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Chapter 1

Theory of Gravitational Waves

Alexandre Le Tiec and Jérôme Novak∗

LUTH, Observatoire de Paris, PSL Research University,
CNRS, Université Paris Diderot, Sorbonne Paris Cité,

5 place Jules Janssen, 92195 Meudon Cedex, France

The existence of gravitational radiation is a natural prediction of any rel-
ativistic description of the gravitational interaction. In this chapter, we
focus on gravitational waves, as predicted by Einstein’s general theory of
relativity. First, we introduce those mathematical concepts that are nec-
essary to properly formulate the physical theory, such as the notions of
manifold, vector, tensor, metric, connection and curvature. Second, we
motivate, formulate and then discuss Einstein’s equation, which relates
the geometry of spacetime to its matter content. Gravitational waves are
later introduced as solutions of the linearized Einstein equation around
flat spacetime. These waves are shown to propagate at the speed of light
and to possess two polarization states. Gravitational waves can interact
with matter, allowing for their direct detection by means of laser inter-
ferometers. Finally, Einstein’s quadrupole formulas are derived and used
to show that nonspherical compact objects moving at relativistic speeds
are powerful gravitational wave sources.

1. Introduction

Together with black holes and the expansion of the Universe, the existence

of gravitational radiation is one of the key predictions of Einstein’s general

theory of relativity.1,2 The discovery of the binary pulsar PSR B1913+16,3

and the subsequent observation of its orbital decay, as well as that of other

binary pulsars, have provided strong evidence for the existence of gravita-

tional waves.4,5 These observations have triggered an ongoing international

effort to detect gravitational waves directly, mainly by using kilometer-scale

laser interferometric antennas such as the LIGO and Virgo detectors.6,7

∗To be published in the book An overview of gravitational waves: Theory and detection,

eds. G. Auger and E. Plagnol (World Scientific, 2016).
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During the months of September and October 2015, the Advanced LIGO

antennas have detected, for the first time, gravitational waves generated by

two distinct cosmic sources. These waves were emitted, more than a billion

years ago, during the coalescence of two binary black hole systems of 65M�
and 22M�, respectively.8,9 Many more gravitational-wave observations are

expected to follow before the end of this decade.10 These are truly exciting

times, because the direct observation of gravitational waves is going to have

a tremendous impact on physics, astrophysics and cosmology.11

In this chapter, we provide a short but self-contained introduction to the

theory of gravitational waves. No prior knowledge of general relativity shall

be assumed, and only those concepts that are necessary for an introductory

discussion of gravitational radiation will be introduced. For more extensive

treatments, the reader is referred to the resource letter 12, the review arti-

cles 13–18, and the topical books 19,20. Most general relativity textbooks

include a discussion of gravitational radiation, such as Refs. 21–27.

The remainder of this chapter is organized as follows. Section 2 provides

a qualitative introduction to gravitational waves. Section 3 introduces the

geometrical setting (manifold, metric, connection) that is required to formu-

late the general theory of relativity, the topic of Sec. 4. Then, gravitational

waves are defined, in Sec. 5, as solutions of the linearized Einstein equation

around flat (Minkowski) spacetime. These waves are shown to propagate

at the speed of light and to possess two polarization states. The interaction

of gravitational waves with matter, an important topic that underlies their

direct detection, is addressed in Sec. 6. Finally, Sec. 7 provides an overview

of the generation of gravitational radiation by matter sources. In particular,

Einstein’s quadrupole formulas are used to show, using order-of-magnitude

estimates, that nonspherical compact objects moving at relativistic speeds

are powerful gravitational wave emitters.

Throughout this chapter we use units in which c = 1, except in Secs. 2

and 7, where we keep all occurences of the speed of light. Our conventions

are those of Ref. 22; in particular, we use a metric signature −,+,+,+.

2. What is a Gravitational Wave?

We start with a qualitative discussion of gravitational waves. The existence

of gravitational radiation is first shown to be a natural consequence of any

relativistic description of the gravitational interaction. Then, the properties

of gravitational waves, as predicted by the general theory of relativity, are

contrasted with those of electromagnetic waves.
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2.1. Newtonian gravity

Among the four known fundamental interactions in Nature, gravitation was

the first to be discovered, described and modeled. Isaac Newton’s law of uni-

versal gravitation, first published in 1687, states that two pointlike massive

bodies attract each other through a force ~F whose norm ‖~F‖ = Gm1m2/r
2

is proportional to their masses m1 and m2, and inversely proportional to

the square of their separation r, with G a universal constant. Recalling that

this force derives from a local potential Φ, a common form of Newton’s law

is Poisson’s equation

∇2Φ = 4πGρ , (1)

with ρ the mass density of matter, acting as the source of the gravitational

potential Φ. Hence, in Newtonian gravity, the gravitational interaction acts

instantaneously. This was already of some concern to Newton himself, but

it clearly became a significant problem with the advent of Einstein’s theory

of special relativity.

2.2. Special relativity

In 1887, Abraham Michelson and Edward Morley performed an experiment

that was designed to detect the relative motion of matter with respect to

the luminiferous æther, the hypothetical medium that James Clerk Maxwell

introduced to explain the propagation of electromagnetic waves. By making

use of what is now called a Michelson interferometer (see Chaps. 3 and 4),

Michelson and Morley measured the velocity of light from a common source

along two orthogonal directions.

The result of this experiment was negative, as it yielded the same value

for the speed of light, irrespective of the position and motion of the Earth

around the Sun. This opened up a major problem in physics, whose resolu-

tion triggered the formulation, in 1905, of the (special) theory of relativity.

Einstein’s theory builds upon the following two postulates:

(1) Principle of relativity : the equations describing the laws of physics have

the same form in all inertial reference frames;

(2) Invariant light speed : in a vacuum, light propagates at a constant speed

c, irrespective of the state of motion of the source.

While the principle of relativity was already realized in Galilean and Newto-

nian mechanics, the second postulate was responsible for a drastic revision

in our understanding of space and time themselves.
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One central concept that underlies special relativity is that of spacetime

interval between two events. Let ∆t, ∆x, ∆y and ∆z denote the coordinate

differences between two events p and q with respect to a global inertial frame

of reference. Then, the spacetime interval between those events is

∆s2 ≡ −c2(∆t)2 + (∆x)2 + (∆y)2 + (∆z)2 . (2)

The form of the interval (2) is quadratic in the differences of the coordinates,

and invariant under the Poincaré group28 (translations, rotations, boosts),

thus ensuring that the speed of light is indeed the same in all inertial frames.

This observation suggests that, in full analogy with the Euclidean geometry

of three-dimensional space, special relativity can be formulated as a theory

of the Lorentzian geometry of four-dimensional spacetime.

Moreover, the spacetime interval can be used to explore the causal struc-

ture of spacetime; see Fig. 1. Given an event p, the lightcone Cp is the set of

all events q such that ∆s2 = 0. These events are said to be lightlike related

to p because all of them can be reached by a light ray going through p. All

the events within Cp are such that ∆s2 < 0. Those events are said to be

timelike related to p because a massive particle going through p can, at least

in principle, reach any one of them. The remaining events, i.e., the events

outside Cp, are such that ∆s2 > 0. Those events are said to be spacelike

related to p because no massive particle, nor any light ray going through

p, can ever reach them. Two events that are spacelike related cannot have

any causal influence over each other.
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x
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Fig. 1. In special relativity, the causal structure of spacetime defines a notion of light-
cone Cp at any event p. All events on Cp are lightlike related to p, while all events within

(respectively, outside) Cp are timelike (respectively, spacelike) related to p.
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2.3. Relativistic gravity?

Special relativity is the relevant framework to describe the electromagnetic,

weak and strong interactions. Therefore, a natural question is whether the

gravitational interaction can be accomodated to “fit that mold” as well? A

straightforward relativistic extension of Poisson’s equation (1) is to replace

the elliptic Laplace operator ∇2 by the hyperbolic d’Alembert operator and

the mass density ρ by a Lorentz covariant source. Hence, one is naturally

led to postulate a gravitational field equation of the form

�Φ = −4πG

c2
T , (3)

where � ≡ − 1
c2

∂2

∂t2 +∇2 is the usual flat-space wave operator, and T is the

trace of the energy-momentum tensor of matter (see Sec. 4.3). Such a scalar

theory of gravity obeys the principle of special relativity, and it reproduces

Poisson’s equation (1) in the nonrelativistic limit where c−1 → 0. However,

it disagrees with observations, as it predicts no deflection of light and the

wrong perihelion advance for Mercury.29

Nevertheless, this failed attempt illustrates one central idea behind any

relativistic theory of gravity, namely the requirement to incorporate a finite

velocity for the propagation of the gravitational interaction. Then, just like

in electromagnetism, the propagation of gravitation at a finite speed should

manifest itself through traveling waves. The notion of a gravitational wave

thus appears to be a natural byproduct of any relativistic theory of gravity.

2.4. Gravitational waves vs electromagnetic waves

Although gravitational waves and electromagnetic waves share some simi-

larities, they also differ strongly in their very nature and main caracteristics:

while electromagnetic waves are nothing but oscillations in the electromag-

netic field that propagate in spacetime, gravitational waves —as predicted

by Einstein’s general relativity— are tiny propagating ripples in the curva-

ture of spacetime itself.

Electromagnetic radiation is produced by the motion of a large number

of microscopic charges, giving rise to an incoherent superposition of waves

with a dipolar structure in the wave zone. Because the wavelengths of elec-

tromagnetic waves are typically much smaller than the size of their sources,

these waves can be used to produce images. Gravitational radiation, on the

other hand, is produced by the bulk motion of macroscopic masses, giving

rise to a coherent superposition of waves with a quadrupolar structure in
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the wave zone. Since the wavelengths of gravitational waves are typically

larger than the size of their sources, these waves cannot be used to produce

images; rather their two polarization states are more akin to “stereo sound”

information.

Electromagnetic waves interact strongly with matter, and are typically

scattered many times as they propagate away from the sources. This strong

interaction ensures that the power in the field, which decays like the inverse

distance squared to the source, can easily be detected. Gravitational waves,

on the contrary, barely interact with matter and propagate almost freely in

the Universe, thus making their detection quite chalenging. However, their

typical frequency is low enough that the amplitude of the wave itself, which

decays like the inverse distance, can be tracked in time.

These multiple differences, summarized in Table 1, imply that electro-

magnetic waves and gravitational waves are complementary sources of infor-

mation about their astrophysical sources. The forthcoming multi-messenger

astronomy will soon built upon that complementarity.30 In particular, the

observation of electromagnetic counterparts to gravitational waves signals

could improve our understanding of the progenitors of gamma-ray bursts31

and core-collapse supernovæ.32 More generally, forthcoming gravitational-

wave detections will provide the opportunity for multi-messenger analyses,

combining gravitational wave with electromagnetic, cosmic ray or neutrino

observations.

Table 1. Comparison of the main characteristics of electro-
magnetic waves and gravitational waves.

Electromagnetic waves Gravitational waves

Nature electromagnetic field spacetime curvature

Sources accelerated charges accelerated masses

Wavelength � size of source & size of source

Structure dipolar quadrupolar

Coherence low high

Interaction strong weak

Detection power amplitude

Analogy vision audition
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3. Gravity is Geometry

In order to properly understand the nature of gravitational waves, we must

first introduce the general theory of relativity. We start from its geometrical

setting, which is motivated by the observation of the universality of free fall.

3.1. Equivalence principle

One key feature singles out gravity from the other fundamental interactions:

the observation of the universality of free fall. Indeed, all bodies are affected

by gravity and, in fact, all bodies fall with the exact same acceleration in

an external gravitational field. Thus, the motion of a freely falling body is

independent of its mass, and even more remarkably, of its composition. This

fact has no natural explanation in Newtonian gravity, where it is assumed

that, for all bodies, the inertial mass is, for some mysterious reason, exactly

equal to the gravitational mass (or gravitational charge).

Put differently, a gravitational field is, locally, equivalent to an accel-

erated reference frame, as the following Gedankenexperiment illustrates: a

freely falling observer in a freely falling lift cannot determine, by any local

experiment, the possible existence of an external gravitational field. While

devising his relativistic theory of gravitation, Einstein relied crucially upon

this so-called “equivalence principle.” Nowadays, physicists distinguish the

three following equivalence principles:

• Weak equivalence principle: given the same initial position and velocity,

all test bodies fall along the same trajectories.

• Einstein equivalence principle: in a local inertial frame, all nongravita-

tional laws of physics are given by their special-relativistic form.

• Strong equivalence principle: it is always possible to remove the effects

of an exterior gravitational field by choosing a local inertial frame in

which all the laws of physics, including those of gravity, take the same

form as in the absence of this exterior gravitational field.

Whereas the strong equivalence principle implies the Einstein equivalence

principle, which itself implies the weak equivalence principle, none of the

converse implications is necessarily true. However, Schiff’s conjecture states

than any “reasonable” theory of gravity which obeys the weak equivalence

principle must also obey the Einstein equivalence principle. While all metric

theories of gravity obey the weak equivalence principle, general relativity is

one of the few such theories that obeys the strong equivalence principle.33
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The weak equivalence principle has been tested by various experiments,

starting with the historic torsion-balance studies by Eőtvős,34 which already

reached a relative accuracy of 10−8. Several recent experiments used similar

setups, but achieved the remarkable upper limit of 10−13 on the violation of

the weak equivalence principle.35 The MICROSCOPE mission will test the

weak equivalence principle in space36 down to an accuracy of 10−15. The

strong equivalence principle has been tested using lunar laser ranging37 and

binary pulsar timing,38 with constraints on the Nordtvedt parameter η and

the ∆ parameter at the 3.6×10−4 and 4.6×10−3 levels, respectively. Future

studies of a recently discovered pulsar39 in a triple system with two white

dwarfs will soon provide new tests of the strong equivalence principle.

According to the equivalence principle, the paths of freely falling bodies

define a preferred set of curves in spacetime.This suggests that gravitation is

not a property of matter but, rather, a feature of the structure of spacetime

itself. Indeed, following a decade-long struggle Einstein realized that gravity

can in fact be understood as the manifestation of the curvature of spacetime.

This conceptual breakthrough requires “only” a simple generalization of the

flat Lorentzian geometry of special relativity (i.e. of Minkowski’s spacetime)

to a curved Lorentzian geometry, just like the flat Euclidean geometry can

be generalized to a curved Riemannian geometry; see Fig. 2. Thus, general

relativity is a theory of the structure of space and time that accounts for all

the physical effects of gravity in terms of the curvature of the geometry of

spacetime. It turns out that the mathematical concept be suited to describe

such a smooth set of points is that of manifold.
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geometry
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geometry

Riemannian
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+ time

+ time
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Fig. 2. The historical genesis of the general theory of relativity required a combination

of physical principles and geometrical concepts.
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3.2. Notion of manifold

To begin our exploration of the structure of spacetime, we need the notion

of manifold, that is of a set of points (spacetime events) that “looks locally”

like the set R4 of quadruplets of real numbers, but whose global properties

may differ from those of R4. More precisely, a four-dimensional manifold M
is a topological space such that, at every point, it is possible to define a local

neighbourhood that is isomorphic to an open set of R4. Loosely speaking,

this means that for a “sufficiently small” part ofM, it is possible to assign

four numbers, called coordinates, to every point p. Therefore, a coordinate

system (or chart) over an open subset U of M is a map (see Fig. 3)

Ψ : U ⊂M −→ Ψ(U) ⊂ R4

p 7−→ (x0, x1, x2, x3) . (4)

Hereafter it will prove convenient to use the shorthand (xα) ≡ (x0, x1, x2, x3)

to denote a coordinate system. It is of uttermost importance to realize that

coordinates are by no means unique. The choice of a coordinate system over

(part of) a manifold is entirely free, and coordinates are devoid of physical

significance.

Some familiar examples of two-dimensional manifolds include the plane,

the cylinder, the sphere and the torus. Note that the definition of a manifold

is intrinsic, in the sense that a manifold needs not be embedded into a higher

dimensional space. For instance, the sphere S2 can be defined without any

reference to the Euclidean space R3.

In general, several charts are needed in order to cover a given manifold.

A finite collection of charts (Uk,Ψk), where
⋃
k Uk =M is called an atlas. A

manifoldM is said to be differentiable (or smooth) if, for every non-empty

intersection Ui ∩ Uj , the function Ψi ◦Ψ−1j : Ψj(Ui ∩ Uj) −→ Ψi(Ui ∩ Uj) is

differentiable (or smooth).

Ψ ℝ4(x𝛼)p

Fig. 3. Over a four-dimensional manifoldM, a neighbourhood U of a point p ∈M can

be mapped to a subset Ψ(U) of R4. (Only two dimensions are shown.)
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3.3. Vectors, dual vectors and tensors

To formulate the laws of physics in curved spacetime, the notions of scalar

field, vector field, etc, need to be generalized to the case of a manifold. The

central idea here is the possibility to change the chart, or coordinate system,

over the spacetime manifold. Since the laws of physics should not depend

on a particular choice of coordinates, their form should be covariant under

general coordinate transformations. This requirement generalizes the first

postulate of special relativity, recalled in Sec. 2.2, to all frames of reference;

hence the name “general relativity.” Physical laws should thus be expressed

in terms of mathematical objects that transform in a well-defined manner

under general coordinate transformations, i.e., in terms of tensors.

The simplest type of tensor is the scalar field, an application S :M→ R
that associates a real number S(p) to any point p ∈M. Under a coordinate

transformation xα → x′α(x), a scalar field transforms as

S′(x′) = S(x) , (5)

where, following a widespread abuse of notation, we implicitly identify each

point with its coordinates in a given chart. Well known examples of scalar

fields include, for instance, the density and temperature of a fluid.

Curves and vectors

In affine spaces, such as the ordinary three-dimensional space of Euclidean

geometry and the four-dimensional spacetime of Minkowskian geometry, a

vector is equivalent to a point (once a choice of origin has been made). In

the more general case of a manifold, however, this is not true. Nevertheless,

a well-defined notion on a manifold is that of curve. Vectors can then be

defined as tangent vectors to a given curve.

Given a coordinate system (xα), a curve C is given in parametric form

by four equations of the form xα = Xα(λ), with λ ∈ R the parameter along

that curve. Then, the tangent vector v to the curve C at a point p ∈ C is

the operator that associates to every scalar field f :M→ R its directional

derivative along C (see Fig. 4, left panel):

v(f) ≡ df

dλ

∣∣∣∣
C

=

3∑
α=0

∂f

∂xα
dXα

dλ
. (6)

At every point p, there exist four curves associated to the coordinates (xα):

the coordinates lines Cα. For all 0 6 α 6 3, Cα is the curve parameterized

by λ = xα, going through p, and such that the coordinates xβ are constant
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for all β 6= α. The tangent vector to the curve Cα is denoted ∂α, as shown

in the middle panel of Fig. 4. From the definition (6), its action on a scalar

field f reads

∂α(f) =
df

dxα

∣∣∣∣
Cα

=
∂f

∂xα
. (7)

The tangent vectors to the coordinate lines act on scalar fields by returning

their partial derivatives with respect to the coordinates; hence the notation.

Combining Eqs. (6) and (7), we obtain a relation that holds for any scalar

field f , which implies

v =

3∑
α=0

vα ∂α , (8)

where vα = dXα/dλ are the components of the vector v with respect to the

coordinate basis vectors ∂α.The space spanned by the four basis vectors ∂α
at the point p is a four-dimensional vector space at that point, the tangent

space Tp. Beware that, in general, there are as many tangent spaces Tp as

there are points p in a manifold M (see Fig. 4, right panel).

Recall that the choice of coordinates over part of a manifold is arbitrary.

It can easily be shown that under a coordinate transformation xα → x′α(x),

the components of a vector v transform as

v′α(x′) =

3∑
β=0

∂x′α

∂xβ
vβ(x) ≡ ∂x′α

∂xβ
vβ(x) , (9)

where, in the second equality, we introduced Einstein’s convention of sum-

mation over repeated indices. From now on we will always use this conven-

tion to simplify the notations.

v
p qpp

Fig. 4. Left panel: a vector v defined as a directional derivative operator at a point p

along a curve C. Middle panel: the basis vectors ∂α tangent to the coordinate lines Cα
associated to a coordinate system (xα). Right panel: the tangent spaces Tp and Tq at

two distinct points p and q over a manifold M. (Only two dimensions are shown.)
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Dual vectors and tensors

A fundamental operation on vectors consists in assigning to them a number,

and doing so in a linear manner. A dual vector is a map

ω : Tp −→ R (10)

that associates a real number to any vector defined at a point p ∈M, and

such that ω(λu + v) = λω(u) + ω(v) for all λ ∈ R and for all u,v ∈ Tp.
The set of all such dual vectors is a four-dimensional vector space on Tp. It

is called the dual space to Tp and is denoted T ∗p . Given a basis of T ∗p , any

dual vector ω can be written as a linear combination of these basis dual

vectors, with components ωα. Under a change of coordinates xα → x′α(x),

these components transforms as

ω′α(x′) =
∂xβ

∂x′α
ωβ(x) . (11)

With these definitions in hand, we may now introduce the most general

notion of tensor. A tensor of type (r, s) at a point p is a multilinear map

T : T ∗p × · · · × T ∗p︸ ︷︷ ︸
r times

×Tp × · · · × Tp︸ ︷︷ ︸
s times

−→ R (12)

that associates a real number to r dual vectors and s vectors. A multilinear

map is a map that is linear with respect to each of its arguments. Just like

vectors and dual vectors, a tensor can be expressed as a linear combina-

tion of basis tensors, given by “tensor products” of basis vectors and dual

vectors, with 4r+s components Tα1···αr
β1···βs . The integer r + s is called

the rank of the tensor T . Under a change of coordinates xα → x′α(x), the

components of a tensor transform as

T ′α1···αr
β1···βs(x

′) =
∂x′α1

∂xµ1
· · · ∂x

′αr

∂xµr
∂xν1

∂x′β1
· · · ∂x

νs

∂x′βs
Tµ1···µr

ν1···νs(x) . (13)

Then, vectors and dual vectors are tensors of type (1, 0) and (0, 1), respec-

tively. By convention, a scalar field is a tensor field of type (0, 0).

Notation

There are two notations commonly used to denote tensors: the index-free

notation, such as T , and the index notation, such as Tα1···αr
β1···βs . Follow-

ing Ref. 23, we will mostly use a third notation, the abstract index notation,

which combines the respective advantages of the two other notations. The

idea is to avoid introducing a basis, but to use a notation that mimics the
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index notation. A tensor T of type (r, s) will then be written T a1···arb1···bs ,

where the Latin indices ai and bj do not represent components in a given

basis. Rather, those indices provide information about the type of a given

tensor and the order in which it “acts” on dual vectors and vectors. For

instance, T abc denotes a tensor of type (2, 1) that acts linearly on two dual

vectors and a vector. Hereafter, Latin indices a, b, c, . . . from the beginning

of the alphabet will be abstract, whereas Greek indices α, β, γ, . . . will be

used for tensor components with respect to a given basis. We will use in-

dices i, j, k, . . . from the second part of the Latin alphabet to denote purely

spatial components of a tensor.

3.4. Metric tensor

A key concept in vector spaces is that of scalar product. In special relativity,

the scalar product u·v between two four-dimensional vectors u and v reads

u · v ≡ −u0v0 + u1v1 + u2v2 + u3v3 = ηαβ u
αvβ , (14)

where ηαβ = diag (−1,+1,+1,+1) denote the components of the Minkowski

metric ηab with respect to global inertial coordinates (xα) = (t, x, y, z). In

special relativity, any two events p and q can always be related by a vector,

say s, with components sα = ∆xα. Therefore, the spacetime interval (2)

between those events is nothing but the scalar product s · s.

In general relativity, however, it is not possible to connect any two points

on a manifoldM by a vector. One has to work locally, in the tangent space

Tp at a given point p. Thus, at every point p ∈M, one defines a symmetric

rank-two tensor gab that acts linearly on all couples of vectors of Tp, and

which is nondegenerate, i.e., such that if gabu
avb = 0 for all va, then ua = 0.

The scalar product between two vectors ua and va then reads

gabu
avb = gαβu

αvβ , (15)

where gαβ , uα and vβ denote the components of the tensors gab, u
a and vb

with respect to a given basis. For any p ∈ M, one can always construct a

basis of Tp such that gαβ(p) = ηαβ . The metric is said to have a Lorentzian

signature −,+,+,+. Any such tensor field gab is a metric on M, and the

couple (M, gab) is called a spacetime.

Given a coordinate system (xα) onM, let p and q be two nearby events

with coordinates (xα0 ) and (xα0 +dxα). If gαβ denote the components of the

metric gab with respect to the coordinates (xα), then the spacetime interval

between p and q is the number

ds2 = gαβ dxαdxβ . (16)
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This interpretation justifies the name “metric” given to the tensor gab. Note

that, just like the spacetime interval (2) in special relativity, the spacetime

interval (16) is not necessarily positive. To determine the interval between

two events that are not infinitesimally close, one must first specify a curve

connecting those events, and then integrate the line element (±ds2)1/2 along

that curve. The result will, in general, depend on the curve chosen, but not

on the coordinate system.

Since gab is nondegenerate, one can always define the inverse metric gab

such that

gabgbc = δac , (17)

where δac denotes the identity operator from Tp to Tp. The metric gab and

the inverse metric gab can be used to “lower” and “raise” indices on tensors.

For instance, through the definition of the scalar product and Eq. (17), gab
and gab define one-to-one relations between vectors and dual vectors:

va ≡ gabvb , (18a)

ωa ≡ gabωb . (18b)

The reason why the distinction between vectors and dual vectors is never

made in prerelativity physics is because the components of the Euclidean

metric fab of three-dimensional space with respect to a Cartesian coordinate

system simply read fαβ = diag (+1,+1,+1), such that vi = vi.

Given a metric, it is possible to define the type of a vector va by making

use of its norm (squared) gabv
avb = vava. Indeed, by analogy with the types

of intervals defined using the lightcones in special relativity (recall Fig. 1),

a nonzero vector va is said to be spacelike if and only if vava > 0, timelike

if and only if vava < 0, and lightlike (or null) if and only if vava = 0.

3.5. Covariant derivative

Mathematically, the laws of physics are expressed as differential equations.

To formulate those laws in a curved spacetime, one needs the notion of the

derivative of a vector field (and more generally of a tensor field). Such a

notion requires the comparison of two vectors defined at two nearby points

p and q, and thus the information required to “connect” the tangent spaces

Tp and Tq. However, given a manifoldM, there exists an infinite number of

such connections. We will see that the existence of a (Lorentzian) metric gab
on a spacetime manifold singles out a unique connection: the Levi-Civita

connection.
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Given a manifoldM, a covariant derivative (or connection) is an appli-

cation ∇ that assigns to any tensor field T a1...arb1...bs of type (r, s) a tensor

field ∇cT a1...arb1...bs of type (r, s+ 1), and which obeys the usual properties

satisfied by a derivative operator: linearity, Leibniz rule, etc. In particular,

we require the condition of absence of torsion, i.e., that for a scalar field S,

∇a∇bS = ∇b∇aS . (19)

The covariant derivative of a scalar field S, denoted ∇aS, is of course a

field of dual vectors. As expected, its components with respect to a coordi-

nate basis are simply the partial derivatives with respect to the coordinates,

such that

∇αS =
∂S

∂xα
. (20)

Using the chain rule, this is consistent with the law (11) of transformation

of the components of a dual vector.

But how does a covariant derivative act on tensors of higher rank? Given

a field of basis vectors (eα), the action of a connection ∇ on a vector field

v = vβeβ can easily be written down. In components, one finds

∇αv = ∇α
(
vβeβ

)
=
∂vβ

∂xα
eβ + vβ∇αeβ , (21)

where we used the fact that each component vβ is a scalar field onM. Then,

to fully specify the derivative operator ∇, one must specify a number of

scalar fields, the connection coefficients Cγαβ , such that

∇αeβ = Cγαβ eγ . (22)

Replacing this expression into Eq. (21), and exchanging the dummy indices

β and γ in the second term, the components ∇αvβ of the tensor field ∇avb
of type (1, 1) simply read

∇αvβ = ∂αv
β + Cβαγ v

γ , (23)

where we introduced the notation ∂αv
β ≡ ∂vβ/∂xα for the ordinary partial

derivative. A similar expression for the covariant derivative of a dual vector

field can easily be established, and extended to the general case of a type

(r, s) tensor field, for which

∇γTα1···αr
β1···βs = ∂γT

α1···αr
β1···βs +

r∑
i=1

Cαiγσ T
α1···σ···αr

β1···βs

−
s∑
j=1

Cσγβj T
α1···αr

β1···σ···βs . (24)
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p

q

Fig. 5. Illustration of the notion of parallel transport. Left panel: a vector va is parallelly
transported along a curve C with tangent vector ta. Right panel: for a metric-compatible

connection, the scalar product gabu
avb between two vectors ua and va that are parallelly

transported along a curve C is conserved.

Parallel transport

A connection∇a can be used to compare two vectors that belong to different

tangent spaces, thanks to the notion of parallel transport of a vector along a

curve. More precisely, a vector va is said to be parallelly transported along

a curve C with tangent vector ta if, and only if,

ta∇avb = 0 . (25)

This is the generalization to the case of a manifold of the notion of “keeping

a vector constant” in ordinary vector spaces. Using the expressions (6) and

(24), the components of Eq. (25) with respect to a coordinate basis read

dvα

dλ
+ Cαβγ t

βvγ = 0 . (26)

This shows that, given a vector va at a point p ∈ C and a connection Cαβγ ,

the operation of parallel transport defines a unique vector va at any point q

along that curve; see Fig. 5. The notion of parallel transport can, naturally,

be generalized to a generic tensor of type (r, s).

Levi-Civita connection

Let us consider a curve C with tangent vector ta, as well as two vector fields

ua and va that fulfill the equation of parallel transport (25). Given a metric

gab, it is natural to request that the scalar product gab u
avb is conserved by

the parallel transport associated with the connection ∇a:

tc∇c
(
gab u

avb
)

= 0 . (27)

In particular, this would imply that the squared norms gabu
aub and gabv

avb,

as well as the angle between ua and va are also preserved by parallel trans-

port along C; see Fig. 5. The requirement that the property (27) holds true

for all curves and for all vector fields implies

∇c gab = 0 . (28)
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A covariant derivative∇a that satisfies this condition is said to be compatible

with the metric gab.

Interestingly, the fundamental theorem of Riemannian geometry stipu-

lates that given a metric gab, there exists a unique connection∇a compatible

with that metric. The connection coefficients Cγαβ are then denoted Γγαβ ,

and referred to as the Christoffel symbols; they read

Γγαβ =
1

2
gγδ (∂αgδβ + ∂βgαδ − ∂δgαβ) . (29)

Thanks to the condition (19) of absence of torsion, the Christoffel symbols

are symmetric under exchange of the lower two indices: Γγαβ = Γγβα. Such

a connection is called a Riemannian connection, or Levi-Civita connection.

It is the connection used to formulate the general theory of relativity.

Geodesics

Intuitively, a geodesic is a curve whose curvature is “as small as possible,”

namely the straightest path possible between two points in a curved space.

Mathematically, given a metric gab and the associated Levi-Civita connec-

tion ∇a, a geodesic is a curve whose tangent vector is parallelly transported

along itself, i.e., a curve such that

ta∇atb = 0 . (30)

Geodesics are the natural generalization to curved spaces (and spacetimes)

of the straight lines of ordinary Euclidean geometry.

In order to develop some intuition about geodesics, we introduce a coor-

dinate system (xα) and consider the components of Eq. (30) with respect to

the associated coordinate basis (∂α)
a
. If xα = Xα(λ) is a parameterization

of the geodesic, then the components of the tangent vector ta are given by

tα = dXα/dλ ≡ Ẋα. Applying the general formula (26) to the case where

va coincides with ta, we find (for all 0 6 α 6 3)

Ẍα + Γαβγ Ẋ
βẊγ = 0 . (31)

This is a system of four nonlinear, coupled, second-order, ordinary differen-

tial equations for the four functions Xα(λ). Given initial conditions Xα(λ0)

and Ẋα(λ0), Cauchy’s theorem implies that this system has a unique solu-

tion. Thus, for all p ∈M, there is a unique geodesic going through p with

a given spacetime direction.



July 15, 2016 0:15 World Scientific Review Volume - 9in x 6in theory page 18

18 Alexandre Le Tiec, Jérôme Novak

3.6. Worldlines and proper time

In general relativity, the path of a massless particle (or photon) in spacetime

is a null geodesic, i.e., a curve whose tangent vector is lightlike everywhere,

and which obeys the geodesic equation (30). Just like in special relativity,

the paths of all photons that go through a given event p ∈M define a local

lightcone at p, an intrinsic structure in spacetime.

On the other hand, the path of a massive particle (or physical body) in

spacetime is a worldline, namely a curve whose tangent vector is timelike

everywhere. The tangent vector to a worldline L must necessarily lie within

the local lightcone for all p ∈ L, as depicted in Fig. 6. This is the geometrical

translation of the fact that massive particles cannot travel faster than light.

worldline

null geodesic

worldline

Fig. 6. The tangent vector to a wordline L always lies within the locally-defined light-
cone. Note that, contrary to Fig. 1, lightcones can appear tilted in the curved spacetimes
of general relativity. This is because in presence of a gravitational field there exists no

global inertial frame. (One spatial dimension is not shown.)
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In general relativity, a key interpretation of the metric has to do with the

measure of time along the worldline L of a particle. Let p and q denote two

nearby events along L. Since the tangent vector to this curve is timelike,

the interval (16) between p and q is negative. Then, the proper time elapsed

between those events along the worldline L is the number (see Fig. 7)

dτ ≡
(
−ds2

)1/2
. (32)

This is the physical time that an ideal clock moving with the particle would

measure between p and q. Given a coordinate system (xα), if xα = Xα(λ)

is a parameterization of L, then the definition (32) can be written as

dτ =
(
−gαβẊαẊβ

)1/2
dλ . (33)

The proper time elapsed along the worldline of a particle yields a natural

parameterization of that curve. The tangent vector ta associated with λ = τ

is the four-velocity ua of the particle, whose components with respect to the

coordinate basis vectors (∂α)
a

read

uα =
dxα

dτ
=

Ẋα

(−gβγẊβẊγ)1/2
. (34)

Equation (33) implies that the four-velocity is a timelike vector whose norm

squared is constant and equal to gabu
aub = −1.

An observer is modelled as a worldline in spacetime with a four-velocity

ua. The worldline of a freely falling observer is a timelike geodesic, a curve

whose tangent vector ua obeys the geodesic equation (30). Such worldlines

have the property of maximazing (locally) the proper time elapsed between

any two events p and q. Indeed, using the expression (33), it can be shown

that the condition δ
∫ q
p

dτ = 0 is equivalent to the geodesic equation (31).{
p

q

d

Fig. 7. The worldline L of a particle can be parameterized by the proper time τ elapsed

along that curve. The associated tangent vector is the four-velocity ua of the particle.
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4. Spacetime Curvature and Matter

Having introduced the geometrical setting of the theory of general relativity,

we move on to the mathematical description of spacetime curvature and its

generation by the energy and momentum of matter.

4.1. Riemann curvature tensor

As we have seen in Sec. 3.5, two covariant derivatives acting on a scalar field

commute [condition (19) of absence of torsion]. However, this property does

not hold true for tensor fields of higher ranks. In particular, for a vector

field va and a field of dual vectors ωa, we have

∇a∇b vc −∇b∇a vc = Rcdab v
d , (35a)

∇a∇b ωc −∇b∇a ωc = −Rdabc ωd , (35b)

whereRabcd is a tensor of type (1, 3) that is known as the Riemann curvature

tensor. Its tensorial nature is obvious from Eqs. (35), because the covariant

derivative of a tensor is itself a tensor. By combining the formulas (35) with

(24), it can be shown that the components of the Riemann curvature tensor

with respect to a given coordinate basis read

Rαβµν = ∂µΓαβν − ∂νΓαβµ + ΓασµΓσβν − ΓασνΓσβµ . (36)

The Riemann tensor can be given several interpretations. In particular, it is

related to (i) the failure of a vector to come back to itself after having been

parallelly transported along a small loop, and (ii) the relative acceleration

of two nearby geodesics.

Parallel transport and curvature

Using a surface S, let us construct an infinitesimal closed curve C (a loop)

at a point p. If (xα) = (λ, σ) is a coordinate system on S, let p, p′, q and q′

be the points of coordinates (0, 0), (δλ, 0), (δλ, δσ) and (0, δσ); see Fig. 8.

Let δλ ua and δσ wa denote the vectors that connect p to the points p′ and

q′. Now, if va denotes the result of the parallel transport of a vector va ∈ Tp
along the loop C, then the difference δ(2)va ≡ va − va is given by

lim
δλ→0
δσ→0

δ(2)va

δλ δσ
= Rabcd v

bucwd . (37)

Thus, a vector that is parallelly transported along a small closed curve does

not come back to itself. Equivalently, the result of the parallel transport of

a vector between two points (q and p in Fig. 8) depends on the path chosen.
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p

q

Fig. 8. Two illustrations of the effects of curvature. Left panel: A vector that undergoes
parallel transport along a small closed curve does not come back to itself. Right panel:

Nearby geodesics “accelerate” relative to one another.

Equation of geodesic deviation

Let us consider a family of geodesics (Lσ)σ∈I , where the parameter σ ranges

in an interval I ⊂ R. Each curve Lσ is a geodesic parameterized by λ ∈ R.

Let Σ ⊂M be the two-dimensional submanifold generated by these curves,

and (xα) = (λ, σ) a coordinate system on Σ. The vector field ua ≡ (∂λ)
a

is

tangent to each curve, while sa ≡ (∂σ)
a

can be interpreted as the separation

vector between Lσ and a nearby geodesic (see Fig. 8).

Intuitively, the covariant derivative ṡa ≡ ub∇bsa of the separation vec-

tor along Lσ is the “relative velocity” of two nearby geodesics. Therefore,

the covariant derivative s̈a ≡ uc∇c(ub∇bsa) of that vector along Lσ can be

interpreted as their “relative acceleration.” It can be shown that the evo-

lution of the relative velocity is controlled by the curvature tensor through

the equation of geodesic deviation

s̈a = Rabcd u
bucsd . (38)

This equation holds to linear order in the separation vector sa. In absence

of curvature, two neighboring geodesics that are initially parallel (ṡa = 0)

will remain parallel. If the curvature tensor does not vanish, however, two

such curves will get closer or further apart. This is the case, for instance,

of lines of longitude at the surface of a sphere, namely geodesics that are

orthogonal to the equator but that meet at the poles. According to Eq. (38),

the “relative acceleration” between two nearby geodesics vanishes for all

families of geodesics if, and only if, Rabcd = 0.
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Properties of the Riemann tensor

A spacetime whose curvature tensor vanishes over the entire manifoldM is

said to be flat. Using the definition (35), or any of the above two properties,

it can be shown that the only flat spacetime is that of special relativity, i.e.

Rabcd = 0 ⇐⇒ gab = ηab . (39)

Importantly, the Riemann curvature tensor fulfills some algebraic identities:

(i) it is antisymmetric with respect to the first and the last pairs of indices,

and (ii) it has a cyclic symmetry with respect to the last three indices:

Rabcd = −Rbacd = −Rabdc , (40a)

Rabcd +Radbc +Racdb = 0 . (40b)

These two properties can be combined to establish that the Riemann tensor

is also symmetric under exchange of the first and last pairs of indices, that is

Rabcd = Rcdab. As a consequence, only 20 out of the 44 = 256 components

of the curvature tensor are linearly independent. Moreover, the tensor Rabcd
obeys the Bianchi identity, an important differential identity that reads

∇eRabcd +∇dRabec +∇cRabde = 0 . (41)

4.2. Ricci tensor and scalar curvature

From the Riemann curvature tensor it is possible to define other, lower-rank

tensors, such as the Ricci tensor

Rab ≡ gcdRcadb = Rcacb , (42)

which is symmetric. The Ricci tensor is the only nontrivial rank-two tensor

that can be obtained by contracting a pair of indices of the Riemann tensor.

Indeed, because of the symmetry properties (40), other contractions yield

±Rab or vanish identically. The trace of the Ricci tensor,

R ≡ gabRab = Rabab , (43)

is called the scalar curvature. It is the only nonzero scalar field that can be

constructed by contracting two pairs of indices of the Riemann tensor.

Finally, when contracted over the first and last indices, as well as on the

second and third indices, the Bianchi identity (41) yields

∇a
(
Rab −

1

2
Rgab

)
= 0 , (44)

a relation that is known as the contracted Bianchi identity. The divergence-

free tensor Gab ≡ Rab− 1
2Rgab is the Einstein tensor. As will be discussed
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in Sec. 4.4, this tensor plays a central role in the Einstein equation of general

relativity. Notice that none of the conditions R = 0, Rab = 0, or Gab = 0

necessarily implies that spacetime is flat.

4.3. Energy-momentum tensor

In Newtonian gravity, the gravitational potential is generated by the distri-

bution of the matter mass density. In general relativity, all types of matter

and radiation produce a gravitational field through their energy-momentum

tensor (or stress-energy tensor), a symmetric rank-two tensor Tab that has

the dimensions of an energy density.

A formal definition of that tensor in terms of a Lagrangian formulation

can be used to prove that Tab must be divergence-free:

∇aTab = 0 . (45)

This equation expresses the law of local conservation of energy and momen-

tum. Indeed, according to an observer with a four-velocity ua, the energy

density in the matter fields is given by the scalar

ε = Tab u
aub . (46)

Moreover, according to that same observer, the density of linear momentum

along the spatial direction eai (such that gabe
a
i u
b = 0 and gabe

a
i e
b
j = δij) and

the flux of energy along that same direction are both given by the scalar

Pi = −Tab eai ub (1 6 i 6 3) . (47)

For a given type of matter (e.g. dust, electromagnetic field, scalar field),

the energy-momentum tensor can easily be derived from the corresponding

Lagrangian. For instance, for a perfect fluid with a four-velocity field ua,

an energy density ε and a pressure P , the energy-momentum tensor reads

Tab = (ε+ P )uaub + P gab . (48)

Note that the metric gab does, in general, enter explicitly the expression for

the energy-momentum tensor. Equation (48) is, of course, compatible with

the interpretations given to the quantities (46) and (47).

4.4. Einstein’s equation

We have introduced all of the concepts required to formulate the field equa-

tion of general relativity. As we shall see, Einstein’s equation relates part of

the curvature of spacetime (the Einstein tensor Gab) to its matter content
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(the energy-momentum tensor Tab) and it reduces to Poisson’s equation (1)

of Newtonian gravity in the nonrelativistic limit where c−1 → 0. In what

follows, we motivate Einstein’s equation along the lines of Ref. 23.

In Newtonian gravity, the equation of motion of a particle with position

~x reads ~̈x = −~∇Φ, where Φ is the Newtonian potential. If ~s ≡ ~x1 − ~x2 de-

notes the relative position of two nearby particles, then a Taylor expansion

shows that their relative acceleration is given, to leading order, by

~̈s = −(~s · ~∇)~∇Φ . (49)

This equation is, quite clearly, analogous to the equation of geodesic devia-

tion (38). It suggests the following analogy between the Riemann curvature

tensor and the Newtonian tidal field:

Rabcdu
cud ←→ ∂a∂bΦ . (50)

Moreover, still in Newtonian gravity, the trace ∇2Φ = ∂a∂aΦ of the Newto-

nian tidal field is related to the mass density ρ of matter through Poisson’s

equation (1). On the other hand, as discussed in Sec. 4.3 above, in general

relativity all “matter” fields are described by an energy-momentum tensor

Tab such that

Tab u
aub ←→ ρ . (51)

Thus, by combining the analogies (50) and (51) with Poisson’s equation

(1), we are led to postulate an equation of the formRabu
aub = 4πGTabu

aub.

Because this equation must hold true for all observers with four-velocity ua,

these physical arguments suggest the field equation

Rab
?
= 4πGTab . (52)

Unfortunately, this relationship is flawed. Since the energy-momentum ten-

sor is conserved, ∇aTab = 0, the proportionality of Rab and Tab together

with the contracted Bianchi identity (44) would imply that ∇aR = 0, i.e.,

that R = gabRab and therefore T ≡ gabTab are constant throughout space-

time. This restriction on the energy contents of the Universe is too strong.

Nevertheless, this difficulty suggests a natural resolution. To avoid the

conflict between the conservation of energy and momentum on one hand,

and the contracted Bianchi identity on the other hand, one simply has to

postulate Einstein’s equationa

Rab −
1

2
Rgab = 8πGTab . (53)

aThe most general formulation of Einstein’s equation involves the additional term Λ gab
in the left-hand side of (53), where Λ is the cosmological constant, measured to the value

Λ ' 10−52 m−2. Outside of cosmology, this additional term can safely be neglected.
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Indeed, if Eq. (53) is satisfied, then the local conservation of energy and mo-

mentum becomes a consequence of the (contracted) Bianchi identity. More-

over, the analogies (50) and (51) that have motivated this field equation are

unaffected. Indeed, taking the trace of Eq. (53), one obtains R = −8πGT ,

such that Einstein’s equation can be rewritten in the equivalent form

Rab = 8πG

(
Tab −

1

2
Tgab

)
. (54)

In the nonrelativistic limit, the energy density dominates all the other con-

tributions to the energy-momentum tensor, such that Tabu
aub ' −T ' ρ.

Hence, Eq. (54) still implies the relation Rabu
aub = 4πGTabu

aub for weak

gravitational fields.

The coupling constant in the right-hand sides of Eqs. (53)–(54) ensures

that Einstein’s equation reduces to Poisson’s equation (1) in the appropriate

limit. Restoring powers of c−1, its numerical value,

8πG

c4
' 2× 10−43

m−2

J ·m−3
, (55)

shows that a large amount of energy density is required in order to produce

spacetime curvature, which is homogeneous to an inverse length squared.

Once a coordinate system has been chosen, Einstein’s equation (53) be-

comes equivalent to a set of ten second-order, non-linear partial differential

equations for the unknown metric components gαβ(x). However, because of

the contracted Bianchi identity (44), only six of these ten partial differential

equations are independent, and the freedom in the choice of coordinates can

be used to specify four out of the ten metric components gαβ(x). Therefore,

one is left with six equations for six unknowns.

5. Definition of Gravitational Waves

In the previous sections, we have introduced the general theory of relativity.

At long last, we are in a position to define the concept of gravitational wave,

whose existence was first predicted in 1916 by Einstein himself.1

5.1. Linearized Einstein equation

Far away from compact objects (black holes and neutrons stars), gravitation

is “weak” in the sense that the spacetime geometry is nearly flat. Therefore,

in most astrophysical situations, the physical metric gab is “close” to the

Minkowski metric ηab of special relativity, in the sense that

gab = ηab + hab , (56)
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with hab a “small” metric perturbation. Since there is no natural positive-

definite metric on spacetime, there is no natural norm by which “smallness”

of tensors can be measured. However, we may require that, with respect to

an inertial coordinate system of ηab, for which ηαβ = diag (−1,+1,+1,+1),

the components hαβ of hab obey

|hαβ | � 1 . (57)

Then, by substituting for Eq. (56) in the identity gabgbc = δac, and making

use of ηabηbc = δac, the inverse metric gab is also found to be “close” to the

inverse Minkowski metric ηab, in the sense that

gab = ηab − hab , (58)

where we introduced the notation hab ≡ ηacηbdhcd and neglected all terms

O(h2). Thereafter, we will work to linear order in hab and omit all remain-

ders o(h). All indices will thus be “lowered” and “raised” by using the flat

metric ηab and its inverse ηab.

We may then proceed to linearize the Einstein equation (53) with respect

to the metric perturbation hab. Substituting for Eqs. (56) and (58) into the

expression (36) for the Riemann tensor, and using the explicit formula (29)

for the Christoffel symbols, we find

Rabcd = −∂c∂[ahb]d + ∂d∂[ahb]c , (59)

where ∂a is the ordinary derivative associated with the global inertial coor-

dinates of ηab, and square brackets are used to denote an antisymetrization

over a pair of indices, e.g., T[ab] ≡ 1
2 (Tab−Tba). Using the definitions (42)–

(43) of the Ricci tensor and scalar curvature, the Einstein tensor Gab can

be linearized as well. Einstein’s equation (53) then reduces to

�h̄ab − 2∂(aVb) + ηab ∂
cVc = −16πGTab , (60)

where � ≡ ηcd∂c∂d is the usual flat-space wave operator, or d’Alembertian,

and parenthesis are used to denote a symetrization over a pair of indices,

e.g. T(ab) ≡ 1
2 (Tab+Tba). Moreover, we introduced the notation Va ≡ ∂ch̄ac

for the divergence of the trace-reversed metric perturbation

h̄ab ≡ hab −
1

2
h ηab , (61)

with h ≡ ηabhab. Computing the trace of h̄ab yields h̄ = −h, such that (61)

can easily be inverted to give hab = h̄ab − 1
2 h̄ ηab. Equation (60) takes on a

slightly more complicated form in terms of the metric perturbation hab.
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5.2. Lorenz gauge condition

Interestingly, the form (56)–(57) of the metric does, by no means, uniquely

specify the perturbation hab. The freedom to perform “infinitesimal” coor-

dinate transformations xα → xα−ξα(x) that preserve the form (56)–(57) of

the metric gives rise, in the linearized theory, to an invariance under gauge

transformations of the form

hab → hab + 2∂(aξb) . (62)

The arbitrary vector field ξa is known as the generator of the gauge trans-

formation (62). It can be checked that the linearized Riemann tensor (59) is

invariant under such a transformation. This gauge freedom is analogous to

that of ordinary electromagnetism in flat spacetime, where the Faraday ten-

sor Fab = ∂[aAb] is invariant under a gauge transformation Aa → Aa + ∂aχ

of the vector potential Aa generated by an arbitrary function χ.

The gauge freedom of linearized gravitation can be used to simplify the

linearized Einstein equation (60). In particular, one can always find a gauge

in which the divergence Va vanishes, i.e., such that

∂ch̄ac = 0 . (63)

Notice that Va → Va+�ξa under the gauge transformation (62). Therefore,

starting from a gauge where Va 6= 0, one moves to a gauge obeying (63) by

applying a gauge transformation with a generator solution of �ξa = −Va.

By analogy with the gauge condition ∂aAa = 0 of electromagnetism, Eq.

(63) is known as the Lorenz gauge condition, or harmonic gauge condition.

In the Lorenz gauge, the linearized Einstein equation (60) reduces to

�h̄ab = −16πGTab . (64)

Thus, h̄ab represents a quantity that propagates as a wave at the vacuum

speed of light, on a flat Minkowski background, and which is sourced by the

energy-momentum tensor Tab of matter; in other words, h̄ab is a gravita-

tional wave. Given a matter source, the solution of the wave equation (64)

for each component h̄αβ of h̄ab is a standard problem in physics—familiar,

for example, from the theory of electromagnetic waves.

The linearized Einstein equation (64) is reminiscent of the Lorenz-gauge

Maxwell equation �Aa = −µ0 ja, with µ0 the vacuum permeability and ja

the current density. Just like the gauge condition ∂aAa = 0 implies the local

conservation of the electric charge, ∂aja = 0, the harmonic gauge condition

(63) implies the local conservation of energy and momentum in linearized

gravity, ∂aTab = 0.
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Table 2. The gauge freedom of linearized gravitation is analogous to that

of ordinary electromagnetism in flat spacetime.

Electromagnetism Linearized gravity

Generator χ ξa

Potential Aa hab

Gauge transfo. Aa → Aa + ∂aχ hab → hab + 2∂(aξb)

Gauge invariant Fab = ∂[aAb] Rabcd = −∂c∂[ahb]d + ∂d∂[ahb]c

Lorenz gauge cond. ∂aAa = 0 ∂ah̄ab = 0

Conservation law ∂aja = 0 ∂aTab = 0

Wave equation �Aa = −µ0 ja �h̄ab = −16πGTab

5.3. Propagation in vacuum

Next, we consider the case of gravitational waves that propagate in vacuum,

i.e., we set Tab = 0 in Eq. (64). Together with the harmonic gauge condition

(63), the freely propagating waves obey

�h̄ab = 0 . (65)

The general solution of this equation can be written as a linear superposition

of monochromatic waves. Thus, we perform the following four-dimensional

Fourier decomposition:

h̄ab(x) = <
∫
Aab(k) eikαx

α

d4k . (66)

Each Fourier mode has a complex amplitude Aab(k) and is labelled by the

components kα of the wave dual vector ka. Substituting for the ansatz (66)

into Eq. (65), one finds

ηabkakb = 0 . (67)

Because gravitational waves propagate at the vacuum speed of light c, the

wave vector ka is a null vector (with respect to the Minkowski metric ηab).

On the other hand, the Lorenz gauge condition (63) implies that the am-

plitude tensor is orthogonal to the direction of propagation of the waves:

kaAab = 0 . (68)



July 15, 2016 0:15 World Scientific Review Volume - 9in x 6in theory page 29

Theory of Gravitational Waves 29

Transverse-traceless gauge

Notice that the harmonic gauge condition (63) does not, by itself, uniquely

specify the metric perturbation hab. Indeed, any gauge transformation (62)

whose generator ξa satisfies

�ξa = 0 (69)

does preserve the gauge condition (63). This is analogous to the fact that, in

ordinary electromagnetism, the Lorenz gauge condition ∂aAa = 0 does not

uniquely fix the vector potential Aa; we have the restricted gauge freedom

Aa → Aa + ∂aχ with �χ = 0.

To uniquely specify the metric perturbation, four additional constraints

must be imposed. Let us introduce a unit timelike vector ua associated, for

instance, with an observer detecting the gravitational radiation (see Sec. 6).

One can then define a gauge, known as a transverse-traceless (TT) gauge,

in which the amplitude tensor obeys

uaAab = 0 , (70a)

ηabAab = 0 . (70b)

Note that the transversality condition (70a) depends upon the choice of an

observer. The tracelessness condition (70b) implies h̄ = 0, such that h̄αβ =

hαβ in the TT gauge. Equations (70) yield four additional constraints that

completely fix the remaining gauge freedom in Eq. (69). Indeed, one of the

four conditions (70a) is redundant with the constraints (68).

Polarization states

Since only eight out of the nine equations (68) and (70) are linearly indepen-

dent, the symmetric 4× 4 amplitude matrix Aαβ has only two independent

components left. In the rest frame of the observer, uα = (1, 0, 0, 0), and for

gravitational waves that propagate along the z-direction, kα = ω (1, 0, 0, 1),

with ω the frequency of the wave, as measured by that observer. Equations

(68) and (70) can then be used to show that the components of the metric

perturbation in the TT gauge are given by

hTT
αβ =


0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0

 , (71)
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where h+ and h× are two free functions of the retarded time t−z. These are

the polarization states of the propagating gravitational waves, the two ra-

diative degrees of freedom of the metric. So gravitational wave possess two

linearly independent polarization states, just like electromagnetic waves.

The reason why the polarizations are denoted + and × will become clear in

the next section, where we discuss the effect of an incoming gravitational

wave on matter.

In the TT gauge, gravitational waves are described by a 2× 2 matrix in

the plane orthogonal to the direction of propagation. Now, under a rotation

of angle θ about that direction, the polarization states transform as

h+ ± ih× −→ e∓2iθ (h+ ± ih×) . (72)

In the language of particle physics, the helicity H of a particle is the projec-

tion of its spin along the direction of propagation. And, under a rotation of

angle θ about that direction, the helicity states transform as h −→ e±iHθh.

Therefore, Eq. (72) shows that linearized gravity can be understood as the

theory of a spin-2 particle with helicity states h+ ± ih×, the graviton, just

like the (massless) photon is a spin-1 particle responsible for mediating the

electromagnetic interaction.

6. Interaction of Gravitational Waves with Matter

How can a gravitational wave be detected? In order to address this question,

one must first understand how gravitational waves can interact with matter.

Interestingly, this topic has historically been the source of heated debates.40

6.1. Description in the TT gauge

We begin our analysis of this problem using the TT gauge introduced in the

previous section. From the definition (56) and the expression (71) for the

metric perturbation, the spacetime interval in the TT gauge simply reads

ds2 = −dt2 +
(
δij + hTT

ij

)
dxidxj . (73)

We first consider the motion of a free-falling test particle, which must obey

the geodesic equation (31). Notice that the proper time τ along that world-

line coincides with the TT coordinate time t. By using the expression (29)

for the Christoffel symbols with the metric components (73), one can show

that the coordinate acceleration of a freely falling test mass vanishes:

Ẍi(t) = 0 . (74)
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Therefore, if the particle was initially at rest, Ẋi(t0) = 0, it remains at rest

with respect to the TT coordinates (t, xi). Beware, however, that this does

not mean that gravitational waves have no effect on freely falling particles.

Rather, the TT gauge is simply a coordinate system that is comoving with

such particles.

The easiest way to understand the physical effects of gravitational waves

on matter is to consider the relative motion of two nearby test masses in free

fall. Indeed, the distance L between two such particles can be defined in an

operational manner, by sending light rays back and forth and measuring the

proper time elapsed between emission (t = Tem) and reception (t = Trec):

L ≡ 1

2
(Trec − Tem) . (75)

Recalling that light rays propagate along null geodesics, we can set ds2 = 0

in Eq. (73) and obtain, to first order in the metric perturbation hTT
ij ,

L(t) = L0

(
1 +

1

2
ninjhTT

ij

)
. (76)

Here L0 ≡ δij∆xi∆xj is the (Euclidean) distance between the two masses in

absence of gravitational wave and ni ≡ ∆xi/L0 a unit vector. Equation (76)

shows that the distance between the two particles varies in time under the

effect of the propagating gravitational wave. It is essentially this change in

the distance between test masses that existing gravitational wave detectors

attempt to measure.

6.2. Description using geodesic deviation

In the TT gauge, there is close relationship between the metric perturbation

hTT
αβ and the linearized Riemann tensor (59), namely

Ritjt = −1

2
ḧTT
ij , (77)

where the overdot stands for the partial derivative ∂/∂t. Now, recall that,

in general relativity, all of the physical effects of gravitation are encoded in

the Riemann tensor. In particular, as mentionned in Sec. 4.1, the relative

acceleration of two neighboring geodesics is controlled by Rabcd. Substitut-

ing for Eq. (77) into the equation of geodesic deviation (38) shows that, to

first order in the separation vector sa, with components sα = (0, ξi) and

uα = (1,~0) in a local inertial frame (see below),

d2ξi

dt2
=

1

2
ḧTT
ij ξ

j . (78)
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Hence, the effect of a gravitational wave on matter can be understood as an

additional Newtonian-like force, called a tidal force, perturbing the relative

acceleration between nearby freely falling particles.

6.3. Description using Fermi coordinates

As mentionned above, it is possible to give a quasi-Newtonian description

of the motion of point masses under the action of gravitational radiation.

To do so, one must introduce Fermi coordinates, i.e., a local inertial frame

defined in a neighborhood of an entire timelike geodesic, that deviates from

the flat metric only quadratically in the distance from this worldline.

Thus, using Fermi coordinates (x̂α) defined in the vicinity of the world-

line of a freely falling observer O, the spacetime interval takes the form

ds2 = −(dx̂0)
2

+ δij dx̂idx̂j +O
(
‖x̂i‖2/R2

)
, (79)

where deviations from Minkowski’s metric appear at quadratic order in the

spatial distance ‖x̂i‖ andR is the curvature radius such that |Rαβµν |∼R−2.

The coordinate transformation from the TT gauge (73) to the Fermi gauge

(79) simply reads

x̂0 = t , x̂i = xi +
1

2
hTT
ij (t,~0)xj , (80)

where hTT
ij (t,~0) denotes the value of the field hTT

ij along the worldline of O.

(Here and in what follows we assume that the wavelength of the radiation

is much larger than the typical size of the system of point masses.)

Let us now consider a set of non-interacting —i.e., freely falling— point

masses located in a neighborhood of O. Since the spatial TT coordinates,

say xi0, of one such particle do not change as the gravitational wave passes,

Eq. (80) implies that its trajectory in the Fermi coordinates associated to

the observer O is given by

x̂i(t) = xi0 +
1

2
hTT
ij (t,~0)xj0 . (81)

This formula can be applied to the particular case of a monochromatic wave

of pulsation ω = 2π/T (as measured by the observer) that propagates along

the ẑ direction. Using Eq. (71) with h+,×(t) = H+,× e
iωt, this gives

x̂(t) = x0 +
1

2
(H+x0 +H×y0) eiωt , (82a)

ŷ(t) = y0 +
1

2
(H×x0 −H+y0) eiωt , (82b)

ẑ(t) = z0 . (82c)
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Thus, as a gravitational wave propagates through an initially circular ring

of particles, it induces alternative contractions and elongations along the x̂

and ŷ directions for the + polarization, and along the ŷ = x̂ and ŷ = −x̂
directions for the × polarization (see Fig. 9). A generic gravitational wave

can thus be understood as a superposition of two oscillating tidal fields that

propagate at the vacuum speed of light.

Equation (82) shows that under the effect of a passing gravitational wave

of typical amplitude h ∼ H+,×, the initial size L0 of the ring of particles

varies by an amount

δL ∼ 1

2
hL0 , (83)

in complete agreement with the result (76). As will be shown in section 7,

the typical amplitude of gravitational waves from astrophysical sources is

h . 10−21. Hence, even for a kilometer-scale detector, the change in length

induced by a traveling gravitational wave is at most of order 10−18 m. Thus,

as will be discussed in chapters 3 and 4, it is a major technological challenge

to detect a passing gravitational wave of cosmic origin.

0 ¼T ½T ¾T T

x

y

z

h+

h+

h(t)

t

Fig. 9. A monochromatic gravitational wave of pulsation ω = 2π/T propagates along

the ẑ direction. The lower panel shows the effects of the + and × polarizations on a ring

of freely falling particles, in a local inertial frame.
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7. Generation of Gravitational Waves

In the previous section, we have seen how propagating gravitational waves

can affect the motion of matter. In this section we will show how, conversely,

the motion of matter generates gravitational radiation.

7.1. Einstein’s quadrupole formula

We shall describe the generation of gravitational waves by isolated systems,

and we consider again the linearized version (64) of Einstein’s equation, in

the harmonic gauge. Therefore, the following discussion will be restricted

to the simplest case of weakly relativistic sources, for which the linearized

approximation is valid. Now, for each component h̄αβ of the perturbation

h̄ab, the linear wave equation (64) can be solved using the standard formula

for retarded potentials, namely (restoring powers of 1/c)

h̄αβ(t, ~x) =
4G

c4

∫
R3

Tαβ(t′, ~y)

‖~x− ~y‖
d3y . (84)

This is an integral over the past lightcone of the field point (ct, ~x). Unlike in

Newtonian gravity, the gravitational field at a point (ct, ~x) is only influenced

by the matter source at the retarded times t′ ≡ t−‖~x−~y‖/c, the lag resulting

from the time needed for a signal propagating at the speed of light c to get

from a point ~y inside the source to the point ~x (see Fig. 10).

source

(ct,x)

past lightcone

Fig. 10. Gravitational waves propagate at the finite velocity c. Hence the field at a point

(ct, ~x) is only influenced by the matter source at the retarded times t′ = t− ‖~x− ~y‖/c.
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Assuming in addition that the source is slowly varying, in the sense that

its energy-momentum tensor does not vary much over a light-crossing time,

standard manipulations yield for the field in the radiation zone

h̄αβ(t, ~x) =
4G

c4r

∫
R3

Tαβ(t− r/c, ~y) d3y , (85)

where r = ‖~x‖ is the distance from the source and all terms of O(r−2) have

been neglected. As already mentioned, the radiative degrees of freedom are

contained in the spatial part of the metric. Then, by combining (85) with

the conservation of the energy-momentum tensor for a ball of perfect fluid

in linearized gravity, i.e., ∂αTαβ = 0 where Tαβ is given by Eq. (48) above,

it can be shown that the spatial components of h̄αβ are given by

h̄ij(t, ~x) =
2G

c4r
Ïij(t− r/c) . (86)

Here the overdot stands for a derivative with respect to time, and the tensor

Iij is the moment of inertia of the source S, given by the following volume

integral over the Newtonian mass density ρ:

Iij(t) =

∫
S
ρ(t, ~x)xixj d3x . (87)

Now, to obtain the metric perturbation in the TT gauge, it is enough to

consider the transverse-traceless part of Eq. (86). This is achieved by means

of an appropriate projection. First, however, we introduce the traceless part

of the tensor (87), the source’s mass quadrupole moment

Qij(t) =

∫
S
ρ(t, ~x)

(
xixj −

1

3
‖~x‖2δij

)
d3x , (88)

a quantity that is directly related to the multipolar expansion of the New-

tonian gravitational potential of the source: Φ = −GMr + 3G
2r3 Qijn

inj + · · · ,
with M the mass of the source and ~n = ~x/r the unit direction from the

origin. At last, Einstein’s famous quadrupole formula simply reads

hTT
ij (t, ~x) =

2G

c4r
Λij,kl(~n) Q̈kl(t− r/c) , (89)

where Λij,kl ≡ PikPjl− 1
2PijPkl is defined in terms of the projection operator

Pij ≡ δij − ninj orthogonal to the direction of propagation.

This key result shows that, to leading order in a multipolar expansion,

gravitational waves are generated by any time-varying quadrupole moment.

The laws of conservation of mass and linear momentum forbid the emission

of monopolar or dipolar gravitational radiation. In electromagnetism, while



July 15, 2016 0:15 World Scientific Review Volume - 9in x 6in theory page 36

36 Alexandre Le Tiec, Jérôme Novak

the electric charge (the monopole) is conserved, the electric dipole moment

is not, so electromagnetic radiation is predominantly dipolar.

Although the quadrupole formula (89) is valid for sources whose dynam-

ics is dominated by gravitational forces, the derivation we sketched above is

not. Indeed, in linearized gravity the exact conservation law (45) reduces to

∂aT
ab = 0, such that all bodies move along geodesics of Minkowski space-

time, thereby excluding gravitationally bound orbits. The extension of this

derivation to the case of sources with nonnegligible self-gravity is important

for computing the gravitational-wave emission to be expected from binary

systems of compact objects, whose orbits become highly relativistic just be-

fore coalescence, and which cannot be described by the linearized theory;

see for instance Refs. 17,18 and chapter 2 in this book.

The quadrupole formula (89) can be used to get an order-of-magnitude

estimate of the amplitude h of gravitational waves generated by a source of

mass M , typical size R and quadrupole moment Q ∼ sMR2, where 0 ≤ s .
1 is an asymmetry fudge factor, such that s = 0 for a spherically symmetric

source. If ω denotes the inverse of the timescale of evolution of the source

—the angular velocity for a quasi-periodic source—then Q̈ ∼ s ω2MR2 and

Eq. (89) yields

h ∼ 2G

c4r
ω2sMR2 ∼ R

r

RS

R

(v
c

)2
s , (90)

where we introduced the Schwarzschild radius RS ≡ 2GM/c2 and the typi-

cal internal velocity v ∼ Rω of the source. Equation (90) shows that in the

most favorable case of a nonspherical (s . 1) and compact source (R & RS)

moving at relativistic speeds (v . c), we get h . R/r . GM/(c2r). For a

3M� source located at 200 Mpc, for instance the coalescence of two neutron

stars in a distant galaxy, this gives the estimate h . 10−22.

7.2. Gravitational luminosity

If the typical wavelength λ of gravitational waves is much smaller than the

characteristic radius of curvature R of the background spacetime, then the

separation of scales can be used to introduce an effective energy-momentum

tensor associated with the gravitational radiation. Its expression is given by

the average 〈·〉 over several wavelengths of the second-order contributions

in the expansion of the Einstein tensor in powers of the metric perturbation

(Sec. 5.1), namely41,42

Tab =
c4

32πG

〈
∂ah̄cd ∂bh̄

cd − 1

2
∂ah̄ ∂bh̄− 2∂(ah̄b)c ∂dh̄

cd
〉
. (91)
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This Isaacson energy-momentum tensor effectively localizes the energy and

momentum content in short-wavelength gravitational radiation over regions

whose size is comparable to λ� R. It can be checked that the right-hand

side of Eq. (91) is invariant under gauge transformations of the form (62).

In the TT gauge, in which h̄ = 0 and ∂dh̄
cd = 0, its coordinate components

simply reduce to

Tαβ =
c4

32πG

〈
∂αh

TT
µν ∂βh

µν
TT

〉
. (92)

For gravitational radiation that propagates along the z-axis, the flux of

energy F carried by the waves is given by the component Ttz of the energy-

momentum tensor (92); recall Sec. 4.3. Then, using Eq. (71) one finds

F =
c3

16πG

〈
ḣ2+ + ḣ2×

〉
. (93)

For gravitational waves with a typical frequency f and amplitude h, Eq. (93)

implies F ∼ c3f2h2/(32πG). Now, for realistic astrophysical sources, such

as neutron star binaries,b f ∼ 1 kHz and h ∼ 10−22 yields F ∼ 3 mW ·m−2.

Hence, a gravitational wave with a tiny amplitude can carry a large amount

of energy. By analogy with the theory of elasticity, spacetime can be though

of as an extremely “rigid medium.”

Integrating the energy flux (93) over a 2-sphere whose radius r is taken

to infinity, one obtains the gravitational luminosity of a given source as

L = lim
r→∞

c3r2

16πG

∫ 〈
ḣ2+ + ḣ2×

〉
dΩ , (94)

where dΩ stands for the surface element of the unit 2-sphere. Substituting

for the first Einstein quadrupole formula, Eq. (89), into (94) yields the total

power radiated as a function of the source quadrupole moment:

L =
G

5c5
〈...
Qij

...
Qij
〉
. (95)

This is Einstein’s second quadrupole formula. Interestingly, this expression

can be compared to a similar result established in electromagnetism, where

it can be shown that the power radiated by a slowly-varying distribution

of accelerated charges with dipole moment Di reads [with µ0 = 1/(ε0c
2)]

Le.m. =
2

3

µ0

4πc

〈
D̈iD̈i

〉
. (96)

bThe typical gravitational-wave frequency of a source of mass M , linear size R & GM/c2

and mean density ρ̄ ∼M/R3 . c6/(G3M2) is f ∼
√
Gρ̄ . c3/(GM); see chapter 2.
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Equation (95) can be used to get an order-of-magnitude estimate of the

gravitational luminosity of a source of mass M and typical size R, for which

Q ∼ sMR2. Again, if ω denotes the inverse of the timescale of evolution of

the source, then
...
Q ∼ s ω3MR2 and Eq. (95) yields

L ∼ G

c5
s2ω6M2R4 ∼ c5

4G

(
RS

R

)2 (v
c

)6
s2 . (97)

This formula clearly shows that a Hertz-type experiment is hopeless; no lab-

oratory experiment will ever produce a significant amount of gravitational

radiation that can be detected on Earth. However, nonspherical (s . 1) and

compact objects (R & RS) moving at relativistic speeds (v . c) are power-

ful gravitational-wave sources, with L . c5/4G ' 1052 W. By comparison,

the luminosity of the Sun is a mere 3.8×1026 W, that of a typical galaxy is

of the order of 1037 W, while all the galaxies in the visible Universe emit, in

visible light, of the order of 1049 W. Binary black hole mergers can thus, at

the peak of their wave emission, compete in luminosity with the steady lu-

minosity of the entire Universe! For instance, the binary black hole merger

event GW150914 radiated about 3M�c
2 of energy within 250 ms, reaching

a peak emission rate of 3.6× 1049 W, which is equivalent to 200M�c
2/s.8
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