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We derive a generalized deviation equation—analogous to the well-known geodesic deviation equation—
for test bodies in general relativity. Our result encompasses and generalizes previous extensions of the standard
geodesic deviation equation. We show how the standard as well as a generalized deviation equation can be
used to measure the curvature of spacetime by means of a set of test bodies. In particular, we provide exact
solutions for the curvature by using the standard deviation equation as well as its next order generalization.
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I. INTRODUCTION

In general relativity, the comparison of test bodies
moving along adjacent world lines is of direct operational
significance. The observation of a suitably prepared set of
test bodies allows for the determination of the components
of the curvature tensor. In this work we derive a deviation
equation for test bodies moving along general curves in
arbitrary background spacetimes.

Our findings in this work generalize the well-known
geodesic deviation equation and some of its early mod-
ifications. In contrast to many previous treatments, we are
making use of a covariant expansion technique based on
Synge’s “world function” [1,2]. This expansion technique
has also been applied extensively in the context of the
equations of motion of extended test bodies [3—9] and in the
gravitational self-force problem [10,11].

We explicitly show, how the deviation equation can be
used to measure the curvature of spacetime and thereby the
gravitational field. For this we extend Szekeres’s “gravi-
tational compass” [12] and provide an exact solution for the
curvature components in terms of the mutual accelerations
between the constituents of a swarm of test bodies.

The structure of the paper is as follows: In Sec. II
we derive an exact generalized deviation along general
world lines. Furthermore, we provide a systematic expan-
sion of this equation in powers of the deviation vector.
Subsequently, we study several special cases of our general
deviation equation in Sec. III. In particular, we make contact
with several other suggestions for deviation equations in the
literature. We then use the derived deviation equation in
Sec. IV to determine the curvature of spacetime by means of
a generalized gravitational compass. We conclude our paper
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in Sec. V with a discussion of the results obtained and with
an outlook of their possible applications. Our notations and
conventions are summarized in Appendix A and Table II.
An exposition on normal coordinates given in Appendix B
contains some new results not found in the earlier literature.

II. GENERALIZED DEVIATION EQUATION

Alternative derivations and generalizations [ 13—41] as well
as applications [12,42-66] of the standard and generalized
deviation equations have been extensively studied in the
physical and mathematical literature. The interest in deviation
equations is of course directly linked to their operational
meaning, allowing for a measurement of the gravitational
field, i.e. the curvature of spacetime, in general relativity.

Here we focus on a covariant derivation of a deviation
equation for general curves, which are not necessarily
geodesic. We base our derivation on Synge’s world function
o(x,y) [1], which introduces a covariant generalization of the
finite distance between the spacetime points x and y. Basic
definitions and our notation are summarized in appendix A.

A. Comparison of two general curves

Let us start by comparing two general curves Y (¢) and X ()
in an arbitrary spacetime manifold. At this stage even the
parameters 7 and 7 can be general, i.e. are not necessarily the
proper time on the given curves. Now we connect two points
y € Y and x € X on the two curves by the geodesic joining
the two points (we assume that this geodesic is unique).

Along the geodesic we have the world function &, and
conceptually the closest object to the connecting vector
between the two points is the covariant derivative of the
world function, denoted at the point y by ¢”. Note though
that ¢” is just tangent at that point (its length being the
geodesic length between y and x), only in flat spacetime it
coincides with the connecting vector. Keeping in mind such

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.93.044073
http://dx.doi.org/10.1103/PhysRevD.93.044073
http://dx.doi.org/10.1103/PhysRevD.93.044073
http://dx.doi.org/10.1103/PhysRevD.93.044073
http://puetzfeld.org

DIRK PUETZFELD and YURI N. OBUKHOV

an interpretation, let us now work out a propagation
equation for this “generalized” connecting vector along
the reference curve, c.f. Fig. 1. Following our conventions,
the reference curve will be Y(r), and we define the
generalized connecting vector as

7= (1)

Taking its covariant total derivative, we have

D
= = oM (Y(1), X(7)
LY oxndi
= —o)1, -0 ———
2Ot 20t dt
dt
= _gylyzuyz — gylxzﬁxz E’ (2)

where in the last line we defined the velocities along the
two curves Y and X. As ousual, o', , =
V,,...V,,...(¢”) denote the higher order covariant deriv-
atives of the world function. We continue by taking the

second derivative of (2), which yields

DZ V1 Vi Y2193 V1 Y2 11%3 !
W” = =0y s =207, ui dt
o (dD\?
— GYlyzayz — Gy1x2x3 w2yt (E
dr\? d*t
—o_a©| — — o — , 3
2 (dt 2 dr? 3)

where we introduced the accelerations a” := Du”/dt and
a* := Du*/df. Equation (3) is already the generalized
deviation equation, but the goal is to have all the quantities
therein defined along the reference world line Y.

We now derive some auxiliary formulas, by introducing
the inverse of the second derivative of the world function
via the following equations:

_51 Y1x0xy2 — 5)’1y2’ (4)

G, =5 (5)

Multiplication of (2) by ER y, then yields

dt . -1 Do
B —=—-0c B oM u?+ 0
dt Y1 Y2 Y1 dt
Do
= sz)’z U — Hx3)’| dt ’ (6)

where in the last line we defined two auxiliary quantities
K*, and H*,—the notation follows the terminology of
Dixon. Equation (6) allows us to formally express the
velocity along the curve X in terms of the quantities which
are defined at Y and then “propagated” by K*, and H*,.
Using (6) in (3) we arrive at

PHYSICAL REVIEW D 93, 044073 (2016)
D2

dr?

;/]yl e _Gylyzy3 u)’z uyS — GylyzayZ

Dgyél
— V1 Y2 X3 Y4 — HX3
20 yoxs U <K yil H Ya dt

Do+
— o)t X2 Yo — H*2
0, K Nz H V4

dt
Do”s
X X
X <K s — HS o >

Vi D KX V3 H* Do 7

-0 XzE y 7 T H Ty dr )’ ( )

We may derive an alternative version of this equation—
using (6) multiplied by dt/dt—which yields

Do dt
20 dt Node df’

(8)
Inserted into (3),
D2

e

y -y Y2 1Y -y y g~ dt ’
;71:_0' ly2y3u 2u,3_61y2a2_61x2a2 E

Y.
— 2001 u2 | K% u4+ — HS Do
Ya2X3 Y4 Y4 dt

Do
— o)1 X2 Y4 — H*2
o X2 X3 <K )‘4” H Y4 dt
Do”s
X | K%y u’s — HS
5

s dt
Cadif Do
_Gylxzﬁﬁ <K 2y3MY3 —-H 2 o ) (9)

Note that we may determine the factor d7/dt by requiring
that the velocity along the curve X is normalized, i.e.
u*u, = 1, in which case (6) yields

Y (#)

X(®)

FIG. 1. Sketch of the two arbitrarily parametrized world lines
Y(t) and X(7), and the geodesic connecting two points on these
world line. The (generalized) deviation vector along the reference
world line Y is denoted by #”.
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dt B Do

7= i K = B (10)

B. Expansion of quantities on Y

The generalized (exact) deviation equations (7) and (9)
contain quantities which are not defined along the reference
curve, in particular the covariant derivatives of the world
function. We now make use of the covariant expansions of
these quantities, which we already worked out in our
previous paper [7], i.e.

o0
1
Yo o— o —5o E — oo V2 oo Ykl
07 _g))”( 0 v kVa ¥¥2. i1 @ o,
k=2 """
(11)

y
7%, 5y0,\’1
|
— g Y V2 oY
kyﬁ 0Y1)’2-~~)’k+10- ’ ook, (12)
k=2 "
Yo - ¢ 1 ZRY V3
g X13X2 =g xlg X D) Vy'ys
=1
+ E Eyyoy'y"m...ykuah . .5}’1{+2>, (13)
k=2 "
gy() . g l , o
X1:Y2 2 yy2y
1

+Zk'}, Vyays.. \’k+26y3"'o-yk+2>' (14)

The coefficients a, f, y in these expansions are polynomials
constructed from the Riemann curvature tensor and its
covariant derivatives. The first coefficients read (as one can
also check using computer algebra [10])

} 1
aM)’]Yzyz == §RYO (2y3)y1° (15)
Yo = % RYo 16
p yiyay: T g (2y3)y1° ( )
! 1
a}oyl}’zhﬂ = 5 v(yzRyOY3)’4)YI ’ (17)
! 1
ﬁyo)’l)’z)bﬂ = _Ev(}’zRyo,V3)’4))’1’ (18)
Yo __7 RYo RY
A yiyaysyays = T 15 GanalIT yaysin
3
- g V(Ys V.V4Ry0)’2y'3)Y1 ’ (19)
Yo _8 RYo RY
p ViYay3vays E 23y 1Y yays)vi
2
* 5 Vi Vi R0, (20)
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, 1
y}OyI}'zyzy4 = § V(Y3Ry0 [y1 ‘)‘4)YZ ’ (21)
Yo _1 RYo RY
Vo yivayavays = 4 Yy (37 yays)ya
+ v v R,Vo [yiy2ly3)- (22)

These results allow us to derive the third derivatives of the
world function appearing in (7) and (9), i.e. we have up to
the second order in the deviation vector:

o0 = _%RYO o3 — 1 v Rv
yiy2 3 (y2y3)1 2 2 Y2 (3v4)y1

_— V3 5V
v R y2y4)1>0 o

_lj’)’()

6 Y1Y2Y3Y4Ys 0% o 0(04) ’ (23)

2

!

o — o [ZR¥ ¥s
0, =9 x, <3R 'y @

1
- Z v(y/R

Yo V3 V4
V3ya)yi 07°0

1
+6ﬂy°.v1y’y3y4ysay MG}S) +O(c*), (24)

L .
3 R}O(y”ys)y’) o’

1 /0 V.
+ <5V<y3R’ ey g VR >0”0“

1
/ Y |
Gyoxlxz = —gy X g) X |:<§ R}O}'/y”y3

1
TR . ] FOH).  (29)

Here we introduced a compact notation for the combina-
tions of the second covariant derivatives of the curvature
and the quadratic polynomial of the curvature tensor (in
symbolic form, “VVR + R - R”):

Ao

— Yo Yo
_ﬂ Y1Y3Y4Y55)2 +ﬁ Y1Y2Y3YaYs

Y1Y2Y3Ya)s
— 3% )
3ﬂ )'ly'(y3ﬂ [v2]y4y5)° (26)
Yo — Yo
H Y1Y2Y3Y4Ys /} Y1Y2Y3Y4Y5
— 3/ y'
307 (5@ [yilvays)s (27)
Yo — Yo all}
v Y1Y2Y3Y4)s 4 Y1Y2Y3Y4Ys ta Y1Y2Y3Y4)s
— 3o 1y (3 o \,Vz\\’zxys)
1R 28
T2 im0 |y ly,ys) - (28)

Substituting the coefficients of the expansions (11)—(13),
we obtain the explicit (complicated) expressions which we
do not display here.
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For the symmetrized versions, we obtain
Yo 1 Yo V3 1 \V4 Yo
G (y1y2) :§R 2y T g 01 R syl

1 o
+ 3 vysRyO (ylyz)y4> ohio™

— l Ao

6 (V1Y2)y34¥s o¥iov 0" + 0(64) ’ (29)

"/ S 2
P rx) = ¢ @ ) [—gRy% )50
1 v Ryo
+ 4( ( " //)
1

3 Vi Ry 5,073 6%
1
_61/ O'y")y3 y4>'50y30y4"y5] +0(c*).  (30)

Furthermore, we need the expansions of K, and H*,. We

already have everything at hand except Ey
obtain from (5):

*y which we can

1

o XIY2 = _HXI)’z
= —gh ,< Z Y a0 ...gym>
k=
/ 1 ,, ,
= —gxly/ <5—y s 6 ) 2(5}’30'}4
1 , ,
+EV(Y3R}) }'4)’5),V26y3a)40-y5> + 0(64)’ (31)

Dpr dt d’t

D? .. [df\? dtd*t
_7]}’1 = _t —al +_~_u}1 +

dr dt dtdf?

Yayys d 1 va s lv RV lv R 1Ry1 1., di
i 5 Yt vavsys T3 VY s +§ Vaysy | @2 +2a dr —u

V4 RY
= 4R "y
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0 1 ) . ,
leyz = g"ly, <5y + Zﬁk\ )’2}'3~~-}‘k+20-)2 .o .O-)k+2>
k=2 """
Y 1 Y V3 5V
=gy |0y, _§R (v374)y,0 20"

1 /
+ 8 v()bRy V4Y5)¥2 o' 0-y40-y5> + 0(64)‘ (32)

From this one can derive the recurring term in (9) up to the
needed order, i.e.

X X Do
(K 1}’2uy2 -H 1)’2 dt )

_ 1 y DG lRyr vy . ]Dgyz
—o T T2 Gan oo (U Ty

1
VR V20'y36y463'5] +0(*). (33)

With these expansions at hand, we are finally able to
develop the deviation equation (9) up to the third order.

Denote a”' = ¢”1,,a* in accordance with the definition
of the parallel propagator and introduce

V1 — N — V1
¢ Y2Y3Y4Y5Y6 A Y2Y3Y4Ys5Ye 2” Y2Y3Y4Y5Y6

+ e Y2Y3Y4Y5Y6 (34)

The deviation equation up to the third order reads

_ _Dp»
a <uy2uy3 + 2My3 dt >

dt d*t
di di*

L s ns Vs 1V Y2 L G¥2 di v dt d*t
6’1 n Py yyaysy U = 5 0 R vy, | @ +a a7 —uw Tdr

"

1 ., Dy
2 dt

We would like to stress that the generalized deviation
equation derived in (35) is completely general. In particu-
lar, it allows for a comparison of two general, i.e. not
necessarily geodetic, world lines in spacetime.

In special cases, c.f. also Sec. III, our result is in
qualitative agreement with previous results in the literature;
see in particular [14,18,21,25,41,63]

n)72}7y3 <—V(),//Ry1y y% + v RH / // __v IR ‘\2)1‘\ )) 2

2 Di’2 D

3 dt dt

II1. SPECIAL CASES

Up to this point our considerations were completely general,
resulting in the exact form (9) as well as in the second order
version (35)—expanded with respect to the world function—
of the generalized deviation equation. In the following, we will
study some special cases of the deviation equation.
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A. Affine parametrization

So-far our framework allows for a completely general
parametrization of the curves Y and X. While such a
general framework is of course desirable from a math-
ematical point of view, such freedom of the parametrization
may also lead to unnecessarily complicated equations. By
switching to an affine parametrization of the curves, i.e. we
assume that the time parameter 7 on X is a linear function of
the one on Y, we can simplify the deviation equation,
without restricting its physical meaning. If we demand that
t=ct+c,, where ¢, and ¢, are just some arbitrary
constants, we can get rid of the “parametrization-induced”
acceleration terms. In particular, the exact deviation
equation (9) now takes the form

DZ

a2

VI — —gVt V2 Y3 — o)1 Y2 — V1 g2
n O ymu u O yza O Xza

2071 Yo [ KX V4 H* Do’
T L0y, U Ty W T Ty, dt

D0y4
— o)1 X2 Y4 — H*2
o X2X3 <K Mu H V4 dt

‘ . DGyS
X <KX3ySu)’5 —H o 7 ) (36)

Note that here we introduced the new symbol a* for the
acceleration on X, to distinguish it from the acceleration a*
for an arbitrary parametrization in the original equation (9).
Furthermore, for an affine parametrization, the approxi-
mated version (35) of the generalized deviation takes the
following simplified form:
Dn)’Z
dt

1 1
+ ny4 ’7“V5 { uu’s (5 v}’zRyl Yaysys g v)’4 RM }’2,"3)’5)

2
_,1Y1 =a’t — g’ — nY4RY1y2y3y4 (uhu)’s + 2u’3

dr

1 1
+§Ry]y4ysyz [ayz "—Edn} } +0(c”). (37)

1. Geodesic curves

If the two curves Y and X are geodesics, then (37) takes
the even simpler form:

’ Vi —= —pY4 RV Y2 V3 QY3 D”yz
W” =TIR y yy, | WU A2 dt
, a! , 1 :
+ r]y4]1)5 { uyl u}} <2vy2 R,‘ 1 VaYsys _§Vy4R.V] y2y3y5> }
+0(c%). (38)

Furthermore, from (38) we can recover the well-known
equation of geodesic deviation by linearizing in #:
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ﬁﬂyl - _RY

1 V214 Y3pYa
)’2}’3)’41'{ u=n. (39)

2. Flat spacetime

In a flat spacetime, and for affine parametrization,
Eq. (37) yields

D2
ﬁny =a —a. (40)

Hence, if the two curves are geodesics, we obtain the
expected result:

2

D
=0, (41)

B. Synchronous parametrization

The factors with the derivatives of the parameters ¢ and 7
appear due to the nonsynchronous parametrization of the
two curves. It is possible to make things simpler by
introducing the synchronization of parametrization.
Namely, we start by rewriting the velocity as

dy” didy”
V== 42

dt dt dt (42)
That is, we now parametrize the position on the first curve
by the same variable 7 that is used on the second curve.
Accordingly, we denote

dy?
By differentiation, we then derive
. Dw D (di
ad=——=—|(—-u
dt  dt\dt~
d’t - (dr\?
=l (dt> @, (44)
where
,_D | D?Y”
@ = =—m. (45)

Analogously, we derive, for the derivative of the deviation
vector,

D2y 27 DY N 2 D2y
W d°tDn (dt) n (46)

a —d* di ' \dt) dP

Substituting (44) and (46) into (35), we obtain
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DZ
_,/[}’1 — a)l _a}’l

dr?
Dn’2
- 7])’4RY1y2y3y4 (u zu‘3 + 2uV3 ;17[ )

1
- 5 V,VARy] Y2Y3)s >

1
F3 R (@45 ) f 0@, @)

Yayys { 2 yYs 1V RN
T WP 5V R sy,

Now everything is synchronous in the sense that both
curves are parametrized by 7.

Actually, the synchronization can be done already for the
exact deviation equation (9) which is then recast into a
simpler form:

D2
Vi — —gV1
—= Nt = Gy

Y2 — g1
dl g, o X2

a2 — o)1 Y2 V3
a o )’2}’3” u

Do
% X ), X
xbbfz K 3}’4E}4 - H 3Y4 d;
D6y4
X, V. X
— xzx K 2 u.4 —H zy4 d;

DoVs
<Kx3 w3 — B, L) (48)

— V1
2071,

dt

1. Geodesic curves

If the two curves Y and X are geodesics, then (35) takes
the form

2

D Vi — Y4 RY1 Y2 14V3 2 )’anM
a2 - yayayy | 71 F 2 dt

. 1 i 1
+ ”y4’7)5,11‘,}2y,y3 (E v,\'zRM_VAYS)’z - g v)’4RyIY2}’3YS) :
(49)

This equation allows for a direct comparison to several
previous results in the literature. In particular it is in
qualitative agreement, note the difference in some prefac-
tors, with [[14] (2.51)], [[18] (4.2)], [[21] (D1,D2)],
[[25] (39)].

2. Flat spacetime
In a flat spacetime, in Cartesian coordinates, the
deviation equation (35) takes the form
D2

dtznvl =a". (50)

This can be recast into
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2
ﬁ(ny1 -y 4 X)) =0. (51)
Taking into account the definitions and the initial con-
ditions, we conclude that

=Y — X", (52)

which is what we expect—we are thus recovering the
definition (1).

C. Orthogonal parametrization

Its is worthwhile to stress that no assumption about the
orthogonality of the deviation vector #” with respect to the
velocity u” along the reference world line has been made in
our derivation. Such an additional assumption could be
imposed, basically leading to a form of the deviation
equation as given in [18]. Technically, this is achieved
by performing an orthogonal decomposition of the gener-
alized deviation equation. This is straightforward and we
do not present here the explicit result.

D. Flat spacetime, geodesic curves

In flat spacetime, and for the curves Y and X being
geodesics, we obtain

D? ), dt d*t
dtzn di d®

Dy dt d’t

V1 -
“ dt dtdf*

(53)

In order to arrive at the intuitive result of a non-
accelerated deviation vector, we have to make sure there
is no “parametrization-induced” acceleration, once again
by choosing the parametrization in such a way that d>7/d1>
vanishes. In the synchronized form, we have

2

dt2 7]‘1 = (54)

IV. GRAVITATIONAL COMPASS

The determination of the curvature of spacetime in the
context of deviation equations has been discussed in
previous works; see for example [1,12,53]. In [12],
Szekeres coined the notion of a “gravitational compass.”
From now on we will adopt this notion for a set of suitably
prepared test bodies which allow for the measurement of
the curvature and, thereby, the gravitational field.

The operational procedure is to monitor the accelerations
of a set of test bodies with respect to an observer moving on
the reference world line Y. A mechanical analogue would
be to measure the forces between the test bodies and the
reference body via a spring connecting them.

In the following we search for configurations of
test bodies which allow for a complete determination of
all curvature components in a Riemannian background
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spacetime. We perform our analysis on the basis of the
standard geodesic deviation equation, as well as one of its
generalizations.

A. Rewriting the deviation equation

Our starting point is the standard geodesic deviation
equation, i.e.

DZ

— = R qulncul. (55)

ds

Since we want to express the curvature in terms of

measured quantities, i.e. the velocities and the accelera-

tions, we rewrite this equation in terms of the standard

(non-covariant) derivative with respect to the proper time.
In order to simplify the resulting equation we employ

normal coordinates, i.e. we have on the world line of the

reference test body

2
FabC|Y =0, aarbcd|Y = gRa(bc)d' (56)
In terms of the standard total derivative with respect to
the proper time s, the deviation equation (55) takes the form

d? 2

W’?a‘:y gRabcdub”/cud~ (57)
However, what actually seems to be measured by a
compass at the reference point Y is the lower components
of the relative acceleration. For the lower index position, in
terms of the ordinary derivative in normal coordinates, the
deviation equation (55) takes the form

> |, 4
W”azgRabcdubncud' (58)

B. Explicit compass setup

Let us consider a general 6-point compass. In addition to
the reference test body on the world line we will use the
following geometrical setup of the 5 remaining test bodies:

0 0 0
QI N G B O R
0 1 0
0 0 !
0 0
! 0
Wy _ O 59
n . n | (59)
0 |

In addition to the positions of the compass constituents, we
have to make a choice for the velocity of the reference test
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body/observer. In the following we will use (m) different
compasses, each of these compasses will have a different
velocity (associated) with the reference test body. In other
words, we consider (m) different compasses or reference
test bodies, all of which are located at the world line
reference point Y (at the same time), and all these (m)
observers measure the relative accelerations to all five test
bodies placed at the positions given in (59). The lhs of (58)
are the measured accelerations and in the following we
refer to them by (™" A . Furthermore, we also introduced
the compass index ") u® for the velocities. In other words,
for (m) compasses and (n) bodies in one compass, we have
the following set of equations:

(m’n>Aa|:y gRabcdwl)ub W'IC (m) ud‘ (60)
What remains to be chosen, apart from the (n =1...5)
positions of bodies in one compass, is the number (m) and
the actual directions in which each compass/observer shall
move. Of course in the end we want to minimize both
numbers, i.e. (m) and (n), which are needed to determine
all curvature components.

€10 €20 30
| O e || | 0|
0 0 C3
0 0 0
C40 Csp C60
g | Ol e | @]
0 Cs52 Ce2
C43 0 €63
(61)

The c¢(,,), here are just constants, chosen appropriately to
ensure the normalization of the 4-velocity of each compass.
In summary, we are going to consider (m)=1...6
compasses, each of them with 6-points, where the five
reference points are always the (n) = 1...5 from (59).

1. Explicit curvature components

The 20 independent components of the curvature tensor
can be explicitly determined in terms of the accelerations
(mn) A, and velocities ") u® by making use of the deviation
equation (60) with the help of the compass configuration
given in (59) and (61). The result reads as follows:

01: Ryppo == DA 72, (62)

02: Ryo9 =~ MDA, 72, (63)

Al MW
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03:

04:

05:

06:

07:

08

09

10:

11:

12:

13:

14:

15:

16:

17:

3
R3p10 = 1 (1’1)A301_02, (64)
3
Ropn0 = I (1,2)A261—02’ (65)
3
R3000 = I 12A5¢38, (66)
3
R3030 = 1(1’3)14301_021 (67)
3
Ry110 = Z(Z’I)Azcil 30 — Rao10¢31 €20, (68)
3
‘R3yp0 = 1(2’1)A305110501 — R3010¢31 €20, (69)
3
Ropin = 1 (3'1)A003_22 + Ry010€33 €30 (70)
3
R = 1(2’2>A20512 - Rzozoc%ocflz - 2R02120511020,
(71)
3
R3p0 = 1 B2 A3¢51 ¢33 = R3020¢35 €30 (72)
3
Rozi3 = 1(4’1)A0C232 + R3010€33 Ca0- (73)
3
Ri313 = 1(2'3>A3CE12 — R3030¢30¢51 — 2R0313¢51 €20,
(74)
3
Rozs = 2 (4'2)A00132 + R3020C33 C40- (75)
3
Rz = 2 4D A5 ¢33 — Ropoczicdy + 2R300C53 Cap.

(76)
3

1
96534 -1 -1 “1.-1,2
R313 = g( JAsc3) 5 _§R3030052051 €50

1
- - 1
— Ry313¢5, €50 — Rp33¢51 €50 — §R1313C52 Cs

1

- §R2323C5205_ll , (77)

3 1
2604 1 -1 11,2
Rz = g( JAicgicg —§R1010063 C62 Co0

1
-1 -1 -1
+ Ra110¢63 Co0 + R3110C4 Co0 — §R1212€63 Ce2

_5R1313C63Cg217 (78)
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There are still 3 components of the curvature tensor
missing. To determine them, we notice that the following
relation between the remaining equations is at our disposal:

3
_ 2022 1,1 -1
Roz1o — Rppz1 = Z( >1‘\3020 €51 — R3m0C20¢5;

— R3121¢21¢5¢ » (79)
Rox31 — Roioz = 1 (4'1)A20Zo] 0131 - R2010€40C’Z3l
— Ry313¢43¢y - (80)

Subtracting (79) from (80) and using the Ricci identity
we find:

1 1
18: R023| = Z (4'1)A2CZ(; CZ31 - Z <2’2)A3C2_01 CEII
1
+ 3 (R3020¢20¢31 + Ra12121¢5)

(81)

-1 -1
— Ryg10¢a0¢y3 — Razi3cascyy )

1
191 Ryzpp = = *VAycq0cqn +§(22)A3C501 2

1
~3 (2R3020€20¢51 + 2R3121€21¢5)

FN

+ Ryo10€40¢33 + Rozi3¢ascy )- (82)
Finally, by reinsertion of (79) in one of the remaining
compass equations, one obtains:

3 3
20: Ryppp = 1(4’”14360105116’50%_1 _1(5’2>A355_1IC§21

1 1 _1
+ R3121¢5, (€51 = €50€21Cop ) + R32o0C50C5,

+ R3020¢50¢57 (€50¢51 = €20¢31 ). (83)
By examination of the components given in (62)—(83), we
conclude that for a full determination of the curvature one
needs 13 test bodies, see Fig. 2 for a sketch of the solution.

2. Vacuum spacetime

In vacuum the number of independent components
of the curvature is reduced to the 10 components of the
Weyl tensor C,,,.4- Replacing R ., in the compass solution
(62)—(83), and taking into account the symmetries of Weyl
we may use a reduced compass setup to completely
determine the gravitational field, i.e.

3
01: Cig10 = Z(I’I)Alcﬂ)z’ (84)
. 304 =
02: Cyoro =1 Axcigs (85)
3
03: C3010 = Z(I'I)A:‘,Cl_oz, (86)

044073-8
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(1,1) (2,1) 3,1
(1,2) (2,2) (3,2)
(1,3) (2,3)

N it
(4,1) (5,2) (6,1)
(4,2) (5,3)

FIG. 2. Symbolical sketch of the explicit compass solution in
(62)—(83). In total 13 suitably prepared test bodies (hollow
circles) are needed to determine all curvature components. The
reference body is denoted by the black circle. Note that with the
standard deviation equation all -®y“, but only -3y are
needed in the solution.

3
04: Cono = Z<1'2)A201_02, (87)
3
05: C3p00 = Z<1~2)A3c1‘02, (88)
3
06: Co1i9 = Z(Z’I)Azcill ¢30 = C2010¢3] €20, (89)
3
07:C3110 = Z(Z’I)Asci] ¢ = C3010¢31 €20, (90)
3
08: Coor2 = 1(3'1)140‘7522 + C010€33 €305 (91)
1 1
09: Cp31 = 1(4’1)A2C101€Z31 - 1(2'2>A30530511
1
+ §C3020(0200511 + c21¢3)
1
- §C2010(C4OCZ31 + 43¢ )s (92)
1 1
10: Cosp = 3 “VAseigeid +5 CPAse5eal
2
- gcsozo(czocil +ca1¢3)
1
+ gCZOIO(c4OCZ31 + ca3¢3)- (93)

All the other components of the Weyl tensor are obtained
from the above by making use of the double-self-duality
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(2,1)
(2,2)
N N
. .
3.1 (4.1

FIG. 3. Symbolical sketch of the explicit compass solution in
(84)—(93) for the vacuum case. In total 6 suitably prepared test
bodies (hollow circles) are needed to determine all components of
the Weyl tensor. The reference body is denoted by the black
circle. Note that in vacuum, with the standard deviation equation,
all 1942 but only 2y are needed in the solution.

property Couped = = 5 €apef€eagnC", Where €04 is the
totally antisymmetric Levi-Civita tensor with €p103 = 1,
and the Ricci identity. See Fig. 3 for a sketch of the
solution.

C. Generalized deviation equation

Let us come back to the generalized deviation equation
derived in the first part of the work. In particular the
generalized equation with synchronous parametrization for
geodesic curves, i.e. (49). Considering this equation at first
order, one interesting question is whether it allows for a
determination of the curvature with a smaller number of test
bodies than the standard deviation equation considered in
Sec. IVA.

Rewriting (49) at first order in normal coordinates yields:

> |, 4 : dn®
W']a:ngabcdub”L”d + 2Rabcdﬁ’7£ ul.  (94)

The apparent difference with respect to (58) is that now the
velocities of the individual test bodies come into play.

D. Generalized compass setup

The lhs of (94) are the measured accelerations, and in the
following we refer to them by (7)) A . In other words, for
(m) compasses, with ")y velocities, and (n) test bodies,
which can move individually with (p) velocities in one
compass, we have the following set of equations:

044073-9
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(mnp)g v 4 3Rab¢d( )y (1) e (m)

+ 2Rabcd(p>;lb (n)nc (m) ud (95)

Here we used the shortcut notation “n*” = dn®/ds for the
standard total derivative. What remams to be chosen, apart
from the (n = 1...5) positions of bodies in one compass,
the (m = 1...6) actual directions in which each compass/
observer shall move, are the (p = 0...6) individual veloc-
ities of the bodies. Of course, in the end, we want to
minimize all three numbers, i.e. (m), (n), and (p) which are
needed to determine all curvature components.

le d20 d%O
(Djpa = 0 , Opa= o . Oja= 0 ,
0 0 ds)
0 0 0
d40 dS() d60
Wpa = 8 . Opa = ZS‘ . ©pa= dO
52 62
dys 0 de3
(96)

The d,), here are just constants, chosen appropriately to
ensure the normalization of the 4-velocity of each test body.
Note that in order to recover the results from the previous
compass setup in the context of the standard deviation
equation, we just have to choose

0
0
O)ra — _ 97
n 0 (97)
0

1. Explicit curvature components

Similarly to Sec. IV B, the 20 independent components
of the curvature tensor can be explicitly determined in
terms of the accelerations ("?)A, and velocities " u via
the deviation equation (95) by using the compass configu-
ration given in (59), (61), and (96). The result reads as
follows:

3
01: Rypio :4_1( DA g, (98)
. 3(1 1.0)
02: Rygp0 = 4 Azcmv (99)
. 3(1 1.0) -2
03: R3010 :Z T A3CIO’ (100)

04

05:

06:

07:

08:

09:

10

11:

12:

13:

14:

15:

16:

044073-10
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1 2
51‘3211025(]’l> 2yl et — <§d§fc10+d20d51'>R2010,

(101)

1 2
1’3311025(1’1> Asd;i ey — <§d511010+d20d511>R301o,

(102)

1 2
R310= 5(1~1’3>A3d3‘2 o — (§d3_21C10 =+ d30d3_21>R3010,

(103)
3 (1.20)
Ropo = 4 AZCIO’ (104)
3 (1.2.0) -2
R3p = 4 YAz, (105)

1 2
Ry120= 5(1‘2’2>A2d51101_01 - <§d511010 + dzodil) R>020,

(106)

1 2
P R3in0 25(1’2'2>A3d511C1_01 <§d511010 +d20d511>R3020»

(107)
Viosya -1-1_ (2 - -1
R3220:§ YV Azdy, e — §d32010+d30d32 R3020,
(108)
303004 2
R3oso=Z YAz, (109)

1 2
Ry130= 5(]’3’2>A2d511 01_01 - (§d§1] Cio+ dzodil > Ro0305

(110)

1 2
1’3313025(1‘3> Asd;l e — <§d§11c10+d20d511>R3030,

(111)

1 2
R3p30 = 5(1‘3’3>A3d§21 lo — <§d3_21010 + d30d3_21>R3o3o,
(112)
3
Ry = 1(2'2’0)1420212 — Ro020¢30 3t — 2R2120¢20¢51

(113)



GENERALIZED DEVIATION EQUATION AND ...

TABLE I. Number of required bodies in a compass setup for a
full determination of the gravitational field, i.e. 20 components of
Rupeq in a general spacetime and 10 components of C,,.; in
vacuum.

Spacetime
General Vacuum
Standard deviation equation 13 6
Generalized deviation equation 13 5
. 3 (22,004 =2 2 =2
17: R3pp = R A3¢51 — R3020¢3063;
— (R3021 + R3120)¢20¢37 » (114)

1 2
18: R3221 = 5(2’2'3)143(152 Cgll - (g d;zl Coo + d30d§21)R3021

2
1 1.2 -1 -1
- (§d32 €31 €3+ d3; d3pCh) €20 | R3mo

2 2
- §R3120d§21 Cy — §R3121d3_21 €2
— R3x0¢31 €20, (115)
3
190 R313 = 1(2’3‘0)1430512 —R3030f?20C512 —2R3130C20‘3511v

(116)
. 1(233) —1 .—1 4 —1 —1
20 R3231 = 5 = A3d32 C21 - §d32 Coo + d32 d30 R3031

2
-1 —1.2 -1 -1
- (g d3; 3y ¢ + d3y d3ocyy €20 | Rao3o

2d-1 R R 51
3 32 C21183131 — £X3230C5 C20-

(117)
By examination of the components given in (98)—(117), we
infer that for a full determination of the curvature by means
of the generalized deviation equation one again needs 13
test bodies. See Fig. 4 for a sketch of the solution.

2. Vacuum spacetime

By replacing R, in the compass solution (98)—(117),
and taking into account the symmetries of Weyl, we may
use a reduced compass setup to completely determine the
gravitational field, this time by means of the generalized
deviation equation. Explicitly, one ends up with

3
01: Cio10 = Z(I’I'O)Alcl_gv (118)
. 3(110) )
02: Cy10 =2 YA, (119)
. 3(1 1,0) A =2
03: C3010 :Z T A3C10, (120)
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(1,1,0) (1,1,2) (1,1,3)
(1,2,0) (1,2,2) (1,2,3)
(1,3,0) (1,3,2) (1,3.3)
(2,2,0) (2,2,3)
(2,3,0) (2,3,3)

FIG. 4. Symbolical sketch of the explicit compass solution in
(98)—(117). Again, in total, 13 suitably prepared test bodies
(hollow circles) are needed to determine all curvature compo-
nents. The reference body is denoted by the black circle. Note that

with the generalized deviation equation only (24, (1--3)»4 and
(2"'3)5}“ are needed in the solution.
04: C _ 1 (I,I,Z)A d—l -1
- Cano =5 20731 Cyp
2
- <3d§11010 +d20d§11)C2010» (121)
1
05: Caino =5 1P Asdyeg
2
- (5 dylcio + dzodil) C3010- (122)
06: C _ 1(1,1,3)A d—] —1
- b0 =75 3d3, Cpg
2
- <§ d3_21010 + d30d§21) Cs010- (123)
. 3 (12.0) 4 -2
07 . C2020 ES Z ’ A2C10 . (124)
. 3 (12,0) 4 2
08: C3020 = Z ? A3C10 s (125)
09: C _ 1(1,2,2)A d—l -1
- Cao =5 28731 Cyp
2
- <§ di 1o+ dzodfll) C2020- (126)
. 1 (122) A -1 -1
10: G315 = 5 I Azdy ¢y
2
- (g dyl e+ d20d511> C3000- (127)
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e
Y

(1,1,3)

(1,1,0)
(1,2,0)

(1,1,2)
(1,2,2)

FIG. 5. Symbolical sketch of the explicit compass solution in
(118)—(127) for the vacuum case. In total 5 suitably prepared test
bodies (hollow circles) are needed to determine all components of
the Weyl tensor. The reference body is denoted by the black
circle. Note that in vacuum, with the generalized deviation
equation, only (Vy? (12 and 2354 are needed in the
solution.

See Fig. 5 for a sketch of the solution. Table I contains an
overview of the number of required test bodies in different
compass setups and in general, as well as in vacuum,
spacetimes.

V. CONCLUSION

In this work we derived a generalized covariant deviation
equation in the framework of Synge’s world function
approach. It should be stressed that our exact deviation
equation in (9) is valid for arbitrary world lines and in
general background spacetimes. In the subsequent analysis,
we provided a systematic expansion of the exact deviation
equation up to the third order in the world function (35). This
equation can be viewed as a generalization of the well-known
geodesic deviation equation, to which it was shown to reduce
under the right assumptions. As we have shown in detail, our
results encompass several suggestions for a generalized
deviation equation from the literature as special cases, and
therefore may serve a unified framework for further studies.

In a subsequent analysis, we have shown how deviation
equations can be used to determine the curvature of
spacetime. For this, we extended the notion of a gravita-
tional compass [12] and worked out compass setups for
general as well as for vacuum spacetimes. One setup is
based on the standard geodesic deviation equation (39), and
another is based on the next order generalization given in
(49) which goes beyond the linearized case. For both cases
we provided the explicit compass solution which allows for
a full determination of the curvature.

In contrast to the general considerations in [1,12], we
give an explicit exact solution for the compass setup. With
the standard deviation equation, as well as with the
generalized deviation equation, we need at least 13 test
bodies to determine all curvature components in a general
spacetime. For the standard deviation, we therefore obtain
the same number of bodies as in [53], however it is
worthwhile to note that no explicit solution was given in
[53] for a nonvacuum spacetime. In the case of a
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generalized deviation equation, our findings are at odds
with the results in [53]. However, this discrepancy in the
generalized case comes as no surprise since the generalized
equation used in [53]—which was previously derived in
[27]—differs from our equation. In vacuum spacetimes, we
have explicitly shown that the number of required test
bodies is reduced to 6, for the standard deviation equation,
and to 5, for the generalized deviation equation.

Furthermore, it is interesting to note that in the case of
the standard deviation equation, the opinion of the authors
[1,12] differs when it comes to the number of required test
bodies. This seems to be related to the counting scheme and
the interpretation of the notion of a compass. Since no
explicit compass solutions were given in [1,12], one cannot
make a comparison to our results. In the case of [53], we
were not able to verify that the given solution does fulfill
the compass equations derived in that work. However, the
agreement on the number of required bodies in combina-
tion with the standard deviation is reassuring.

In summary, we have explicitly shown how deviation
equations can be used to measure the gravitational field.
Our results are of direct operational relevance and form the
basis for many experiments. Important applications range
from the description of gravitational wave detectors to the
study of satellite configurations for gravitational field
mapping in relativistic geodesy. An interesting question
is whether a further reduction of the number of required test
bodies for certain experiments is possible. A systematic
analysis of the practical applications of generalized
deviation equations, including the gravitation wave detec-
tion, will be presented elsewhere.
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APPENDIX A: NOTATIONS AND CONVENTIONS

Our conventions for the Riemann curvature are as
follows:

2T %4 . dylba)

= 2v[avb]TCIWde1.ud,

k

J— C; Cl1...€...Cp eqcy...c

= E Rape T Kdy..d, — E Rapa, ‘T %4, e...a
i=1

(A1)

The Ricci tensor is introduced by R;; = Rkijk, and the
curvature scalar is R = g"R;;. The signature of the space-
time metric is assumed to be (+1,-1,—1,—1).
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In the following, we summarize some of the frequently
used formulas in the context of the bitensor formalism [in
particular, for the world function o(x, y)]; see, e.g., [1,2,11]
for the corresponding derivations. Note that our curvature
conventions differ from those in [1,11]. Indices attached to
the world function always denote covariant derivatives, at
the given point, i.e. 6, := Vyo; hence, we do not make
explicit use of the semicolon in case of the world function.
We start by stating, without proof, the following useful rule
for a bitensor B with arbitrary indices at different points
(here just denoted by dots):

(A2)

Here a coincidence limit of a bitensor B__(x,y) is a tensor

TABLE II. Directory of symbols.

Symbol Explanation

Geometrical quantities

Gab Metric

V=9 Determinant of the metric

op Kronecker symbol

€abed Levi-Civita symbol

x4, s Coordinates, proper time
b’ Connection

T € Deriv. conn. (normal coords.)

Rape?s Cope® Riemann, Weyl curvature

o World function

n Deviation vector

P, Parallel propagator

Misc.

Y (1), X(t) (Reference) world line

u? Velocity

ab Acceleration

K, H*, Jacobi propagators

(mmp, (mnp)g Accelerations of compass

constituents
Auxiliary quantities

a0y s POy V0 Expansion coefficients

Cmyas Am)a Constants

N N L Abbreviations

AT

Operators

9;, V; (Partial, covariant) derivative
D> Total covariant derivative

% = “o” Total derivative

“...]” Coincidence limit
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[B.] =1limB_(x,y), (A3)
x—=y

determined at y. Furthermore, we collect the following
useful identities:

GYO)’lxoyle = 6Y0)’1Y2X0X1 = Gxoxlyohyz’ (A4)
g’ﬁXZaxlaxz =20 = gylyzo-ylayzv (A5)
[U] = 0, [O'X] = [Gy] = 0’ (A6)
[O-x]xz] = [6)’1}'2] = gy,yzv (A7)
[le)’z] = [6y1x2] = "y (AS)
[GXIXZXJ = [O-Xlxz)h] = [o-lez}',z] = [6}’1.\)2,\’3} =0, (A9)
[g9,] = 0. (g%, ] = [79,,5,] = 0. (A10)
[N,
[gxoy|§x2x3] = ERyOYIyZY3' (All)

APPENDIX B: NORMAL COORDINATES

Here we provide the explicit expressions of the deriv-
atives of the Riemannian connection I ;i
9;,...0; T';;* in normal coordinates.

The list of the lowest derivatives for N = 0, 1, 2, 3 reads

as follows:

*Fijkzo, (Bl)
T k— 2R ok B2
hij = 3 Riap" (B2)
. 1
i = 5BV Ry = ViRl (B3)
T k— 3 6V, V. R k_VV.:R k
iipizij _%[ (iy Vi BYiz)(ij) = Vi V(i1 )liads)
4
=iV Riinin) ] + 75 Rotivia Riyyi”
1R kR P—R. . PR k
+ 5 Rp(iiy Riyyip)” = Ricirin" R i)
1
=R, " Riyyip) '] + 75 [Ricini Ry
R jGi,i,"Riyip"]- (B4)

The parentheses denote the symmetrization over the
enclosed indices; indices between the vertical lines are
excluded from the symmetrization. As a check, from these
formulas we can derive the symmetrized derivatives of the
connection which are better known in the literature (see,
e.g., Petrov [67]):

1
T = =3 R

J 3 J (BS)
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y 1
F(ilizi)jk = _Ev(ilRUUzi)k’ (B6)
T = 3V V. R
(i1ipi30)j _g \J\W
2 R, i "R i B7
_15 pliviy Mjlisi)" - ( )

It is worthwhile to note that the symmetrization of the two
last lines in (B4) over (i;iyi3i) yields zero.

The above formulas can be derived as follows. The
derivatives of the connection *I'; k satisfy the algebraic

iyiyij
equations,

Tiiyiniic = ity = Biijiyiys  (B8)
where A,-],-jiz...iNk are the tensors with the symmetry
properties

Ay ijigiy® = =Bty iy (B9)
Aj iy = Dy i) (B10)
Afyiflipiy* = 0, (B11)
A}y = 0- (B12)

That is, these tensors are skew-symmetric in the first two
indices and totally symmetric in the last N — 1 indices
[these properties are thus consistent with the symmetry
properties of the left-hand side of the equation (B8)], and in
addition, the antisymmetrization over the first three indices
and over the first pair and the fourth index vanishes. Using
these symmetry properties, one can solve the equation (B8)
with respect to the derivatives of the connection. In
symbolic form, the general solution (for any N) reads

1
T iyiyift = X (K - 1)Apelm + (K - 2)Aperm

4+ 4 Aperka (B13)
where K = (N +2)(N +1)/2 and the right-hand side
contains (K — 1) terms in which the (N + 2) lower indices
of A’s are permuted in accordance with a certain rule.
Actually, the determination of this permutation rule is a
highly nontrivial problem which is related to the famous
theorem of Desargues, as was shown by Veblen [68].

We will only give the solutions for the case of N = 1, 2,
3, 4:

1
*Filijk =3 [2Ai,jik + Ajiilk]’ (B14)
1
Tiiif* = 6 [SA i, + 48ii, i, " + 38,5, i*
F281, 1+ Djiiyi, " (B15)
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1
*Fi1izi3ijk - E [9Ai1jii213 + 8A1”1”13
+ 7A12]11113k + 6A”112ﬂ3
+ SAjii2i113k + 4A12/’2”1
+ 3A11121;/tk + 2Al!11312/
+ Ajiisisi “. (B16)
‘T N k413A k124,
i1izi3i4ij - 15[ i1 jilpi3iy + Jitviaisiy + 1211111314
k k
+1 1Azl|lzjl;14 + 10A]”2111314 +9Al?ﬂ2”ll4
+8A1]1213ju4 +7A1111312]’4 +6Al”3ll’214
+5Ai4ji3iillzk+4Alzl3l4]”1k+3Aili2i4i3ji
+2Aii1i4i2i3j +A1114111213 ] (B17)

By differentiating covariantly the curvature tensor R; j,k,
one can straightforwardly identify the A’s with the poly-
nomials built from the curvature and its derivatives.
Explicitly, we have

Ailijk = Ri]ijkv (BIS)
Aiiii k= Vi Ry (B19)
Aivijiis = Vi, VigRiyif* + Eiijii,*s (B20)
where the quadratic in curvature contraction reads
1
= k k k
Sinijiis = 3 Ritois)"Riiyp” = Rp(iiy) Rii
+ Riii0)" Rpi,j* = Riy (1) " R pis']
4
k k
+5 Riip) Ris(inj)” + Ris(ip) R )
= Riyi, ) Risiij)” = Riyiinp) Riyip . (B21)

Inserting (B18)-(B21) into (B14)—~(B16), we finally obtain
the expressions (B2)—(B4).

It is worthwhile to mention that all the formulas derived
here (in accordance with the general theory of normal
coordinates [68—70]) are valid not only for the Riemannian
Christoffel symbols but for an arbitrary symmetric con-
nection I';;* too. The explicit higher order results (B4),
(B16), (B17) and (B21) are new.

A direct prescription of how to calculate the derivatives
of the connection is described in [71,72], although it seems
impossible to give an explicit general formula. However,
using the recursive prescriptions of [71,72], one can find
the *I"’s for any M.
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