~ O,

(G = Gy =0,

STy = Ty=0, (8.28)
S(B)® = g0k (V,-B“”jk — e[“,ﬂb]jk> ~ 0.

The remaining consistency conditions for the primary constraints,

P(B)u/* =0, Ple)f~0,

PP/ ~0, P(w)s* =0, (8.29)
determine the following multipliers:
M) ~ Vo,
AB) = 2V B0 — 0By
ij VP i if (8.30)
i(e)“i ~ Vieao - waboebi7
/I(B)abij ~ ZV[jBabi]O + ZCO[aCOBb]Cij + e[aOﬂb]ij + e[ajﬁb]Oi - e[aiﬁb]oj )
This leaves the multipliers
M)y, AP, Ae)%, A(B) o, (8.31)

undetermined.

As the next step we impose the consistency conditions for the secondary con-
straints (8.28), ‘ .
S(R)“bjk ~ 0, S(G)*~0,

S(T)% ~0,  S(B)*=0. (8.32)

After a straightforward but lengthy calculation, it turns out that all these condi-
tions are identically satisfied, producing no new constraints and determining no
additional multipliers. Therefore, at this point all the consistency conditions have
been exhausted.

Once we have found all the constraints in the theory, we need to classify them into
first and second class. While some of the second class constraints can already be
read from (8.22), the classification is not easy since constraints are unique only up
to linear combinations. The most efficient way to tabulate all first class constraints
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is to substitute all determined multipliers into the total Hamiltonian (8.25) and
rewrite it in the form

Hr = / &x BAEBVbo,m(BM+i<le>“o<o<e>a+A</>’>%<o</>’>a"

+54H@)" 0(@)as = 3 Baoi 9(R)" = ea 9(G)* (8.33)

o1
—Baoi (1) — Ea)abo o(VB)™| .
The quantities ¢ are linear combinations of constraints, but must all be first class,
since the total Hamiltonian weakly commutes with all constraints. Written in
terms of primary and secondary constraints, they are:

9(B)w' = PB)u",

ple)s = Ple)’,

0B = PBL.

p(@)a = Plo)s

p(R)™ = "' S(R)"y — VP(B)", (8.34)
PG = S(G) VPR — 4By PBYY

o1 = SeRS(TY = VP + e P(B)™,

o(VB)® = S(B)" + V:P(w)" — B ;P(B)"
—2¢l;P(e)" — By P(B)".

These are the first class constraints in the theory. The remaining constraints are
second class:

X(B)abjk = P(B)abjka X(e)ai = P(e)ai y
X(a))abi = P(a))abi ) X(ﬁ)aij = P(:B)aij .

In order to calculate the full algebra of constraints, it is convenient to express them

(8.35)
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as functions of fundamental variables, as follows:

9B = ”(B)ab0i>
9(e)a = ”(e)a()?
(D(ﬁ)fll = ”(:B)a017
p(@)a = w(®)s’,
) ) (8.36)
(p(R>abi — 80ykRabjk _ Vjﬂ:(B)aby ’
. ) 1 iy
0(G) = SeGt V(o) — ()™,
' 1—¢ o aij | abij
()" = Tgo"kfujk = Vir(B)*™ + Seyn(B) ",
p(VB)® = Vir(w)® — BYym(B)"V — 2el'm(e)V" — plym(B)",
and
X(B)abjk = n(B)abjka
. R
x(e)d = m(e) — Tgojkﬂajka
‘ _ ) (8.37)
(@)’ = w(@)a' — " Buyr
(B = ”(ﬁ)alj + ey .
The algebra between the first class constraints is then
{p(G)", p(T)"} = —p(R)"sY,
{0(G), 9(VB)u} = 2000(G)gd",
{o(T)", p(VB)ua} = 20(0(T)q'6", (8.38)
{pR)™, p(VB)u} = —40/p(R)4'0%,
{op(VB)*, p(VB)u} = —43.p(VB)!40®,
the algebra between the second class constraints is, according to (8.22),
By glo)ud ) = 401050,
(8.39)

{x(e)*, x(B)7} = —e"550®),
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while the algebra between the first and second class constraints is

{opR)™, y(@)ed } = 40(x(B)!70",

{p(G), (@)} = 260x(e)ag's™,

{p(G), x(BF} = —3x(B) D,

{o(D)", x(@)d } = —260x(B)a"0®,

{o(D)", x(e)s } = x(B)"7s%, (8.40)
{o(VB)", (@)ed } = 45(x(@)g6",

{o(VB)”, 2(B)*} = —2085(B)Wo™,

{o(VB)™, x(e)'} = —26¢x(e)s®,

{@(VB), x(B)d*} = 40{x(B)g""6®) .

All other Poisson brackets among ¢ and y are zero.

We see that the algebra is closed, and all Poisson brackets involving ¢ constraints
weakly vanish, confirming that all ¢ are indeed first class. Also, the Poisson brack-
ets between y constraints do not weakly vanish, confirming that y are indeed sec-
ond class. Finally, note that the structure constants do not depend on &, despite
the fact that the constraints ¢ and y do.

The last main step in the Hamiltonian analysis is the counting of the physical de-
grees of freedom. Given N initial independent fields in the theory, the dimension
of the phase space per point is 2N. From this one subtracts the total number F
of first class constraints per point , the total number S of second class constraints
per point, and the total number F of gauge fixing conditions per point. The result
is the dimension of the phase space per point, 2n, where n is the number of local
degrees of freedom. Thus we have the general formula (see section 3.9),

n=N-F- 3. (8.41)
The number of independent field components for each of the fundamental fields

is

ab a a ab
Oy | Bl | € | BY

24 | 24 | 16 | 36
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which gives the total N = 100. Similarly, the number of independent components
for the second class constraints is

X(B)ahjk X(e)ai X(a’)ah[ X(ﬂ)aij
18 12 18 12

which gives the total S = 60. Regarding the first class constraints, the situation
is a little more complicated, due to the presence of Bianchi identities (see the
Appendix). In particular, not all components of ¢(R)*' and ¢(T)* are independent.
To see this, take the derivative of ¢(R)* to obtain

Vip(R)™ = "V, R + R ;n(B) .27 . (8.42)

The first term on the right-hand side is zero off-shell as a consequence of the
second Bianchi identity (B.8). The second term on the right-hand side is also zero
off-shell, since it is a product of two constraints,

R,a(B) = S(R),P(B)." = 0. (8.43)
Therefore, we have the off-shell identity
Vip(R)™ =0, (8.44)

which means that 6 components of ¢(R)“ are not independent of the others. In

a similar fashion, we can calculate the following linear combination:

Vip(T)" — zebiﬁl’(R)abl =

1-¢& .
= Tfé‘oyk [V,‘Tajk — Rahijebk} (845)
1

L1 .
— 5S(R)*“x(B)." + 3S(T)ayP(B)"".
The term in the square brackets is zero off-shell as a consequence of the first
Bianchi identity (B.7). Additionally, the remaining two terms are products of con-
straints, and therefore also zero off-shell. Thus we have another off-shell identity,

) 1 )
Vl-gp(T)‘” — Eebiqﬂ(R)abl = 0, (846)

which means that 4 components of ¢(7)% are not independent of the others.

Taking (8.44) and (8.46) into account, the number of independent components
of the first class constraints is

9B)a' | 0(e)a | 9(B)d' | 0(@)as | 9(R)™ [ 9(G)* | 9(T)” | p(VB)*
13 4 12 6 |18—6| 4 |[12—4| 6
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which gives the total of F = 70. Finally, substituting N, F and S into (8.41), we

obtain: 60
n:100—70—?:O. (8.47)

We conclude that the theory has no physical degrees of freedom’.

As the final point of the analysis, we note that one can introduce the following
canonical transformation on the phase space of the theory:

”(ﬁ)aij — ﬁ(ﬁ)aij = ”(ﬁ)aij + (1 - 25) 80ijk€aka

| | (1 ) (8.48)
n(e), — xle)) =mn(e), + (E — f) soykﬁajk,
while all other fields and momenta map identically onto themselves. It is easy to
check that this change of variables is indeed canonical, since it does not change
the Poisson structure. Moreover, the Hamiltonian (8.33) and the primary and
secondary constraints (8.36) and (8.37) all transform such that

EsE=1-¢. (8.49)

This is a symmetry of the action (8.9) up to the boundary term, since
S1-8 =8~ [ e nf,. (8.50)
oM

At the level of the full phase space, the canonical transformation (8.48) therefore
maps between ¢ and 1 — ¢, in particular between the BFCG theory (¢ = 1) and the
TPGT theory (¢ = 0). Nevertheless, after the elimination of the second class con-
straints and the phase space reduction, the situation will be more complicated, as
we shall see in section 8.5. The canonical transformation between the BFCG and
TPGT will still exist, but it will be singular in a certain sense, and not expressible
in the generic form (8.48). This will be discussed in detail in section 8.5.

The gauge generator for the BFCG theory specialized to the Poincaré 2-group is
given by,

G

/ &x ((Voe" )p(B)as' + (Voe™)p(@)as + (Voe' o (B +

(Voe")p(e)a + eanig(R)™ + vy (VB)™ + £ap(G)'+ (8.51)
Sal(p(T)ai + Saebogﬂ(B)abOl + SabB[aM 0[¢(B)Lb}01+

B0 (B)”)

* + +

3Like in the last chapter, we stress that we have not provided an explicit proof of the indepen-
dence of the constraints we found in this analysis.
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And the gauge transformations can be found from (8.51) using (8.36) and (3.69).

They are,

5Owab0
50a)abi
5B
50Bahij
50€a0
50w“i
50ﬁa0i
dof’

1 (|

V()gab

_vigab

vogabl

V[eab} + glallp Bl i 1 8[",8 F+ s[“[ }J}
V()E,‘

—Vie" + &%y

Vo&‘ai

Ve + B, i

0

SJ ngabk + 471'( ) 3|c\b]k + 271'( )[ |c‘i86b]
27[( )[a €h] + 27E<IB>[a]8b]]

O ..

—ZE(B)[a‘CﬂSCb]

0

LS T+ 2 (B), Vo, + surm(e)”

2 l 2
0

geoykviea — &ym(B),"7 + eqpr(B)"Y

(8.52)

These transformation are an extension of (6.39) (6.40) (6.45) (6.46) for the case
of the Poincaré 2-group. Thus we have a very close parallel to the BF case (see
section 3.14 and [78]).

8.4 Dirac brackets

After the Hamiltonian analysis has been completed, we proceed to eliminate the
second class constraints from the theory. This is done by introducing the Dirac

brackets, defined as:

{F(t,x), G(t,xX') }p = {F(t,x), G(t,x') } —

/d3 /d3y’{th
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where F and G are some functions of the phase space variables, while the kernel
A5 (t,y,y) is the inverse of

Aty ) = {1 (ty), A (t))}. (8.54)
The multi-indices 4 and B count all 60 independent second class constraints.

In order to evaluate the kernel A~' and make the general definition (8.53) more
manageable, we proceed in several steps. First, from the Poisson brackets (8.39)
we see that A*®(¢,x,y) is diagonal in the space variables x and y, i.e. it can be
written as

AB(tx,y) = A1) (x — y) . (8.55)
That means that its inverse will also be diagonal in those variables,
A (6,.) = B (0% (v =), (8.56)
so that
/ &y N (1%, ) Dt y,)) = 688D (x =), (8.57)
z
provided that
AB()AZA () = ¢ (8.58)

From now on we will drop the explicit dependence of time from the notation of
these matrices, for convenience. Substituting (8.56) into (8.53) and integrating
over )/, the Dirac brackets can be written in a simpler form

(F.G}p={F. G}~ /2d3y{F, A0V 1A 40). G, (8:59)

where we have again simplified the notation by implicitly assuming appropriate
spacetime dependence of variables F and G.

As a second step, if we rewrite y* and x? as quadruples

xt = (B (@)™, x(e)™, x(B)™) .
= (B g x(e)" (B (8:60)

we can write the matrix A*# in the block-diagonal form,

Aabij |edm
Aabi |cdmn

A = (8.61)

Aai|cmn ’

Aaij|cm
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8.4. Dirac brackets

where we have used vertical bars to separate row from column indices, and the
blank entries in the matrix are assumed to be zero by convention. According to
(8.39) we have

Aa;b)y;dm — 480mZna[c}7[d}bd7]b

A@biledmn 4. lmn;/’acr] :

Aai|cmn — _80mni7]ac : (862)
Aa{j|cm _ SOijmrIac .

The inverse matrix A;; then has a similar form,

—1
Aabij |cdm
—1

A
A;; — abi|cdmn — ) (863)

ai|cmn
—1
aijlem

Using this, from (8.58) one can obtain the equations

1 abij|cdm A —1 a sb ci o
_A y A 45[a/5b1]5[i/§j~/] P

) cdm|a’b'ij’

lAabﬂCdmnA;iinnM’b’i’ 252, ?a,éb/] : (8 64)
lAai\cmn c_r;11n|a’i/ = 5215?/ s |
Adiilem A;mlm,i,j, = 20 Z’glti’ 5;’] ’

and then using (8.62) one can solve them to obtain the components of the inverse
matrix,

1 -
Aabij|ca’m = CoijmMaiMap >
A_ j = —&0imnM, N
b
111711|cdmn B alc'ld]b » (865)
ailemn = —&0imnM g
Atlij\cm = EoijmMgc -
Here we have defined ¢y3 = —¢°'%.

Finally, the third step is to substitute the matrix A, into (8.59) in order to obtain
an explicit expression for the Dirac brackets:

1 N
(F.GYo={F. G}~ jaun | 'y KHF.G.y), (8.66)
z
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where the kernel K7 (F, G, y) is

KMEGy) = 1(F. 2B)™0) Ha()at), G)
—UF 20 0 B 0), 6)
~{F, 1" 0) Hx(B) ), G}
HE, 20"0) {1 0), 6}

(8.67)

Having constructed the Dirac brackets, the next task is to express the constraint
algebra in terms of them. This has two main consequences. The first is that the
Dirac bracket between any quantity and any second class constraint is automati-
cally zero, by construction. This is obvious from the definition (8.53). The second
is that after passing from Poisson brackets to Dirac brackets, the second class con-
straints can be set equal to zero off-shell, giving rise to the reduction of the phase
space to one of its hypersurfaces. We will now concentrate on the constraint alge-
bra, while the reduction of the phase space will be discussed in detail in the next
section.

Looking at the algebra of constraints, (8.38), (8.39) and (8.40), we see that it has
the following rough structure:

{o.or=0, {x.x}=47, {o,x}=1x, (8.68)
for non-zero brackets. With all other brackets are zero,
{o,0y=0, {x,x}=0, {o,x}=0. (8.69)

Knowing that the Dirac brackets between an arbitrary quantity and a second class
constraint is zero by construction, we can immediately conclude that

{X?X}D:()? {¢7X}D:()7 (870)

which leaves only { ¢, ¢ }p to be discussed. For this, a schematic calculation gives:

(0.0} = {ca,cﬂ}—/{cv,x}Al{x,cﬂ}
= {¢>§0}+/XA_1X (8.71)

= {9,090},
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8.5. Phase space reduction

due to the fact that the product of two constraints is zero off-shell. This is actually
a proof that the algebra of primary constraints does not change when we pass from
Poisson brackets to Dirac brackets. Therefore, we have:

{0(G)*, (1) }p = —p(R)*"6",

{9(G)*, 9(VB)uw}p = 250p(G)go",

{o(D)%, p(VB)ua}p = 2000(T)4'd", (8.72)
{o(R)™, p(VB)u}p = —4010(R)" 6%,

{9(VB)*, p(VB)e}p = —400p(VB)"yo®

while all other { ¢, ¢ }p vanish.

As a final point, note also that for an arbitrary quantity 4 we have:

(A, H}p = {A,Hr}—/{A,x}A-‘{x,Hr}
- {AaHT}—/{AJ{}AI{XHﬂ} (8.73)
- {A,HT}—/{A,;(}A-IX,

where we have used the fact that the total Hamiltonian (8.33) is a linear combina-
tion of first class constraints. The result can be rewritten as

A= {4 mpho+ [(40 0087, (8.74)
which becomes the standard-looking equation of motion

A={4,Hr}p (8.75)

when one reduces the phase space by promoting y = 0 to off-shell equalities y = 0.
This reduction is the subject of the next section.

8.5 Phase space reduction

The purpose of introducing Dirac brackets is to remove the second class con-
straints from the theory. When we use exclusively Dirac brackets, no result de-
pends on second class constraints, and we can project all phase space points to
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the hypersurface defined by strong equalities y = 0, reducing its dimension* from
2N to 2N — §, without changing any physical property of the theory, in particu-
lar without breaking its gauge symmetry. In our case, from (8.37) we have the
following off-shell equations:

ﬁ(B)abjk = 0 s
w(0)a” — €% By = 0,
R (8.76)
n(e)ﬂ - P e ﬁajk = 07
m(B)7 + Eeke, = 0.

We will discuss these equations in two steps, first by analyzing the two equations
independent of ¢, and then discussing the £-dependent equations, which are more
complicated. The first two equations can be rewritten as:

”(B)abij =0, Basz = —%Soykﬂ(w)abk- (8.77)
Note that we have expressed two conjugate variables in terms of other variables
in the phase space. This reduces the full phase space to a hypersurface defined by
these equations, namely orthogonal to the directions of z(B),,” and diagonal in
the directions of corresponding (B, 7(®)) planes. Given that we have eliminated 36
phase space variables per point (see footnote 4), the dimension of the hypersurface
is 200 — 36 = 164, since the dimension of the full phase space was 2N = 200.
On this hypersurface the expressions for some of the first class constraints (8.36)
simplify. In particular, the first four constraints remain unaffected, while the final
four constraints become:

gD(R)abi — goy'kRabjk ’
»(G)* = gsoykGaijk + Viz(e)”, ( )
8.78
. 1— y .
¢(T)m = TfSOUkTajk - Vj”(ﬂ)m] )

{l)(VB)ab = V,-n(a))abi — Ze[aﬂt(e)b]i — ﬂ[a[jﬂ'(ﬂ)b]ij .

Let us now turn to ¢-dependent equations in (8.76). We immediately see that
there are two mutually incompatible cases, namely ¢ # 0 and ¢ # 1. Inthe & # 0

4Strictly speaking, the phase space if of infinite dimension. In this section, we mean dimension
per space point.
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case, we see that we can solve the equations for e and z(e),

1 . R y
(B, we) = 1 e, (8.79)

a
e ;= i
again expressing two conjugate variables in terms of remaining ones. This reduces
the dimension of the (local) hypersurface even further, down to 164 — 24 = 140. If
one does not impose any gauge fixing in the theory, this is the minimal dimension
of the hypersurface, since we have in total S = 60 second class constraints. The
final three first class constraints simplify even further, as follows:

0(G) = Gy,
= A (8.80)
o(VB)* = Vr(w)™ — éﬂ[aijﬂ:(ﬂ)b]ij-

We should stress that none of these equations make sense in the case & = 0, i.e.
for the topological Poincaré gauge theory (8.8), but are completely valid for the
case ¢ = 1, which represents the BFCG theory (8.4).

Alternatively, in the ¢ # 1 case, it is not a good idea to solve (8.76) for e, z(e), since
this cannot be done if & = 0. Instead, we can solve for f and z($),

1
c—1
This time the phase space reduces to another local hypersurface, different from

the previous one, but again of the same dimension 164 — 24 = 140. The final
three first class constraints simplify again, however not to (8.80), but to:

By = copm(€)™,  w(B)a" = —Ee"ey . (8.81)

a _ 1 ai
p(G)* = % — fvﬂr(e) ,
gD(T)ai = Egoijkjajk s (882)
(D(VB)ab _ V,-n(a;)"’” . I%fe[ain_(e)b]i .

In this case the choice & = 1 does not make sense, which means that the BFCG
theory case is excluded. Nevertheless, the case ¢ = 0 is included, describing topo-
logical Poincaré gauge theory.

It is interesting to ask what happens in the case of generic &, when it is neither
zero nor one. In that case one can solve (8.76) either for (e, z(e)) or for (8, z(8)).

158



Chapter 8. Hamiltonian analysis of the BFCG theory for the Poincaré 2-group

The constraints can be expressed in either form (8.80) or (8.82). It is important
to note, though, that the resulting hypersurface depends on the choice of &. In
this case one can calculate the Dirac brackets

{e%, nle)s }p = (1 — &)sdio®) (8.83)

and
{B, n(B)"™" }p = 256307550 . (8.84)

It is then easy to verify that (8.8l) is a canonical transformation from (e, z(e)) to
(B, 7(B)), with (8.79) being the inverse transformation. In particular, as long as
¢ # 0,1, this transformation maps (8.82) to (8.80), and in addition maps (8.83)
to (8.84), justifying its canonical nature.

However, the cases ¢ = 0 and ¢ = 1 are singular, and the canonical transformation
(8.81), (8.79) does not make sense for either of those. Nevertheless, there exists a
singular canonical transformation which maps between those two cases (see [113]),
given as:

By = —Soy'kn'(e)ak, (B! = —e" ey . (8.85)

In particular, for the case & = 0 the Dirac bracket (8.83) evaluates to
{e', a(e) }p = 530167, (8.86)

while the constraints (8.82) become

p(G)* = Viz(e)",
A 1 .
gD(T)al = z&'oykTajk, (887)

o(VB)? = V(o)™ —2elx(e)?).

On the other hand, when ¢ = 1 we have from (8.84)
{B%, m(B)y™ Yo = 28367576, (8.88)

and from (8.80) we obtain

1 ..
p(G)* = ggoykGaijk ,
o(I)" = =Vz(p)?, (8.89)

o(VBY* = V() ~ ().
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The transformation (8.85) then maps (8.86) to (8.88) and (8.87) to (8.89), with
its inverse mapping everything the other way around.

To sum up, we have the following general situation. For a generic ¢ one can
write the theory using either (e, z(e)) variables or (S, 7(f)) variables, and there
is a canonical transformation (8.81) connecting these two sets of variables, for the
same value of &. For the singular cases ¢ = 0 and ¢ = 1 one does not have a choice
which variables to use, but there exists the canonical transformation (8.85) which
maps the ¢ = 0 theory into the ¢ = 1 theory, and vice versa. This canonical
transformation is called singular because it cannot be obtained as a solution of
the second class constraints (8.76). In contrast to (8.81), which maps between
various variables on the same local hypersurface determined by the choice of ¢,
the singular canonical transformation maps between two different hypersurfaces
determined by choices ¢ = 0 and ¢ = 1. This establishes the relationship be-
tween the canonical structure of the BFCG model and the canonical structure of
the topological Poincaré gauge theory.

We should also discuss the status of the canonical transformation (8.48), which
maps the full phase space onto itself, while inducing the transformation & — 1 —¢.
Note that (8.48) assumes that both momenta z(e),’ and z(8),” are variables in the
phase space. However, after the reduction of the phase space using either (8.79)
or (8.81), one of the two momenta is eliminated, and is not a variable in the re-
duced phase space. Therefore, one cannot formulate the canonical transformation
(8.48) as it stands, on the reduced phase space. Geometrically, every choice of ¢
specifies one particular reduced phase space, and the symmetry ¢ — 1 — ¢ now
maps between different spaces. While it is possible to construct a set of canonical
transformations analogous to (8.48), in the sense of the map ¢ — 1 — &, these
are not derivable from (8.48). In particular, in the case of reduction (8.79), the
change of variables

27— 7B =

implements the map ¢ — 1 — ¢ in the constraints (8.80). Similarly, in the case of
reduction (8.81), the change of variables

(B)d" (8.90)

z(e) (8.91)

implements the same map in the constraints (8.82). Note that neither (8.90) nor
(8.91) can be derived from (8.48), and also that both transformations are defined
only for ¢ # 0, 1. Finally, for the case ¢ = 0 — ¢ = 1 and vice versa, we have
the canonical transformation (8.85), which also cannot be inferred from (8.48).
We can of course infer the existence of all these canonical transformations from
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the fact that the map ¢ — 1 — £ is a symmetry of the theory, see (8.50). But the
actual forms of the transformations cannot be obtained from each other, due to
the different sets of variables in respective phase spaces.

8.6 Canonical quantization

Since the equivalence (8.8) holds, we may quantize the BF formulation for the
Poincaé group (see [113]) of the BFCG theory.

Taking a Poincaé connection
A(x) = A'(x)X; = 0™ (x) I + €(x) P, , (8.92)
where J and P satisfy the Poincaré Lie algebra
Vabs Jed) = Mapedays) s [ParJoel = NypPe s [Pay Ps] = 0. (8.93)
The curvature can be written,

F = FX; = (dA"+f 47 N 45%) X (8.94)
= R®J,+ T°P,. (8.95)

where the R and T are given by (8.5) and (8.7) respectively.

The BFCG theory may thus be written tin the form,

= / (B ARy +T" A B,) (8.96)
M
= / B' N Fy, (8.97)
M
where,
B'= (B, B), Fi=Rw,T.) . (8.98)

The canonical analysis can be performed using the method in Sec. (3.11) (see also
[113]). This is also the case ¢ # 1 discussed in the previous section (see equations
(8.81) and (8.82) for & = 0). We repeat the calculation for definiteness.

The Lagrangian density can be written as

L = m, o”+p,é —H, (8.99)
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the momenta are given by,

T, = %sijkBabjk, Pl = %gi/kﬂajk, (8.100)
and # by
= Bgﬁklgabm Rapje + eaovipai+

+ 0 (Vi — ewipy) + —g kB o T } . (8.101)

we therefore find the following constraints
o ; e R, =0, (8.102)
G, = %effkrf,.k =0 (8.103)
Gl = Vimy —ewipy =0, (8.104)
Gra = Vip/ =0. (8.105)

and the constraint algebra is
{6,607} = 40170 x—)
&4(¥),G cdcv)} = 0% Cad(x ~ )

f—M\

{C10),Grea) | = —404,0," ' (x =)
(G103, 6,00} = 40,6, 0% (x — ).
{010,050} = —69G 4o (x— ). (8.106)

Given a set of canonical variables {(px, gx)| K € K}, one can define a quantization
based on a representation of the corresponding Heisenberg algebra in the Hilbert
space Hy = L, (R'¥l) such that
0¥(q)
dgk
We will refer to the representation (8.107) as the quantization in the ¢ basis. The
results of the previous sections imply that the canonical quantization of the Poincaré
BFCG theory in the 2-connection basis (®, f3), can be related to the canonical quan-

tization of the Poncaré BF theory in the (o, ¢) basis. Since f is canonically conju-
gate to e, by performing a functional Fourirer transform, we obtain

¥(w,p) = /De@(a),e) exp <i/2ﬁ“ /\ea) : (8.108)
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Furthermore, ®(w, e) = ®(4) is a solution of a quantum version of the Poincare
BF constraints. For any BF theory, the canonical pair (4’ E/') can be represented
by the operators

. oD

i _ Al — gl
B/ @) = i A405) 04) = A(x) @), (8109)
so that the Gauss constraint
. o0 )
OA) =0 | —— K4, = 1
GI ( ) al (514]1()()) +ﬁ] l(x) 5AKZ()C) 07 (8 O)
is equivalent to .
D(4) = D(A) (8.111)

where 4 = 4 + dJ. + [4, 4] is the infinitesimal gauge-transform of 4. This implies
that ®(4) must be a gauge-invariant functional, while the vanishing curvature
constraint

F(A(x))®(4) =0 (8.112)
implies
O(4) = [[6(Fp(4), (8.113)

i.e. ®(4) has a non-zero support on flat connections.

Consequently any gauge-invariant functional of flat Poincaré connections on X,
®(wy, €p), is a solution. The space of ®(wy, ¢y), which we denote as H,, is the
space of functions on the moduli space of flat connections on X for the Poincare
group ISO(1, 3), which we denote as MS(ISO(3, 1)). It is easy to see that

MS(ISO(3,1)) = VBMS(SO(3,1))], (8.114)

where VB is the vector bundle such that the fibre at a point w, of MS(SO(3,1)) is
the solution space of the vanishing torsion dey + wy A ¢y = 0.

In H, we can introduce a basis of spin-network wavefunctions. Let 4 be a con-
nection for a Lie group G on %, and let y be a graph in X. Given the irreducible
representations irreps A; of G associated to the edges of y and the corresponding
intertwiners 1, associated to the vertices of y, one can construct the spin-network
wavefunctions

wy(d) =Tr | [TC™ ]2 @) | = 4lp), (8.115)

vey ley
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8.6. Canonical quantization

where D™)(4) is the holonomy for the line-segment /, C) are the intertwiner
coefficients and j = (y, A, 1) denotes a spin network associated to a graph y.

Note that when 4 is a flat connection, than (8.115) is invariant under a homotopy of
the graph y, so that we can label the spin-network wavefunctions by combinatorial
(abstract) graphs y.

In the case of a non-compact group there is a technical difficulty when construct-
ing the spin-network wavefunctions. Namely, if one uses the unitary irreps (UIR),
these are infinite-dimensional, and one has to insure that the trace in (8.115) is
convergent. In the Poincaré group case, we will consider the massive UIRs, which
are labelled by a pair (M, /), where M > 0 is the mass and j € Z, /2 is an SU(2)
spin. In this case

Dintipm(@:@) = €7D (W(e,p)) 0(§ = Aup) (8.116)

where p = (po,p) = (\/()? + M2, ), DY) is a spin-j rotation matrix and W(w, p) is
the Wigner rotation, see [120].

By requiring that #;(4) form a basis in 7, we obtain

) = [ Dalayar) = 315 619) (517

and

(1) = [ DAGlANAI) = [ Daw;a) wia). (8.118)

The last formula is known as the loop transform.

Since we are dealing with a Lie 2-group, one would like to generalize the spin-
network wavefunctions for the case of a 2-connection (w, ). The categorical na-
ture of a 2-group implies that one can associate 2-group representations to a 2-
complex. Namely, if (w, ) is a 2-connection for a Lie 2-group (G, H) on X, then
given a 2-complex I' in Z, one can associate the 2-group representations L, to the
faces fof I'. The corresponding 1-intertwiners A; can be associated to the edges
of I', while the corresponding 2-intertwiners z, can be associated to the vertices of
I'. Hence we obtain a spin foam [ = (T, L, A, 1).

For example, in the 2-Poincaré group case, there is a class of representations la-
belled by a positive number L, see [121]. The intertwiners for three such represen-
tations, L, L,, L3, are labelled by integers m if L, satisfy the triangle inequalities
strongly. The m’s label the irreps of an SO(2) group, which leaves the triangle
(Ly,Ls, L), embedded in R*, invariant. The 2-intertwiners for the m’s are trivial
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and L, in this case can be identified with the edge-lengths of a triangle, see [119].
If L, are collinear, i.e. L; = L, + L3, the invariance group is SO(3) and the corre-
sponding intertwiners are the SU(2) spins j while the 2-intertwiners are the SU(2)
intertwiners. In this case the L, look like particle masses, but then it is not clear
what would be the geometrical interpretation of these masses.

A spin-foam wavefunction should be an appropriate generalization of the spin-
network wavefunction (8.115) such that the spin-foam wavefunction includes the
surface holonomies associated with the spin-foam faces f. Let us embed I into a
triangulation of the spatial manifold and let @ and f be piece-wise constant in the
appropriate cells of the triangulation. If g; = exp(w:J) and iy = exp(j,P), then the
formula for the surface holonomy 7, for the surface of a polyhedron p, is given by

hy = 1] g >y, (8.119)
fedp

where g can be calculated by representing the dp surface as a composition of
2-morphisms (g, ;) from some 1-morphism gy (/' € p) to itself, see [108] for the
case of a tetrahedron.

Hence we expect that

We(w,p)=Tr | [J ™ [ D™ () [[D*(w.8) | . (8.120)
vel lel’ fer
where
D" (w, B) = DU (g > ) . (8.121)

In the Poincare 2-group case, the representation matrix (8.121) is of the type 1 x 1,
because H is an abelian group. The analysis in [119] suggests that

D, B) = exp (iLy- gl@)F) - (8.122)
where L; is a 4-vector satisfying L} = L, L; = 1, L{L} and 7 is a flat Minkowski
metric.

A related problem consists in the fact that no analogue of the Peter-Weyl (PW)
theorem is known for the case of a 2-group. The PW theorem states that a basis
on the Hilbert space of square integrable functions on a Lie group G is given by
the matrix elements of the irreducible representations of the group (see [12]), that

is
=Y > "Dl (@) =D (@a, DM (g)), (8.123)

A OlAﬂ) A
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where ¢ is a function on a Lie group G and
5" = [ gDl (@) 0(e). (8.124)
G

Note that in the case of the Poincaré 2-group, the relation (8.108) can give some
clues. Let us consider again piece-wise constant fields on a triangulated manifold.
The Poincaré group holonomy for an edge ¢ is given by g/ = exp(w.J + e.P), so
that a function ¢(g.) = ®(w,, e.) can be expanded by using the generalization of
the PW theorem for the Poincaré group

D0, e,) = / M S (Byry, DY) (0, ,)) (8.125)
0 -
J

Consequently

\P(wg’ ﬂf) - /R4 d4€/:u(88) eiﬁ‘/‘ég CD(a)g, ee)
- / dMZ<(bMJ ) / d4€s ﬂ(ea) eigfgg D(MJ)<CU87 ea)>
0 j R4

_ / T a3 (g, DY) (o, ) (8.126)
0 j

where u is some appropriately chosen measure and fis the face dual to an edge
€.

If T is a tetrahedron, then by comparing (8.126) to (8.120) one concludes that
A, = j. and that there should be a relationship between an L, and the three A,
for the dual faces for the edges of a triangle A. Furthermore, there should be a
relationship between the functions DV:)(g,)D"*) (g, h,) on T and the functions
DM (g') on T
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Summary of results and conclusions

In this chapter we summarize the results and present our conclusions.

In Part I of this thesis, we discussed the motivation to carry out research in the
area of quantum gravity. This motivation comes either form conceptual issues —
three of the four known interaction have been quantized, but gravity has not —
as well as from black hole singularities and the primordial singularity. One ex-
pects that quantum gravitational effects will be important for the description of
singularities. We also explore some key methods and tools that form the mathe-
matical language of gauge theories. The canonical analysis of such theories, using
the Dirac procedure, was also reviewed.

Canonical quantization, uses the Hamiltonian structure of General Relativity, which
was also the object of a chapter in this thesis. The quantization of Einstein’s theory,
was originally studied using the metric and its canonically conjugate momentum
(or alternatively the tetrad and its conjugate momentum). This approach, does
not lead to a complete quantum theory due, in particular, to the complicated non-
polynomial character of the Hamiltonian constraint.

This motivated the search for alternative variables that would make the Hamilto-
nian constraint polynomial. The complex (self-dual) Ashtekar variables do, in fact,
have this property but they introduce a new constraint — the reality constraint —
that is equally problematic. The real version of these variables obviously avoids the
reality constraint but fails to make the Hamiltonian constraint polynomial.

In Loop Quantum Gravity (LQG),a pair of variables — namely the holonomies
and the (appropriately modified) fluxes based on Ashtekar’s (real) variables — are
quantized. Although LQG is a consistent well established theory, whose build-
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ing blocks are spin networks (or s-knots), some problems remain open. The most
notable of these unsolved issues is, (again) the question of the Hamiltonian con-
straint which encodes the dynamical aspects of Quantum Gravity. The physical
states are obtained by solving the quantum constraint. Very little progress has
been achieved in this direction.

The spin foam formalism was introduced as a way of trying to circumvent this
issue. It can be understood as a sum over histories type of formalism. Or alterna-
tively, a way to make sense of Feynman’s path integral formalism in the context of
Quantum Gravity, and calculate transition amplitudes between boundary states.
However, these spin foam models have unsolved problems of their own. Among
these questions are the semiclassical limit, and the coupling of fermionic matter.
Both of these can, in fact, be related to the absence of the tetrads in the topological
sector of the action.

In an effort to tackle these problems the BFCG theory (6.44) was introduced. It
is a categorical generalization (see chapter 6) of the BF model (2.146). Just as the
BF theory is the gauge theory of some Lie group G, the BFCG (or 2-BF) theory is
the higher gauge theory for some Lie 2-group G.

We preformed the canonical analysis of the BFCG theory for a generic Lie 2-group
in chapter 7. This analysis (see also [112]) implies that the BFCG action (7.13) is a
topological field theory, i.e. an action which is diffeomorphism invariant and has
no local degrees of freedom. The propagating degrees of freedom are global and
the corresponding configuration space is the moduli space of flat 2-connections
for the BFCG Lie 2-group on the spatial manifold X.

In chapter 8 we studied the Hamiltonian structure of the BFCG model (8.4), and
its relationship to the topological Poincaré gauge theory (8.8)(see [113, 114]). In
section 8.2 we defined both theories, proved the equivalence of their respective
actions and Lagrange equations of motion, and introduced a generalized action
(8.9) which depends on a real parameter ¢ and which reduces to the BFCG theory
for ¢ = 1, while it reduces to the topological Poincaré gauge theory for & = 0. In
this way, we could perform the Hamiltonian analysis of both theories simultane-
ously. Because of this action (8.9) we can say that, although chapter 7 is more
general then chapter 8 in the sense that we use a generic Lie 2-group in the for-
mer and the Poincaré 2-group in the latter, it is also possible to say that chapter 8
generalizes chapter 7 in a different direction, because the action we used (8.9) is
an interpolation between the BFCG theory and a Poincaré gauge theory.

The canonical analysis of (8.9) was done in section 8.3, where it was established
that (under the assumptions we made) there are no physical (local) degrees of
freedom, equation (8.47), the algebra of constraints (8.38), (8.39) and (8.40) has
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Chapter 9. Summary of results and conclusions

been computed, and the Hamiltonian of the theory written as a linear combina-
tion of first class constraints, equation (8.33). In section 8.4 we have constructed
the Dirac brackets (8.66), which facilitate the elimination of the second class con-
straints from the theory without breaking its gauge symmetry. The geometrical
consequences of this were explored in section 8.5. The elimination of second class
constraints projects the phase space onto one of its hypersurfaces, depending on
the choice of the parameter ¢. Only at this point the difference between the BFCG
theory and the topological Poincaré gauge theory becomes observable, since they
live on distinct hypersurfaces. For the generic hypersurface, when ¢ # 0, 1, the sec-
ond class constraints can be solved in terms of different sets of variables, and for
every choice of ¢ there is a canonical transformation which maps between these,
mapping the hypersurface ¢ onto itself. However, this was not possible for the sin-
gular cases ¢ = 0, 1. Instead, in these two cases there exists a singular canonical
transformation which maps the ¢ = 0 hypersurface to ¢ = 1 hypersurface and vice
versa, establishing the equivalence between the BFCG theory and the topological
Poincaré gauge theory, and clarifying the relationship between their respective
variables.

The results obtained in Chapter 8 (published in [114]) represent the straightfor-
ward generalization of those obtained in [78]. The analysis of BF theory based
on the Lorentz group is generalized by the BFCG theory based on the Poincaré
2-group. Some of the material presented overlaps with [113], but also improves on
those previous results, in the following important ways. First, in this Chapter we
have performed the full Hamiltonian analysis, as opposed to the shorthand pro-
cedure used in [113] and described in section 3.11 . This facilitates a better basis
for the ongoing analysis of the constrained BFCG theory (8.3) (see appendix D),
whose relevance is very high since it is equivalent to GR. Second, the procedure
used in [113] was performed by employing a partial gauge fixing. This makes the
calculations much simpler, but prevents us from computing the full algebra of
constraints, in particular (8.39) and (8.40). In this chapter the gauge symmetry
was kept intact, the full algebra of constraints has been computed, and proved to
be closed. And third, in this chapter we have given a more detailed analysis of the
relationship between the BFCG model and the topological Poincaré gauge theory,
providing a better insight into the geometry of the reduced (local) phase spaces
for both theories.

The quantization of the BFCG topological theory ((8.9) with ¢ = 1) may be car-
ried out in the BF formulation (see section 8.6). In this case the physical Hilbert
space is given by the space of square-integrable functions on the moduli space of
flat connections. To proceed further on must introduce the spin-network basis, by
constructing the spin-network wave functions for the Poincaré group. An inter-
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esting problem will be to investigate the relation between the spin-network basis
and the spin-foam basis.

As far as the canonical quantization of GR in the spin-foam basis is concerned, this
requires a canonical formulation of the constrained BFCG theory based on the 2-
connection variables (w, ) and their momenta. This in work in progress, which
we report in appendix D. However, the structure of the GR constraints is such that
the short-cut procedure based on the space-time decomposition of the fields in
the action does not work, and one has to perform the full Dirac procedure.

We present here the Hamiltonian written in terms of the first class constraint of
the constrained theory. It reads,

1 1
HT = /d%? |i§/1(a))ab() (D(C!))ab + /l(e)“o d)(e)a —+ ECC)abO (D(T)ab + e”o @(R)a . (91)
Where the first class constraint are given by,

D(w)? = P(a))“bo,
| ,
Dle), = P(e)aOJFERCdU‘FIb Y acatP(0) ™ + Eapcac’P(B) ",
O(T)? = 46, S(T), — V;S(Bee)™ + "l T(B)Y; + 26%elie;P(B) "

—V,P(0)™ 4 2¢P(e)" — R ;P(p)"
aFﬂ’ijacdk

D(R)a = —S(eR)q+ Rchija)thFﬂnjacdkP((P)ﬂ)Ok + RCdyW

1
2

(Vine'o — 0" %) P(o)p™

+5 RGP i [S(Bee)p + P(@)" + VuP(9)p™ — 2V (€50F"™ o P(0) ™) ]

_EOijviT(ﬁ)ajk + 8abcdebiij(B)Cdij - V,’P<e)ai + €abed (vkeb() - waoe/k) P(B)Cd()k :

(9.2)
In this way one would generalize the LQG spin-network basis to a spin-foam basis,
and we expect that the corresponding Hamiltonian constraint may be simpler to
solve. The definite advantage over the LQG formalism is that one can construct a
wavefunction which is a function of the triads ¢ and the connection @, so that it
will be easier to perform the semi-classical analysis.

Concerning the subject of future work, several avenues may be followed. The first
we wish to mention is the equivalence of the BFCG model with cosmological con-
stant, to the MacDowell-Mansouri (MM) theory of Gravity [122]. This equivalence
may bring important insights into the problem of the quantization of the BFCG
theory.

170



Chapter 9. Summary of results and conclusions

Also under way, is a modified gravity theory based on the BFCG model. The MM
theory — and consequently the BFCG theory, by virtue of the above mentioned
equivalence — may be deformed by the addition of a ‘potential’ term to the ac-
tion. A study of the cosmological models contained in this classical theory is in
progress.

A different route for the generalization of the BFCG model is to study it for 2-
groups other then the Poincaré 2-group. This has been done for example for the
Euclidean 2-group (see e.g. [123]). Furthermore, we know from section 4.2 of [106]
that, we can construct a 2-group (or equivalently a Lie crossed module) from: i)
any Lie group G; ii) any vector space H; iii) the representation &> of G on H and, iv)
a trivial map 0. The Poicaré 2-group corresponds to the choice G = SO(3, 1) and
H = R*. It would be interesting to investigate the choice of the (anti) de Sitter
group (SO(3,2))SO(4, 1) for the Lie group G and H = R>.

In conclusion, we may say that the BFCG theory — especially in the constrained
action (8.3) — constitute an important contribute to the study of the problem of
Quantum Gravity. The theory is based on a 2-group, a categorical generalization
of the notion of group. It is therefore in the forefront of research in this area.

Progress in the Hamiltonian quantization of the theory is hindered by the fact
that higher category theory;, is still under construction especially in some aspects
of representation theory e.g. the generalization to 2-categories of the Peter-Weyl
theorem. However the covariant approach [124] to quantization base on the gener-
alization of spin foams to spin cubes is certainly a promising line of research.
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Lie algebra valued differential forms

Lie algebra valued differential forms have some interesting properties [125, 126].
Take g to be an n-dimensional Lie algebra over the field R. If {g,, i =1,...,n}isa
basis for g, then a Lie algebra valued differential »-form is an element of the tensor
product Q' (M) ® g, on a manifold M. It may be written:

1
a=0"Rg, = ﬁal‘jl”#ydxﬂl A ANdY®g,, (A1)

where summation over « from 1 to », is implied.

The exterior derivative and star operator act in the same way as above, only in the
a® element of Q' (M) that is

da =do’ ® g, (A.2)
xo = xa" ® g, . (A3)

The commutator of Lie algebra valued » and s forms « and f respectively is

[0, f] = (a* N B”) @ [gar 2] (A.4)
where ¢ and b are summed in therange 1 ,... ,n.

This commutator has the following properties

[a,f+7] = lo Bl +[a,7]
o, Bl = (=1)"""[B,0] (A.5)
(_l)sr [OL, [167 7]] + (_I)St [ﬁ’ [ya (XH + (_l)n [V, [awﬁ“ =0.

173



And we have the following results

[a,xa] = 0
la,[a,a]] = 0
d[aaﬂ] - [daaﬂ] + (_l)r [a7dﬂ] )

where r is the degree of the form .

(A.6)

If we regard these forms as matrices, ([46, 54]) aenother product may be defined

in the following way:
aNf=a" AP (g.2) .

(A7)

This means that like in the case of of (A.4) we take the wedge product of the
forms i.e. a® A f° but unlike the commutator where we take the Lie bracket of the
elements of the basis of he Lie algebra, we merely multiply these together using

the group multiplication that is g,g.

This is related to the commutator by

[, fl=aNp—(=1)"BAa,
where a is an r-form and, £ is an s-form.
The product has the properties,

(a+B)N(y+0) = aANy+aANd+LAy+BANS
dlaNp) = daANp+(=1)andp.
Given the one form 4
A=A g, & dx*,

we have,

ANA = A°NA" @ (g.g0)

1
— EA“ ANAP @ (g4, b]

- %[A,A} .

We can associate to 4 a curvature two-form F,

1
F o= dd+ 5 4.4]

= dA+ANA,
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Appendix A. Lie algebra valued differential forms

and a covariant derivative,

Vo = da+ % A4, al (A.15)
Vup = dp+[A4,p], (A.16)

for a one form a (or any odd form in general) and for any two form S (or any even
form).

In this language we may write,

Vi(Va) = % F.al (A17)

we also have the Bianchi identities:

V. = 0 (A.18)
V. = % F,e] (A.I9)

where the torsion is, |
T'=V,a=de+ 2 [A4, €] (A.20)
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Bianchi identities in component form

Recalling the definitions of the torsion and curvature 2-forms,
T° = de® + o' N e, R = do™ + 0, N 0, (B.1)

one can take the exterior derivative of 7% and R? and use the property dd = 0 to
obtain the following two identities:

v
VR

dT’—i—w“b/\Tb:R“b/\eb,

dRab + 04, /\Rcb + wbc AR¥ =0. (BZ)

These two identities are universally valid for torsion and curvature, and are called
Bianchi identities. By expanding all quantities into components as

1 1
T* = ET”de” Adx”, R = ER”bwdx“ Adx” (B.3)

b b
e’ = e, dx" o” = o dx" (B.4)

and using the formula dx* A dx’ A dx” A dx® = &""?°d*x, one can rewrite the Bianchi
identities in component form as

e (VT — Ripwe’,) =0, (B.5)

and
"’V R, = 0. (B.6)
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For the purpose of Hamiltonian analysis, one can split the Bianchi identities into
those which do not feature a time derivative and those that do. The time-independent
pieces are obtained by taking 4 = 0 components:

SOijk (V,-Tajk - R“;,ijebk) == 0, (B7)

""" R" ) = 0. (B.8)

These identities are valid as off-shell, strong equalities for every spacelike slice
in spacetime, and can be enforced in all calculations involving the Hamiltonian
analysis. The time-dependent pieces are obtained by taking 4 = i components:

e (VoT i — 2V, T ok — 2R"4pje” — R%yue’0) = 0, (B.9)

and )
£k (VORabjk . 2ijab0k) —0. (BIO)

Due to the fact that they connect geometries of different spacelike slices in space-
time, they cannot be enforced off-shell. Instead, they can be derived from the
Hamiltonian equations of motion of the theory.

In light of the Bianchi identities, we should note that the action (8.4) features two
more fields, 8 and B*, which also have field strengths G* and VB, and for which
one can similarly derive Bianchi-like identities,

VG* =R AP, V2B® = R“. A B + R®, A B*. (B.11)

However, due to the fact that both f* and B* are two-forms, in 4-dimensional
spacetime these identities will be single-component equations, with no free space-
time indices,

2
gHp (ngaw — R"bﬂvﬂbvp) =0, (B.12)

and similarly for V2B, Therefore, these equations necessarily feature time deriva-
tives of the fields, and do not have a purely spatial counterpart to (B.7) and (B.8).
In this sense, like the time-dependent pieces of the Bianchi identities, they do
not enforce any restrictions in the sense of the Hamiltonian analysis, but can in-
stead be derived from the equations of motion and expressions for the Lagrange
multipliers.
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Palatini action in differential form
notation and the Holst modification

Tn this appendix we prove the equivalence of the Palatini form of the Einstein-
Hilbert action (1.39) and the differential form version of this action (2.139) which
we called the Einstein-Cartan action. We take (2.139) without cosmological term,
but we will comment on the A later.

We begin with the well known expression for the determinant e of ¢, that is,
8abcdea,uebvecpeda = €&uvpo » (Cl)

and contract it with e/ twice, we get

a b ¢ d
Eabcd€ u€ v€ p€ ¢ = €&upo
a b o
Eabcd€ € v = ee,uvpaecped
S”Vp"sabcde“ﬂeb L = 2eelre,” (C.2)

Where in the second line we used ¢’ e/ = 5;, and in the last line we contracted
both sides of the equation with &*"*7.

Note that, to find e/ the tetrads must be invertible, i.e.

det(e”,) # 0. (C3)

We also have from,
8w = eayea v (C4)
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the following relation,
det(gu)| = |g] = € = det(e”,)”. (C5)

Starting form the Einstein-Hilbert action, we can use (C.2) and get,

1

1
= 5 /M d*xee e, R v
1 ,
— pps /M fxe”vﬂggabcdeaﬂeva°dpa
1
= Meabcde“/\eb/\RCd. (C.6)

Note that in the last line we no longer write d*x since we are integrating a 4-
form.

To add a cosmological term to the action (C.6) we can use (C.1) in the form,

| B .
e—= Ee"b‘dewpgeaﬂebve‘pedg , (C.7)
we then have A
2A/|g| = ggabcde“ NeP Nef nel (C.8)

which together with (C.6) proves the equivalence of (1.39) and (2.139).

To the action (C.6) topological terms may be added (refer to [127]) these terms do
not change the field equations. They are,

Pontryagin term  F* A F,

Euler term EapeaF® N F (C.9)
Nieh Yan term T'ANT,—e" NP NFy ’
Holst term e NeP NFy
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Appendix C. Palatini action in differential form notation and the Holst
modification

C.1 The Holst action

Using the Holst term, the last in (C.9), we can build the following action,

1 1
Sos - e N b/\Rcd__/ an b/\Ra
Holst 4 Mdee e 2y Me e b
1 1 B .
= 4_k M(gade_;n[akrlb]d)e /\eb/\Rd (CIO)
1
= — [ Py Ne® ARY
ak [, el e

this is called the Holst action.
Like in the case of (2.140) (for vanishing A) variation of (C.10) yields,

PupaV (e*NE") = 0 (C.11)
Papeae” NR* = 0. (C12)
The first equation above determines the Levi-Civita connection (note that P,

is invertible) whereas the second equation is Einstein’s equation &,.qe” A R* = 0

plus a term that vanishes due to symmetries of the Riemann tensor (for further
details refer to [80]).
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Hamiltonian analysis of the
constrained BFCG theory

We give in this appendix, some results concerning the Hamiltonian analysis of the
constrained BFCG theory. This work is still in progress, in collaboration with A.
Mikovi¢ and M. Vojinovi¢, therefore some parts of the analysis are lacking at this
point.

D.1 Constrained BFCG action

The constrained BFCG action (8.3) for the Poincaré 2-group can be written more
explicitly as

Scr = / By AR + e NG, — 9 N (Ba;, — Eabed € N ed) ) (D.1)
M

The variables of this action are the one-forms ¢, ©* and the two-forms B, p°

and ¢“. The curvatures R* and G“ are the field strengths of the 2-connection
(wab’ 11)’
R = do™ + 0. N 0, (D.2)

G =Vp' =dp*+ o N (D.3)

The fields B> and ¢® play the role of the Lagrange multipliers. Usually one would
denote the latter multiplier as C?, but we shall instead label it as ¢“ since it will
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D.1. Constrained BFCG action

be interpreted as the tetrad field. Similarly, the usual notation for the connection
one-form and its field strength is 4 and F respectively, but in our case they are
denoted w® and R, since they are interpreted as the spin connection and the
Riemann curvature two-form.

It is also convenient to introduce torsion as the field strength for the tetrad ¢?,

T* =Ve* =de* + v’y N e (D.4)

Then, performing a partial integration in the second term in (D.1) and using the
Stokes theorem one can rewrite the action as

Spor = / By AR + B NT, — ¢ A (Bap — €anca € A ed) - / e NB,, (D.5)
M oM

where now B and $“ play the role of Lagrange multipliers. Aside from the imma-
terial boundary term, this action belongs to the class of Poincaré gauge theories
(PGT). In order to fully appreciate the relationship between the two theories in
the sense of the Hamiltonian analysis, let us introduce a parameter ¢ € R and
rewrite the action as

S:/ By AR +E* NGy + (1 =) NT, — ¢ A (Bap — €apca® N ?) , (D.6)
M

where we have dropped the boundary term. It is obvious that the action (D.6) is
a convenient interpolation between (D.1) and (D.5), to which it reduces for the
choices ¢ = 1 and ¢ = 0, respectively. The action (D.6) will therefore be the
starting point for the Hamiltonian analysis.

It is also clear that all three actions (D.1), (D.5) and (D.6) give rise to the same set
of equations of motion, since these do not depend on the boundary. Taking the
variation of (D.6) with respect to all the variables, one obtains

0B : R® — ¢ =0, (D.7)
5B : =0, (D.8)
de: Gu+ 2emeap™ Ned =0, (D.9)
Sw: VB?—eapnpl=0, (D.10)
S50 : By — empeae Ne? =0, (D.11)

where the covariant exterior derivative of B* is defined as

VB = dB* + w®. AN B’ + w’. N\ B . (D.12)
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Appendix D. Hamiltonian analysis of the constrained BFCG theory

One can simplify the equations of motion in the following way. Taking the covari-
ant exterior derivative of (D.11) and using (D.8) one obtains VB* = (. Substitut-
ing this into (D.10) one further obtains el A ﬂb] = 0. Under the assumption that
det(e,) # 0, it follows that p* = 0 (see Appendix in [119] for a proof), and there-
fore also G* = 0. As a consequence, we see that the equations of motion (D.7) -
(D.11) are equivalent to the following system:

« the equation that determines the multiplier ¢ in terms of curvature,

¢® = R, (D.13)

« the equation that determines the multiplier B’ in terms of tetrads,

Bup = €apea e N ed7 (D14)

* the equation that determines /5,

B =0, (D.15)
+ the equation for the torsion,
" =0, (D.16)
+ and the Einstein field equation,
capca R N = 0. (D.17)

Finally, for the convenience of the Hamiltonian analysis, we need to rewrite both
the action and the equations of motion in a local coordinate frame. Choosing dx*
as basis one-forms, we can expand the fields in the standard fashion:

e’ = e, dx" o® = o® dx" (D.18)

1 1 1
B — EB"bﬂva’x“/\dxv7 B = 3 P wdx Ndx” 9® = Egp“bﬂva’x“/\dxv. (D.19)
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D.1. Constrained BFCG action

Similarly, the field strengths for w, e and f are

1
R® = ER“bﬂvdx" Adx”,

1
To= ST A, (D.20)
1
G* = gGaﬂvpdx" Adx’ N dx’ .
Using the relations (D.2), (D.3) and (D.4), we can write the component equations

Rabyv — 8/twabv _ ava)abﬂ + a)acﬂwcbv _ COaCVCOCqu,
T = 0. — ey + e, — ey, (D.21)

Gup = Oufp + OB+ 0w + wabﬂﬁbvp + wabVﬂb/m + wabpﬁbﬂv .

Substituting expansions (D.18), (D.19) and (D.20) into the action, we obtain

vpo 1 a ¢ a 1-¢ 1 a ¢
S = / d4x e’ |:ZBabva pr' + geauG vpo + Tﬁaﬂ"Tlp” - Z(o b,uv (Babpa - 28abcde pedo):| .
M

(D.22)

Assuming that the spacetime manifold has the topology M = X x R, where X is a

3-dimensional spacelike hypersurface, from the above action we can read off the

Lagrangian, which is the integral of the Lagrangian density over the hypersurface
X

vpo 1 a 5 a 1 — é: 1 a c
L= /d3-x g’ [ZBablth hp(r + geayG vpo + Tﬂaﬂ‘,]—a/}(r - Zﬁﬂ byv (Babpa - Zgabcde [)edﬂ')
>

(D.23)

Finally, the component form of equations of motion (D.13) - (D.17) is:

goab,uv = Rab,uv ) Bab,uv = Zgabcd ec,uedv ) /Ba,uv =0 )
(D.24)
T, =0, 8}"‘Vpeabcdecﬂvedp =0.

The coupling of the constrained BFCG theory to fermionic matter is given by the
following action,
Sn=S8+S8p+ S, (D.25)

where S is equation (D.6) (with ¢ = 1 for simplicity), Sy, reads,
Spy = ik, / Eapeae” N N B aysyty (D.26)
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Appendix D. Hamiltonian analysis of the constrained BFCG theory

and Sp was given in equation (2.143). By varying S,, with respect to B, ¢, w, f, ¢
and y, respectively, we obtain

S — (D.27)

VBq + €avead” A | 207 — %ﬂcwsf’w + 31 A (Vd V- v+ %me") t//] =0,
(D.28)

VB — e A By — 2K2Eaea€ N T =0, (D.29)

Ve, + x5, =0, (D.30)

Bup — €apeae N e =0, (D.31)

: ] ‘ 3 .
iK1 Eqpeae”® N €7 N (26‘ AV + %ec Ael —3(Ve)y? — Zﬁ‘ysyd) w=0. (D32)

These equations can be shown to be equivalent to the Einstein equation and the
Dirac equation (see [119]).

D.2 Hamiltonian analysis

Now we turn to the Hamiltonian analysis. A review of the general formalism can
be found in Chapter 3. In addition, the equivalent procedure for the topological
BFCG theory has been done in chapters 7 and 8.

The notation and conventions in this appendix are the same as those in chapter
8.

As a first step, we calculate the momenta 7 corresponding to the field variables
B, 9, €, ", and B°,,. Differentiating the Lagrangian with respect to the
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D.2. Hamiltonian analysis

time derivative of the appropriate fields, we obtain the momenta as follows:

oL
B)u' = = 0,
m(B)ar 50,8,
T = e = 0
w ab - 580(0“1)#‘, - 9
oL 1-¢& 4.
R R (D33)
oL Oy
n(a))ab" = m - g'upBabvpa
oL
wv - 77— _FOuvp
7(f)a 50 ey, .

None of the momenta can be solved for the corresponding “velocities”, so they all
give rise to primary constraints:

B = (B’

Plp)a’ = 7(p)a ’”NO

Pl = nle)d — o e, (D34)
PlO)al = 7o) — By =0,

PBS = (B + e, = 0.

As usual, the weak, on-shell equality is denoted “x”, as opposed to the strong,
off-shell equality which is denoted by the usual symbol “=".

Next we introduce the fundamental simultaneous Poisson brackets between the
fields and their conjugate momenta,

{ B, 1(B)e”} = 4600507076,

{0%w, alp)at”} = 4030, 5{ 57,00

{e'y, m(e)y } = 5”5%5 7 (D.35)
{w®, r(w)'} = 26 %W(”

(B0, 2B} = 25;5@5‘;]5(3)

and we employ them to calculate the algebra of primary constraints,

{P(B)™*, P(w)'} = 48570500,

[ P(e)™, P(),1 ) — Ok 3) (D.36)
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Appendix D. Hamiltonian analysis of the constrained BFCG theory

while all other Poisson brackets vanish. Note that the algebra of primary con-
straints is independent of ¢&.

Next we construct the canonical, on-shell Hamiltonian:

=z 1 v a 1 v a

Hc - /d3x |:Z7T(B)abﬂ aOB huv + Zﬂ'((ﬂ)ab'u 80(0 b,uv+

z 1 1 (D.37)

+ n(e)aﬂaoe”# + 57[(6())01,#8060“[)# + Eﬂ'(ﬂ)a'uva()ﬁa#v} — L.

The factors 1 /4 and 1/2 are introduced to prevent overcounting of variables. Using

(D.21) and (D.23), one can rearrange the expressions such that all velocities are

multiplied by primary constraints, and therefore vanish from the Hamiltonian.
After some algebra, the resulting expression can be written as

Tl 1 |
H = — / d*x " |:§Bab0i (R — ™4) + €% (gGazjk + Eabed (0b°ijedk) +
z
1 1 1
+ EﬁaOkTa i T 5 Pabo (VB — &%) — Ecﬂaboz' (Babjt — 2€abea ecjedk):| ;
(D.38)

up to a boundary term. The canonical Hamiltonian does not depend on any mo-
menta, but only on fields and their spatial derivatives. Also, note that it does not
depend on ¢ either. Finally, introducing Lagrange multipliers 4 for each of the
primary constraints, we construct the total, off-shell Hamiltonian:

Hp = H.+ /z &% HMB)“Z’WP(B)M + %A(gy)abwp(go)abﬂq
1 1
i(e)a”P<e)“lu + Eﬂ“(wybﬂp(w)ab# + El(ﬂ)auvpaﬁ)a”v
(D.39)

We proceed with the calculation of the consistency requirements for the con-
straints. The consistency requirement is that the time derivative of each constraint
(or equivalently its Poisson bracket with the total Hamiltonian (D.39)) must van-
ish on-shell. This requirement can either give rise to a new constraint, or deter-
mine some multiplier, or be satisfied identically. In our case, the consistency re-
quiremets give rise to a complicated chain structure, depicted in the following
diagram:
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D.2. Hamiltonian analysis

PO = ST T T(eRp)”
P<B)ab0i T’ S(R(”)abi T j~(§0)abij
P(p)w’ ——  S(Bee)®i ——  A(B)awoi
P(B)u % ) ap
PR —— Ae)u 16

. 6 - T(eRp)®
P(0)w — A(B) sy (eRp)™s
P(p)y ——  S(Bee)™ 8 . 9 . 17
et BT TS T 2 l

a yl abl_
Pl) 2 SR 2. o (9)%
P(e), L S(eRp)™

Here every arrow represents one consistency requirement, and numbers on the
arrows denote the order in which we will discuss them. Steps 8 and 16 involve mul-
tiple constraints simultaneously, and will require special consideration. Primary,
secondary and tertiary constraints are denoted as P, S and 7, respectively.

We begin by discussing consistency conditions 1-7,

PR ~0, PR, Pl =0, Plola~0, (40
PB),i =0, PR ~0, Pl ~0. :

Calculating the corresponding Poisson brackets with the total Hamiltonian, these
give rise to the following secondary constraints,

S(T)™ = T, =0,
abi — 0ijk ab __ _ab. ~
SR = o gt N0 (D41
S(Bee)™ = %k (By — 26 egeq) = 0,
S(Bee)™ = &%k (B — 26 egeq) ~ 0,

and determine the following multipliers,

Mw)®; =~ Vo™ + (/’abOi ,
rle)  ~ Ve — %0’ (D.42)
A(B)Y"y ~ 4 (View — oge) eq) + elof’y — 2e158%

In step 8 we discuss the consistency conditions
S(Bee)™ ~ 0, P(0)a’ =0, (D.43)
simultaneously. Calculating the time derivatives, we obtain

ik < ety — 261, ﬂb}0k> ~0, £ ela g~ 0 (D.44)
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Appendix D. Hamiltonian analysis of the constrained BFCG theory

which can be jointly written as a covariant equation
e ela g~ 0. (D.45)

With the assumption that det(e?,) # 0, this can be solved for 4%, giving a set of
very simple tertiary constraints:

T(B) = B = 0. (D.46)

At this point we can immediately analyze the consistency step 9 as well. Taking
the time derivative of (D.46), one easily determines the corresponding multipliers,

A(B)" . ~ 0. (D.47)

Next, in steps 10 and 11, from the consistency conditions for the remaining two
primary constraints, . ‘ .
Ple),’ =~ 0, Ple), =~ 0, (D.48)

we obtain two new secondary constraints,

S(eR)y, = &"*eupe’ Ry ~
| ’ R0, D.49
S(eRp), = " eupeq (eboR 4 —2e"0 dOk) ~0. ( )

In step 12 we need to discuss the consistency condition for the constraint S(eR),.
After a straightforward but tedious calculation, one eventually ends up with the
following expression:

S(eR), = ViS(eRp)s' + @’ 0S(eR)y + 2eapeap®orS(T)™* (D.50)

up to terms proportional to primary constraints. Since the time derivative is al-
ready expressed as a linear combination of constraints, the consistency condition
is trivially satisfied, which is denoted with a zero in the diagram above.

Moving on to steps 13, 14 and 15, the consistency conditions
S(Rp)*' =~ 0, S(Bee)™ ~ 0, S(T) =~ 0, (D.51)

determine the multipliers

Mo)®n =~ 20 oR™+2V 0%, (D.52)
AB)avok = 26anca [€%ih(€) 0 — e'0Vien + wpeod] |
and another tertiary constraint
T(eRp)* = £"* (Rabjkebo + 2¢“bqiebk) ~0. (D.53)
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D.2. Hamiltonian analysis

At this point there are only two constraints, 7(eRgp)* and S(eR¢p)“, whose consis-
tency conditions have not been discussed yet. To this end, note that these two
constraints can be rewritten into a very similar form,

S(eRp)d' = eacat” (€"oRj — 2€"0)

. " , , D.54
T(eR¢)al - nacnbdgoyk (ebORCdjk - 2617]_40“101{) ? ( )

where the identical expression in parentheses is contracted with &, in the first
constraint and with #,7,, in the second. This suggests that we should discuss
their consistency conditions simultaneously. As suggested with the step 16 in the
diagram above, we will first rewrite these 24 constaints (D.54) into a system of
18 4 6 constraints (to be denoted 7(eRg)., and T(eRy); respectively) as follows.
Given that the tetrad ¢“, is nondegenerate, we can freely multiply the constraints
with it and split the index u into space and time components. The ¢ = 0 part is
“oS(eRp), = —28abcd80yk€ao€bj(06d0k, (D.55)
eaOT(eR¢)ﬂi = _2’7acnhd80[jkeaoebj(p0d0ka ’

where the curvature terms have automatically vanished, while the u = m part is

i a 0ijk b pcd b cd
@uS(eRp)d = e mEanca”™ ("R — 2" 0% )

| . . D.56
eamT(eR¢)az — eamnacndeOJk (ebORcdjk . 2€bj§0 dOk) ) ( )

The system of 18 constraints (D.56) can be shown to be equivalent to the following
constraint:
T(eRp)r = ™o — oRF™ ., (D.57)

where F*;, is a complicated function of ¢ only. The proof that the system
(D.56) is equivalent to (D.57) is given in section D.5, and the explicit expression for
F%,. 4 is given in equation (D.118). Second, introducing the shorthand notation
Kavea € {€apea, M,.M5,+ and using (D.57), we define

T(eRgo)’ = —2Kabcd80ijk€aoebjebeghmnFtdmnfghk s (DSS)

which represents a set of 3 + 3 = 6 constraints equivalent to (D.55). However, a
straightforward and meticulous (albeit very long) calculation shows that the ex-
pression (D.58) is already a linear combination of known constraints and Bianchi
identities, and is thus already weakly equal to zero. Therefore, T(eR¢p)' is not a
new independent constraint, and its consistency condition is automatically satis-

fied.

Summing up the step 16, we have replaced the set of constraints (D.54) by an equiv-
alent set (D.57). It thus follows that the consistency conditions for S(eRgp),' and
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Appendix D. Hamiltonian analysis of the constrained BFCG theory
T(eRp),' are equivalent to the consistency condition for T(eRp)“’;. Consequently,
in step 17, we find that the consistency condition
T(eRp)™; ~ 0 (D.59)
determines the multiplier A(¢)%; as
M@)o~ AleYoRF™ par + 2€o [Ropio™o + Vi o] F*™ v

- ed OF% .

(D.60)

This concludes the consistency procedure for all constraints.

Let us sum up the results of the consistency procedure. We have determined the
full set of constraints and multipliers as follows: the primary constraints are

PB)a™,  Plo)a, PP,  Plo)a",  Ple)d, (D.61)
the secondary constraints are
S(T)“, S(Rp)™" | S(Bee)™" S(Bee)™" S(eR)*, (D.62)
while the tertiary constraints are
T(B)'w .  T(eRp)™:. (D.63)
In addition, the determined multipliers are
AB)™ @) AB) v s Mw)®; Ale)’, (D.64)
while the remaining undetermined multipliers are
M)y, Ae)y. (D.65)

In total, there are — this counting is done per point — C = 248 constraints,
and 10 undetermined multipliers, corresponding to the 10 parameters of the local
Poincaré symmetry of the action.

D.3 Local degrees of freedom

Once we have found all the constraints in the theory, we need to classify them into
first and second class. While some of the second class constraints can already be
read from (D.36), the classification is not easy since constraints are unique only up
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D.3. Local degrees of freedom

to linear combinations. The most efficient way to tabulate all first class constraints
is to substitute all determined multipliers into the total Hamiltonian (D.39) and
rewrite it in the form

Hy = / ¥ B/{(w)“bocl)(a))ab—i—/l(e)“oCD(e)a—|—lw“bOCD(T)abJre“oCD(R)a] |

2
(D.66)
The quantities @ are linear combinations of constraints, but must all be first class,
since the total Hamiltonian weakly commutes with all constraints. Written in
terms of primary and secondary constraints, they are:

() = Plo)™,

®le), = Ple)’ + %RCdny P ek P(9) ™ + eapea”iP(B)“™*

O(T)® = 4e"e,S(T)f — ViS(Bee)™ + ", T(B)" + 26" “eieiP(B) "
—V,P(0)™ 4 2¢"P(e)" — R ;P(p) 2,

ij aI'UIbijac
®(R), = —S(eR),+ Ruj""oF"™ oarP(9)p"* + RCdidek

2

(Vmeho - whgoegm) P((")ﬂ;Ok

1 ,
+_Rcd!_ijbyacdk [S(Bee)ﬂ,k + P(a))ﬂ,k + VmP((p)ﬂ,km — 2Vm (eeothmkeﬂmP(gD)ghOn”

—«E‘OljkviT(,B)ajk + EabcdehiVjP(B)CdU - ViP<€)ai + Eabed (Vkeh() - a)bﬂ)efk) P(B)CdOk .

(D.67)
These are the first class constraints in the theory. The remaining constraints are
second class:

X(B)dbluv - P(B)ab'uv7 ai ai

1@ = Plo)a', XEI]; )abl : gg; )c;bl' (B)* = T(p)"
X(ﬁ)aﬂv = P(ﬁ)a/w’ e abi 4 abi" “ Iuvab B Iuva’b
A2 PO Be < s(Be™, yleRo)s = TieRp):
(e = Plog, KB = SBee)™,

(D.68)
Note that y(f),*" and x(f)“, are different constraints, despite similar notation.
Of course, there is no possibility of confusion since we will never raise or lower
spacetime indices of these constraints in the rest of this analysis. Also, note that
despite the fact that there are 12 components of y(7)%, only 6 of them can be

considered second class, since the other 6 are part of the first class constraint
o(T)".

At this point we can count the physical degrees of freedom, the general formula is
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Appendix D. Hamiltonian analysis of the constrained BFCG theory

(3.63). We repeat it here for definiteness:

n:N—F—; (D.69)
The number of independent field components' for each of the fundamental fields
is

wabﬂ ﬁa,uv eaﬂ Bab/w (0ab,uv
24 | 24 |16 | 36 36

which gives the total N = 136. The number of components of the first class con-
straints is

D(e)y | P(@)ap | P(R) | D(T)™
4 6 4 6

which gives the total of ¥ = 20. Similarly, the number of components for the
second class constraints is

xB)ar” | x(@)a™ | x(B)d" | x(@)aw' | x(e)d' [ x(D)* | x(Rp)™ | x(Bee)™ | x(Bee)*”

X(ﬂ)aﬂv

x(eRgp)

36 36 24 18 12 | 12-6 18 18 18

18

where we have denoted that only 6 of the total 12 components of y(7)% are in-
dependent. Thus the total number of independent second class constraints is
S = 228. This number can also be deduced as the difference between the previ-
ously counted total number of constraints C = 248 and the number of first class
constraints F' = 20.

Finally, substituting N, F' and S into (D.69), we obtain:

22
n:136—20—78:2. (D.70)

We conclude that the theory has two physical (local) degrees of freedom, as ex-
pected for general relativity. We further stress that we assumed that there is no
extra dependence of the constraints. That is with the relation between y(7)* and
®(7)* we mentioned above the constraint are assume to be irreducible.

!Once again, we stress that we are counting components per point and consequently finding
local degrees of freedom. In this appendix the terms per point and local wil be take to be implied.
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D.4. Inverse tetrad and metric

D.4 Inverse tetrad and metric

We perform the split of the group indices into space and time components as
a = (0,a), and write the tetrad e, as a 1 + 3 matrix

(D.71)

Then the inverse tetrad ¢, can be expressed in terms of the 3D inverse tetrad e,
as

- - (S)emb eom
o b

e'ub - 1 1 . 0 5 (D.72)
3) m a 3) m 3) m a 3

S Wem ety | O, 4~ (O, 1) (Db, e)
o o
where
o= e — e Ve, e (D.73)

is the 1 x 1 Schur complement [128] of the 4 x 4 matrix ¢“,. By definition, the 3D
tetrad satisfies the identities

(D.74)

In addition, if we denote e = dete’, and “e = dete?,,, the Schur complement a
satisfies the Schur determinant formula

@ | (D.75)

e =a
which can be proved as follows.

Given any square matrix divided into blocks as

A= [%‘%} (D.76)

such that 4 and M are square matrices and M has an inverse, we can use the Aitken
block diagonalization formula [128]

e bl o
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Appendix D. Hamiltonian analysis of the constrained BFCG theory

where
S=A-BM'C (D.78)

is called the Schur complement of the matrix A. The Aitken formula can be written
in the compact form
PAQ =S& M, (D.79)

where P and Q are the above triangular matrices. Taking the determinant, we
obtain
det Pdet A det Q = detSdet M. (D.80)

Since the determinant of a triangular matrix is the product of its diagonal ele-
ments, we have det P = det Q = 1, which then gives the famous Schur determinant
formula:

det A = det Sdet M. (D.81)

Now, performing the 1 + 3 block splitting of the tetrad matrix A = [¢“,]4x4, We ob-
tain the Schur complement S = [a],, while M = [¢?,,];x3. The Schur determinant
formula then gives

e , (D.82)

e=a
which completes the proof.

Similarly to the tetrad, one can perform a 1 + 3 split of the metric g,,,

(D.83)

The inverse metric g’ can be expressed in terms of the 3D inverse metric ®'g” as

B 1 1 . q
n -7 (3>g1 " goi
B g °°°
g" = . 1 _ _ : (D.84)
_ ,E <3>gm/g0j (S)gmn 4 E ((3)gm1g0j) (<3>gm gO[)
where )
B = goo — goi ¢’ gy; (D.85)

is the 1 x 1 Schur complement of g,,. By definition, the 3D metric satisfies the
identity .
g g" = 9. (D.86)
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In addition, if we denote g = detg,, and g = detg;, the Schur complement S
satisfies the Schur determinant formula

g=p"%% (D.87)

The components of the metric can of course be written in terms of the components
of the tetrad,
b
Qv = Nap€”u€ - (D.88)

Regarding the inverse metric, the only nontrivial identity is between ¥g” and ®¢',, .
Introducing the convenient notation ¢, = ¢, ¢%;, it reads:

3) ij 3N i (3 b egeb
Ol = O, O, | 4 — . (D.89)
1 —ecef

The relationship between determinants and Schur complements is:

2

g=—¢  Ug=(Ye)f(1-ee), p=—r (D.90)
eqsef — 1
Finally, there is one more useful identity,
gy Vg = U e — oy Vel et (D.91)
. 1l —epe? -~

which can be easily proved with some patient calculation and the other identities
above.

D.5 Solving the system of equations

In order to show that the constraints (D.56) are equivalent to the constraint (D.57),
we proceed as follows. Introducing the shorthand notation Kupeq € {€apeds M,0Mpa }>
we can rewrite (D.56) in a convenient form

& nKapeat”” ("o Ry — 2€;9%0) =~ 0. (D.92)

Next we multiply it with the Levi-Civita symbol &y;, in order to cancel the g%

relabel the index m — i and obtain

a b cd a b _cd ~ a b pcd
Kavea (€%1€”0% ok — €°i€"kp ;) = Kapeae®i€"oR . (D.93)
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The antisymmetrization in jk indices can be eliminated by writing each equation
three times with cyclic permutations of indices ijk, then adding the first two per-
mutations and subtracting the third. This gives:

1
Kapeae® €10 ok = Kapeae®o |:§ekaCdij — eb[iRCdj}k] : (D.94)

Introducing the shorthand notation P;; and Oy for the expression on the right-
hand side as

Vb ped b ped Vb ped b ped
Pk = 1,0154€% o KR — iR e | Oijk = Eabcae’o 7€ KR — € iR |
(D.95)
our system can be rewritten as
b ed b cd
NacMpa€”i€ 19 ok ~ P, Eabca€” i€ 10 ok = Oy - (D.96)

This system consists of 18 equations for the 18 variables ¢p,. We look for a solu-
tion in the form
¢Cd0k - ACdmannk + Bcdmn ank 3 (D97)

where the coefficients 4°™" and B“™" are to be determined, for arbitrarily given
values of Py and Q. Substituting (D.97) into (D.96) we obtain

NacMpa€ i€ A — 51["15}1]]1’ ik [”acr/bdeaiebjBCdmn} Ok

P a . b_Acdmn P 4 a b.Bcdmn - 5[m5n] - (D98)
abed® i€ j mink Eabed€ i€ ] i vy ank ~

Since P,,,x and O, are considered arbitrary, the expressions in the brackets must
vanish, giving the following equations for 4",

a b qcdmn . slm onl a b qcdmn
Naclpae” i€ jA“™" = 670" , Eapea” i€’ ;A = 0, (D.99)
d
and for B«

Nacllpa€'i€” B 0, Eapeae”ie” B~ 6)"57) (D.100)

Focus first on (D.99). The first equation can be rewritten in the form
eeg A ~ 5197 (D.101)

and we want to rewrite the second equation in a similar form as well. In order
to do that, we need to get rid of the Levi-Civita symbol on the left-hand side, by
virtue of the identity

det(eqy)eapea = €7 eqpeivecps - (D.102)
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D.5. Solving the system of equations

Noting that det(e,,) = det(y,,¢’,) = —det(e,) = —e and introducing the metric
2w = €,e4, we can multiply this identity with ¢%;e’; to obtain:

1
a b vpo
Eabed€ i€ j = _;‘('"u ’ 8ui8vj€cp€do - (DIOS)

Substituting this into the second equation in (D.99) gives
e g g viecpear A = 0. (D.104)

Next we expand the p and ¢ indices into space and time components as p = (0, k)
and o = (0,/) to obtain

28#VO[g,uigvjecOedlACdmn + gﬂvug,uigvjeckedlACdmn ~0. (DIOS)

The second term on the left can be evaluated using (D.101), which gives:
28/w01g,uigvjec0ea’lACdmn + gﬂvmngyigvj ~0. (D106)

The Levi-Civita symbol in the first term is nonzero only if uv are spatial indices,
SO we can write
28”01g,,-gsjecoed/A"dm" + """ g8, = 0. (D.107)

At this point we need to introduce 3D inverse metric, ®)g/, and to split the group
indices into 3 + 1 form a = (0, a), see section D.4. Multiplying (D.107) with two
inverse spatial metrics and another Levi-Civita symbol, we can finally rewrite it as:

eoead™ = gy O (D.108)

The goal of all these transformations was to rewrite the system (D.99) into the
form
ecieqiA“M ~ 5,['"57] , ecoesid™ ~ go; Vg [’”6?] ) (D.109)

At this point we can expand the group indices on the left-hand side into 3+ 1 form,
to obtain:

eqieg A% + (e%eai — €"ieq) A% 51[»'”5"] (D.110)

Jj

egoeéiAgfd”"’ + (eojed() — 6008@-) AOglmn ~ ok (3)gk[m5]’_1] . (Dlll)

Now we multiply (D.110) with ®¢', ¢y and subtract it from (D.111). The first terms
on the left cancel, and (D.111) becomes

_aeéjAOémn SE (3)gk[m§7] _ (3)e[mg 5;.11690, (DHZ)
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Appendix D. Hamiltonian analysis of the constrained BFCG theory

where o is the 1 x 1 Schur complement matrix of the tetrad ¢%, (see section D.4).
Multiplying with another inverse 3D tetrad and using the identity (D.91), we finally
obtain the first half of the coefficients A4:

1
(3)e[md (3)enk1 & (D.113)

AOgmn ~
1 — efe,

Finally, substituting this back into (D.110) and multiplying with two more inverse
3D tetrads we obtain the second half of the coefficients A4:

d
67

Aebmn o, O)glma Bgnlb [ef‘ @plm 4 @l _ gb ()plm d <3>en}g] ) (D.114)

1 —ecef -

Next we turn to the system (D.100) for coefficients B. The method to solve it
is completely analogous to the above method of solving (D.99), and we will not
repeat all the steps, but rather only quote the final result:

1 ée
B g —glted | Ggm | G, +2(3)e[’" ® ”]7 1 —ecfef , (D.115)

and

abmn l 1

N21—ele[

To conclude, by determining the 4 and B coefficients in (D.97) we have managed
to solve the original system of equations (D.92) for ¢“°(;. Substituting (D.95) into
(D.97) the expression for ¢®, can be arranged into the form

0ok = &R F (D.117)

gabe 3)e[m Mg ]de@’ (D.116)

where
1 /] )
5 1abmn;1fcedk 2Aablm7]fcedi5]}z + Babmngﬂlcdehk o 2Bab1m8fhcdehi52l 7 (D118)

and coefficients 4 and B are specified by (D.113), (D.114), (D.115) and (D.116). Note
that (D.118) depends only on ¢%; components of the metric (in a very complicated
way), while the dependence of ¢, on e and v, is factored out in (D.117).

bmn _
Fom™ ik =

D.6 Levi-Civita identity
The identity for the Levi-Civita symbol in 4 dimensions used in this appendix is:
1
ApepeqCDF = 5 Eaeady [C'D'F° + C°D'F + OD°FY). (D.119)
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D.6. Levi-Civita identity

The proof goes as follows. Denote the left-hand side of the identity as
Kap = AeeqCDF (D.120)
and take the dual to obtain:
eV Ky = Y gyl JODF. (D.121)

Next expand the product of two Levi-Civita symbols into Kronecker deltas and use
them to contract the vectors 4, C, D and F:

eV Ky =2 [(A -D)FC"V 4 (4 - F)C“ D + (4 - C)D F*| . (D.122)
Now take the dual again, i.e. contract with ¢, to obtain

—4K.q = ga’b’cdgaba/b,Kab = 2841 cd [(A ) D)F[a/ Cb/} + (A ’ )C[a,Db/] + (A . C)D[a,F‘b/]] .

(D.123)
Finally, multiply by —1/4 and relabel the indices to obtain
Kab = —%Eabchf [CdeFc + CCDde+ CchFd] s (D124)

which proves the identity.
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