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ABSTRACT

We have recently proposed a deterministic matrix dynamics at the Planck scale, for grav-

ity coupled to Dirac fermions, evolving in the so-called Connes time. By coarse-graining

this dynamics over time intervals much larger than Planck time, we derived the space-time

manifold, quantum theory, and classical general relativity, as low energy emergent approxi-

mations to the underlying matrix dynamics. In the present article, we show how to include

Yang-Mills gauge fields in this Planck scale matrix dynamics. We do this by appropriately

modifying the fundamental action for the previously introduced ‘atom’ of space-time-matter

[which we now call an ‘aikyon’]. This is achieved by modifying the Dirac operator to include

a ‘potential’ for the Yang-Mills aspect, and a ‘current’ for the Yang-Mills charge. Our work

opens up an avenue for unification of gravity with gauge-fields and Dirac fermions. We show

how spontaneous localisation in the matrix dynamics gives rise to general relativity coupled

to gauge-fields and relativistic point particles, in the classical limit. We use this formalism

to explain the remarkable fact that the Kerr-Newman black hole has the same value for the

gyromagnetic ratio as that for a Dirac fermion, both being twice the classical value.

I. INTRODUCTION

We have recently proposed a deterministic matrix dynamics at the Planck scale [1]. The

motivation for having such a dynamics is to find an equivalent reformulation of quantum

1

http://arxiv.org/abs/2006.05392v1


(field) theory which does not refer to classical time. To arrive at such a dynamics we start

from a Riemannian space-time manifold endowed with a metric and a connection, and hav-

ing as matter source relativistic point particles. To move towards the said matrix dynamics,

we raise space-time points to the status of operators [equivalently matrices]. The Dirac

operator on the manifold is employed to construct a gravity operator, and the c-numbers

which describe material point particles are also raised to the status of operators. However,

these operators do not obey quantum commutation relations nor the laws of quantum (field)

theory. Instead, they obey a Lagrangian matrix dynamics, assumed to operate at the Planck

scale. In this dynamics, there is no space-time; in fact there is no distinction between matter

and space-time any longer. An elementary particle and its gravitation together constitute

an ‘atom’ of space-time-matter, which we shall henceforth call an ‘aikyon’ [derived from the

Sanskrit word ‘aikya’, meaning oneness]. Thus an electron-aikyon is an electron together

with the gravitation it produces, with no reference to any background space-time in which

the electron might appear to be embedded. Every aikyon has an associated length scale,

but no mass nor spin, these being emergent concepts. We constructed an action principle

for an aikyon, and the total action for many aikyons is the sum of their individual actions.

The Lagrange equations of motion for the aikyons, as well as the equivalent Hamilton equa-

tions of motion, can be derived from extremising the action. These equations of motion

describe evolution in Connes time, which is a reversible time parameter present in the ma-

trix dynamics, because of a global unitary invariance of the dynamics [and its connection

with non-commutative geometry]. The eigenvalues of the Dirac operator capture informa-

tion about the metric and the induced curvature, in this non-commutative matrix dynamics

[2, 3].

An aikyon is described by a matrix made of complex-valued Grassmann numbers, and

denoted as q. Any Grassmann matrix can be written as a sum of a ‘bosonic’ matrix qB made

of even grade elements of the Grassmann algebra, and a ‘fermionic’ matrix qF made of odd

grade elements of the Grassmann algebra. Thus q ≡ qB + qF , implying that an aikyon is

neither a boson nor a fermion, but should be a thought of as a combination of the two, with

the bosonic part describing the gravitation aspect, and the fermionic part representing the
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matter aspect. We have proposed the following action principle for an aikyon:

S

C0

=
1

2

∫
dτ

τP l

Tr

[
L2
P

L2c2

(
q̇B + β1

L2
P

L2
q̇F

) (
q̇B + β2

L2
P

L2
q̇F

)]
(1)

where β1 and β2 are constant self-adjoint fermionic matrices. These matrices make the

Lagrangian bosonic. The only two fundamental constants are Planck length and Planck

time - these scale the length scale L of the aikyon, and the Connes time, respectively. C0

is a constant with dimensions of action, which will be identified with Planck’s constant in

the emergent theory. The Lagrangian and action are not restricted to be self-adjoint. A dot

denotes derivative with respect to Connes time. By varying this action w.r.t. qB and qF one

gets a pair of coupled equations of motion, which can be solved to find the evolution of qB

and qF . The respective momenta pB and pF are constants of motion, and the expression for

pB can be written as an eigenvalue equation for the modified Dirac operator D ≡ DB +DF :

[DB +DF ]ψ =
1

L

(
1 + i

L2
P

L2

)
ψ (2)

where

DB ≡ 1

Lc

dqB
dτ

; DF ≡ L2
P

L2

β1 + β2
2Lc

dqF
dτ

(3)

DB is defined such that in the commutative c-number limit where space-time emerges, it

becomes the standard Dirac operator on a Riemannian manifold. DF is defined such that

upon spontaneous localisation, it gives rise to the classical action for a relativistic point

particle.

The Hilbert space in which this matrix dynamics operates at the Planck scale is populated

by a large number of aikyons, labelled qi, whose total action can be symbolically written in

terms of their respective modified Dirac operators Di:

Stotal

C0
=

1

2

∫
dτ

τP l

∑

i

Tr [D2
i ] (4)

The generalised Dirac operator D is not self-adjoint, because DF is not self-adjoint, even

though DB is. Related to this is the fact that the Hamiltonian of the theory is in general

not self-adjoint either. The anti-self-adjoint part is however negligible if the length scale L

for every aikyon is much larger than Planck length, and the number Nc of aikyons which
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are entangled with each other are much smaller than a certain critical limit, which is of the

order Nc ∼ L/LP .

Next, we ask what does the emergent dynamics look like, if we are not observing this

matrix dynamics at Planck time resolution, but coarse-grained over time intervals much

larger than Planck time? This question can be answered by employing the methods of sta-

tistical thermodynamics, and assuming that an ensemble of microstates describes various

possible motions at Planck scale resolution, all of which give rise, at equilibrium, to the same

macrostate [4–6]. The macrostate is determined by the conventional methods of statistical

mechanics, by maximising the combinatorial entropy constructed from a probability distri-

bution in the phase space for this matrix dynamics. The physics is the same as when we find

the emergent thermodynamic state from the statistical mechanics of a molecular fluid, when

we are not examining the fluid at the level of its molecular resolution, but at a coarse-grained

level obtained by averaging over length scales much larger than inter-molecular separation.

The emergent dynamics falls into two limiting classes, depending on the degree of entan-

glement between different aikyons. The first limiting class is obtained when the L values for

all the aikyons are much larger than Planck length, and the number of entangled aikyons

in the system is much smaller than the critical number. When this happens, the anti-self-

adjoint part of the full Hamiltonian is negligible. In this limit, one recovers the sought for

space-time free limit of quantum theory. Evolution is still described in Connes time. But

the (averaged) canonical variables now obey quantum commutation relations, separately

for the bosonic and fermionic parts, and Planck’s constant h̄ emerges. One also recovers

Heisenberg equations of motion for the dynamical degrees of freedom, again separately for

bosons and fermions. There is an equivalent Schrödinger picture. This emergent dynamics

is a quantum gravity, and comes into play whenever we want to find out the gravitational

effect of a quantum system non-perturbatively, at energies below Planck scale. For instance,

if we were to ask for the gravitational effect of an electron in the double-slit experiment.

The opposite emergent limit is when a sufficiently large number of aikyons get entangled

(N ∼ Nc): under these circumstances an effective length scale Leff ∼ L/N goes below

Planck length, and the anti-self-adjoint part of the Hamiltonian becomes significant. The

entangled system of aikyons undergoes spontaneous localisation to a classical state. This

leads to the emergence of the space-time manifold, spatial localisation of macroscopic objects,

and the laws of classical general relativity. The total action for the matrix dynamics of the
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entangled aikyons is reduced to the action for classical general relativity, as a consequence

of spontaneous localisation:

S =

∫
dτ
∑

i

TrD2
i −→

∫
dτ

∫
d4x

√
g

[
c3

2G
R + c

∑

i

miδ
3(x− x0)

]
(5)

In deriving this result, key use is made of a theorem in Riemannian geometry, which relates

the trace of the squared Dirac operator D2
B to the Einstein-Hilbert action:

Tr [L2
P D2

B] ∝ L−2
P

∫
d4x

√
g R +O(L0

P ) (6)

This relation comes about from the so-called heat kernel series expansion of the left hand

side, in powers of L−2
P [7].

Given a classical space-time dominated by classical material bodies [as opposed to being

dominated by quantum objects], one can reformulate the first limiting class above [quantum

theory without classical time] as quantum (field) theory on this background space-time

manifold. One sees in this way how quantum theory and classical general relativity emerge

as low energy approximations, being two opposite limits of the emergent dynamics [low

entanglement limit, and high entanglement limit, respectively].

Of course a limitation of the above dynamics is that it considers only gravity and Dirac

fermions (albeit, unified in the aikyon concept in the Planck scale matrix dynamics). In the

present article we show to include Yang-Mills gauge fields in our approach. For achieving this

goal, we are guided by a few principles. Firstly, we would not like to lose out on the aikyon

concept, which unifies a particle with its gravitation, by expressing them as q = qB + qF .

As we have seen, what appears in the above action are not qB and qF themselves, but their

time derivatives. These time derivatives are respectively identified with gravity and with the

source of gravity, namely the material particles. The structure is symbolically of the form:

D2 ≡ [DB +DF ]
2 ∼ D2

B +DB DF +D2
F (7)

The first term on the right, i.e. D2
B, leads to the gravity part of the Einstein-Hilbert action,

whereas the second term, i.e. the cross-term DB DF , gives the relativistic point particle as

the matter source. The last term, D2
F , is a higher order term in the L2

P expansion, which
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we ignore for the time-being. Einstein equations have the remarkable property that they

are linear in the source mass, despite being second order equations. This makes them unlike

the Klein-Gordon equation which is second order, and also quadratic in the source mass.

In this respect Einstein’s equations are closer to the Dirac equation which is linear in the

source mass. This linear dependence on the mass in Einstein equations is easily understood

in our theory, because they originate from the first order equation (2) and the mass term

arises from the term linear in DF in the above expansion of D2.

We also know that when spontaneous localisation localises the fermionic part of an aikyon

to a specific position, the associated space-time manifold, metric, and gravitational field,

emerge concurrently with the localisation. The same feature will have to be true for the

Yang-Mills field produced by its associated charge and its current: the localised current must

emerge concurrently with its associated gauge field, and these two must emerge concurrently

with the localised mass and associated gravitation of the aikyon.

These remarks guide us as to how Yang-Mills fields can be included. We know that in the

Dirac equation they enter as an ‘internal’ connection in the form: DB −→ DB + αA. Since

in our matrix dynamics DB is identified with the velocity dqB/dτ , we propose to identify the

(self-adjoint) gauge-field potential operator A with qB. This way we make the gauge-field

and gravitation respectively the position and velocity aspects of the aikyon. Similarly, since

DF , which gives rise to the source mass term, is identified with the velocity dqF/dτ , we

propose to identify the current j (which is the source of the gauge field) with qF . Thus, the

new squared Dirac operator will be of the form

D2
new ≡ [DB+αA+DF+j]

2 ∼ D2
B+α

2A2+αDBA+DBDF+DBj+αADF+αAj+D
2
F+j

2+DF j

(8)

This includes the action term for the gauge fields, symbolically written as α2A2, and their

source term DBj (which is linear in the current) apart from the gravitation terms we already

have earlier, and a few new terms. Hence, by including the gauge-fields and their charges in

the action for the aikyon, we will derive Einstein equations with gauge fields and material

particles as source. We will also derive quantum field theory for these gauge fields coupled

to Dirac fermions.

In arriving at Einstein equations coupled to gauge-fields, after spontaneous localisation

from this matrix dynamics, we will make use of the following result from geometry, for the
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heat kernel expansion of the bosonic part DBnew ≡ DB + αA of Dnew:

Tr [L2
P D2

Bnew] ∝ L−2
P

∫
d4x

√
g
(
R + L2

P α
2F i

µνF
µν
i

)
+O(L2

P ) (9)

This generalises the corresponding result above, when there is only gravity, represented by

D2
B, but no gauge-field A. In this context, we quote from the work of Chamseddine and

Connes [8] who discuss the spectral action when Yang-Mills fields are included:

” It is, also possible to introduce a mass scale m0 and consider χ to be a function of

the dimensionless variable χ

(
P

m2
0

)
. In this case terms coming from an(P ), n > 4 will be

suppressed by the powers of
1

m2
0

:

Ib =
N

48π2

[
12m4

0f0

∫
d4x

√
g +m2

0f2

∫
d4x

√
gR

+ f4

∫
d4x

√
g

[
− 3

20
CµνρσC

µνρσ +
11

20
R∗R∗ +

1

10
R;µ

µ

+
g2

N
F i
µνF

µνi

]
+O

(
1

m2
0

)]
(10)

where

• Nm2
0f2

48π2

∫
d4x

√
gR term is the Einstein-Hilbert action

• Nm4
0f0

4π2

∫
d4x

√
g term is responsible for the cosmological constant

• f4g
2

48π2

∫
d4x

√
gF i

µνF
µνi term is the Yang-Mills action

• − Nf4
320π2

∫
d4x

√
gCµνρσC

µνρσ term would be responsible for the Conformal gravity

• 11Nf4
960π2

∫
d4x

√
gR∗R∗ term would be responsible for the Gauss-Bonnet gravity”

This is the expansion of the squared Dirac operator when gauge fields are included alongside

gravity. In our case, we set the scale m0 to be the inverse of Planck length. Also, we do

not take into account the volume term, and conformal gravity, and Gauss-Bonnet gravity in

our present work. Note though that their analysis is classical; whereas we will employ it to

construct a matrix dynamics from which quantum theory emerges.
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When spontaneous localisation results in the localisation of the fermionic part of an

aikyon, it simultaneously gives rise to the space-time manifold as well as the gravitational

field. Now, if the fermion has a charge, such as an electric charge, the associated electro-

magnetic field must also appear along with gravitation. That is the goal accomplished in

the present work. From this point of view, it is difficult to come to the conclusion that the

space-time manifold and its associated curvature are in any sense more fundamental than

the gauge fields which supposedly ‘live’ ‘on’ space-time. The gauge-fields of a fermion, and

their associated charge α, are as fundamental as space-time-gravitation of the fermion, with

its associated length L. No more, no less.

II. EULER-LAGRANGE EQUATIONS FOR THE TRACE LAGRANGIAN IN-

CLUDING YANG-MILLS FIELDS

We generalise the previous action (1) of an aikyon, to S =
∫
dτ L, where the new

Lagrangian is given by

L = Tr

[
L2
p

L4

{
iα

(
qB +

L2
p

L2
β1qF

)
+ L

(
q̇B +

L2
p

L2
β1q̇F

)}

{
iα

(
qB +

L2
p

L2
β2qF

)
+ L

(
q̇B +

L2
p

L2
β2q̇F

)}] (11)

This Lagrangian for an aikyon should be compared with the earlier one which had only

gravity and Dirac fermions as unified components of the aikyon. This new Lagrangian here

also includes gauge-fields and their currents, through qB and qF , as we will justify further,

subsequently. α is the Yang-Mills coupling constant, here assumed to be a real number.

It appears to us that a more general treatment would have α as a matrix - we leave this

consideration for future work. Gravitation, and Yang-Mills fields, and their corresponding

sources, are unified here as the ‘position’ q and ‘velocity’ dq/dτ of the aikyon. With position

being the Yang-Mills part, and velocity being the gravitation part. Naively, it might appear

that position should go with gravitation, and velocity with Yang-Mills. On the other hand,

the Dirac operator DB is conventionally thought of as momentum, and is also related to

gravitation; so it seems reasonable to associate gravitation with velocity. A closer look

reveals this to be akin to the Lagrangian for a harmonic oscillator, as is reflected also in the

solutions we find below. This quadratic form also suggests that inclusion of higher order
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terms in the heat-kernel expansion, beyond order L0
P , will reveal departures from harmonic

oscillator behaviour, and equations of motion that are higher than second order.

A word about dimensions. q has dimensions of length. The time derivative denoted by

the dot stands for c dτ , so that the velocity is dimensionless. The coupling constant α is

dimensionless, and so are the Lagrangian and the action. Also, the Dirac operator DB is

defined as before: DB = (1/L)q̇B, and the relation between the gauge potential A and qB is

AL2 ≡ αqB. Hence, DBnew = DB + αqB/L
2 which is a self-adjoint operator.

On expanding this Lagrangian, we obtain sixteen terms, which are as follows:

L = Tr

[
L2
p

L4

{
− α2 qBqB − α2

L2
p

L2
qBβ2qF + iαL qB q̇B + iα

L2
p

L
qBβ2q̇F

−α2
L2
p

L2
β1qF qB − α2

L4
p

L4
β1qFβ2qF + iα

L2
p

L
β1qF q̇B + iα

L4
p

L3
β1qFβ2q̇F

+iαL q̇BqB + iα
L2
p

L
q̇Bβ2qF + L2 q̇B q̇B + L2

P q̇Bβ2q̇F

+iα
L2
p

L
β1q̇F qB + iα

L4
p

L3
β1q̇Fβ2qF + L2

P β1q̇F q̇B +
L4
p

L2
β1q̇Fβ2q̇F

}]

(12)

Now in order to write down the Euler-Lagrange equation for qB, we need
∂L
∂q̇B

and
∂L
∂qB

, the

calculations for which are as shown below. The trace derivative is employed for carrying out

differentiation with respect to a matrix, as in the theory of trace dynamics [4].

∂L
∂q̇B

= iαL qB + iα
L2
p

L
β1qF + L2 q̇B + L2

P β1q̇F

+iαL qB + iα
L2
p

L
β2qF + L2 q̇B + L2

P β2q̇F

(13)

=⇒ ∂L
∂q̇B

= 2(iαL qB + L2 q̇B) +
L2
p

L2
(β1 + β2) [iαL qF + L2 q̇F ] (14)

∂L
∂qB

= −α2 qB − α2
L2
p

L2
β1qF + iαL q̇B + iα

L2
p

L
β1q̇F

−α2 qB − α2
L2
p

L2
β2qF + iαL q̇B + iα

L2
p

L
β2q̇F

(15)
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=⇒ ∂L
∂qB

= 2(−α2 qB + iαL q̇B) +
L2
p

L2
(β1 + β2) [−α2 qF + iαL q̇F ] (16)

Now taking derivative of
∂L
∂q̇B

with respect to Connes time, we obtain:

d

dτ

(
∂L
∂q̇B

)
= 2(iαL q̇B + L2 q̈B) +

L2
p

L2
(β1 + β2) [iαL q̇F + L2 q̈F ] (17)

This tells us that the Euler-Lagrange equation for qB is as follows:

d

dτ

(
∂L
∂q̇B

)
=

∂L
∂qB

(18)

=⇒ 2(✘✘✘✘iαL q̇B + L2 q̈B) +
L2
p

L2
(β1 + β2) [✘✘✘✘iαL q̇F + L2 q̈F ] =

2(−α2 qB +✘✘✘✘iαL q̇B) +
L2
p

L2
(β1 + β2) [−α2 qF +✘✘✘✘iαL q̇F ]

(19)

This tells us that the Euler-Lagrange equation for qB is

q̈B +
α2

L2
qB = −

L2
p

L2

(
β1 + β2

2

)[
q̈F +

α2

L2
qF

]
(20)

Now in order to write down the Euler-Lagrange equation for qF , we need
∂L
∂q̇F

and
∂L
∂qF

the

calculations for which are as shown below:

∂L
∂q̇F

= iα
L2
p

L
qBβ2 + iα

L4
p

L3
β1qFβ2 + L2

P q̇Bβ2 +
L4
p

L2
β1q̇Fβ2

+iα
L2
p

L
qBβ1 + iα

L4
p

L3
β2qFβ1 + L2

P q̇Bβ1 +
L4
p

L2
β2q̇Fβ1

(21)

=⇒ ∂L
∂q̇F

= L2
P

[
iα

L
qB + q̇B

]
(β1 + β2) + iα

L4
p

L3
(β1qFβ2 + β2qFβ1) +

L4
p

L2
(β1q̇Fβ2 + β2q̇Fβ1)

(22)

10



∂L
∂qF

= −α2
L2
p

L2
qBβ2 − α2

L4
p

L4
β1qFβ2 + iα

L2
p

L
q̇Bβ2 + iα

L4
p

L3
β1q̇Fβ2

−α2
L2
p

L2
qBβ1 − α2

L4
p

L4
β2qFβ1 + iα

L2
p

L
q̇Bβ1 + iα

L4
p

L3
β2q̇Fβ1

(23)

=⇒ ∂L
∂qF

= L2
P

[
− α2

L2
qB +

iα

L
q̇B

]
(β1 + β2) + iα

L4
p

L3
(β1q̇Fβ2 + β2q̇Fβ1)− α2

L4
p

L4
(β1qFβ2 + β2qFβ1)

(24)

Now taking derivative of
∂L
∂q̇F

with respect to Connes’ time, we obtain:

d

dτ

(
∂L
∂q̇F

)
= L2

P

[
iα

L
q̇B + q̈B

]
(β1 + β2) + iα

L4
p

L3
(β1q̇Fβ2 + β2q̇Fβ1) +

L4
p

L2
(β1q̈Fβ2 + β2q̈Fβ1)

(25)

This tells us that the Euler-Lagrange equation for qF is as follows:

d

dτ

(
∂L
∂q̇F

)
=

∂L
∂qF

(26)

=⇒ L2
P

[

�
�
��iα

L
q̇B + q̈B

]
(β1 + β2) +

✘✘✘✘✘✘✘✘✘✘✘✘✘

iα
L4
p

L3
(β1q̇Fβ2 + β2q̇Fβ1) +

L4
p

L2
(β1q̈Fβ2 + β2q̈Fβ1) =

L2
P

[
− α2

L2
qB +

�
�
��iα

L
q̇B

]
(β1 + β2) +

✘✘✘✘✘✘✘✘✘✘✘✘✘

iα
L4
p

L3
(β1q̇Fβ2 + β2q̇Fβ1)− α2

L4
p

L4
(β1qFβ2 + β2qFβ1)

(27)

This tells us that the Euler-Lagrange equation for qF is

[
q̈B +

α2

L2
qB

]
(β1 + β2) = −L

2
P

L2

(
β1

[
q̈F +

α2

L2
qF

]
β2 + β2

[
q̈F +

α2

L2
qF

]
β1

)
(28)

Now trying to solve the two Euler-Lagrange equations (20) and (28) by substituting one in

the other we obtain:

−(β1 + β2)

2

[
q̈F +

α2

L2
qF

]
(β1 + β2) + β1

[
q̈F +

α2

L2
qF

]
β2 + β2

[
q̈F +

α2

L2
qF

]
β1 = 0 (29)

11



=⇒ −1

2
β1q̈Fβ1 −

α2

2L2
β1qFβ1 −

1

2
β1q̈Fβ2 −

α2

2L2
β1qFβ2

−1

2
β2q̈Fβ1 −

α2

2L2
β2qFβ1 −

1

2
β2q̈Fβ2 −

α2

2L2
β2qFβ2

+β1q̈Fβ2 +
α2

L2
β1qFβ2 + β2q̈Fβ1 +

α2

L2
β2qFβ1 = 0

(30)

=⇒ −1

2
β1q̈Fβ1 −

α2

2L2
β1qFβ1 +

1

2
β1q̈Fβ2 +

α2

2L2
β1qFβ2

+
1

2
β2q̈Fβ1 +

α2

2L2
β2qFβ1 −

1

2
β2q̈Fβ2 −

α2

2L2
β2qFβ2 = 0

(31)

=⇒ −(β1 − β2)

2

[
q̈F +

α2

L2
qF

]
(β1 − β2) = 0 (32)

Since we know that β1 and β2 are two different fermionic matrices, the only way (32) will

be equal to zero is when :

q̈F +
α2

L2
qF = 0 (33)

Further from (33) and (20) we have :

q̈B +
α2

L2
qB = 0 (34)

Hence, the solutions to the differential equations (33) and (34) which are of the form of

simple harmonic oscillator equations with the constants as
α2

L2
are given by :

qB = B+e
i (ατ/L) +B−e

−i (ατ/L) (35)

qF = F+e
i (ατ/L) + F−e

−i (ατ/L) (36)

where B+ and B− are constant bosonic matrices and F+ and F− are constant fermionic

matrices respectively. These four constant matrices between them determine the initial

conditions for the sources (mass and charge) and the fields they produce (gravity and Yang-

12



Mills). These four aspects are unified as different aspects of the aikyon. It is interesting

that the solution is oscillatory, whereas in the pure gravity case the solution was linear in

time evolution.

The action is additive. When there are many aikyons, there is one such action term for

every aikyon. An important question arises. Where is the interaction amongst aikyons? The

case that we build in this paper is that the unified theory is geometric, in the same sense

that gravity is geometry. Gravity is not an interaction; rather it is a feature of geometry, and

motion is geodesic (freefall). In a similar spirit, motion in the unified interaction proposed

here is ‘geodesic’, but in a non-commutative geometry. Gauge-fields as interaction is only a

low energy emergent feature, as we will see below. What actually constitutes as interaction

in our theory is entanglement of the aikyons. This is what gives rise to emergent gravity

and gauge-fields as distinct forces.

III. INVARIANCE OF THE FUNCTIONAL FORM OF THE LAGRANGIAN UN-

DER A TRANSFORMATION WHICH LEAVES THE GYROMAGNETIC RATIO

UNCHANGED

We define the gyromagnetic ratio of an aikyon as the product αL. Subsequently we will

see that in the emergent dynamics below Planck scale, Planck’s constant h̄ emerges. The

mass of an aikyon is then defined as m ≡ h̄/Lc, giving L the interpretation of Compton

wavelength, and showing that our present definition of gyromagnetic ratio coincides with

the conventional one for a fermion satisfying the Dirac equation. We rewrite below the

Lagrangian for an aikyon:

L = Tr

[
L2
p

L4

{
iα

(
qB +

L2
p

L2
β1qF

)
+ L

(
q̇B +

L2
p

L2
β1q̇F

)}

{
iα

(
qB +

L2
p

L2
β2qF

)
+ L

(
q̇B +

L2
p

L2
β2q̇F

)}] (37)

This Lagrangian can also be written as :

L = Tr

[
L2
p

{
iα

(
qB
L2

+
L2
p

L2
β1
qF
L2

)
+

(
q̇B
L

+
L2
p

L2
β1
q̇F
L

)}

{
iα

(
qB
L2

+
L2
p

L2
β2
qF
L2

)
+

(
q̇B
L

+
L2
p

L2
β2
q̇F
L

)}] (38)

13



We now show that given an aikyon (qB, qF ) with parameters (α, L), there exists another

aikyon (q′B, q
′

F ) with parameters (α′, L′) whose Lagrangian has the same form as that of the

former. We shall show that under transformations according to α
′

L
′

= αL and LL
′

= L2
P ,

the functional form of the Lagrangian remains invariant, which further implies that the

functional form of the equations of motion will also remain invariant. The relation α
′

L
′

= αL

implies that the gyromagnetic ratio remains unchanged.

The two terms in the brackets that are multiplied in the Lagrangian are the same except

for the beta matrices where in the first term, we have β1 while in the second we have

β2. And since the beta matrices remain invariant under these transformations, we shall

only consider the first term and show the invariance of the functional form of that term

under the above mentioned transformations. One can then infer the same about the second

term, which implies that the Lagrangian is form invariant under the transformations. Also

note that each term inside the Lagrangian, after expanding, is dimensionless. Under these

transformations, the first term of L becomes,

Lfirst = Tr

[
L2
p

{
iα

′

L
′2

L2
P

(
L

′2

L4
P

qB +
L2
pL

′2

L4
P

β1
L

′2

L4
P

qF

)
+

(
L

′

L2
P

q̇B +
L2
pL

′2

L4
P

β1
L

′

L2
P

q̇F

)}]
(39)

Now if we try to bring the transformed Lagrangian to the same functional form as the one

we started out with, we see that:

Lfirst = Tr

[
L2
p

{
iα

′

(
1

L′2

L
′6

L6
P

qB +
L2
p

L′2
β1

1

L′2

L
′10

L10
P

qF

)
+

(
1

L′

L
′2

L2
P

q̇B +
L2
p

L′2
β1

1

L′

L
′6

L6
P

q̇F

)}]

(40)

where if we now define q
′

B ≡ L
′6

L6
P

qB and q
′

F ≡ L
′10

L10
P

qF , we see that:

q
′

B =
L

′6

L6
P

qB (41)

=⇒ ∂

∂τn
q
′

B =
L

′6

L6
P

∂

∂τn
qB (42)

=⇒ ∂

∂τn
q
′

B =
L

′6

L6
P

∂τ

∂τn

∂

∂τ
qB (43)

where τn is the new Connes’ time, scaled with respect to the earlier τ . And similarly for q
′

F ,
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we have

q
′

F =
L

′10

L10
P

qF (44)

=⇒ ∂

∂τn
q
′

F =
L

′10

L10
P

∂

∂τn
qF (45)

=⇒ ∂

∂τn
q
′

F =
L

′10

L10
P

∂τ

∂τn

∂

∂τ
qF (46)

Now taking τn =
L

′4

L4
P

τ , we get:

∂τ

∂τn
=
L4
P

L′4
(47)

which further implies

n

˙q
′

B =
L

′2

L2
P

q̇B and
n

˙q
′

F =
L

′6

L6
P

q̇F (48)

where
n

˙q
′

B denotes
∂

∂τn
q
′

B and
n

˙q
′

F denotes
∂

∂τn
q
′

F .

Now writing down the Lagrangian’s first term in terms of the new variables, we get

L′

first = Tr

[
L2
p

{
iα

′

(
q
′

B

L′2
+
L2
p

L′2
β1
q
′

F

L′2

)
+

( n

˙q
′

B

L′
+
L2
p

L′2
β1

n

˙q
′

F

L′

)}]
(49)

Hence we see that the functional form of the Lagrangian has remained the same under the

transformations α
′

L
′

= αL and LL
′

= L2
P which leaves the gyromagnetic ratio unchanged.

This implies that the equations of motion as well as their solutions, for the first aikyon,

can be mapped to those for the second aikyon, using the said transformations, which leave

the gyromagnetic ratio unchanged. Later in the paper, we will employ this result to map

a strongly quantum system to a strongly classical system. And we explain why the Kerr-

Newman black hole has the same gyromagnetic ratio as a Dirac fermion, whereas one would

have expected half this value for the black hole, because the black hole is a classical object.

This map points to a deep connection between Kerr-Newman black holes and Dirac fermions.

Because it will be relevant later in the paper, we note that the above transformation
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does scale the momentum by a constant factor. This is because in writing the expression

for the action, the time integral changes from being over τ to being over τ ′. This amounts

to a scaling of the Lagrangian by the constant L4
P/L

′4 - this of course does not change

the equations of motion - but scales the canonical momentum. Thus it is easily shown that

p′B = (L4
P/L

′4)pB; a result which will be relevant when we use the Dirac equation constructed

from pB to once again establish the invariance of the gyromagnetic ratio.

IV. THE GENERALISED DIRAC EQUATION IN MATRIX DYNAMICS

In our earlier work, where we proposed the matrix dynamics for gravity coupled to Dirac

fermions, we showed that the bosonic and fermionic momenta are constants of motion.

This permitted us to write a very useful generalisation of the Dirac equation, relevant for

the matrix dynamics. Here we recall those equations, and then in a significant advance,

we show how an identical Dirac equation can be set up in the present case as well, when

Yang-Mills fields are included, and the implications of this advance.

The matrix dynamics action for a pure gravity aikyon was proposed earlier, and is

S

C0

=
1

2

∫
dτ

τP l

Tr

[
L2
P

L2c2

(
q̇B + β1

L2
P

L2
q̇F

) (
q̇B + β2

L2
P

L2
q̇F

)]
(50)

It differs from the action proposed in the present paper in that it does not have the Yang-

Mills part proportional to qB. From the resulting equations of motion it follows that the

bosonic and fermionic momenta are constants:

pB =
a

2

[
2q̇B +

L2
P

L2
(β1 + β2)q̇F

]
= c1 (51)

pF =
a

2

L2
P

L2

[
q̇B(β1 + β2) +

L2
P

L2
β1q̇Fβ2 +

L2
P

L2
β2q̇Fβ1

]
= c2 (52)

The trace Hamiltonian can be constructed as:

H = Tr [pF ˙qF ] + Tr [pB ˙qB]− TrL (53)

For the present case, after plugging in the relevant expressions for momenta, we have for
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the Hamiltonian:

H = Tr
[L2

P

L4

(
α2q2B + α2L

4
P

L4
β1qFβ2qF + α2L

2
P

L2
(β1 + β2)qBqF

+L2 ˙qB
2 +

L4
P

L2
β1 ˙qFβ2 ˙qF + L2

P (β1 + β2) ˙qB ˙qF

)]
(54)

In the pure gravity limit, i.e., limα → 0, we recover the form that was originally worked out

for the pure gravity case:

H = Tr



L
4
P

L2

(
˙qB
2 +

L4
P

L4
β1 ˙qFβ2 ˙qF +

L2
P

L2
(β1 + β2) ˙qB ˙qF

)

 (55)

Using the same definition for the Dirac operators DB and DF as given above, the equation

for the constancy of the bosonic momentum operator pB in the pure gravity case can be

written as an eigenvalue equation, as mentioned in the Introduction:

[DB +DF ]ψ =
1

L

(
1 + i

L2
P

L2

)
ψ (56)

Now in order to come up with a Dirac equation similar to this one, after including Yang-Mills

fields, we define new variables so that the trace Lagrangian looks similar to the one defined

above for gravity. For this, let us start by proposing the transformation

QB = ei (αcτ/L)qB and QF = ei (αcτ/L)qF (57)

=⇒ Q̇B =
1

L
ei (αcτ/L)(iα qB + L q̇B) and Q̇F =

1

L
ei (αcτ/L)(iα qF + L q̇F ) (58)

Now by expressing the trace Lagrangian in terms of the new variables defined above, one

finds that the Lagrangian becomes :

L = Tr

[
L2
p

L4

{
iα

(
qB +

L2
p

L2
β1qF

)
+ L

(
q̇B +

L2
p

L2
β1q̇F

)}

{
iα

(
qB +

L2
p

L2
β2qF

)
+ L

(
q̇B +

L2
p

L2
β2q̇F

)}] (59)
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=⇒ L = Tr

[
L2
p

L4

{
(iα qB + L q̇B) +

L2
p

L2
β1(iα qF + L q̇F )

}

{
(iα qB + L q̇B) +

L2
p

L2
β2(iα qF + L q̇F )

}] (60)

=⇒ L = Tr

[
L2
p

L4

{
L Q̇B e

−i (ατ/L) +
L2
p

L2
β1

(
L Q̇F e

−i (ατ/L)

)}

{
L Q̇B e

−i (ατ/L) +
L2
p

L2
β2

(
L Q̇F e

−i (ατ/L)

)}] (61)

Now defining
˙̃
QB = Q̇B e

−i (αcτ/L) and
˙̃
QF = Q̇F e

−i (αcτ/L), we see that the Lagrangian in

terms of
˙̃
QB and

˙̃
QF becomes:

=⇒ L = Tr

[
L2
p

L2

(
˙̃
QB +

L2
p

L2
β1

˙̃
QF

)(
˙̃
QB +

L2
p

L2
β2

˙̃
QF

)]
(62)

We have hence made a transformation to the new variables, from the old ones, in terms of

which the trace Lagrangian looks identical in form to the one defined for pure gravity. We

believe this is a significant advance, as this new variable Q̃ represents a unification of gravity

and Yang-Mills. Only the constant L appears in the theory now; whereas α is hidden in the

phase relating Q̃ to the earlier variable q. In fact it is easy to check that

˙̃
QB =

1

L
(iαqB + Lq̇B);

˙̃
QF =

1

L
(iαqF + Lq̇F ); (63)

The gauge potential has been absorbed in the phase, and the new variable behaves like pure

gravity; as if to suggest that there is a geometric interpretation for the unified interaction, in

the matrix dynamics. This possibly has far-reaching implications. There is a clear analogy

with the spectral action principle in non-commutative geometry: there, gauge-fields arise as

the so-called inner automorphisms in the larger diffeomorphism group [which includes both

gravity and gauge-fields]. The smaller diffeomorphism group describes space-time. For us,

this corresponds to the group of global unitary transformations which leaves the action for

Q̃ invariant [as in trace dynamics] and which includes the gauge-interactions as phase-shifts

from the original gravity operator q. Yet the central difference from their work is that their’s

is classical physics; whereas we will have quantum theory emergent from our dynamics.
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We can carry on with further analysis and draw similar conclusions for the unified case,

as was done for the gravity case. Now in order to write down the equations for the bosonic

momentum p̃B and the fermionic momentum p̃F for the trace Lagrangian given by (62), we

need
∂L

∂
˙̃
QB

and
∂L

∂
˙̃
QF

the calculations for which are as shown below :

p̃B =
∂L

∂
˙̃
QB

=
L2
p

L2

[
2
˙̃
QB +

L2
p

L2
(β1 + β2)

˙̃
QF

]
(64)

p̃F =
∂L

∂
˙̃
QF

=
L2
p

L2

[
L2
p

L2

˙̃
QBβ2 +

L2
p

L2

˙̃
QBβ1 +

L4
p

L4
β1

˙̃
QFβ2 +

L4
p

L4
β2

˙̃
QFβ1

]
(65)

=⇒ p̃F =
∂L

∂
˙̃
QF

=
L4
p

L4

[
˙̃
QB(β1 + β2) +

L2
p

L2
β1

˙̃
QFβ2 +

L2
p

L2
β2

˙̃
QFβ1

]
(66)

Here the conjugate momenta, p̃B and p̃F are constants as the trace Lagrangian is independent

of Q̃B and Q̃F similar to what happened for pure gravity. This implies,

2
˙̃
QB +

L2
p

L2
(β1 + β2)

˙̃
QF = C1 (67)

˙̃
QB(β1 + β2) +

L2
p

L2
β1

˙̃
QFβ2 +

L2
p

L2
β2

˙̃
QFβ1 = C2 (68)

for some C1 and C2 which are constant bosonic and fermionic matrices respectively. Taking

cue from (67) in defining the bosonic and fermionic Dirac operators, and recalling the earlier

definition of Dnew we find that

DBnewi =
1

L
˙̃
QB and DFnewi =

L2
P

L2

β1 + β2
2Lc

˙̃
QF (69)

The operator DBnewi differs from DBnew only in that there is an i factor in front of the

potential q̇B, and an analogous situation exists for dFnewi. The introduction of the i factor

means that the Dirac operator Dnewi defined from Q̃ is no longer self-adjoint, although it

has the same magnitude as the corresponding Dirac operators made from self-adjoint DBnew
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and DFnew.

Hence we have a constant operator which can be expressed as an eigenvalue equation

given by:

[DBnewi +DFnewi]ψ = λψ (70)

where the eigenvalues λ are assumed to be C-numbers [since the operator is bosonic] and

are independent of the Connes’ time τ . One also has to bear in mind that although it is

deceptive to call a function of
˙̃
QB and

˙̃
QF a Dirac operator, it is justified in the sense that

this Dirac operator has the same eigenvalues as that defined on an emergent space-time

manifold in this picture.

Like in the pure gravity case, this can be written as an (important) eigenvalue equation:

[DBnewi +DFnewi]ψ =
1

L

(
1 + i

L2
P

L2

)
ψ (71)

V. EMERGENCE OF GENERAL RELATIVITY AND QUANTUM [FIELD] THE-

ORY AS LOW ENERGY APPROXIMATIONS TO THE PLANCK SCALE MATRIX

DYNAMICS

We have defined the matrix dynamics at the Planck scale, which unifies gravitation and

Yang-Mills interactions. It is now necessary to establish that this matrix dynamics can

reproduce the low-energy physics - quantum field theory, and classical general relativity.

For this we ask, how does does this deterministic dynamics look like, when examined not

over Planck time resolution, but after coarse-graining over very many Planck time intervals.

In the theory of trace dynamics, this question is answered by employing the conventional

techniques of statistical thermodynamics, and we have followed the same approach in our

theory. This analysis is described in earlier works [1, 9]. The outcome is as follows., and

falls in two classes: for a low degree of entanglement amongst aikyons, we recover quantum

theory, and for high degree of entanglement we recover classical dynamics.

If the length scale L associated with the one or more aikyons in the system is much

larger than Planck length, then the anti-self-adjoint part of the system’s Hamiltonian can

be neglected, and the Adler-Millard charge is anti-self-adjoint. The emergent dynamics
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is quantum theory in Connes time. There is no classical space-time yet. Planck’s con-

stant emerges as a consequence of equipartition of the Adler-Millard charge, and quantum

commutation relations emerge. A bosonic pair (qB, pB) satisfies the standard quantum com-

mutation relation, while a fermionic pair (qF , pF ) satisfies the quantum anti-commutation

relation. Dynamics is described by Heisenberg equations of motion, and equivalently by a

Schrödinger equation evolving in Connes time. In our particular instance dynamics can be

described by the pairs (qB, pB) and (qF , pF ) or through the bosonic and fermionic parts of

(Q̃, P̃Q̃). The two descriptions are equivalent, and both are a unified description of gravita-

tion and Yang-Mills fields.

The classical limit arises as follows. Suppose a large number N of aikyons get entangled

with each other, such that the effective length Leff ∼ L/N associated with the entangled

system goes below Planck length. In that case, the anti-self-adjoint part of the system’s

Hamiltonian becomes significant, and the Adler-Millard charge is no longer anti-self-adjoint.

Spontaneous localisation results, and a rapid breakdown of superposition of states takes

place. The system becomes classical. The localisation of the matter part (fermionic) gives

rise to the emergence of classical space-time: space-time is operationally defined by the

eigenvalues to which the fermions localise. Using the analysis in our earlier work, we now

demonstrate that the classical limit is general relativity with relativistic material particles

and Yang-Mills fields as sources. It seems reasonable now to decouple space-time manifold

from gravity: we may think of the manifold as arising from localisation of the fermionic

part. The space-time metric is inherent in the non-commutative geometry, in the properties

of the Dirac operator. Spontaneous localisation makes the metric manifest in the form that

we are familiar with. In the matrix dynamics, gravity and gauge-fields jointly describe the

curvature of geometry. In the emergent theory, it appears as if that role is limited only to

gravity; however this is only a low energy feature.

We recall that in terms of the transformed variable Q̃ the trace Lagrangian for a single

aikyon is of the form:

L = Tr

[
L2
p

L2

(
˙̃
QB +

L2
p

L2
β1

˙̃
QF

)(
˙̃
QB +

L2
p

L2
β2

˙̃
QF

)]
(72)

21



which on expanding gives us four terms which are as follows:

L = Tr

[
L2
p

L2

˙̃
Q

2

B +
L4
p

L4

(
˙̃
QBβ2

˙̃
QF + β1

˙̃
QF

˙̃
QB

)
+
L6
p

L6
β1

˙̃
QFβ2

˙̃
QF

]
(73)

We focus on the first term of the trace Lagrangian for now. From (69) using the definition

of Dirac operators, we see that

Tr

[
L2
P

L2

˙̃
Q

2

B

]
= Tr[L2

P D
2
Bnewi] (74)

where as per our construction, this operator is not self-adjoint and hence does not have real

eigenvalues. However, we know that the anti-self-adjoint part causes spontaneous localisation

of the self-adjoint part. It is hence natural to assume that under spontaneous localisation,

Tr[D2
Bnewi] goes to an eigenvalue of the self-adjoint-operator D2

Bnew. Under spontaneous

localisation, each of the aikyons localizes to a specific eigenvalue [different eigenvalues for

different aikyons] reducing the first term of the trace Lagrangian to

Tr[D2
Bnew] → λ2R (75)

If sufficiently many entangled aikyons undergo spontaneous localisation to occupy the various

eigenvalues λiR of the Dirac operator DBnew, then we can conclude, from our knowledge of

the spectral action in non-commutative geometry [8], that their net contribution to the trace

becomes the same as that of Tr [D2
B] for one aikyon [1]

Tr

[
L2
P

L2

˙̃
Q

2

B

]
= Tr[L2

P D
2
Bnew] = L2

P

∑

i

(λiR)
2 ≈ 1

L2
P

∫
d4x

√
g
(
R + L2

P α
2F i

µνF
µνi
)
+O(L2

P )

(76)

Hence we see that the eigenvalues of D2
B operator sum up to give the combined Yang-Mills

and Einstein-Hilbert action terms

Tr

[
L2
P

L2

˙̃
Q

2

B

]
=

1

L2
P

∫
d4x

√
g
(
R + L2

P α
2F i

µνF
µνi
)

(77)

Now let us consider the cross terms in the trace Lagrangian which give us the interaction
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terms analogous to relativistic charge moving in Yang-Mills and mass-gravity couplings given

by:

Tr

[
L4
p

L4

(
˙̃
QBβ2

˙̃
QF + β1

˙̃
QF

˙̃
QB

)]
= Tr

[
L4
p

L4
(β1 + β2)

˙̃
QF

˙̃
QB

]
(78)

From (69), using the definition of Dirac operators, we see that:

Tr

[
L4
p

L4
(β1 + β2)

˙̃
QF

˙̃
QB

]
= Tr

[
L4
p

L4
(β1 + β2)

2L4

L2
p

(β1 + β2)
−1DFnewiDBnewi

]
= Tr

[
2L2

PDFnewiDBnewi

]

(79)

Expanding the above expression using the definition of the Dirac operator given by (69) and

(58), we see that the cross terms in the trace Lagrangian become:

Tr
[
2L2

PD
eff
F Deff

B

]
= Tr

[
2L2

P

{
L2
p

L2

(
β1 + β2
2L

)
1

L
(iα qF + L q̇F )

}{
1

L

1

L
(iα qB + L q̇B)

}]

= Tr

[
L4
P

L6
(β1 + β2)

{
(iα qF + L q̇F )(iα qB + L q̇B)

}]

= Tr

[
L4
P

L6
(β1 + β2)(−α2 qF qB + iαL qF q̇B + iαL q̇F qB + L2 q̇F q̇B)

]

(80)

We can ignore the second and thirds terms in the above term of the trace Lagrangian (i.e.

the ones with an i factor) because they together form the total time derivative of qBqF which

hence do not contribute to the variation of the action. Hence the terms we are considering

after expanding the cross term of the trace Lagrangian reduce to:

Tr

[
− α2L

4
P

L6
(β1 + β2)qF qB +

L4
P

L4
(β1 + β2)q̇F q̇B

]
(81)

Proceeding further, we know that the second term in the above equation gives gravity-matter

coupling term [as seen in our earlier work [1, 9]], after spontaneous collapse, giving rise to

Tr[L2
PDFDB] = mc

∫
ds (82)
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where DB =
1

L
q̇B and DF =

L2
P

L2

(
β1 + β2
2Lc

)
q̇F . There is one such source term for every

aikyon.

This comes about as follows. Spontaneous localisation sends this trace term to L2
p ×

1/LI × 1/L, where LI = L3/L2
P . There will be one such term for each STM atom, and

analogous to the case of TrD2
B we anticipate that the trace over all STM atoms gives rise

to the ‘source term’

h̄

∫ √
g d4x

∑

i

[L−2
p × 1/Li

I × 1/Li] (83)

Consider the term for one atom. We make the plausible assumption that spontaneous

localisation localises the STM atom to a size LI . This is analogous to the resolution length

scale. We know that L2
pLI = L3. We recall that L is the Compton wavelength h̄/mc of the

STM atom. Moreover, we propose that the classical approximation consists of replacing the

inverse of the spatial volume of the localised particle - 1/L3, by the spatial delta function

δ3(x− x0) so that the contribution to the matter source action becomes

h̄

∫ √
g d4x [L−2

p × 1/LI × 1/L] = mc

∫
ds (84)

which of course is the action for a relativistic point particle.

After a few suitable re-definitions, the first term of the cross term in the trace Lagrangian

in (81) also correctly gives the Yang-Mills interaction terms as follows. Let

α =
q√
h̄c

(85)

qB = AL2/α; A −→ Aµ/
√
h̄c (86)

qF = −L(β1 + β2)
−1dx

µ

ds
(87)

So that the first term after the spontaneous localization (heat kernel expansion using L2
P as

a parameter) gives us :

Tr

[
L2
P

(
−α2L

2
P

L6
(β1 + β2)qF qB

)]
=
q

c

∫
dsAµ

dxµ

ds
=
q

c

∫
dxµA

µ (88)

So we have been able to make progress towards a unified description of Yang-Mills and

gravity by recovering all the relevant terms. Hence we have from the trace Lagrangian after
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spontaneous localization

∑
Tr

[
L2
p

L2

˙̃
Q

2

B +
L4
p

L4

(
˙̃
QBβ2

˙̃
QF + β1

˙̃
QF

˙̃
QB

)
+
L6
p

L6
β1

˙̃
QFβ2

˙̃
QF

]

=
1

L2
P

∫
d4x

√
g
(
R + L2

P α
2F i

µνF
µνi
)
+
∑ q

c

∫
dxµA

µ +
∑

mc

∫
ds

(89)

The sum denotes sum over all aikyons. As expected, in the emergent theory, the sources are

summed. But the emergent classical fields [gravity and Yang-Mills] are a result of the net

contribution of all aikyons.

The additional terms coming from the trace action, at higher order [order L2
P ] are:

∫
d4x

√
g
L2
P

L8
β1(iαqF + Lq̇F )× β2(iαqF + Lq̇F ) (90)

=

∫
d4x

√
g
L2
P

L6

[
q̇2F − α2

L2
q2F

]
(91)

(two of the four terms cancel out); there being one such contribution for each aikyon.

Symbolically, spontaneous localisation in the matrix dynamics sends the total action of

the aikyons to:

S =

∫
dτ
∑

i

TrD2
i→
∫
dτ

∫
d4x

√
g

[
c3

2G
R+α2F i

µνF
µνi+

∑

i

δ3(x−x0(s))

(
cmi +

qi
c
Aµu

µ

)]

(92)

This generalises the earlier result of the pure gravity case shown above in Eqn.(5). One

could also ask, just as the source for gravity is the mass m, and the source for the gauge-

field is the charge q, then in the original matrix dynamics, what is the ‘source’ for the unified

dynamical variable Q̃B? An inspection of this equation above suggests that the source is

(1/L + α2qBqF/L
2). This has the nature of a charge-induced correction to mass, and the

implications of this observation remain to be investigated. Also intriguing is the role of the

fifth time-like dimension τ which stays in the background.

We can now explain why the Kerr-Newman black hole has the same gyromagnetic ratio

as a Dirac fermion [10]. Let us write the modified Dirac equation for an aikyon (qB, qF )

with parameters (L, α). And another identical equation for a different aikyon (q′B, q
′

F ) with
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parameters (α′, L′) such that L′ = L2
P/L and α′L′ = αL:

[DBnewi +DFnewi]ψ =
1

L

(
1 + i

L2
P

L2

)
ψ (93)

[
D′

Bnewi +D′

Fnewi

]
ψ ==

1

L′

(
1 + i

L2
P

L′2

)
ψ (94)

Written explicitly, these equations become

[
1

L
˙̃
QB +

L2
P

L2

β1 + β2
2Lc

˙̃
QF

]
ψ =

1

L

(
1 + i

L2
P

L2

)
ψ (95)

[
1

L′

˙̃
Q

′

B +
L2
P

L;2

β1 + β2
2L′c

˙̃
Q

′

F

]
ψ =

1

L′

(
1 + i

L2
P

L′2

)
ψ (96)

and hence that

[
1

L

1

L

(
iαqB + L

dqB
dτ

)
+
L2
P

L2

β1 + β2
2Lc

1

L

(
iαqF + L

qF
dτ

)]
ψ =

1

L

(
1 + i

L2
P

L2

)
ψ (97)

[
1

L′

1

L′

(
iα′q′B + L′

dq′B
dτ ′

)
+
L2
P

L′2

β1 + β2
2L′c

1

L′

(
iα′q′F + L′

q′F
dτ ′

)]
ψ =

1

L′

(
1 + i

L2
P

L′2

)
ψ (98)

It is then shown, as was done for the Lagrangian, that the transformation

q
′

B ≡ L
′6

L6
P

qB; q
′

F ≡ L
′10

L10
P

qF ; τ ′ =
L

′4

L4
P

τ (99)

maps the first of these Dirac equations to the second one; with one anticipated difference.

An extra factor of L4
P/L

′4 multiplies the eigenvalue on the right hand side of the second

equation, after the transformation. This, as we noted earlier, happens because of the scaling

of the constant bosonic momentum because of the scaling from τ to τ ′. Now, if we assume

that L is much larger than Planck length, then the imaginary part of the eigenvalue in the

first equation is negligible, and the aikyon is quantum in nature, and satisfies the same Dirac

equation as a Dirac fermion. Also, L′ as defined above is much smaller than Planck length.

Hence the second aikyon undergoes spontaneous localisation and is classical in nature. Its

dynamics is hence described by the classical Einstein-equations coupled to relativistic point

particles and Yang-Mills fields. If the spontaneously localised object possesses a non-zero
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electric charge eKN , then this classical solution is a Kerr-Newman black hole. For it, α′L′

is (eKN/mKN)(h̄/c
3/2), because mass for the aikyon has been defined through the relation

L = h̄/mc. Thus the product α′L′ is proportional to the gyromagnetic ratio eKN/mKN of

the Kerr-Newman black hole. Similarly, in the first Dirac equation for a Dirac fermion, αL

is proportional to the fermion’s gyromagnetic ratio e/m with the same proportionality con-

stant. Hence it follows that a Kerr-Newman black hole can be mapped by a transformation,

to a Dirac fermion, such that the transformation leaves the gyromagnetic ratio unchanged.

The black hole is dual to a Dirac fermion. This helps understand why a black hole has

parameters analogous to those of an elementary particle, despite the former being classical,

and the latter being quantum,

Given the classical space-time background produced by the localised fermions, one can

arrive at quantum field theory for the unlocalised degrees of freedom, just as is done in the

theory of trace dynamics. The Lagrangian for these ‘quantum’ degrees of freedom is already

known, and if we neglect the gravity aspect of the aikyons, we have a Lagrangian for their

fermionic and Yang-Mills aspect. This can be expressed as the standard Lagrangian for

Dirac fermions and gauge-fields. The Connes time evolution can be exchanged with time

evolution in the time of ordinary space-time. In our opinion though, a better approach

is to relate to quantum field theory in the Horwitz-Stueckelberg formalism [11], which is

manifestly Lorentz covariant. In that case, one can identify Connes time with the absolute

time parameter of the Stueckelberg formulation of quantum field theory.

VI. DISCUSSION

We have used our newly proposed matrix dynamics to explain the counter-intuitive fact

that a Kerr-Newman black hole, despite being classical, has the same gyromagnetic ratio as

a Dirac fermion, both being twice the classical value. This has been achieved by showing

that a solution of the Dirac equation describing a fermion can be mapped to a solution of

Einstein equations describing a charged rotating black hole having the same gyromagnetic

ratio as the fermion. We believe this result is support for the validity of this matrix dynamics.

Earlier we have used this matrix dynamics to derive the Bekenstein-Hawking entropy for a

Schwarzschild black hole, from the microstates of its constituent aikyons [9]. We have also

proposed that dark energy is a large scale quantum gravitational phenomenon [12], which is
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due to an enormous collection of ultra-light aikyons which have not undergone spontaneous

localisation. We have also predicted the holographic Karolyhazy uncertainty relation, as a

consequence of our matrix dynamics [13].

Through the introduction of the variable Q̃ we have provided a unification of gravity and

gauge-fields, as well as their source charges L and α. These together become the bosonic

(gravity + Yang-Mills) and fermionic (sources) parts of the aikyon. Moreover, the dynamics

of the aikyon described by Q̃ is that of a free particle. In that sense the aikyon obeys the

equivalence principle, while evolving in Connes time at the Planck scale. Thus we have

a (non-commutative) geometric description of the unified interaction. After spontaneous

localisation, the unification is lost. It remains to be seen if the standard model of particle

physics is a consequence of this unified framework.

Another important test of our matrix dynamics is that it must provide an understanding

for the origin of spin. The action for the aikyon provides all that there is to know. The

concept of mass emerges at low energies, defined in terms of Planck’s constant and the

fundamental length L, and without reference to space-time. Thus there seems to be no

reason why a definition of spin should not emerge too, perhaps without reference to space-

time or Lorentz invariance. We do have the operators (q, p) in the matrix dynamics which

describe ‘position’ and ‘momentum’. Is it possible to define spin from them? Does one have

to introduce torsion in the definition of the aikyon? We need to show that if the d.o.f. is

fermionic and obeys an anti-commutation relation, the associated spin is half-integral. And

if it is bosonic and obeys a commutation relation, the associated spin is integral. This issue

is under investigation.

Further details of this matrix dynamics, also known as Spontaneous Quantum Gravity,

are available by way of reviews, in [14–16]. The theory of spontaneous localisation has been

reviewed in [17, 18]. The problem of time in quantum theory is discussed in [19] and also in

[20] and [21].
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