
Parallel between the Riemann curvature and the Cartan torsion in metric-affine gauge
theory of gravity

Bo-Hung Chen1, 2, ∗ and Dah-Wei Chiou3, 4, †

1Department of Physics, National Taiwan University, Taipei 10617, Taiwan
2Center for Theoretical Physics, National Taiwan University, Taipei 10617, Taiwan
3Department of Physics, National Sun Yat-sen University, Kaohsiung 80424, Taiwan

4Center for Condensed Matter Sciences, National Taiwan University, Taipei 10617, Taiwan

One of the most appealing results of metric-affine gauge theory of gravity is a close parallel
between the Riemann curvature two-form and the Cartan torsion two-form: While the former is the
field strength of the Lorentz-group connection one-form, the latter can be understood as the field
strength of the coframe one-form. This parallel, unfortunately, is not fully established until one
adopts Trautman’s idea of introducing an affine-vector-valued zero-from, the meaning of which has
not been satisfactorily clarified. This paper aims to derive this parallel from first principles without
any ad hoc prescriptions. We propose a new mathematical framework of an associated affine-
vector bundle as a more suitable arena for the affine group than a conventional vector bundle, and
rigorously derive the covariant derivative of a local section on the affine-vector bundle in the formal
Ehresmann-connection approach. The parallel between the Riemann curvature and the Cartan
torsion arises naturally on the affine-vector bundle, and their geometric and physical meanings
become transparent. The clear picture also leads to a conjecture about a kinematical effect of the
Cartan torsion that in principle can be measured à la the Aharonov-Bohm effect.

I. INTRODUCTION

Gauge theories of gravity are the effort to cast grav-
itation in the language of Yang-Mills theory. Various
approaches of gauge theories of gravity, differing from
one another by considering different local gauge groups,
have been intensively developed in the past 40 years, and
they have revealed various profound geometric structures
of spacetime and achieved many inspiring results. (See
[1, 2] for comprehensive accounts; also see [3] for a brief
review and [4] for a historical account.) Even though a
satisfactory gauge theory of gravity remains elusive, un-
dertaking of the research has enormously enhanced our
knowledge about many fundamental issues — inertial ef-
fects of a spin particle [5, 6], relationship between spin
and torsion [7], nonlinear effects of gravity, topological
aspects of gravity, to name a few [1–3].

Among various gauge approaches of gravity, metric-
affine gauge theory (MAG) of gravity is a well-developed
formulation that has many intriguing features (see [3, 8]
for reviews). In MAG, the gauge group is given by the
affine group A(n,R) := RnoGL(n,R) — i.e. the semidi-
rect product of the vector space Rn and general linear
group GL(n,R), and correspondingly the a(n,R)-valued
affine connection A = Γ(L)+Γ(T ) plays the role of a gauge
potential, where Γ(T ) is associated with the translational
subgroup T (n,R) ∼= Rn of the affine group and Γ(L) with
the linear subgroup GL(n,R). Particularly, if the general
linear group GL(n,R) is replaced by the Lorentz group
SO(1, n−1), MAG is reduced to the Poincaré gauge the-
ory of gravity.
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The result of MAG profoundly suggests that the Car-
tan torsion two-form T and the Riemann curvature two-
form R can be understood on an equal footing. More
precisely, we have

T = D(L)θ ≡ dθ + Γ(L) ∧ θ, (1.1a)

R = D(L)Γ(L) ≡ dΓ(L) + Γ(L) ∧ Γ(L), (1.1b)

where θ is the coframe one-form, Γ(L) is the gauge po-
tential one-form of the group GL(n,R), and D(L) is the
covariant derivative associated with Γ(L). These draw a
close parallel between T and R in the sense that the for-
mer is the field strength of θ while the latter the field
strength of Γ(L).1 It is tantalizing to equate θ with Γ(T )

and furthermore to identify T and R as the translational
part R(T ) and the linear part R(L), respectively, of the
affine gauge curvature as defined in (2.28). Unfortu-
nately, while R is to be identified as R(L), the fact that
θ and Γ(L) transform differently under the A(n,R) gauge
transformation spoils the beauty of identifying θ as Γ(L)

and T as R(T ). To resolve this glitch, Trautman [9] pro-
posed a solution that introduces an affine-vector -valued
zero-from ξi and defines the new one-form as

θ := Γ(T ) +D(L)ξ. (1.2)

The new one-form θ then can be identified as the coframe
field and correspondingly T , and R(T ) are related via

T i = R(T )i +R
(L)i
j ξj . (1.3)

1 This parallel can also be extended to the nonmetricity field Q,
which can be viewed as the field strength of the metric tensor.
See Table 5 in [3] and Table 1 in [8]. For our purpose, we focus
on the parallel between T and R only.
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Tremendous effort has been devoted to interpreting ξ
and deriving it from different perspectives. The field
ξ also appears in the context of gauged nonlinear real-
izations of the translation group [10–14]. By requiring
Γ(T ) = 0, ξ can be interpreted as Cartan’s “generalized

radius vector” [15, 16]. By requiring D
(L)
µ ξi = δiµ, which

is used to connect the coset space A(n,R)/GL(n,R) ∼=
Rn to the cotangent space of the spacetime manifold, ξ
can be kinematically understood as the “Poincaré coor-
dinates” [17–22]. The field ξ could also be explained in
view of the theory of dislocations [23] or in terms of jet
bundles [24]. The fact that Γ(T ) is not directly identical
to θ might give rise to a gravitationally induced geometric
phase [25]. Despite unceasing endeavors to understand ξ
and its relation to translational symmetry, “the story of
ξ has not yet come to an end [8]”, and “the geometric
and physical meaning of the relation [(1.2)], especially
the role of the field ξ, is perhaps not completely satisfac-
torily clarified, yet [3].”

Furthermore, it should be noted that the parallel be-
tween T and R has not been completely spelled out. It
is well known that the Riemann curvature yields two ge-
ometric consequences: geodesic deviation and holonomy
around a closed curve. Correspondingly, the Cartan tor-
sion is expected to have the two analogous consequences
as well. Geodesic deviation describes the tendency of
bending towards or away from each other of two neigh-
boring geodesics that are initially parallel to each other
(see Ch. 11 of [26] for a detailed account). Analogously,
the Cartan torsion indicates the tendency of closure fail-
ure of a parallelogram — i.e., it gives rise to a displace-
ment vector, which describes how much the two end-
points of an infinitesimal parallelogram fail to coincide
(see [3], especially Fig. 4 therein, for a detailed account).
The Riemann curvature and the Cartan torsion are anal-
ogous to each other in the sense that both of them mea-
sure how much the curved spacetime is deviated from the
flat one, albeit in different aspects.

On the other hand, R(X,Y ) yields a value of the gen-
eral linear algebra gl(n,R), which corresponds to the
holonomy around an infinitesimal closed curve spanned
by the two vectors X and Y as depicted in Fig. 2. The
holonomy of R is well understood as a linear transfor-
mation that tells the difference between the initial and
final states for a given vector that is parallel transported
around the closed curve until it is back to the starting
point (see Ch. 11 of [26] for a detailed account). Like-
wise, T (X,Y ) yields a value of the translation algebra
t(n,R). It is suggestive that the holonomy of T indicates
the translational displacement of something that is par-
allel transported around the closed curve. However, it
is unclear what precisely that something is and how it is
parallel transported. It would be self-contradictory if the
holonomy of T is naively interpreted as a displacement
of location experienced by a round trip in some sense of
parallel transport, because any round trip, by definition,
identifies the final location with the initial location and
thus makes no displacement of location. Unlike the case

of R, the geometric meaning of T in terms of holonomy
remains rather obscure.

The goal of this paper is to rigorously derive the
parallel between the Riemann curvature and the Car-
tan torsion from first principles, making precise sense
of ξ without any ad hoc prescriptions and obtaining a
clear geometric picture of the holonomy of T . Moti-
vated by careful consideration of the Einstein equivalence
principle in regard to the Poincaré symmetry, we pro-
pose a new mathematical framework called the associ-
ated affine-vector bundle, which provides a more suitable
arena for the affine group A(n,R) than a conventional
associated vector bundle. Our strategy is to first con-
sider an Ehresmann connection endowed on the princi-
pal bundle of A(n,R), and then correspondingly define
the parallel transport and the covariant derivative on
the associated affine-vector bundle in the same spirit of
defining the covariant derivative on an associated vector
bundle. The Ehresmann-connection approach is rather
formal and less familiar to physicists, but it is advanta-
geous for our purpose of generalizing the notion of par-
allel transport to the associated affine-vector bundle, as
it gives a clear geometric picture of connection indepen-
dent of local gauge choice. We obtain the desired results:
The field ξ arises naturally in the associated affine-vector
bundle as an arbitrary gauge choice of a reference point,
and the Cartan torsion T and the Reimann curvature R
exactly correspond to the holonomies appearing in the
“affine” part and the “vector” part, respectively, of the
associated affine-vector bundle.

This paper is organized as follows. In Sec. II, we give a
brief overview of the mathematical foundations of MAG.
In Sec. III, we consider the local Poincaré symmetry in
depth from the perspective of the Einstein equivalence
principle, which motivates us to construct the associated
affine-vector bundle. In Sec. IV, the associated affine-
vector bundle is rigorously formulated. In Sec. V and
Sec. VI, we then rigorously derive the covariant deriva-
tive and the corresponding curvature appearing on the
associated affine-vector bundle. In Sec. VII, we consider
possible observational consequences of the holonomy of
the Cartan torsion. Finally, the results are summarised
and discussed in Sec. VIII.

For the theory of MAG, we follow closely the line of [8].
For the formulation of connections on fiber bundles, we
follow closely the line of [27]. Readers who are unfamiliar
with the formal quotient-space construction of an asso-
ciated vector bundle or the formal definition of parallel
transport via an Ehresmann connection are advised to
read Chapters 9 and 10 of [27] first. Throughout this pa-
per, Latin letters i, j, . . . are used as internal indices for
algebras or vectors on fibers, while Greek letters µ, ν, . . .
are used as external indices for spacetime.2

2 This convention is the same as that adopted in [1] but opposite
to that in [2, 3, 8].



3

II. MATHEMATICAL FOUNDATIONS OF
METRIC-AFFINE GAUGE THEORY

This section gives a brief overview of the mathematical
foundations of MAG, following the line of [8]. The main
purpose is to introduce basic ideas and define notations
for later use. As a secondary goal, we also endeavor to
present these materials with the full rigor so that various
confusions resulting from subtleties can be avoided.

In the approach of MAG for an n-dimensional space-
time, the gauge group is taken to be the affine group
A(n,R) := Rn o GL(n,R), i.e. the semidirect product
of the vector space Rn and the degree-n general linear
group GL(n,R). The Lie algebra a(n,R) associated with
A(n,R) is given by the generators Pi of n-dimensional
translations and the generators Lij of n-dimensional lin-
ear transformations, which satisfy the Lie brackets:

[Pi, Pj ] = 0, (2.1a)[
Lij , Pk

]
= δikPj , (2.1b)[

Lij , L
m
n

]
= δinL

m
j − δmj Lin, (2.1c)

for i, j, · · · = 1, . . . , n, or i, j, · · · = 0, 1, . . . , n−1, depend-
ing on the index convention. The subalgebra spanned
by {Lij} is gl(n,R), the Lie algebra associated with
GL(n,R). On the other hand, the subalgebra spanned
by {P i} is t(n,R), the Lie algebra associated with the
n-dimensional translation group T (n,R).3

The Lie algebra a(n,R) admits the Möbius represen-
tation ρM in the (n + 1) × (n + 1) matrix from, which
reads as

ρM (ai
jLij + bkPk) =

(
ai
jρn×n(Lij) bkρn(Pk)

0 0

)
≡
(
ai
jL̄

i
j bkēk

0 0

)
, (2.2)

where ρn×n : gl(n,R) ⊂ a(n,R)→Mn×n(R) is the “iden-
tity map”, which maps Lij to the same n×n matrix, and
ρn : t(n,R) ⊂ a(n,R)→ Rn is the “position map”, which
maps Pk to the n-dimensional basis vector ēk ∈ Rn; more
precisely,4 (

ρn×n(Lij)
)l
m
≡ (L̄

i
j)
l
m = δimδ

l
j , (2.3a)

(ρn(Pk))
m ≡ (ēk)m = δmk . (2.3b)

It is straightforward to prove from (2.1) that ρM is indeed
a linear representation of a(n,R), i.e.,

ρM ([α, β]) = [ρM (α), ρM (β)], (2.4)

3 In the literature, T (n,R) is often denoted as Rn. In this paper,
we rigorously distinguish between the translation group T (n,R)
and the defining module Rn of T (n,R) or GL(n,R).

4 In this paper, we use barred notations to denote a Mn×n(R)-
valued or Rn-valued objects and unbarred notations for corre-
sponding gl(n,R)-valued or t(n,R)-valued objects. More pre-
cisely, for η = ηiPi ∈ t(n,R) ⊗ Ωp(M) and κ = κi

jLij ∈
gl(n,R) ⊗ Ωp(M), we denote η̄ := ρn(η) = ηiēi ∈ Rn ⊗ Ωp(M)

and κ̄ := ρn×n(κ) = κi
jL̄
i
j ∈Mn×n(R)⊗ Ωp(M).

for any α, β ∈ a(n,R).
Because Rn is the defining module of GL(n,R), the Lie

algebra gl(n,R) naturally acts on Rn in the matrix form:(
ρn×n(Lij) ēk

)l ≡ (L̄
i
j ēk)l

= (L̄
i
j)
l
m(ēk)m = δljδ

i
k =

(
δikēj

)l
, (2.5)

where (2.3) has been used. That is, Rn is the carrier
space of the fundamental representation of gl(n,R):

ρn×n(Lij) ēk ≡ L̄ij ēk = δikēj . (2.6)

Meanwhile, the Lie algebra t(n,R) also provides a carrier
space of the following representation of gl(n,R):

ρtn(Lij)Pk := [Lij , Pk] = δikPj (2.7)

according to (2.1b). This draws a parallel between Rn
and tn ≡ t(n,R) that they are isomorphic to and thus
interchangeable with each other as far as their transfor-
mations under gl(n,R) are concerned.5 More precisely,
we have the following commutative diagrams:

tn ≡ t(n,R) Rn

tn ≡ t(n,R) Rn
ρtn (λ)=[λ, · ]

ρn

ρn×n(λ)≡λ̄

ρn

, (2.8)

and correspondingly

tn ≡ t(n,R) Rn

tn ≡ t(n,R) Rn
Rtn (Λ)=Λ( · )Λ−1

ρn

ρn×n(Λ)≡Λ̄

ρn

, (2.9)

where Λ ≡ eλ = e(λi
jLij) ∈ GL(n,R) and the represen-

tation Rtn of GL(n,R) acting on t(n,R) is given by the
exponential of ρtn , i.e.,

Rtn(Λ)Pi := ΛPiΛ
−1

≡ Pi + [λ, Pi] +
1

2!
[λ, [λ, Pi]] + . . . (2.10)

Any element g ∈ A(n,R) can be specified by the two
variables Λ ∈ GL(n,R) and τ = τ iPi ∈ t(n,R) as6

g(Λ, τ) = eτ Λ = eτ
iPi Λ, (2.11a)

g(Λ, τ)−1 = Λ−1e−τ = Λ−1e−τ
iPi , (2.11b)

5 This point is rarely emphasized and clarified in the literature of
MAG. For example, what is intended to be ρn×n(Lij)ρn(Pk) ≡
L̄
i
j ēk or ρtn (Lij)Pk ≡ [Lij , Pk] is often denoted in shorthand as

LijPk. The shorthand may look confusing, because for α, β ∈ g
we have [α, β] ∈ g but, rigorously speaking, αβ is not even well
defined.

6 It seems more elegant to use a pair of algebra-valued variables,
λ = λi

jLij ∈ gl(n,R) and τ = τ iPi ∈ t(n,R), to specify an ele-
ment g ∈ A(n,R) as g = eτ eλ. But it turns out more convenient
to use Λ ∈ GL(n,R) and τ ∈ t(n,R) instead.
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where eτ ∈ T (n,R) ⊂ A(n,R) is a translation by the
vector τ̄ = τ iēi ∈ Rn and Λ ≡ eλ ∈ GL(n,R) ⊂ A(n,R)
is a linear transformation exponentiated by λ ∈ gl(n,R).
The Möbius representation ρM of g(τ,Λ) then takes the
form:

ρM (g) = ρM (eτ )ρM (eλ) = eρM (τ)eρM (λ)

=

(
Λ̄ τ̄
0 1

)
, (2.12)

where

eρM (τ) :=

∞∑
n=1

1

n!

(
0 τ̄
0 0

)n
=

(
1n×n τ̄

0 1

)
≡ = 1 + ρM (τ), (2.13a)

eρM (λ) :=

∞∑
n=1

1

n!

(
λ̄ 0
0 0

)n
=

(
eλ̄ 0
0 1

)
≡
(

Λ̄ 0
0 1

)
. (2.13b)

Similarly, we have

ρM
(
g(Λ, τ)−1

)
=

(
Λ̄−1 −Λ̄−1τ̄

0 1

)
, (2.14)

which implies

g(Λ, τ)−1 = g(Λ−1,−Rtn(Λ)−1τ)

= g(Λ−1,−Λ−1τΛ), (2.15)

and

ρM (Λ eτΛ−1) =

(
1n×n Λ̄τ̄

0 1

)
, (2.16)

which implies

Λ eτΛ−1 = e(Rtnτ) = e(ΛτΛ−1). (2.17)

The affine group A(n,R) naturally acts on affine vectors
x̄ = xiēi ∈ Rn in the following affine transformation:

x̄→ x̄′ = ρM (g)x̄ = Λ̄x̄+ τ̄ , (2.18)

which can be cast in the Möbius matrix form as(
x̄′

1

)
=

(
Λ̄ τ̄
0 1

)(
x̄
1

)
. (2.19)

To study the local affine symmetry on a manifold M
in the Yang-Mills gauge approach, we locally introduce
the affine connection A ∈ a(n,R)⊗ Ω(M) as

A = Γ(L) + Γ(T ) = Lij Γ
(L)j
i + Pi Γ(T )i

= Lij Γ
(L)j
iµ dxµ + Pi Γ(T )i

µ dxµ, (2.20)

which in the Möbius representation reads as

Ā := ρM (A) (2.21)

=

(
Γ̄(L) Γ̄(T )

0 0

)
=

(
L̄
i
j Γ

(L)j
i ēi Γ(T )i

0 0

)
.

The connection one-form transforms inhomogeneously
under the affine gauge transformation g−1(x) as:

A′(x) = g−1(x)A(x)g(x) + g−1(x)dg(x), (2.22)

The affine connection A can be viewed to have two parts:
the “linear” part Γ(L) ∈ gl(n,R)⊗Ω(M) and the “trans-
lational” part Γ(T ) ∈ t(n,R) ⊗ Ω(M). The gauge trans-
formation rules of them can be easily obtained in the
Möbius representation as

Γ̄′(L) = Λ̄−1Γ̄(L)Λ̄ + Λ̄−1dΛ̄, (2.23a)

Γ̄′(T ) = Λ̄−1Γ̄(T ) + Λ̄−1
(
dτ̄ + Γ̄(L)τ̄

)
≡ Λ̄−1Γ̄(T ) + Λ̄−1D̄(L)τ̄ . (2.23b)

Alternatively, substituting (2.11) and A = Γ(L) + Γ(T )

into (2.22), by virtue of (2.1), we also arrive at the equiv-
alent form:7

Γ′(L) = Λ−1Γ(L)Λ + Λ−1dΛ, (2.24a)

Γ′(T ) = Λ−1Γ(T )Λ + Λ−1
(
dτ + [Γ(L), τ ]

)
Λ

≡ Λ−1Γ(T )Λ + Λ−1
(
D(L)τ

)
Λ

≡Rtn(Λ)−1Γ(T ) + Rtn(Λ)−1D
(L)
tn τ. (2.24b)

Here, the covariant derivative with respect to Γ(L) is de-
fined as

D(L) ≡ D(L)
tn η := dη + [Γ(L), η]

≡ dη + ρtn
(
Γ(L)

)
∧ η, (2.25)

which maps η ∈ t(n,R) ⊗ Ωp(M) to D(L)η ∈ t(n,R) ⊗
Ωp+1(M).8 For any linear representation ρV of gl(nR)
with V being the carrier space, the covariant deriva-
tive associated with Γ(L) can also be generalized for a
V -valued form v ∈ V ⊗ Ωp(M), defined as

D
(L)
V v := dv + ρV

(
Γ(L)

)
∧ v. (2.26)

7 Particularly, we have

e−τΓ(L)eτ = Γ(L) +
(−1)

1!
[τ,Γ(L)] +

(−1)2

2!
[τ, [τ,Γ(L)]] + . . .

= Γ(L) + [Γ(L), τ ],

and
Λ−1e−τd (eτΛ) = Λ−1dτ Λ + Λ−1dΛ.

8 Let ζ = Tiζ
i be a g-valued p-form and η = Tiη

i be a g-valued
q-form. The commutator of them is defined as

[ζ, η] ≡ ζ ∧ η − (−1)pqη ∧ ζ
:= TiTj ζ

i ∧ ηj − (−1)pqTjTi η
j ∧ ζi

= [Ti, Tj ] ζ
i ∧ ηj ,

which is a g-valued (p+ q)-form. In case ζ = η and p = q is odd,
we have

[ζ, ζ] = 2 ζ ∧ ζ.
In other cases, ζ ∧ η is not necessarily g-valued in general. See
Section 10.3.2 in [27].
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Particularly, we define the shorthand

D̄(L) := D
(L)
Rn . (2.27)

The corresponding affine gauge curvature is defined as

R := dA +
1

2
[A,A] ≡ dA + A ∧A

= R(L) +R(T ), (2.28)

which is again separated into the linear part R(L) ∈
gl(n,R) ⊗ Ω2(M) and the translational part R(T ) ∈
t(n,R)⊗ Ω2(M):

R(L) ≡ LijR(L)j
i

= dΓ(L) +
1

2
[Γ(L),Γ(L)] ≡ dΓ(L) + Γ(L) ∧ Γ(L)

= Lij dΓ
(L)j
i +

1

2

[
Lij , L

m
n

]
Γ

(L)j
i ∧ Γ(L)n

m ,

= Lij

(
dΓ

(L)j
i + Γ

(L)j
k ∧ Γ

(L)k
i

)
, (2.29a)

R(T ) ≡ PiR(T )i

= dΓ(T ) + [Γ(L),Γ(T )] ≡ D(L)Γ(T )

= Pi dΓ(T )i +
[
Lij , Pm

]
Γ

(L)j
i ∧ Γ(T )m

= Pi

(
dΓ(T )i + Γ

(L)i
j ∧ Γ(T )j

)
. (2.29b)

Compared with (1.1b), the gl(n,R)-valued two form
R(L) in (2.29a) is the familiar Riemann curvature tensor
R = D(L)Γ(L). Correspondingly, compared with (1.1a),
it is attempting to identity the t(n,R)-valued two form
R(T ) in (2.29b) as the familiar Cartan torsion tensor
T = D(L)θ, if we identity the t(n,R) connection Γ(T ) as
the coframe one-form θ = θiPi ∈ t(n,R)⊗Ω(M). Unfor-
tunately, because of the inhomogeneous term Λ̄−1D̄(L)τ̄ ,
or equivalently Λ−1(D(L)τ)Λ, appearing in (2.23b) and
(2.24b), Γ(T ) cannot be identified as θ, which under the
gauge transformation g−1(x) transforms as a vector, i.e.9

θ̄
g−1(x)−→ θ̄′ = Λ̄−1θ̄. (2.30)

Following the suggestion by Trautman [9], one can
introduce an affine-vector -valued zero-from ξ̄ = ξiēi ∈
Rn ⊗ Ω0(M), which transforms as

ξ̄
g−1(x)−→ ξ̄′ = Λ̄−1(ξ̄ − τ̄) (2.31)

in accordance with (2.18), and define the new one-form
as (1.2), i.e.,

θ := Γ(T ) +D(L)ξ. (2.32)

It can be easily verified that, the transformation law of
the one-form θ defined above just takes the form of (2.30)

9 Do not confuse a vector with an affine vector. The former is
insensitive to translation, while the latter transforms as (2.18)
under the gauge transformation g(x).

and therefore θ can be identified as the coframe one-form.
Correspondingly, the Cartan torsion T and R(T ) is re-
lated via (1.3), i.e.,

T̄ = D̄(L)θ̄ = R̄(T ) + R̄(L)ξ̄, (2.33)

or equivalently

T = D(L)θ = R(T ) + [R(L), ξ]. (2.34)

However, as commented in Sec. I, the geometric and
physical meaning of ξ remains obscure. In the rest of
this paper, we first study the Poincaré symmetry in more
depth and then formulate the new framework of an affine-
vector bundle to resolve the problem regarding ξ.

III. POINCARÉ SYMMETRY IN VIEW OF THE
EINSTEIN EQUIVALENCE PRINCIPLE

The Einstein equivalence principle states that (Ch. 16
of [26]): “In any and every local Lorentz frame, any-
where and anytime in the universe, all the (nongrav-
itational) laws of physics must take on their familiar
special-relativistic forms.” However, on the passage
from the special-relativistic laws to general-relativistic
counterparts by applying the standard “comma-goes-to-
semicolon” rule [26], the resulting covariant laws respect
the Lorentz gauge symmetry as well as the symmetry of
diffeomorphism, but seem to render irrelevant the trans-
lational part of the Poincaré symmetry of special rela-
tivity. In this section, we address this issue in depth by
considering the Dirac equation and the Dirac Lagrangian
density as representative examples.

The Poincaré group acting on an n-dimensional
Minkowski (flat) spacetime is given by P (1, n − 1) :=
Rn o SO(1, n− 1), where SO(1, n− 1) as a proper sub-
group of GL(n,R) is the Lorentz group. The Lie algebra
p(1, n − 1) associated with P (1, n − 1) is given by the
generators Pi of n-dimensional translations and the gen-
erators M ij of n-dimensional Lorentz transformations.
The generators M ij ∈ so(1, n − 1) are given by particu-
lar linear superpositions of the generators Lij ∈ gl(n,R)
as

M ij ≡M [ij] := ηikLjk − ηjkLik, (3.1)

where ηij is the (inverse of the) metric tensor of the
n-dimensional Minkowski spacetime. Consequently, by
(2.1), the Lie algebra of p(1, n−1) satisfies the Lie brack-
ets: [

P i, P j
]

= 0, (3.2a)[
M ij , P k

]
= ηikP j − ηjkP i, (3.2b)[

M ij ,Mkl
]

= ηikM jl − ηilM jk

− ηjkM il + ηjlM ik, (3.2c)

where P i := ηijPj .
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The Dirac equation in the Minkowski spacetime is
given by (

iγi∂i −m
)
ψ(x̄) = 0, (3.3)

where x̄ ≡ xiēi ∈ Rn, xi are the Minkowski coordinates,
∂i := ∂/∂xi, and γi are the N × N gamma matrices
(where N := 2bn/2c), which satisfy

{γi, γj} ≡ γiγj + γjγi = 2ηij . (3.4)

In the Dirac spinor representation, the Lorentz genera-
tors are represented as

σij ≡ σ[ij] :=
i

4
[γi, γj ] ≡ i

4

(
γiγj − γjγi

)
. (3.5)

One can easily verify that

[γi, σjk] = i
(
ηijγk − ηikγj

)
= i
(
ηjl(L̄

k
l)
i
m − ηkl(L̄

j
l)
i
m

)
γm

≡ i(M̄ jk)imγ
m, (3.6)

which is just the infinitesimal form of the finite Lorentz
transformation law of γi:

Λ−1
D γiΛD = (Λ̄)ijγ

j , (3.7)

where

Λ = exp
(1

2
ωijM

ij
)
∈ SO(1, n− 1) (3.8)

is any Lorentz transformation and

ΛD := exp
(
− i

2
ωijσ

ij
)

(3.9)

is the Dirac spinor representation of Λ.
Under a Poincaré transformation g(Λ, τ) ∈ P (1, n −

1) ⊂ A(n,R), according to (2.18), we have

x̄→ x̄′ = Λ̄x̄+ τ̄ , (3.10a)

∂i → ∂′i = (Λ̄−1)ji∂j . (3.10b)

Correspondingly, the Dirac spinor field is transformed as
ψ → ψ′ via10

ψ(x̄)→ ψ′(x̄′) = ΛDψ(x̄(x̄′))

= ΛDψ(Λ̄−1x̄′ − Λ̄−1τ̄). (3.11)

The Dirac equation is invariant under the Poincaré trans-
formation in the sense that, if ψ(x̄) satisfies (3.3), then

10 More precisely, the Dirac spinor field ψ : x̄ ∈ Rn 7→ ψ(x̄) ∈ CN is
to be regarded as a section of the fiber bundle with Rn being the
base space and CN being the fiber. The Poincaré transformation
moves a given section ψ to a new section ψ′ : x̄′ ∈ Rn 7→ ψ′(x̄′) ∈
CN .

it implies (
iγi∂′i −m

)
ψ′(x̄′)

=
(
iγi∂′i −m

)
ΛDψ(Λ̄−1x̄′ − Λ̄−1τ̄)

= ΛD
(
iΛ−1
D γiΛD(Λ̄−1)ji∂j −m

)
ψ(x̄)

= ΛD
(
i(Λ̄)ikγ

k(Λ̄−1)ji∂j −m
)
ψ(x̄)

= ΛD
(
iγj∂j −m

)
ψ(x̄) = 0, (3.12)

where (3.7), (3.10), and (Λ̄)ik(Λ̄−1)ji = δjk (i.e. Λ̄−1Λ̄ =
1n×n) have been used.

Furthermore, defining

ψ̄ = ψ†γ0, (3.13)

we have the transformation law:

ψ̄(x̄)→ ψ̄′(x̄′) = ψ̄(Λ̄−1x̄′ − Λ̄−1τ̄)Λ−1
D . (3.14)

It follows from (3.12) and (3.14) that the Dirac la-
grangian density defined as

LDirac := ψ̄
(
iγi∂i −m

)
ψ (3.15)

is invariant under the Poincaré transformation as well.
The Dirac equation and the Dirac Lagrangian can be

generalized from the context of special relativity to that
of general relativity. In general relativity, we have an n-
dimensional manifold M as the curved spacetime, which
is locally coordinated by xµ (not to be confused with the
Minkowski coordinates xi). At each point p ∈ M , we
have a tangent space Tp(M), which is isomorphic to Rn
and is to be identified as the local Lorentz frame of a
freely falling laboratory (see Fig. 1). Consider a Dirac
spinor field ϕ on M , i.e., ϕ : p ∈ M 7→ ϕ(xµ(p)) ∈ CN .
In the immediate vicinity of a given point p, the field ϕ
locally gives rise to a Dirac spinor field ψ : x̄ ∈ Rn ∼=
Tp(M) 7→ ψ(x̄) ∈ CN in the locality of the origin x̄ = 0
as measured by a local freely falling laboratory. The
local field ψ in the locality of x̄ = 0 is to be understood
as the “best” linear approximation of ϕ in the vicinity
of p; its exact formulation is to be properly prescribed
in accordance with the Einstein equivalence principle as
follows. Firstly, the value of ψ at the origin x̄ = 0 of Rn
is prescribed to be identical to that of ϕ at p, i.e.,

ψ(x̄)
∣∣
x̄=0

= ϕ(xµ)
∣∣
xµ=xµ(p)

. (3.16)

Secondly, in order to reflect the local features of ψ around
the locality of x̄ = 0 in the local Lorentz frame, we need
also to specify the derivatives of ψ with respect to x̄.
As the Minkowski coordinates xi of a freely falling frame
are supposed to be locally identified as Riemann normal
coordinates, it is most natural to take the prescription:

(∂iψ)(x̄)
∣∣
x̄=0

= ei(x
µ)yD(D)ϕ(xµ)

∣∣
xµ=xµ(p)

= ei
µ(xµ)D(D)

µ ϕ(xµ)
∣∣
xµ=xµ(p)

, (3.17)

where D(D) is the covariant derivative associated with
the SO(1, n− 1) spin connection, and

ei ≡ eiµ∂µ (3.18)
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M

p

∂ν

∂µp

ēj

ēi
x̄ = 0

ēj

ēi
ξ̄

Tp(M) Rn

θ̄ ≡ ēi e
i
µ dx

µ

?

FIG. 1. A spacetime manifold M (lower left) naturally gives
rise to a tangent space Tp(M) (upper left) at any point p ∈M .
Tp(M) is to be identified as the local Lorentz frame Rn of a
freely falling laboratory via the “soldering form” θ̄ ≡ ēieiµdxµ
(see upper right). Within the local frame in the locality of p,
a local Lorentz transformation rotates or boosts the orthonor-
mal coordinates xi to x′i while leaving the origin unmoved.
On the other hand, a local Poincaré translation displaces
the coordinate origin from the point p, and consequently the
translated local frame can no longer be identified as Tp(M)
(see lower right).

are the frame field (also called vielbein), i.e. a set of n
orthonormal vector fields.11 The frame field is related to
the vector-valued coframe one-form field

θ̄ ≡ ēi eiµdxµ (3.19)

via

ei
µejµ = δji . (3.20)

The coframe field θ̄ provides a mathematical facility that
naturally “solders” a tangent vector X = Xµ∂µ ∈ Tp(M)
to X̄ = θ̄(X) ≡ X y θ̄ = eiµX

µēi ∈ Rn in the local
frame (see Fig. 1). Particularly, it maps ei ∈ Tp(M) to
θ̄(ei) ≡ ei y θ̄ = ēi ∈ Rn. Furthermore, the covariant
derivative D(D) is defined as

D(D) := d+ ρD
(
Γ(SO)

)
≡ d+ Γ

(SO)
D

≡
(
∂µ − iσijΓ(SO)

ijµ

)
dxµ, (3.21)

where Γ(SO) ≡ M ijΓ
(SO)
ij is the so(1, n − 1)-valued con-

nection one-form, which is the same as Γ(L) ≡ Lij Γ
(L)j
i

except that its algebra value is now restricted to the sub-
algebra so(1, n − 1) of gl(n,R), and ρD(M ij) = −iσij
is the Dirac spinor representation of so(1, n − 1), which
maps an element of so(1, n− 1) to an N ×N matrix.

11 The frame field is also known as a tetrad or vierbein in the case
of n = 4.

Under a local Lorentz gauge transformation Λ(xµ) ∈
SO(1, n− 1), we have

ϕ(xµ)→ ϕ′(xµ) = ΛD(xµ)ϕ(xµ), (3.22a)

ei(x
µ)→ e′i(x

µ) = (Λ̄(xµ)−1)jiej(x
µ), (3.22b)

Γ
(SO)
D (xµ)→ Γ

′(SO)
D (xµ) = ΛD(xµ)Γ

(SO)
D (xµ)Λ−1

D (xµ)

+ ΛD(xµ)dΛ−1
D (xµ), (3.22c)

where (3.22c) is given in accordance with (2.24a).12 Con-
sequently, these imply

D(D)ϕ(xµ)→ (D(D)ϕ)′(xµ) ≡
(
d+ Γ

′(SO)
D (xµ)

)
ϕ′(xµ)

= ΛD(xµ)D(D)ϕ(xµ). (3.23)

According to (3.16) and (3.17), from the viewpoint of
a freely falling laboratory whose frame coordinates are
given by x̄ = xiēi ∈ Rn, the local SO(1, n − 1) gauge
transformation upon the local field reads as

ψ(x̄)
∣∣
x̄=0
→ ψ′(x̄′)

∣∣
x̄′=0

= ΛD(p)ψ(x̄)
∣∣
x̄=0

, (3.24a)

(∂iψ)(x̄)
∣∣
x̄=0
→ (∂iψ)′(x̄′)

∣∣
x̄′=0

= (Λ̄(p)−1)jiΛD(p)(∂jψ)(x̄)
∣∣
x̄=0

. (3.24b)

Consequently, by the similar tricks used for deriving
(3.12), it can be shown that(

iγi(∂iψ)′(x̄′)−mψ′(x̄′)
) ∣∣
x̄′=0

= ΛD(p)
(
iγi(∂iψ)(x̄)−mψ(x̄)

) ∣∣
x̄=0

. (3.25)

That is, in the local Lorentz frame of a freely falling
laboratory, if ψ(x̄) in the locality of an event p satisfies
the Dirac equation with respect to the local Minkowski
coordinates x̄, then the SO(1, n−1)-transformed version
ψ′(x̄′) in the locality of p satisfies the Dirac equation
as well. We have just affirmed the Einstein equivalence
principle with regard to the Lorentz, i.e. SO(1, n − 1),
symmetry of the Dirac equation. Therefore, the covariant
generalization of the Dirac equation is prescribed as(

iγiei
µD(D)

µ −m
)
ϕ(xµ) = 0, (3.26)

which has been shown to respect the local Lorentz gauge
symmetry. Similarly, the covariant generalization of the
Dirac Lagrangian density is prescribed as

LDirac := ϕ̄
(
iγiei

µD(D)
µ −m

)
ϕ, (3.27)

which respects the local Lorentz gauge symmetry as well.
Unfortunately, while the covariant Dirac equation and

the covariant Dirac Lagrangian density are invariant un-
der Lorentz gauge transformations as discussed above as
well as under diffeomorphisms of xµ → x′µ = x′µ(xµ)

12 Note that (2.22) is expressed for the gauge transformation
g−1(x), instead of g(x). Thus, we have to interchange Λ and
Λ−1 when applying (2.24a) here.
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(as they are in covariant forms), they are oblivious of
the translational part of the Poincaré symmetry. That
is, we can make sense of a local Lorentz transforma-
tion corresponding to x̄ → x̄′ = Λ̄(p)x̄ within the local
Lorentz frame, but cannot prescribe a local translation
x̄ → x̄′ = x̄ + τ̄(p) within the Lorentz frame as any at-
tempt to do so is meant to spoil the fact that the local
Lorentz frame in the locality of p is identified as Tp(M).
This obstacle is not only for the Dirac spinor field but
for any generic field that is described as a local section
of a vector bundle over M associated with the Lorentz
group.13 Lacking an adequate mathematical language
to address a local translation suggests that the Einstein
equivalence principle has not been completely fulfilled
in the standard comma-goes-to-semicolon approach, be-
cause special-relativistic laws are supposed to respect the
full symmetry of the Poincaré group, not just its Lorentz
subgroup.

In order to make sense of the local Poincaré transfor-
mation, in the next section, we propose a new mathemat-
ical framework called the associated affine-vector bundle,
which extends the structure of an associated vector bun-
dle by rendering the Poincaré translation as an affine
transformation on the fiber. Let v ∈ V represents a local
value of a generic field in the vector fiber V . The idea
is to augment v with an affine vector ξ̄ ∈ Rn serving
as a reference point, so that f = (ξ̄, v) ∈ F = Rn × V
represents the local field with reference to ξ̄, which indi-
cates the displacement between the designated origin of
the local frame and the point p. See Fig. 1.

One might argue that designating the reference point
is purely a matter of arbitrary gauge choice, so it makes
no difference to take its involvement into account. This
argument is true only if one considers the local physics
that is completely independent of the neighboring local
frame. If one considers the covariant derivative of the
reference point in the sense of “parallel transport”, it
will yield physical significance in relation to the Cartan
torsion. This is the topic we will investigate closely. To
keep our analysis as generic as possible, in the following,
we will study the local translational transformation in
the broader context of the affine group A(n,R) := Rn o
GL(n,R), instead of the Poincaré group proper.

IV. ASSOCIATED AFFINE-VECTOR BUNDLE

Given a principal bundle P (M,G) whose fiber is iden-
tical to the structure group G, one can formulate an
associated vector bundle P ×ρ V with V being a vec-
tor space and ρ being the presentation of G over V via
the quotient-space construction (see Sec. 9.4.2 of [27]).
The principal bundle P (M,G) can be endowed with an

13 Particularly, the Dirac field ϕ(xµ) can be viewed as a local section
of the CN vector bundle over M associated with SO(1, n−1), and
a scalar field φ(xµ) a local section of the R or C vector bundle.

Ehresmann connection one-form ω and its local form as a
pullback to the base space M is the well-known gauge po-
tential (see Sec. 10.1 of [27]). The connection defined on
P (M,G) naturally gives rise to the covariant derivative
on the associated vector bundle P ×ρ V and the result-
ing covariant derivative involves the same gauge potential
(see Sec. 10.4 of [27]).14

In the approach of MAG, the group G is given by
the affine group A(n,R) := Rn o GL(n,R). To reflect
the translational symmetry more faithfully, we develop
a slightly different framework by constructing an asso-
ciated affine-vector bundle in the same spirit of defining
an associated vector bundle. The associated affine-vector
bundle is defined below and denoted as E = P ×ρA F ,
where F = Rn × V is the affine-vector space and ρA is
the affine (nonlinear) representation of A(n,R) acting on
F defined below.

Let g = g(Λ, τ) ∈ G, where Λ ∈ GL(n,R) and τ ∈
t(n,R), act on (u, f) ∈ P × F as follows:

g(u, f) ≡ g(u, (ξ̄, v))

= (ug, ρA(g)−1f) ≡
(
ug,
(
ρM (g)−1ξ̄, ρV (Λ)−1v

))
≡
(
ug, (Λ̄−1(ξ̄ − τ̄), ρV (Λ)−1v)

)
, (4.1)

where f = (ξ̄, v) ∈ F = Rn × V , ρV (Λ) is the linear
representation of GL(n,R) acting on v ∈ V , and ρM (g)
is the Möbius representation of A(n,R) acting on affine
vectors as defined in (2.18). That is, the “vector” part V
of F responses only to the GL(n,R) part of G, whereas
the “affine” part Rn of F serves as a “reference point”,
which transforms as an affine vector.15 The associated
affine-vector bundle E = P ×ρA F is then defined as the
quotient space (P × F/∼) via the following equivalence
relation

(u, f) ∼ (ug, ρA(g)−1f). (4.2)

The affine-vector bundle E is a fiber bundle over M with
F being the fiber in the sense that its fiber bundle struc-
ture is given by the projection, trivialization, and transi-
tion functions as defined in the following.

The projection πE : E → M is defined as πE(u, f) =
π(u), where π : P → M is the projection of P (M,G).
The projection πE is well defined under the equivalence
relation (4.2), since we have π(ug) = π(u) and it fol-
lows πE(ug, ρA(g)−1f) = πE(u, f). The local trivial-
ization ψi : Ui × F → π−1

E (Ui) is given by ψi(p, f) =

14 Therefore, if we consider parallel transport on a vector bundle
associated with A(n,R), we will simply obtain a result identi-
cal (or, more precisely, homomorphic) to (2.29). Without going
beyond the framework of an associated vector bundle, we are
unable to solve the problem of ξ.

15 Note that ρA(g) : F → F is a representation of g ∈ A(n,R)
in the sense ρA(g1g1) = ρA(g1)ρA(g2) and ρA(e)f = f , where
e = g(Λ = 1, τ = 0). However, it is a nonlinear representation.
If ρA(g)f1 = f ′1 and ρA(g)f2 = f ′2, it does not imply ρA(g)(αf1+
βf2) = αf ′1 + βf ′2. By contrast, the vector part ρV (Λ) is linear.
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(φi(p, e), f), where Ui ⊂ M is an open set of M , p ∈ Ui

is a point in M , e ∈ G is the identity, and φi : Ui ×G→
π−1(Ui) is the trivialization of P (M,G). It is easy to
show that πE ◦ ψi(p, f) = p.

Let φ−1
i (u) = (p, gi), where u ∈ π−1(Ui) and p = π(u).

On Ui ∩ Uj 6= ∅, the two trivializations φi and φj are
related by a smooth map tij : Ui ∩ Uj → G via

φj(p, gj) = φi(p, tij(p)gj), (4.3)

where the maps tij are the transition functions of P . As
P is a principal bundle, the right action of g ∈ G on
π−1(Ui) is defined as φ−1

i (ug) = (p, gig), or equivalently

ug = φi(p, gig). (4.4)

This leads to

ug = φj(p, gjg) = φi(p, tij(p)gjg) = φi(p, gig), (4.5)

where gi = tij(p)gj. That is, the right action is well
defined and independent of local trivializations. Now,
regarding the trivializations of E, we have

ψj(p, fj) ≡ (φj(p, e), fj) = (φi(p, tij(p)), fj)

= (φi(p, e)tij(p), fj)

∼ (φi(p, e), ρA(tij(p))−1fj)

≡ ψi(p, ρA(tij(p))−1fj), (4.6)

where we have used (4.2) and (4.4). That is, the tran-
sition functions of E are given by ρA(tij(p))−1, where
tij(p) are the transition functions of P .

V. COVARIANT DERIVATIVE ON THE
AFFINE-VECTOR BUNDLE

If a principle bundle P is endowed with an Ehresmann
connection one-form ω ∈ g⊗ T ∗P , it naturally gives rise
to the notion of parallel transport as one can define the
horizontal lift of a given curve γ : [0, 1] → M . A curve
γ̃ : [0, 1]→ P is said to be a horizontal lift of γ if π◦γ̃ = γ

and ω(X̃) = 0, where X̃ = γ̃∗(X) with X(t) ∈ Tγ(t)M
being a tangent vector to γ(t).

Let σi ∈ Γ(Ui, P ) : Ui → P be an arbitrary local
section of P on Ui. The well known gauge potential
Ai ∈ g⊗ Ω(Ui) is given as the pullback of ω via σi, i.e.

Ai = σ∗iω. (5.1)

As two sections are related by transition functions, i.e.,
σj(p) = σi(p)tij(p), it turns out Ai follows the well
known gauge transformation rule:

Aj = t−1
ijAitij + t−1

ij dtij. (5.2)

Conversely, if gauge potentials that are locally defined
for an open covering of M satisfy (5.2), we can uniquely
construct an Ehresmann connection one-form ω for P
from these local gauge potentials.

Given an Ehresmann connection on P , we can define
the covariant derivative on an associated affine-vector
bundle E = P ×ρA F just in the same spirit of defining
the covariant derivative on an associated vector bundle
P ×ρ V (see Sec. 10.4 of [27]).

First, we consider a local section sv ∈ Γ(Ui, E) of E
on Ui, i.e. sv : Ui → E, as a representative of the equiv-
alence class associated with the relation (4.2):

sv(p) =
[
σi(p),

(
ξ̄i(p), v(p)

)]
, (5.3)

where σi : Ui → P is a local section of P on Ui, ξ̄i :
Ui → Rn, and v : Ui → V . The arbitrary choice of σi
amounts to different gauge fixing as indicated in (5.1).
In the affine-vector bundle associated with G = A(n,R),
we have the additional arbitrariness of choosing different
“reference points”, which amounts to specifying ξ̄i(p).

For a given curve γ(t), a section sv(γ(t)) along γ(t) is
said to be parallel transported if, in the representation
sv(γ(t)) =

[
(γ̃(t), (ξ̄i(γ(t)), v(γ(t))))

]
, ξ̄i and v remain

constant (i.e., independent of t). The notion of parallel
transport is well defined, since if γ̃′(t) is another horizon-
tal lift of γ(t), we have γ̃′(t) = γ̃(t)g for a constant g ∈ G
and consequently

[γ̃, (ξ̄i, v)] = [γ̃′g−1, (ξ̄i, v)]

= [γ̃′, (ρM (g)−1ξ̄i, ρV (g)−1v)] ≡ [γ̃′, (ξ̄′i, v
′)], (5.4)

which follows that ξ̄′i and v′ are constant as well.
The notion of parallel transport enables us to define

the covariant derivative of a section sv(p). Let p = γ(t =
0) ∈M and X ∈ TpM be a tangent vector to γ at p, i.e.,
dxµ(γ(t))/dt

∣∣
t=0

= Xµ. The covariant derivative of s(p)
with respect to X is defined as

∇Xsv :=

[
γ̃(0),

d

dt

(
ξ̄i(γ(t)), v(γ(t))

)∣∣∣∣
t=0

]
. (5.5)

Again, it is easy to show that this definition is well de-
fined, regardless of choosing a different horizontal lift
γ̃′(t). Once we have defined ∇Xs, we can also define
∇ : Γ(U,E) → Γ(U,E) ⊗ Ω(U), which maps a section
sv ∈ Γ(U,E) to a section-valued one-form, by

∇sv(X) := ∇Xsv, (5.6)

where X ∈X (U) is a vector field over an open set U .
So far, the ideas of parallel transport and covariant

derivative on the associated affine-vector bundle are the
same as those on the associated vector bundle. However,
because the section sv(p) has to specify ξ̄i(p) as an ex-
tra “gauge fixing”, the local expression for the covariant
derivative leads to a crucial difference.

Given a local section σi ∈ Γ(Ui, P ), a horizontal lift
γ̃(t) of γ(t) can be expressed as γ̃(t) = σi(t)gi(t), where
gi(t) ≡ g(Λi(t), τ(t)) := gi(γ(t)) ∈ A(n,R). A local
section along γ(t) expressed in the form (5.3) then leads
to

sv(t) := sv(γ(t)) =
[
γ̃(t)gi(t)

−1, (ξ̄i(t), v(t))
]

=
[
γ̃(t), ρA(gi(t))

−1(ξ̄i(t), v(t))
]
, (5.7)
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where f(t) ≡
(
ξ̄i(t), v(t)

)
:=

(
ξ̄i(γ(t)), v(t)

)
. By the

identity dg(t)−1/dt = −g(t)−1(dg(t)/dt)g(t)−1, we then

have

∇Xsv =

[
γ̃(0),

d

dt

(
ρA(gi(t))

−1(ξ̄i(t), v(t))
)∣∣∣∣
t=0

]
=

[
γ̃(0), −ρA(t)−1 dρA(t)

dt
ρA(t)−1f(t) + ρA(t)−1 df(t)

dt

∣∣∣∣
t=0

]
=

[
γ̃(0)gi(0)−1, −dρA(t)

dt
ρA(t)−1f(t) +

df(t)

dt

∣∣∣∣
t=0

]
=

[
σi(0),

(
−dρM (t)

dt
ρM (t)−1ξ̄i(t) +

dξ̄i(t)

dt
,−dρV (t)

dt
ρV (t)−1v(t) +

dv(t)

dt

)∣∣∣∣
t=0

]
, (5.8)

where ρA(t) := ρA(gi(t)), ρM (t) := ρM (gi(t)), and
ρV (t) := ρV (Λi(t)). As σi is a section of P (M,G) and
γ̃(t) = σi(γ(t))gi(t), it can be shown that (see Eq. 10.13
in [27] for more details)

dgi(t)

dt
= −ω(σi∗X)gi(t) = −Ai(X)gi(t), (5.9)

where (5.1) has been used. This leads to

−dρM (t)

dt
ρM (t)−1 = Āi(X)

≡ dxµ

dt
Āiµ ≡

dxµ

dt

(
Γ̄

(L)
iµ Γ̄

(T )
iµ

0 0

)
(5.10)

according to (2.21), and

− dρV (t)

dt
ρV (t)−1 = ρV

(
Γ

(L)
i (X)

)
≡ dxµ

dt
ρV

(
Γ

(L)
iµ

)
.

(5.11)
Acting (5.10) on ξ̄i via (2.19) yields

− dρM (t)

dt
ρM (t)−1ξ̄i(t) =

dxµ

dt

(
Γ̄

(L)
iµ ξ̄i + Γ̄

(T )
iµ

)
. (5.12)

Substituting (5.11) and (5.12) into (5.8), we have

∇Xsv (5.13)

=

[
σi(0),

dxµ

dt

(
D̄(L)
µ ξ̄i + Γ̄

(T )
iµ , D

(L)
V iµv

)∣∣∣∣
t=0

]
,

where dxµ(t)/dt := dxµ(γ(t))/dt = Xµ(γ(t)), or equiva-
lently

∇sv =
[
σi,
(
D̄(L)ξ̄i + Γ̄

(T )
i , D

(L)
V i v

)]
, (5.14)

where D
(L)
V and D̄(L) are defined in (2.26) and (2.27).

Remarkably, the new one-form θ as defined in (2.32)
arises naturally. In terms of θ, the covariant derivative
of the section sv(p) ∈ Γ(U,E) can be recast as

∇sv =
[
σi,
(
θ̄i, D

(L)
V i v

)]
, (5.15)

or equivalently

∇Xsv =
[
σi,
(
θ̄i(X), D

(L)
V i (X)v

)]
,

≡
[
σi,
(
θ̄i(X), dv(X) + ρV

(
Γ

(L)
i (X)

)
v
)]
. (5.16)

The one-forms appearing in a local expression for the co-
variant derivative are to be identified as the local gauge
potentials. Therefore, the corresponding local gauge po-
tentials are given by θ for the “affine” part and Γ(L)

(or, more precisely, the ρV -representation thereof) for the
“vector” part.

Since the affine vector ξ̄ plays the role of a reference
point of a local Lorentz frame as discussed in Sec. III,
the corresponding potential θ dictates how a reference
point is different from its neighbored value via paral-
lel transport. The weak equivalence principle further-
more requires that the parallel transport of a reference
point be universal regardless of the matter content. In
other words, θ shall be independent of the vector space
V , which is chosen to represent the matter field under
consideration. Since θ̄ transforms as a vector-valued one-
form under a local A(n,R) transformation as indicated
in (2.30) and is independent of the matter content, we
must identify θ̄ as the coframe one-form (up to an ar-
bitary universal factor).

On the other hand, since Γ(L) is insensitive of the trans-
lational part of a local A(n,R) transformation as shown
in (2.23a) or (2.24a), it is identified as the familiar gauge
potential associated with GL(n,R).

Having rigorously derived θ and Γ(L) as the local gauge
potentials with regard to the covariant derivative of a
section on the associated affine-vector bundle, we will
study the corresponding curvatures (i.e., field strengths)
of the gauge potentials in the next section.

VI. CURVATURE ON THE AFFINE-VECTOR
BUNDLE

In the previous section, we define the covariant deriva-
tive ∇Xsv with respect to a tangent vector X ∈ TpM .
This leads us to define the corresponding curvature. To
begin with, we compute ∇Y∇Xsv for any two vector
fields X,Y ∈X (U).

Let χ : [0, 1]→ U be a curve on U whose tangent vec-
tors are given by Y , i.e., dxµ(t)/dt := dxµ(χ(t))/dt =
Y µ(χ(t)), and χ̃(t) = σi(t)gi(t) be a horizontal lift of
χ(t). Starting from (5.16) and following the same proce-
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dures used in (5.8), we have

∇Y∇Xsv =

[
χ̃(0),

d

dt

(
ρA(gi(t))

−1
(
θ̄i(X(t)), ρV

(
Γ

(L)
i (X(t))

)
v(t) + dv(X(t))

))∣∣∣∣
t=0

]
=

[
σi(0),

(
dxµ

dt
ρθ̄ (Ai(t)) θ̄i(X(t)) +

dθ̄iµ(t)

dt
Xµ(t) + θ̄iµ(t)

∂Xµ

∂xν
dxν

dt
,

dxµ

dt
ρV
(
Γ

(L)
iµ (t)

)
ρV
(
Γ

(L)
i (X(t))

)
v(t) +

(
d

dt
ρV
(
Γ

(L)
iµ (t)

))
Xµ(t) v(t) + ρV

(
Γ

(L)
iµ (t)

∂Xµ

∂xν
dxν

dt

)
v(t)

+
d(∂µv(t))

dt
Xµ(t) + ∂µv(t)

∂Xµ

∂xν
dxν

dt

)∣∣∣∣
t=0

]
=

[
σi(0),

(
Γ̄

(L)
i (Y )θ̄i(X) +

1

2
(Y y dθ̄i)(X) + θ̄iµY [Xµ], (6.1)

ρV

(
Γ

(L)
i (Y )Γ

(L)
i (X) +

1

2

(
Y y dΓ

(L)
i

)
(X) + Γ

(L)
iµ Y [Xµ]

)
v + (∂ν∂µv)Y νXµ + (dv)µY [Xµ]

)∣∣∣∣
t=0

]
,

where dxµ(t)/dt := dxµ(χ(t))/dt = Y µ(χ(t)), X(t) :=
X(χ(t)), Y (t) := Y (χ(t)), A(t) := A(χ(t)), θ̄(t) :=
θ̄(χ(t)), Γ(L)(t) := Γ(L)(χ(t)), and ρθ̄(A) is the repre-
sentation of A acting on θ̄, which takes the form

ρθ̄(A) θ̄ = Γ̄(L)θ̄ (6.2)

in accordance with (2.30).
Meanwhile, applying (5.16) again, we have

∇[X,Y ]sv =
[
σi,
(
θ̄i([X,Y ]), D

(L)
V i ([X,Y ])v

)]
. (6.3)

Note that [X,Y ]µ = Xν∂νY
µ − Y ν∂νXµ implies

η([X,Y ]) ≡ ηµ[X,Y ]µ = ηµX[Y µ]− ηµY [Xµ] (6.4)

for any one-form η. Putting (6.1), (6.3), and (6.4) to-
gether, we have

R(E)(X,Y )sv := [∇X ,∇Y ]sv −∇[X,Y ]sv

=
[
σi,
((
dθ̄i + Γ̄

(L)
i ∧ θ̄i

)
(X,Y ),

ρV

((
dΓ

(L)
i + Γ

(L)
i ∧ Γ

(L)
i

)
(X,Y )

)
v
)]

=
[
σi,
(
T̄i(X,Y ), ρV (Ri(X,Y )) v

)]
, (6.5)

where T ∈ t(n,R)⊗ Ω2(M) is defined as

T := D(L)θ ≡ dθ + [Γ(L), θ], (6.6)

or equivalently

T̄ ≡ ρn(T ) := D̄(L)θ̄ ≡ dθ̄ + Γ̄(L) ∧ θ̄, (6.7)

and R ∈ gl(n,R)⊗ Ω2(M) is defined as

R := dΓ(L) +
1

2
[Γ(L),Γ(L)] ≡ dΓ(L) + Γ(L) ∧ Γ(L). (6.8)

Note that (6.6) is identical to the Cartan torsion two-
form as defined in (1.1a) and (6.8) identical to the Rie-
mann curvature two-form as defined in (1.1b).

If X,Y, v are replaced by X ′(p) = f(p)X(p), Y ′(p) =
g(p)Y (p), and v′(p) = h(p)v(p), where f, g, h ∈ Ω0(M)
are arbitrary scalar fields, it follows from (6.5) that

R(E)(X ′, Y ′)sv′

=
[
σi,
(
T̄i(X

′, Y ′), ρV (Ri(X
′, Y ′)) v′

)]
=
[
σi,
(
fg T̄i(X,Y ), fgh ρV (Ri(X,Y )) v

)]
≡ fgR(E)(X,Y )shv, (6.9)

since T and R are two-forms, which by definition are lin-
ear when acting on tangent vectors. R(E)(X,Y )sv is said
to be linear in X, Y , and v in the above sense. Although
we define R(E)(X,Y )sv by considering two vector fields
X,Y ∈ X (U) and a V -value field v ∈ V ⊗ Ω0(U), it
turns out that, because of the linearity, R(E)(X,Y )sv is
well defined for any two tangent vectors X,Y ∈ TpM and
any V -value v ∈ V .16

Following the same reasoning explained in Ch. 11 of
[26], the geometric meaning of the “curvature” operator
R(E)(X,Y ) acting on a section sv can be understood in
terms of holonomy as follows. Consider an infinitesimal
closed curve spanned by δaX and δbY as depicted in
Fig. 2. Starting at the initial point p with an initial value
of sv(p) as given by (5.3), if we parallel transport sv(p)
around the closed curve until we come back to the point
p, we end up with a new value s′v′(p). The difference

16 It would not be the case if we define R(E)(X,Y )sv as
[∇X ,∇Y ]sv without taking into account the term −∇[X,Y ]sv .
See Ch. 11 and especially Exercise 11.2 of [26] for more discus-
sions related to this point.
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p δaX

δbY

−[δaX, δbY ]

−δaX

−δbY

FIG. 2. A closed curve used to understand the geometric
meaning of R(E)(δaX, δbY )sv. Given by the two vector fields
X,Y ∈ X (U), the curve is edged with the vectors ±δaX,
±δbY , and the negative of the “closer of the quadrilateral”
[δaX, δbY ] = δaδb [X,Y ].

between s′v′(p) and sv(p) is give by

s′v′(p)− sv(p) (6.10)

≡
[
σi(p), (ξ̄

′
i(p)− ξ̄i(p), v′ − v)

]
= R(E)(δaX, δbY )sv +O(δ2)

= δaδb
[
σi, (Ti(X,Y ), ρV

(
Ri(X,Y )

)
v)
]

+O(δ2),

where, as we are comparing s′v′ and sv at the same point
p ∈ U , we choose the same local section σi ∈ Γ(U,P ) to
represent both s′v′ and sv.

Under the parallel transport around an infinitesimal
closed curve, R gives a value of gl(n,R) that dictates
how a given vector v ∈ V is linearly changed to v′.
The geometric picture of R in terms of holonomy in the
“vector” part of the affine-vector bundle is exactly the
same as that of the standard GL(n,R) Yang-Mills the-
ory on a conventional vector bundle. Analogously, on the
other hand, T gives a value of t(n,R) that dictates how
a given reference point ξ̄ is displaced to ξ̄′ under the par-
allel transport around the closed curve. This provides a
clear geometric picture of T in terms of holonomy in the
“affine” part of the affine-vector bundle.

Also note that whereas the local section sv ∈ Γ(Ui, E)
in (5.3) involves two gauge choices — σi ∈ Γ(Ui, P ) and
ξ̄i : Ui → Rn, the honolomy of sv around an infinites-
imal closed curve is given by T and R, both of which
are covariant under a local GL(n,R) transformation and
invariant under a local translation. (Notably, the hon-
olomy of sv around a closed curve is completely indepen-
dent of the gauge ambiguity of ξ̄.) This suggests that
both the holonomies in the “affine” and “vector” parts
are physical and yield observational consequences, which
will be discussed in the next section.

VII. OBSERVATIONAL CONSEQUENCES

The observational consequences of the Reimann cur-
vature R are well understood. Typically, R 6= 0 imposes
the geodetic effect and frame-dragging on the dynamics
of a matter field (see [28] for the experimental verifica-
tion). Additionally, even if the trajectories of a matter

field are confined to a region where R = 0, a two-path in-
terference experiment will still yield different interference
patterns à la the Aharonov-Bohm effect, in response to
the holonomy of Γ(L) along the closed curve composed of
the two worldline paths. The holonomy of Γ(L) along a
finite closed curve γ is defined as the pathwise integral

P e
∮
γ

Γ(L)

, which is equal to e
v
γ
R — i.e. the exponential

of the flux integral of R over the surface enclosed by γ
— according to (6.5). It is possible to have R = 0 ev-
erywhere along γ but still have nontrivial holonomy, thus
yielding an observable result of a nontrivial interference
pattern [29–31].

On the other hand, the observational consequences of
the Cartan torsion T are much less understood. In the
theories of first-order Lagrangians, it has been shown
that torsion is inextricably bound to spinning matter and
vanishes wherever there is no spinning matter [7]. Conse-
quently, it does not propagate through vacuum and only
gives rise to a “direct interaction” in contact with spin
source for the dynamics of a matter field. Even in the
theories of second-order Lagrangians including torsion-
torsion coupling, the dynamics of torsion does not change
in an essential way (see [32] for more discussions). There-
fore, the Cartan torsion has no “at-a-distance” effects
analogous to the geodetic effect and frame-dragging of
the Riemann curvature.

Nevertheless, the geometric meaning of T in terms
of holonomy leads us to anticipate a kinematical effect
of torsion that in principle can be measured à la the
Aharonov-Bohm effect, analogous to the case of R. If the
surface enclosed by the two paths contains spinning mat-

ter, we may have nontrivial holonomy P e
∮
γ
θ ≡ e

∮
γ
θ =

e
v
γ
T according to (6.5).17 The logarithm of the holon-

omy,
∮
γ
θ̄ =

v
γ
T̄ , is to be understood as the displace-

ment vector between the initial reference point and the
final reference point under the parallel transport around
γ. Although the gauge choice of the reference point ξ̄
is arbitrary, the displacement vector associated with the
holonomy is non-arbitrary and physical. Consider that
a local Lorentz frame starting at a given point is paral-
lel transported along two worldline paths separately. If
the two paths join again at a destination point, the two
transported Lorentz frames overlap but their coordinate
origins might not coincide, and the difference between the
frame origins is described by the displacement vector of
the holonomy along the closed curve composed of the two
paths. Since the interference experiment measures the
two wavefunctions along the two paths superimposed at
the destination point, the difference between the origins
of the two overlapped frames and consequently the dis-
placement vector of the honolomy should be manifested
in the interference pattern. Therefore, despite the fact
that torsion only gives a direct-contact interaction, its

17 Because [Pi, Pj ] = 0, the pathwise symbol P here is superfluous
and consequently we have

∮
γ θ =

v
γ T .
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flux can still be measured à la the Aharonov-Bohm ef-
fect without being probed directly.

VIII. SUMMARY AND DISCUSSION

Investigating the Poincaré symmetry more carefully in
view of the Einstein equivalence principle motivates us to
propose the framework of an associated affine-vector bun-
dle, which contains an affine vector ξ̄ on the fiber serving
as a reference point and thus provides a more suitable
arena for the affine group A(n,R). The associated affine-
vector bundle is rigorously defined in the same spirit of
the formal quotient-space construction for an associated
vector bundle. Choosing a local section sv ∈ Γ(U,E) on
the affine-vector bundle E amounts to the familiar gauge
fixing of choosing a local section σi ∈ Γ(U,P ) on the
principle bundle P plus the extra gauge fixing of choos-
ing an arbitrary reference point ξ̄i.

The formal definitions of the parallel transport and the
covariant derivative on an associated vector bundle in the
Ehresmann-connection approach can be naturally gener-
alized to the associated affine-vector bundle. Rigorously
deriving the covariant derivative of a local section sv on
the affine-vector bundle, we obtain the result in (5.15)
and (5.16). Remarkably, θ and Γ(L) naturally appear as
the gauge potentials for the “affine” part and the “vec-
tor” part, respectively. Because θ̄ transforms as a vector
under a local A(n,R) transformation and the weak equiv-
alence principle suggests that θ̄, being a measure of the
parallel transport of a reference point, has to be universal
regardless of the matter content, the gauge potential θ is
to be identified as the coframe one-form field.

Applying the covariant derivative twice on the local
section sv, we rigorously derive the curvature operator
R(E)(X,Y ) acting on sv as given in (6.5). As expected,
the Cartan torsion two-form T and the Riemann cur-
vature two-form R naturally appear as the gauge field
strengths for the “affine” part and the “vector” part, re-
spectively. The geometric meanings of T and R in terms
of holonomy become clear.

Our approach rigorously derives the appealing parallel
between R and T from first principles without any ad hoc
prescriptions, and provides a clear geometric and physical
picture of them. Believing that the affine-vector bundle
is more fundamental than a conventional vector bundle
on the grounds that any local Lorentz frame shall man-
ifest the full symmetry of the Poincaré group including
its translational part, we arrive at a conjecture about a
kinematical effect of the Cartan torsion that in principle
can be measured à la the Aharonov-Bohm effect.

It should be remarked that, as noted in the last sen-
tence of Sec. III, our analysis is carried out in the broader
context of the affine group A(n,R), but it has not ad-
dressed the issue of how the gauge group A(n,R) is re-
duced to the Poincaré group. In other words, we view
the coframe field θ̄ defined in (3.19) simply as a univer-
sal vector-valued one-form, but so far have not takeen
into account the important fact that θ gives rise to the
spacetime metric tensor via

gµν = ηije
i
µe
j
ν . (8.1)

It is curious why the coframe field has two very different
geometric meanings: as the gauge potential associated
with translation and as the “square root” of the metric
tensor. Some theories that include the nonmetricity field
as an additional dynamical variable [1–3] might eventu-
ally provide a dynamical explanation for the dual role
of θ. Although this paper does not consider this ques-
tion at all, the clear geometric and physical picture we
have obtained in the framework of an associated affine-
vector bundle might offer valuable new insight about the
intriguing relation between the local translational sym-
metry and the spacetime metric.

Finally, we comment that the attention of this paper is
focused on the kinematical aspect of MAG, and we leave
the dynamical aspect of formulating the Lagrangian of
MAG for future research. Akin to what we have ob-
served for the covariant Dirac equation and the covari-
ant Dirac Lagrangian in Sec. III, various Lagrangian ac-
tions of gravity, particularly the Einstein-Cartan action,
formulated in the context of MAG are invariant under
local Lorentz transformations as well as under diffeomor-
phisms but not under local translations (see Sec. 3.2.3
of [1]). In this sense, they are not really cast as “true”
gauge theories of the affine group. According to Traut-
man’s idea that the affine-vector-valued field ξ̄ can be
viewed as a “generalized Higgs field” [33], perhaps it is
possible to formulate an explicit spontaneous symmetry
breaking mechanism responsible for “hiding” the local
translational symmetry in the Lagrangian action. The
associated affine-vector bundle is likely to be an adequate
mathematical framework for implementing a theory of
such a mechanism.
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