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Classification of gauge theories of gravity

MAG

WG

PG

CG AdSG SuGra

TG EC

GR GR7

R= 0

0=T

Part C

Part  B

Q = 0

tr

/

/ 0Q =

PG = Poincaré gauge theory (of gravity), EC = Einstein–Cartan(–Sciama–Kibble) theory

(of gravity), GR = general relativity (Einstein’s theory of gravity), TG = translation

gauge theory (of gravity) aka teleparallel theory (of gravity), GR|| = a specific TG known

as teleparallel equivalent of GR (spoken “GR teleparallel”), WG = Weyl(–Cartan) gauge

theory (of gravity), MAG = metric-affine gauge theory (of gravity), CG = conformal

gauge theory (of gravity), AdSG = (anti-)de Sitter gauge theory (of gravity), SuGra =

supergravity (super-Poincaré gauge theory of gravity).

The symbols in the figure have the following meaning: rectangle � → class of theories;

circle ◦ → definite viable theories; nonmetricity Q = Q�+ 1

4
(trQ)1, torsion T , curvature R.



October 16, 2012 0:17 WSPC - Reprint Volume - Trim Size: 10.25in x 7.5in chapter0v3

Contents iii

Contents

Foreword by T. W. B. Kibble ix

Preface xi

Acknowledgments xiii

List of Useful Books xv

Part A The Rise of Gauge Theory of Gravity up to 1961 1

1. From Special to General Relativity Theory 3

Commentary

1.1 A. Einstein, The foundation of the general theory of relativity, Annalen der Physik

49, 769–822 (1916); extract

2. Analyzing General Relativity Theory 17

Commentary

2.1 E. Cartan, On a generalization of the notion of Riemann curvature and spaces with

torsion (in French), Comptes Rendus Acad. Sci. (Paris) 174, 593–595 (1922)

2.2 E. Cartan, Space with a Euclidean connection, in: E. Cartan, Riemannian Ge-

ometry in an Orthogonal Frame, Lectures given at the Sorbonne 1926–27 (World

Scientific, River Edge, NJ, 2001); extract

2.3 H. Weyl, Electron and gravitation. I, Zeitschrift für Physik 56, 330–352 (1929)

2.4 E. Stueckelberg, A possible new type of spin-spin interaction, Phys. Rev. 73,

808–808 (1948)

2.5 H. Weyl, A remark on the coupling of gravitation and electron, Phys. Rev. 77,

699–701 (1950)

3. A Fresh Start by Yang–Mills and Utiyama 71

Commentary

3.1 C. N. Yang and R. Mills, Conservation of isotopic spin and isotopic gauge invari-

ance, Phys. Rev. 96, 191–195 (1954)

3.2 R. Utiyama, Invariant theoretical interpretation of interactions, Phys. Rev. 101,

1597–1607 (1956)



October 16, 2012 0:17 WSPC - Reprint Volume - Trim Size: 10.25in x 7.5in chapter0v3

iv

3.3 J. J. Sakurai, Theory of strong interactions, Ann. Phys. (N.Y.) 11, 1–48 (1960);

extract

3.4 S. L. Glashow and M. Gell-Mann, Gauge theories of vector particles, Ann. Phys.

(N.Y.) 15, 437–460 (1961); extract

3.5 R. Feynman, F. B. Morinigo, and W. G. Wagner, Feynman Lectures on Gravita-

tion, Lectures given 1962/63, B. Hatfield (ed.) (Addison–Wesley, Reading, MA,

1995); extract
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9.5 Y. Ne’eman and Dj. Šijački, SL (4, R) world spinors and gravity, Phys. Lett. B

157, 275–279 (1985)

10. Conformal Gauge Theory of Gravity∗ 361

Commentary

10.1 D. J. Gross and J. Wess, Scale invariance, conformal invariance, and the high-

energy behavior of scattering amplitudes, Phys. Rev. D 2, 753–764 (1970);

extract

10.2 E. A. Lord and P. Goswami, Gauging the conformal group, Pramana – J. Phys.

25, 635–640 (1985)



October 16, 2012 0:17 WSPC - Reprint Volume - Trim Size: 10.25in x 7.5in chapter0v3

vi

11. (Anti-)de Sitter Gauge Theory of Gravity∗ 377

Commentary

11.1 S. W. MacDowell and F. Mansouri, Unified geometric theory of gravity and su-

pergravity, Phys. Rev. Lett. 38, 739–742 (1977)

11.2 K. S. Stelle and P. C. West, Spontaneously broken de Sitter symmetry and the

gravitational holonomy group, Phys. Rev. D 21, 1466–1488 (1980); extract

11.3 E. A. Lord, Gauge theory of a group of diffeomorphisms. II. The conformal and

de Sitter group, J. Math. Phys. 27, 3051–3054 (1986)

12. From the Square Root of Translations to the Super Poincaré Group 401
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13.1 M. Blagojević and M. Vasilić, Asymptotic symmetry and conserved quantities
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Foreword

Symmetry has always played a big role in physics. Advancing understanding has time and

again revealed previously unknown symmetries. Isaac Newton abandoned the idea of a

preferred origin of space, revealing the underlying translational symmetry; Albert Einstein

uncovered an unexpected symmetry between time and space.

A key innovation of the twentieth century was Hermann Weyl’s invention of gauge the-

ory, in which a global physical symmetry is replaced by a local one; the arbitrary phase in

the quantum wave-function becomes a function of space and time, a change that requires

the existence of the electromagnetic field. This proved to be an astonishingly fruitful idea.

Today, all the components of the “standard model” of particle physics that so accurately

describes our observations are gauge theories. Weyl’s “gauge principle”, that global sym-

metries should be promoted to local ones, applied to the standard-model symmetry group

SU(3)×SU(2)×U(1), is enough to yield the strong, weak and electromagnetic interactions.

Only gravity is missing from this model. But it too shows many of the same features. Go-

ing from special to general relativity involves replacing the rigid symmetries of the Poincaré

group—translations and Lorentz transformations—by freer, spacetime dependent symme-

tries. So it was natural to ask whether gravity too could not be described as a gauge

theory. Is it possible that starting from a theory with rigid symmetries and applying the

gauge principle, we can recover the gravitational field? The answer turned out to be yes,

though in a subtly different way and with an intriguing twist. Starting from special relativ-

ity and applying the gauge principle to its Poincaré-group symmetries leads most directly

not precisely to Einstein’s general relativity, but to a variant, originally proposed by Élie

Cartan, which instead of a pure Riemannian spacetime uses a spacetime with torsion. In

general relativity, curvature is sourced by energy and momentum. In the Poincaré gauge

theory, in its basic version, there is also torsion, sourced by spin.

As someone who was involved in the early stages of this development, I am astonished

and intrigued by how the theory has developed over the last half century. Reading this book

makes it clear how wide its ramifications have spread. Over the years, Poincaré gauge theory

has been put on a much firmer mathematical base. In its simplest form, it gives predictions

that are in almost all observational situations identical with those of general relativity, but

in situations of extremely high density there are significant differences. These differences
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may be of profound importance for the physics of the very early universe and of black holes,

and could one day be subject to observational test.

Moreover, Poincaré gauge theory is not necessarily the end of the story. There are

several possible extensions, in which the basic symmetry group is even larger; the Poincaré

group may be augmented by the inclusion of dilatations or even enlarged to the full group

of affine transformations. The resulting theories, the Weyl–Cartan theory and the metric-

affine gravity theory, have some very attractive features. Only time will tell whether any

of these intriguing theories is correct and which of the hypothesized hidden symmetries is

actually realized in nature. For anyone interested is pursuing these ideas, this book certainly

provides a fascinating and very valuable resource.

London, March 2012 Professor Tom Kibble, FRS

Imperial College London
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Preface

We have been both fascinated by gauge theories of gravity since the 1960s and the 1970s

and have followed the subject closely through our own work. In this reprint volume with

commentaries we would like to pass over our experience to the next generation of physicists.

We have tried to collect the established results and thus hope to prevent double work and

to focus new investigations on the real loopholes of the theory.

The aim of this reprint volume with commentaries is to introduce graduate students of

theoretical physics, mathematical physics or applied mathematics, or any other interested

researcher, to the field of classical gauge theories of gravity. We assume that our readers

are familiar with the basic aspects of classical mechanics, classical electrodynamics, special

relativity (SR), and possibly elements of general relativity (GR). Some knowledge of particle

physics, group theory, and differential geometry would be helpful.

Why gauge theory of gravity? Because all the other fundamental interactions (elec-

troweak and strong) are described successfully by gauge theories (of internal symmetries),

whereas the established gravitational theory, Einstein’s GR, seems to be outside this general

framework, even though, historically, the roots of gauge theory grew out of a careful analysis

of GR. A full clarification of the gauge dynamics of gravity might be the last missing link to

the hidden structure of a consistent unification of all the fundamental interactions at both

the classical and the quantum level.

Our book is intended not just to be a simple reprint volume, but more a guide to the

literature on gauge theories of gravity. The reader is expected first to study our introductory

commentaries and become familiar with the basic ideas, then to read specific reprints, and

after that to return again to our text, explore the additional literature, etc. The interaction

is expected to be more complex than just starting with commentaries and ending with

reprints. A student, guided by our commentaries, can get self-study insight into gauge

theories of gravity within a relatively short period of time.

The underlying structure of gravitational gauge theory is the group of motions of the

spacetime in SR, namely the Poincaré group P (1, 3). If one applies the gauge-theoretical

ideas to P (1, 3), one arrives at the Poincaré gauge theory of gravity (PG). Therein, the

conserved energy-momentum current of matter and the spin part of the conserved angu-

lar momentum current of matter both act as sources of gravity. The simplest PG is the
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Einstein–Cartan theory, a viable theory of gravity that, like GR, describes all classical

experiments successfully. On the other hand, if one restricts attention to the translation

subgroup of P (1, 3), one ends up with the class of translation gauge theories of gravity, one

of which, for spinless matter, can be shown to be equivalent to GR. The developments that

led to PG are presented in Part A of our book; in Part B, definite and enduring results

of PG are displayed. The content of Parts A and B should be considered as a mandatory

piece of the general education for all gravitational physicists, while the remaining two parts

cover subjects of a more specialized nature.

Since SR is such a well-established theory, from a theoretical as well as from an experi-

mental point of view, the gauging of P (1, 3) rests on a very solid basis. Nevertheless, there

arise arguments as to why an extension of PG seems desirable; they are presented in Part

C. As a finger exercise, we gauge the group of Poincaré plus scale transformations. Then,

we extend P (1, 3) to the general real linear group GL(4, R), thus arriving at metric-affine

gauge theory of gravity (MAG). This general framework leads to a full understanding of

the role of a non-vanishing gradient of the metric (nonmetricity). Several other extensions

treated in Part C appear to be rather straightforward tasks.

The gauge theory of gravity, since 1961, when it first had been definitely established,

has had a broad development. Therefore, in Part D we display the results on several

specific aspects of the theory, like the Hamiltonian structure, equations of motion for matter,

cosmological models, exact solutions, three-dimensional gravity with torsion, etc. These

subjects could be starting points for research projects for our prospective readers.

Clearly, making a good choice of reprints is a very demanding task, particularly if we

want to take care of the historical justice and authenticity. But we also wanted to take

care of another aspect—that our collection of reprints should be a useful guide to research-

oriented readers without too many historical detours. These two aspects are not always

compatible, and we tried to ensure a reasonable balance between them. To what extent

these attempts were successful is to be judged by our readers.

• Chapters of the book that can be skipped at a first reading are marked by the star

symbol ∗.

March 2012
Milutin Blagojević (Belgrade)

Friedrich W. Hehl (Cologne and Columbia, Missouri)

mb@ipb.ac.rs, hehl@thp.uni-koeln.de
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