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Abstract
In the framework of the so-called gravitoelectromagnetic formalism, according to which the
equations of the gravitational field can be written in analogy with classical electromagnetism, we
study the gravitomagnetic field of a rotating ring, orbiting around a central body. We calculate
the gravitomagnetic component of the field, both in the intermediate zone between the ring and
the central body, and far away from the ring and central body. We evaluate the impact of the
gravitomagnetic field on the motion of test particles and, as an application, we use these results,

together with the Solar System ephemeris, to infer information on the spin of ring-like structures.
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I. INTRODUCTION

In General Relativity (GR) mass currents give rise to gravitomagnetic (GM) fields, in
analogy with classical electromagnetism: actually, the field equations of GR, in linear post-
newtonian approximation, can be written in form of Maxwell equations for the gravito-
electromagnetic (GEM) fields|1, ], H], where the gravito-electric (GE) field is just the
Newtonian field. Even though these effects are normally very small and hard to detect,
there have been many efforts to measure them. For instance, the famous Lense-Thirring
effectu that is the precessions of the node and the periapsis of a satellite orniting a central
spinning mass, has been analyzed in different contexts: there are the LAGEOS tests around
the Earth B], the MGS tests around Mars H, Q] and other tests around the Sun and
the planets B], see for a discussion and a review of the recent results. In February
2012 the LARES mission ‘j] has been launched to measure the Lense-Thirring effect of the
Earth, and is now gathering data; a comprehensive discussion on this mission can be found
in @ In the recent past, the Gravity Probe B H mission was launched to measure
the precession of orbiting gyroscopes_ i The GM clock effect, that is the difference in
the proper periods of standard clocks in prograde and retrograde circular orbits around a
rotating mass, has been investigated but not detected yet ‘j |. A non-standard form of
gravitomagnetism has been recently analyzed [29, @] in a purely phenomenological context.
Eventually, the possibility of testing GM effects in a terrestrial laboratory has been consid-
ered by many authors in the past@ |; a recent proposal pertains to the use of an array
of ring lasers|40, ], and is now underway|42] .

In a recent paper|43], we have investigated the gravitational field of massive rings: ex-
ploiting the GEM analogy, we have studied both the GM and the GE components of the
field, produced by a thin rotating ring, orbiting the central body along a Keplerian orbit.
The ring field can be dealt with as a perturbation of the background field determined by the
central body. We have used a power series expansion to calculate the field in the intermedi-
ate zone between the central body and the ring. Massive rings are ubiquitous and important
in astrophysics, as suggested in ]; in ] the effects of geometrical deformations on ring-
like structures are studied, together with the implications for stability and regularity of the

motion of test particles (also for Saturn’s and Jupiter’s rings). Hence, motivated by the

relevance of ring-like structures, in ] we have focused on the GM component of the field



(the GE one is exhaustively studied in M]), and studied its impact on some gravitational
effects, such as gyroscopes precession, Keplerian motion and time delay in some simplified
geometric configurations. The underlying idea is the possibility of using these tests to es-
timate the mass and the angular momentum of matter rings. Here, we want to pursue the
study of the GM field of rotating rings: to be specific, we want to calculate the GM field in
the whole space, both in the intermediate zone between the ring and the central body and
far away from the ring and central body. As for the effects of the ring field, we will focus on
the perturbations of the Keplerian orbital elements of a test particle: while in the previous
paper ] we have considered just the case of coplanarity between the ring and the test
particle orbit, here we will consider an arbitrary configuration. Then, we will compare the
predicted secular variations with the recent observations of Solar System ephemeris ]

The paper is organized as follows: we review the foundations of the GEM formalism in
Section [I, while in Section [IIl we obtain the GM field of the ring; in Section [[V] we focus
on the perturbations of the orbital elements determined by the GM field, and use the recent
data of Solar System ephemeris to estimate the spin of ring-like structures. Conclusions are

eventually in Section [V]

II. THE GEM FORMALISM

If we work in the weak-field and slow-motion approximation, we may write the space-
time metric in the form! Gy = Ny + hyy, in terms of the Minkowski tensor 7, and the
gravitational potentials h,, which are supposed to be a small perturbation of the flat space-
time metric: |h,,| < |g,|. Hence, in linear approximation, on setting f_zﬂ,, = hy — %hnﬂ,,
with A = tr(h,,), and imposing the transverse gauge condition FL’“’J/ = 0, the Einstein

equations take the form[49, [50]

_ 167G
Ohu = _TT’W ) (1)

I Greek indices run to 0 to 3, while Latin indices run from 1 to 3; bold face letters like x refer to space

vectors.



It is a well known fact that, due to the analogy with electromagnetism@@], the solution

of the field equations () can be written in the form?

4 L
ds? = —¢? (1 . 21;) dt2 — (A - dr)dt + (1 + 2%) Ay;daida? 2)
c c c
in terms of the gravitoelectric ¢ (hgy = 4% ) and gravitomagnetic A; (hg; = —24) poten-
c

tials, which are related to the sources of the gravitational field by

plct —|r — R}, R)
ct,r) = dV, 3
platr) = [ PR Q
_2G [ j'(ct—|r—R[,R)
Ai(ct,r) = . /V TR dv. (4)

In the above equations p is the mass density and j° is the mass current of the sources. So,
we see that, besides the usual Newtonian contribution ¢, related to the mass of sources,
there is a contribution related to the mass current of the sources. The gravitoelectric E and

gravitomagnetic B fields are then defined as

E=———-Vy, B=VAA 5
2c Ot 7 (5)
For stationary sources, the equation of motion (i.e. the spatial components of the geodesics)
of a test mass My moving with speed v in GEM fields E, B turns out to be (see e.g. [55])
dv \%
Miest—, = _mtestE - thest_ X B> (6)
dt c

to lowest order in v/c. In the convention used, a test particle of inertial mass My has
gravito-electric charge qg = —myes; and gravito-magnetic charge qg = —2myer; the GEM

Lorentz acceleration acting on a test particle is
v
A=-E—-2—xB (7)
c
ITII. THE GRAVITOMAGNETIC FIELD OF ROTATING RINGS

In this Section, we calculate the gravitomagnetic field produced by a rotating ring; we

suppose that the ring is thin and made of continuously distributed matter with constant

2 Here and henceforth we use the convention introduced by Mashhoon @] to exploit the standard results
of electrodynamics to describe gravity in post-Newtonian linear approximation. Other conventions are

used elsewhere[49, 150)].



ring
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FIG. 1: The point P has spherical coordinates (r,0,®), and the origin of the coordinate system
coincides with the central body; they are related to the Cartesian ones by r = /22 + y2 + 22,
¢ = arctan(y/xz), 0 = arctan(/22 + y?/z). The ring is in the xy plane, where 6§ = 7/2.

density, orbiting a central body. Furthermore, for the sake of simplicity, we assume that
the ring is circular: actually, the case of an elliptically shaped ring has been considered in
|, but the resulting expressions are in general unmanageable, even to lowest order in the
eccentricity.
The central body is supposed to produce its gravitational field, which is determined by
its mass M, and angular momentum S. In the inertial frame where the central body is at
rest, we set a Cartesian coordinate system {x,y, z}, with the corresponding unit vectors

u,, u,, u;; if the body is located at the origin and its angular momentum is directed along

GM
the z axis, S = Su,, the space-time metric to lower order has the form (), with p = —,
,
G(SA
A= —( 3 r)’ where r = |r| = \/2? + y? + z2. In particular, the GM field turns out to be
c r

(8)

G [3(S- S
o= 5
r r
and has a typical dipole-like behaviour: in other words, it is analogous to the magnetic field
produced by a dipole.
In order to evaluate the gravitomagnetic field of the rotating ring, we proceed as follows:

an infinitesimal mass element dm of the ring is orbiting around the central body; we know

the total mass m of the ring, and its angular momentum s, which we assume to be constant:



in other words, we consider a stationary ring. In our perturbative approach, we do suppose
that m < M, s < S. Due to the presence of this ring, the gravitomagnetic potential () is
perturbed, so that A — A + A8 where |A""8| < |A|. In particular, we are interested in
calculating this perturbation, by means of a power series expansion, (i) in the intermediate
region between the central body and the ring, (ii) in the outer region of the system, i.e.
away from the ring and the central body.

To this end, we consider the following geometric configuration: we suppose that the ring
is in the xy plane, that is the symmetry plane of the central body. In order to deal with the
symmetries of the problem in a simpler way, we will also use spherical coordinates {r, 0, ¢},
togheter with the corresponding unit vectors u,, uy, u,.

Let P denote the point where we want to evaluate the GM field (see Figure [I): its
spherical coordinates are {r,#, ¢} and its position vector is r; the position vector of a mass
element dm of the ring is R, where R = |R| is the radius of the ring, and its spherical

coordinates are {R,n/2, ®}.The ring uniform density is A = : furthermore, v is the

m
2rR .
(constant) modulus of the mass elements speed. We must substitute j'dV — Av'dL in ({4)):
v" are the components of the velocity, which may be written as v = —vsin ® u, + v cos ¢ u,,

and dL is the infinitesimal arc length of the ring. Accordingly, we get

Aring 2G [ A(—vsin®u, +vcosPu,)dL (9)
¢ Jr r —R|

We may write d. = Rd®; hence, on introducing the angular momentum per unit mass

o = v R, the above integral can be written as
2G Ao /CPZ27r (—sin®u, + cos®u,)dd
=0 r —R|

This expression can be expanded in power series: for (i) r < R, we expand in powers of

Aring —

i (10)

r . .. . .
€= while for(ii) » > R, we expand in powers of ¢ = —. Consequently, we may write
T

lr — R| in the form

(Z)T<R ‘I'—R|:R\/1—2%81n9C03(¢_®)+(%)2

r

R R\ 2
(ii)r>R: [r—R|= 7“\/1 —2—sinfcos(¢p — ) + <—)
T
or

)r<R:d=R,e=r1r/R
Ir —R| =d/1 —2esinfcos(¢ — ) + € where : (E)r e=r/ (11)
(ti)r >R:d=r,e=R/r




Hence, we may write

2GAs [*=*" (—sin®u, + cosPu,)dd

Aring —
cd  Jo—o /1 —2esinfcos(p — @) + 2

(12)

Because of the cylindrical symmetry, we may choose the observation point at ¢ = 0: as a

consequence the x component of A" is null, and the y component is equal to Agng:

2G o [T cos & dd
cd  Jo—o /1 —2esindcos(P) + €2

ALRE = (13)

As shown in B], the above integral (I3)) can be evaluated in terms of elliptic intergrals:

b=2m cos ® dd B 4 (2 —p?) K(p) — 2E(p) (14)
o=0 /1 —2esinfcos(®)+e2 V14 e+ 2esind P
here p? dcsin g d K(p), E(p) are th lete elliptic integrals of first and
where p° = an are the complete elliptic integrals of first an
b €2+ 1+ 2¢esinf p), &P P P &
second kind. For ¢ < 1 (that is for R < r or r < R) the result of the integral in Eq. (I4)
mesin . . . .
becomes 5 and, consequently, we may write the gravitomagnetic potential

(1+ €+ 2esinf)®
in the form

Agng _ 2G\o mesin - (15)
cd (1 + €+ 2esind)

If we perform a power-series expansion we obtain:

(i)r< R: A" —

Gssinf r Gssin? 6 r? 15 Gssin®0 3 Gssinf rt
3 D 40

¢cRZ R cR?2  R? cR2 2 cR? R1
: Gssin 6 Gssin’0 R 15Gssin®fd 3 Gssinf] R? R*
.. R: Arlng _ _3 1 9 0
(i) > ¢ cr? crz r + [ 2 cr? 2 cr? ] r2 + (7"4)

According to Eq. (), the corresponding gravitomagnetic field can be obtained from

Brns = V A A'8. For r < R, the gravitomagnetic field has the following components
, 2G 9G's Gs 2 3
pring — ﬁjc‘) Q—ﬁCOSHSIHQR—I—ﬁCOSQ(?)OSIH 0— 3)ﬁ+0< ) (16)

cR3 cR3 cR3 R?
While, for r > R, we obtain

. 2 3
Bgmg__2_Gssle+9—G8 n2g- —I—G—Sln9(6 30 sin 9)—+O< ) (17)

2G's 9G's R Gs R?

Brlng—?co 9—?cosﬁsm9r +ﬁ0059(3081n 0 — 3)_+O<F) (18)
rin G 6G . R G R2 R3
B = CTismH 0—3851n 0— —l—%sm@(é%sm 0 — 9)—2—|—O (r_) (19)



We notice that, to lowest approximation order, the gravitomagnetic field has the following

expressions
. 2 2
()r< R: B™ = % (cos Ou, — sin fuy) = %s (20)
c c
, G G [3(s-
(ti)r > R: B"™& = ch’ (2 cosfu, + sinfuy) = = [% — %} (21)

The expression (20) of the field inside the ring is in agreement with the one obtained in
43]; on the other hand, we see that the expression (2II) of the field outside the ring is,
as expected, the usual dipole field. In the following Section we are going to use these
expressions to calculate the perturbing acceleration on the motion of orbiting bodies and,

then, the corresponding variations of the orbital elements.

IV. GRAVITOMAGNETIC PERTURBATIONS

In this Section we evaluate the impact of the GM of the rings on the orbital elements
of test particles: in particular, we consider below the effects on Solar System bodies. To
this end, we use the expressions of the GM field ([20) and (21]) to calculate the perturbing
acceleration

W = —2Y x Brin (22)
C

then, we can evaluate its effects on planetary motions using the Gauss equations for the
variations of the elements, which enable us to study the perturbations of the Keplerian
orbital elements due to a generic perturbing acceleration.

We consider an arbitrary configuration of the test particle orbit, with respect to the ring
plane, as shown in Figure 2l Besides the already mentioned Cartesian coordinate system
{z,y, z}, we introduce another Cartesian coordinate system {X,Y, Z}, with the same origin,
and unit vectors uy,uy,uz. The orbital plane is the XY plane, and we denote with {2 the
angle between the x axis and the line of the nodes, while the angle between the z and Z axes
is 7. The periastron is along the X axis, and we denote by w the argument of the periastron,
i.e. the angle between the line of nodes and the X axis.

The following relations hold between the unit vectors of the two Cartesian coordinate



Orbit of the
test particle

Line of nodes™,

FIG. 2: Unperturbed orbit of the test particle

systems (see e.g. @])

uxy = (coswcos§) —sinwcosisin(2)u, + (coswsin Q2 + sinw cosicos ) u, +sinwsiniu,
uy = (—sinwcos — cosw cosisin Q) u, + (—sinwsin Q + cosw cos i cos 2) u, + cos w sin(23)

uy = sin¢sinQu, — sin¢cosQu, + cosiu,

Let X denote the position vector of the test particle which, in the orbital plane can be

written as
X = p(f) cos f ux + p(f)sin f uy (24)
where the Keplerian ellipse, parameterized by the true anomaly f, is written as
a(l—e?)
=—= 25
p(f) - (25)

in terms of the semi-major axis a and eccentricity e. In the orbital plane, it is useful

to introduce the polar unit vectors® u,,us; as a consequence, X = pu, and the velocity

14 esin f
vector is expressed by v = - u, + uyr|, where = ———: [ is the angular
XPp y v(f) p lg (f) u, + uy] 9(f) T cos f g
momentum per unit mass (see e.g. 1), which is constant in the Keplerian motion. Then,

by straightforward algebra , it possibile to write:

——[g(f) cos f —sin flux + [g(f) sin f + cos f] uy. (26)

3 Usually defined by u, = cos fux +sin fuy, uy = —sin fux + cos fuy.

9



On taking into account the expressions (25)),([26]), we are able to evaluate the perturb-
ing acceleration (22]) onto the unperturbed Keplerian ellipse; then W,, W, W, are the
radial, transverse (in-plane components) and normal (out-of-plane component) projections
of the perturbing acceleration W, respectively, on the orthonormal frame comoving with
the particle.

Given the components of the perturbing acceleration, we may write the Gauss equations
for the variations of the semi-major axis a, the eccentricity e, the inclination ¢, the longitude

of the ascending node €2, the argument of pericentre w and the mean anomaly M (see e.g.

2

da . p

il — [eWT sin f + W, (;)] ; (27)
de \/1—62 1 r

& {W anf a2 (1=5)] -
di 1

p i W, ( )cos(w—l—f) (29)
dQ 1 T\ .

dt nasiniy1 — e? W (5) sin(w + ), (30)

T o2

d_w — —cosi@ 4 vi—e {—WT cos [+ W, (1 + C) sinf] , (31)
dt dt nae P
M2y (e e
7l e W, (a) l1—e (dt —i—coszdt) (32)

In the above equations, n = 27 /T is the mean motion?, T is the test particle’s orbital period,
p = a(l —€?) is the semilatus rectum. In order to make a comparison with the data, it is

useful to consider the longitude of the pericenter @w = w + cost €2, whose Gauss equation is

d V1—e? ds) '
oY W, cos f+W.(1+ . sin f| + 2—— sin® = (33)
dt nae P dt 2

In summary, we must evaluate the perturbing acceleration onto the unperturbed Keplerian
ellipse, and then it must be inserted into Eqgs.(21)- ; then, we must average over one
orbital period T'. To this end, the following relation [59]

(1 _ 62)3/2
n(1+ ecos f)?

dt = (34)

will be used. We want to stress that, as we said before, the ring is assumed to be stationary:

this amounts to saying that the motion of the ring matter is constant during the particle’s

4 For an unperturbed Keplerian ellipse in the gravitational field of a body with mass M, it is n = /G M /a3.

10



timescale. Moreover, it is interesting to point out that the case of a single mass element
(such as, for instance, a planet), revolving so quickly to be considered as a sort of continuos
ring by the test particle, can be treated in the same way. Actually, this problem was faced
and solved by Gauss, who used it to state his averaging theorem, according to which it
is possible to replace a perturbing body by an equivalent continuous mass spread over its
orbit: this does not change the secular effects, while it removes the periodic terms of the
perturbation [60].

For the test particles orbiting outside the ring, on using the expression ([2II) of the GM

field, we have non null secular variations only for the argument of periastron and the node:

, 6G's 1

<w>=- 02 ag (1 . 62)3/2 (35>
. 2G's 1

<9>=" a? (1 — e2)*/? o

Eventually, for the longitude of the pericenter we have

2Gs (3 — 1 1
P Sl L ) - (37)
c a3 (1 —e?)

On the other hand, for test particles orbiting inside the ring, on using the expression (20),

we have the following non null secular variations:

. 2G's

<Q>= 2 (38)
. 2Gs cost
< M>=n+ 2 (aVT=e + 1) (39)
c

Moreover, for the longitude of the pericenter we have

) 2Gs
<w >= s (40)

The above results can be used to make a comparison with the recent observations f
@]: for instance, on using the available supplementary advances Ao, we may give estimates
on the spin of ring-like structures in the Solar System. Let us start from planets orbiting
outside the ring; in particular, we consider a hypothetical ring of matter, inside the orbits
of Mars or Mercury. We obtain the following expressions for < @ >, on taking into account

the orbit of Mars (e = 9.34 x 1072, i = 1.84, a = 1.52 AU, @])
< T >pvars= —7.695 x 107 ®mas cty ! (41)

11



while for Mercury (e = 2.05 x 107!, 7 = 7.00, a = 3.87 x 107! AU, M])
< T >Mereury= 3.445 x 107 *°mas cty (42)

On using the data obtained by @], Atonas = —0.04 £ 0.15 mas cty™!; we obtain s <
1.43 x 10%° kg m? s7'. As for Mercury, it is [46] Atvercury = 0.4 £ 0.6; similarly, we obtain
5 <290 x 10% kg m? s7L.

As for planets orbiting inside the ring, we see that < @ > in Eq. ({0) is constant, so
that it does not depend on the orbit of the test particle (even though the orbit is not in the

plane of the ring): as for its magnitude, we obtain
1AU\’
< >=529x107% <?) mas cty ' (43)

As a consequence, the spin magntiude s of a hypothetical ring at R = 1 AU can be
constrained by using the data of Venus, measured by |\ AWvens = 0.2 £ 1.5 mas
cty™!; we obtain s < 5.9 x 10*? kg m? s~!. Similarly, we can constrain the spin of the
minor asteroids belt between Mars and Jupiter, by considering R = 2.8 AU, and using
the perihelion of Mars, measured by (]) Atovars = —0.04 £ 0.15 mas cty™!; we obtain
5 < 8.3 x 10 kg m? s

It is important to explain the meaning of the above estimates: indeed, they should be
considered just as upper limits, useful to evaluate the order of magnitude of the effects. In
fact, in actual physical situations, the GM perturbations due to the ring are present together
with other effects, such as the Lense-Thirring, the Jy effects of the central body and the
Newtonian or GE effects of the rings. This is true, in particular, in the case of planets
orbiting outside the ring: actually, we notice that the expression of the GM field (21)) is the
same as the GM field of the central body, in terms of its own angular momentum (§)); in

articular, the secular variations are the same as those of the classical Lense-Thirring effect
‘B] As a consequence, far away from the central body and the ring, the total GM field will
depend on the sum of the angular momenta of the central body and the ring, and it would
be very difficult (at least for the chosen ring configuration) to set constraints on the angular
momentum of the ring.

Actually, as we said before, the case of a planet quickly revolving around the central

body can be treated as a continuous ring: if the motion of the planet is stationary, the

12



effect on another planet can be obtained by using the approach outlined above. Indeed,
this could be the case, for instance, of extrasolar systems, where it is possible to find giant
planets orbiting very close to the star. The possibility of testing general relativistic or
post-Newtonian effects with exoplanets has been considered by various authors . In
particular, the impact of gravitomagnetic effects has been addressed in [67] and [68], where
the case of the WASP-33 system has been considered: in this system a hot Jupiter moving
along an orbit with semi-major axis a = 0.02 AU is present, giving rise to large relativistic
effects. The gravitomagnetic field of such giant planets could be relevant for the dynamics

of the other bodies in the extrasolar system.

V. CONCLUSIONS

In this paper we have focused on the GM field produced by rotating rings of matter,
orbiting around a central body, regarded as a small perturbation of the leading gravitational
field of the central body. In particular, we have considered a thin circular ring, with constant
matter density, and calculated its field, in the form of power law, in the intermediate zone
between the central body and the ring, and also far away from the ring and the central body.
Then, we have used the lowest order expression of the GM field, both inside and outside
the ring, to calculate the corresponding perturbing acceleration on the Keplerian orbit of
a test particle, with arbitrary inclination with respect to the ring plane, thus extending
some previous results. As a possible application, we have evaluated the impact of the GM
perturbations on the Keplerian orbital elements, to make a comparison with the available
data in the Solar System: namely, on taking into account the data of the planetary ephemeris,
we have used the predicted perturbations of the orbital elements to give rough estimates
on the spin of ring-like structures. These results are preliminary: the simple model that
we have considered, in fact, can be used to obtain upper limits on the spin of the rings,
since we have not taken into account the other perturbations that are present. However we
suggest that, at least in principle, by means of a more realistic and systematic analysis of
the perturbations, it could be possibile to infer more information on the spin of ring-like

structures. Eventually, we suggest also that these effects could be relevant in extrasolar

13



systems, where giants planets orbiting very close to the central star are present.
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