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Abstract

We discuss the problem of defining the center of mass in general relativity and
the so-called spin supplementary condition. The different spin conditions in the
literature, their physical significance, and the momentum-velocity relation for each
of them are analyzed in depth. The reason for the non-parallelism between the
velocity and the momentum, and the concept of “hidden momentum”, are dissected.
It is argued that the different solutions allowed by the different spin conditions are
equally valid descriptions for the motion of a given test body, and their equivalence
is shown to dipole order in curved spacetime. These different descriptions are
compared in simple examples.

1 Introduction

An old problem in the description of the dynamics of test particles endowed with multi-
pole structure is the fact that, even for a free pole-dipole particle (i.e., with a momentum
vector Pα, and a spin 2-form Sαβ as its only two relevant moments) in flat spacetime,

the equations of motion resulting from the conservation laws Tαβ;β = 0 do not yield a
determinate system, since there exist 3 more unknowns than equations. The so-called
“spin supplementary condition”, Sαβuβ = 0, for some unit timelike vector uα, first
arose as a means of closing the system, by killing off 3 components of Sαβ. Its physical
significance remained however obscure, especially in the earlier treatments that dealt
with point particles [1, 2, 3, 4] (see also in this respect [5]). Later treatments, most
notably the works by Möller [6, 7], dealing with extended bodies, shed some light on
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the interpretation of the spin condition, as it being a choice of representative point in
the body; more precisely, choosing it as the center of mass (“centroid”) as measured in
the rest frame of an observer of 4-velocity uα — since in relativity, the center of mass
of a spinning body is an observer-dependent point. Different choices have been pro-
posed; the best known ones are the Frenkel-Mathisson-Pirani (FMP) condition [1, 8],
which chooses the centroid as measured in a frame comoving with it; the Corinaldesi-
Papapetrou (CP) condition [9], which chooses the centroid measured by the observers
of zero 3-velocity (ui = 0) in a given coordinate system; and the Tulczyjew-Dixon
(TD) condition [10, 11], which chooses the centroid measured in the zero 3-momentum
frame (uα ∝ Pα). A more recent condition, proposed in [12, 13], dubbed herein the
“Ohashi-Kyrian-Semerák (OKS) condition” (which, as we shall see, seems to be favored
in many applications), chooses the centroid measured with respect to some uα parallel-
transported along its worldline. The spin condition generally remained, however, a not
well understood problem (this is true even today), not being clear, namely, its status as
a choice (the discussion is sometimes put in terms of which are the “correct” and the
“wrong” conditions for each type of particle, see see introduction of [14] for a review),
the differences arising from the different choices, and what it means to consider differ-
ent solutions corresponding to the same physical motion. Also, some aspects of each
condition have been poorly understood, especially the FMP condition and its famous
helical motions [15]. The rules for transition between spin conditions, and the quantities
that are fixed (for different solutions corresponding to the same physical body), were
established in [13], where the numerical solutions were compared in the Kerr spacetime,
and it was shown that, within the limit of validity of the pole-dipole approximation, the
different solutions are contained within a minimal worldtube, formed by all the possible
positions of the center of mass, which lies inside the convex hull of the body’s worldtube.
These rules were further discussed in [16], and used to show that the helical motions
are fully consistent solutions, always contained within the minimal worldtube (and to
clarify the misunderstanding that led to the contrary claims in the literature).

The non-parallelism between the momentum and the velocity of a multipole particle
subject to external fields, and its relation with the spin supplementary condition, is
another old problem. A significant step towards its understanding was taken in [17],
where a generalized concept of “hidden momentum” (first discovered in the context of
classical electrodynamics [18, 19, 20, 21, 22]) was introduced in general relativity, and
applied to the study of the TD and CP conditions (the latter designated therein by a
different name, the “laboratory frame centroid”). These ideas were further worked out,
with emphasis on the FMP condition, in recent works by the authors [16, 23].

In this paper, we discuss in detail the different spin conditions in general rela-
tivity, the centroids that they determine, their uniqueness/non-uniqueness, and the
momentum-velocity relation arising from each of them. The different solutions given by
the different spin conditions corresponding to the same physical motion are compared
in simple examples, and their differences dissected. Building on the works in [13] and in
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[16] (where the equivalence was shown for free particles in flat spacetime), we prove the
equivalence of the solutions to dipole order in curved spacetime; in particular, we clar-
ify the dependence of the spin-curvature force on the spin condition, as being precisely
what ensures the equivalence, and the connection of that with the geodesic deviation
equation.

1.1 Notation and conventions

1. Signature −+ ++; εαβσγ ≡
√
−g[αβγδ] is the Levi-Civita tensor, and we follow

the orientation [1230] = 1 (i.e., in flat spacetime ε1230 = 1); εijk ≡ εijk0. Riemann
tensor: Rαβµν = Γαβν,µ − Γαβµ,ν + ....

2. (hu)αβ ≡ δαβ + uαuβ denotes the projector orthogonal to a unit time-like vector
uα.

3. The three basic vectors in the description of an extended body. Pα is the momen-
tum; Uα ≡ dzα/dτ is the tangent vector to the reference worldline zα(τ); the
vector field involved in the spin condition Sαβuβ = 0 is generically denoted by uα.

4. “Centroid”, “center of mass”, “CM”: have all the same meaning herein. xαCM(u) ≡
centroid as measured by an observer of 4-velocity uα.

2 Center of mass in relativity and the significance of the
spin supplementary condition

In the multipole scheme an extended body is represented by a set of moments of its
current density 4-vector jα (the “electromagnetic skeleton”) and a set of moments of the
energy momentum tensor Tαβ, called “inertial” or “gravitational” moments (forming
the so-called [8] “gravitational skeleton”), defined with respect to a reference worldline
zα(τ) which is taken to be some representative point of the body, and whose motion
aims to represent the “bulk” motion of the body. The natural choice for such point
is the body’s center of mass (CM); however, in relativity, the CM of a spinning body
is observer-dependent. This is illustrated in Fig. 1. In order to establish how the
center of mass changes with the observer, we need reasonable definitions of momentum,
angular momentum, mass and center of mass. In flat spacetime these are all well defined
notions; but it is not so in curved spacetime, as they consist of integrals which amount
to adding tensors defined at different (albeit close, if the body is assumed small) points;
different generalizations of these notions have been proposed (see e.g. [11, 24, 25]). The
discussion herein is aimed to be as general as possible; for that we use the following
definitions that hold reasonable (at least to lowest orders) regardless of the particular
multipole scheme followed.
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Figure 1: A free spinning spherical body in flat spacetime. ObserverO, at rest relative to
the axis of rotation, measures the centroid xαCM to coincide with the sphere’s geometrical
center (and with the rotation axis). xαCM ≡ xCM(P ) is the centroid as measured in the
P i = 0 frame. Observers O′ and O′′ moving (relative to O) with velocities ~v′, ~v′′

opposite to the rotation of the body, see points on the right side of the body moving
faster than those on the left side; hence for these observers the right side of the body is
more massive, and the centroid they measure is shifted to the right by ∆~x = ~v× ~S?/M .
The larger the speed v the larger the shift; when v equals the speed of light, the shift
takes its maximum value, with the centroid lying in the circle of radius RMoller = S?/M .

Consider a system of Riemann normal coordinates {xα̂} (e.g. [26, 24]) centered at
the point zα of the reference worldline, associated to the orthonormal frame eα̂ at that
point, and take it to be momentarily comoving with some observer O of 4-velocity uα

(not necessarily tangent to the curve zα(τ)); that is, at zα, e0̂ = uα and the triad
eî spans the instantaneous rest space of O. We define the momentum Pα, angular
momentum Sαβ, mass m(u) and centroid xαCM(u) of the particle with respect to O as
the tensors at zα(τ) (respectively point) whose components (respectively coordinates)
in this chart are

P α̂ ≡
ˆ

Σ(z,u)
T α̂0̂dΣ ≡

ˆ
Σ(z,u)

T α̂β̂dΣβ̂ , (1)

Sα̂β̂ ≡ 2

ˆ
Σ(z,u)

x[α̂T β̂]γ̂dΣγ̂ , (2)

m(u) ≡ −Pαuα =

ˆ
Σ(z,u)

T 0̂γ̂dΣγ̂ , (3)

xα̂CM(u) ≡

´
Σ(z,u) x

α̂T 0̂γ̂dΣγ̂

m(u)
. (4)

Here Σ(z, u) ≡ Σ(z(τ), u) is the spacelike hypersurface generated by all geodesics or-
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thogonal to the timelike vector uα at the point zα (in normal coordinates it coincides

with the spatial hypersurface x0̂ = 0), dΣ is the 3-volume element on Σ(z, u), and
dΣγ ≡ −uγdΣ. These definitions correspond to the ones given in [24], and have a well
defined mathematical meaning, which can be written in the manifestly covariant form
(65)-(66) below. They also correspond, to a good approximation, to the ones given in
Dixon’s schemes [11, 25]. This is discussed in detail in Appendix A. Note that although
we used normal coordinates to perform the integrations above, the end results Pα and
Sαβ are tensors, which can now be expressed in any frame1.

The vector
(duG)α ≡ −Sαβuβ (5)

yields the “mass dipole moment” as measured by the observer O (of 4-velocity uα), and

∆xα = −
Sαβuβ
m(u)

(6)

can be interpreted as the shift, or the “displacement”, of the centroid xαCM(u) relative

to the reference worldline zα(τ). This is readily seen in the frame êα, where uî = 0 and

S îβ̂uβ̂ = −S î0̂, and so from Eq. (2) we have

S î0̂ = 2

ˆ
Σ(z,u)

x[̂iT 0̂]γ̂dΣγ̂ =

ˆ
Σ(z,u)

xîT 0̂γ̂dΣγ̂ ≡ m(u)xîCM(u); (7)

note that x0̂ = 0, since the integration is performed in the geodesic hypersurface Σ(z, u)

orthogonal to uα at zα(τ). Hence ∆xî = S î0̂/m(u) yields the coordinates xîCM(u) of
the center of mass measured by O, in the normal system {xα̂}. Since the latter is
constructed from geodesics radiating out of zα, ∆x is the vector at zα tangent to the
geodesic connecting zα and xαCM(u), and whose length equals that of the geodesic; that
is, xαCM(u) is the image by the geodesic exponential map of ∆x: xαCM(u) = expz(∆x).
In flat spacetime (where vectors are arrows connecting two points), ∆x reduces to the
displacement vector from zα to xαCM(u); in curved spacetime it is still a reasonable
notion of center of mass shift, and so (5) is a sensible definition of mass dipole moment.
In particular, its vanishing for some observer means that one is choosing zα as the center
of mass xαCM(u) as measured by that observer. That is, the condition

Sαβuβ = 0, (8)

implying, in the frame êα, S î0̂ = 0 ⇒ xîCM(u) = 0, states that the reference worldline
is the center of mass as measured by the observer O(u) (or, equivalently, that the mass

1One could say the same about the point xαCM(u), although one must bear in mind when transforming
its coordinates to the new frame that it will still be the CM as measured by the specific observer uα,
and not the CM as measured in the new frame.
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dipole vanishes for O(u)). Eq. (8), for some timelike vector field uα defined (at least)
along zα(τ), is known as the “spin supplementary condition”, which one needs to impose
in order to have a determined system of equations of motion, as we shall see in the next
section. As we have just seen, one can generically interpret it as a choice of center of
mass.

In order to see how the center of mass changes with the observer, let us for simplicity
consider the case with no electromagnetic field, Fαβ = 0; in this case, as explained in
detail in Appendix A.1, under the assumption that the size of the body is small compared
with the scale of the curvature, the moments (1)-(2) do not depend on the argument
uα of Σ(z, u); that is, they depend on the point along the reference worldline zα(τ), but
not on the particular geodesic hypersurface Σ through it. We may thus regard Pα(τ)
and Sαβ(τ) as well defined functions on zα(τ). We shall also introduce the following
relations which will be useful throughout this paper. Let uα and u′α be the 4-velocities
of two different observers. We can write (e.g. [27])

u′α = γ(u, u′)(uα + vα(u′, u)); γ(u, u′) ≡ −uαu′α =
1√

1− vαvα
, (9)

where vα(u′, u) is a vector orthogonal to uα, whose space components vi yield the
ordinary 3-velocity of the observer u′α in the frame ui = 0 (i.e., the velocity of the
observer u′α relative to the observer uα). Choose zα to be the CM as measured by uα:
zα = xαCM(u); that is, choose Sαβuβ = 0. In order to obtain the mass dipole measured
by u′α, one just has to contract Sαβ with u′β: (du

′
G )α ≡ −Sαβu′β; this is because, under

the assumptions above, Sαβ does not depend on the normal to the hypersurface Σ(z),
and thus, in the u′i = 0 frame, we may write −Sαβu′β in the form (7), only with u′ in
the place of u. The shift of the centroid xαCM(u′) measured by u′α relative to xαCM(u) is
thus

∆xα = −
Sαβu′β
m(u′)

= −γ(u, u′)
Sαβvβ(u′, u)

m(u′)
, (10)

cf. Eq. (6). Especially interesting is the case uα = Pα/M , where we denoted M ≡√
−PαPα; this amounts to choosing zα as the CM as measured in the P i = 0 frame,

zα = xαCM(P ). In this case

∆xα = −
Sαβ? vβ
M

, (11)

where vα ≡ vα(u′, P ) is the velocity of the observer u′α relative to the P i = 0 frame,

and we denoted by Sαβ? the angular momentum taken with respect to zα = xαCM(P )
(note that the tensor Sαβ depends on the choice of zα, cf. Eq. (2); for the same body,
Sαβ is in general different for different zα’s). Let us denote also the corresponding spin

vector Sα? , so that Sαβ? = εαβγδS
γ
?P

δ/M . The space part (both in the u′i = 0 and in the
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P i = 0 frames, as ∆xα is orthogonal to both u′α and Pα) reads

∆xi =
(~S? × ~v)i

M
. (12)

Thus the set of all shift vectors corresponding to all possible observers spans a disk
of radius RMoller = S?/M , centered at xαCM(P ) and orthogonal to Sα? and Pα, in the
tangent space at xαCM(P ). This statement can roughly be rephrased as saying that the
set of all possible positions of the center of mass as measured by the different observers
is contained (and fills) such disk (in flat spacetime this is an exact statement, originally
by Möller [7]). Let us dub such disk the “disk of centroids”, and its radius RMoller the
Möller radius.

In order to illustrate how this works, consider for simplicity the setup in Fig. 1: a
free spinning spherical body in flat spacetime. Observer O, at rest relative to the axis
of rotation, clearly must (by symmetry) measure the CM to coincide with the body’s
geometrical center (and with the rotation axis). The rest frame of such an observer
corresponds in this case to the P i = 0 frame (this statement will be made obvious in
Sec. 3.2.3 by Eq. (23)). Consider now other observers, O′ and O′′, moving (relative to
O) with velocities ~v′ and ~v′′, opposite to the rotation of the body; for these observers
the center of mass is shifted to the right, as they measure the right side of the body to
be more massive. The larger the speed v the larger the shift; when v equals the speed of
light, the shift takes its maximum value, with the centroid lying in the circle of radius
RMoller.

In spacetime, the set of all possible centroid worldlines forms a worldtube — the
“minimal worldtube” [13], see Fig. 2 — typically very narrow2, and always contained
within the convex hull of the body’s worldtube (see [24] for its precise definition). This
can be shown in different ways. In flat spacetime, it is not difficult to show (see e.g. [28]
p. 313), that if the mass density-energy density ρ(u) = Tαβuβuα is positive everywhere
within the body and with respect to all observers uα (i.e., if the weak energy condition
holds everywhere within the body), then the center of mass with respect to any uα

must be within the body’s convex hull. The flat spacetime arguments apply just as
well in a local Lorentz frame {xα̂} (under the assumption above that the body is small
enough so that we can take it to be nearly orthonormal throughout it). In the same
framework one can show that Rmax is the minimum size that a classical particle can
have in order to have finite spin without containing mass-energy flowing faster than
light, that is, without violating the dominant energy condition. The dominant energy
condition implies ρ ≥ | ~J |, where J î ≡ −T α̂îuα̂. Let a be the largest dimension of the

body; in the local Lorentz frame centered at xαCM(P ) and such that P î = 0, we may

2For the fastest spinning celestial body known to date, the pulsar PSR J1748-2446ad (rotation
frequency 716 Hz, estimated radius a = 16 km), whose equatorial velocity is 0.23c, RMoller ' 0.1a.
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write,

S? =

∣∣∣∣ˆ ~r × ~Jd3x

∣∣∣∣ ≤ ˆ r| ~J |d3x ≤
ˆ
ρrd3x ≤Ma ⇔ a ≥ S?

M
. (13)

3 The momentum-velocity relation

The force and the spin evolution equations for a multipole particle in an external elec-
tromagnetic and gravitational field are [11]

DPα

dτ
= qFαβU

β +
1

2
Fµν;αµµν + Fαγ;βU

γdβ + Fαβ
Ddβ

dτ
,

−1

2
RαβµνS

µνUβ + Fα(2N>1) (14)

DSαβ

dτ
= 2P [αUβ] + ταβ (15)

where q, dα and µαβ are, respectively, the particle’s charge, electric dipole vector, and
magnetic dipole 2-form (for their precise definitions, see [23]). Fα(2N>1) denotes the
force (gravitational and electromagnetic) due to the quadrupole and higher moments,
and ταβ is sometimes called the “torque” tensor. Uα ≡ dzα/dτ is the tangent to the
reference worldline zα(τ). These equations form an undetermined system even in the
case DPα/dτ = 0 and ταβ = 0 (for there would be 13 unknowns: Pα, 3 independent
components of Uα, and 6 independent components of Sαβ, for only 10 equations), man-
ifesting the need for a supplementary condition, which amounts to specify the worldline
zα(τ), relative to which the moments are taken. The condition Sαβuβ = 0, for some
unit timelike vector field uα defined along zα, kills off 3 components of the angular mo-
mentum and makes that choice, requiring, as explained in the previous section, zα(τ)
to be the centroid as measured by an observer of 4-velocity uα. Contracting (15) with
uβ one obtains an expression for the momentum of the particle,

Pα =
1

γ(u, U)

(
m(u)Uα + Sαβ

Duβ
dτ

+ ταβuβ

)
, (16)

where γ(U, u) ≡ −Uαuα, m(u) ≡ −Pαuα, and in the second term we used Sαβuβ = 0.
Eq. (16) tells us that, in general, Pα is not parallel to the CM 4-velocity Uα; in this
section we shall will discuss the reason for that.

The vector Pα can be split in its projections parallel and orthogonal to the CM
4-velocity Uα:

Pα = Pαkin + Pαhid; Pαkin ≡ mUα, Pαhid ≡ (hU )αβP
β , (17)

where m ≡ −PαUα is the the “proper mass”, i.e., the energy of the particle as measured
in the CM frame, and

(hU )αβ ≡ UαUβ + δαβ

8



is the projector orthogonal to Uα. We dub the parallel projection Pαkin = mUα “kinetic
momentum” associated with the motion of the center of mass; it is the most familiar
part of Pα, formally similar to the momentum of a monopole particle. The component
Pαhid orthogonal to Uα is the so-called “hidden momentum” (e.g. [17]). The reason for
the latter denomination is seen taking the perspective of an observer O(U) comoving
with the particle: in the frame of O(U) (i.e., the U i = 0 frame) the 3-momentum is
in general not zero: ~P = ~Phid 6= 0; however, by definition, the particle’s CM is at rest
in that frame; hence this momentum must be somehow hidden in the particle. Pαhid

consists of two parts of distinct origin: Pαhid = PαhidI + Pαhidτ ,

PαhidI ≡
1

γ(u, U)
(hU )ασS

σβDuβ
dτ

; (18)

Pαhidτ ≡
1

γ(u, U)
(hU )αστ

σβuβ, (19)

which we shall explain. PαhidI is a term that depends only on the spin supplementary
condition, i.e., on the choice of the field uα relative to which the centroid is computed.
In this sense we say it is gauge. This type of hidden momentum was first discussed
in [17] (dubbed “kinematical” therein). The vector uα needs only to be defined along
zα(τ); but if one takes it as belonging to some observer congruence in spacetime (one
can always do such an extension), and decomposing

uα;β = −(au)αuβ − εαβγδωγuδ + θαβ (20)

where (au)α ≡ uα;βuβ is the acceleration of the observers uα, ωα = 1
2ε
αλστuτu[σ;λ] their

vorticity, and θαβ ≡ (hu)λα(hu)νβu(λ;ν) the shear/expansion, we may write

PαhidI =
1

γ(u, U)
(hU )ασS

σ
β

(
γ(u, U)(au)β − εβµγδu

δUµωγ + θβγUγ

)
. (21)

The kinematical quantities in Eq. (20) are connected to “inertial forces”, namely Gα =
−(au)α and Hα = ωα are, respectively, the “gravitoelectric field” and the “Fermi-Walker
gravitomagnetic field” as measured by the congruence of observers uα, see [29, 27]. For
this reason we dub PαhidI “inertial” hidden momentum.

Phidτ is associated to the “torque” tensor ταβ and (in general) consists of two parts:
one which is again gauge and arises for certain choices of reference worldline zα (i.e.,
of the field uα) when a physical torque acts on the particle, plus another part which
is not gauge, and cannot be made to vanish by any center of mass choice. Following
[17] we dub the latter “dynamical hidden momentum”. To dipole order, this dynamical
part consists of a form of mechanical momentum that arises in electromagnetic sys-
tems, first discovered in [18], and since discussed in number of papers, e.g. [19, 20, 21],
including recent works [22, 17, 30]. To quadrupole and higher orders, there are both
electromagnetic and gravitational contributions to ταβ, and thus to Phidτ .
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Figure 2: a) the body’s worldtube (larger cylinder), the worldtube of centroids (narrow
inner cylinder), and the three basic vectors involved in the description of the motion: the
momentum Pα, the 4-velocity Uα = dzα/dτ , and the vector field uα involved in the spin
supplementary condition Sαβuβ = 0. The vector uα is orthogonal to the hypersurfaces
Σ(τ, u) at zα, and has the interpretation of the 4-velocity of the observer measuring the
centroid. These three vectors are not parallel in general. b) A curve with a varying uα

along it; that leads to a varying shift, see Fig. 1, leading to a non-zero velocity of the
centroid in the P i = 0 frame, cf. Eq. (23), and possibly to an acceleration without any
force involved.

3.1 “Inertial hidden momentum”: center of mass shift and the decou-
pling of Uα from Pα

Eq. (18) tells us that when uα varies along zα(τ) (i.e., Duα/dτ 6= 0), in general PαhidI 6=
0, thus Uα is not parallel to Pα. This comes as a natural consequence of what we
discussed in Sec. 2 about the observer dependence of the center of mass. Recall the
situation in Fig. 1, a free spinning particle in flat spacetime: the centroid measured by
observers moving relative to O are shifted relative to xCM(O). If the velocity of these
observers changes along zα(τ), e.g., if at an instant τ ′ we have uα(τ ′) = u′α, and at τ ′′

uα(τ ′′) = u′′α, the shift changes accordingly, giving rise to a non-trivial velocity of the
centroid. That is, superfluous centroid motions can be generated just by changing uα

along zα(τ). The momentum, however, remains the same, DPα/dτ = 0 cf. Eq. (14);
thus the situation may be cast as the centroid acquiring a non-zero velocity in the
P i = 0 frame (which is in this case the rest frame of the observer O). This amounts
to saying that Uα gains a component orthogonal to Pα (denote it by Uα⊥); conversely,
there is a component of Pα orthogonal to Uα, which is the hidden momentum. Let us
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see this in detail. Denote by U‖ and Uα⊥, respectively, the components of Uα parallel
and orthogonal to Pα,

Uα = Uα‖ + Uα⊥ ; Uα‖ ≡
m

M2
Pα ; Uα⊥ ≡ (hP )αβU

β , (22)

where m ≡ −UαPα, and (hP )αβ ≡ PαPβ/M2 +δαβ denotes the projector in the direction

orthogonal to Pα. Uα⊥ is, up to a γ factor, the 3-velocity of the centroid in the P i = 0
frame, cf. Eq. (9) above (substitute therein u′α = Uα, uα = Pα/M). In the special case
ταβ = 0, we have from Eq. (16)

Uα⊥ = − 1

m(u)
(hP )ασS

σβDuβ
dτ

, (23)

showing that indeed the variation of uα along zα(τ) leads to a centroid moving in the
zero 3-momentum frame, and to a non-parallelism between Uα and Pα (it is actually
the sole reason for that in the special case ταβ = 0). If we further specialize to the case
of a free particle (depicted in Figs. 1-2), DPα/dτ = 0, and noting that the centroid
shift can be written as ∆xα = −(xαCM(P ) − xαCM(u)) = SαβPβ/M

2, cf. Eq. (10), the
shift variation along zα becomes

D∆xα

dτ
=

Pβ
M2

DSαβ

dτ
= Uα − m

M2
Pα = Uα⊥ . (24)

In the second equality we used Eq. (15), in the third we used Eqs. (22). That is, the
variation of the shift equals the component of Uα orthogonal to Pα, mathematically
formalizing the heuristic arguments in Figs. 1 and 2b). One should note however that,
although this reasoning is useful to gain intuition, in the general case (DPα/dτ 6= 0)
Eq. (24) does not hold, and Uα⊥ is not just the variation of ∆xα; this is because the
centroid xαCM(P ) is in general no longer at rest in the P i = 0 frame. (When one employs
the TD condition, uα = Pα, if DPα/dτ 6= 0 then the centroid 4-velocity is not in general
parallel to Pα, cf. Eq. (23) or, explicitly, Eq. (28)). For the general case the argument
can be given as follows: the centroid position depends on the field uα relative to which it
is measured, and its velocity on the variation of uα; Pα, however, is unaffected by that,
which means that in general Pα ∦ Uα. This is precisely what Eq. (23) says.

When Uα⊥ 6= 0, then (obviously) Pα has a component Pαhid orthogonal to Uα. Noting
from (22) that Pα = M2(Uα − Uα⊥)/m, and from Eqs. (17) that Uα = (Pα − Pαhid)/m,
we obtain the following relations between the hidden momentum and Uα⊥:

Uα⊥ = − 1

m
(hP )αβP

β
hid; Pαhid = −M

2

m
(hU )αβU

β
⊥

(these are fully general expressions, valid when ταβ 6= 0).
Differentiating (23) with respect to τ , we see that when D2uα/dτ2 6= 0, in general

the centroid acceleration aα = DUα/dτ will be non-zero, i.e., it will accelerate without
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the action of a force. That can lead to exotic motions; an example of that are the famous
Mathisson helical motions, as shown in [16]; the same principle also leads to the bobbings
in the “tetherballs” studied in [17] (in this case a force is involved, but it is not parallel
to the acceleration), or the ones studied in Sec. 3.4. Of course, such effects can always
be made to vanish by a choosing some uα parallel transported along zα(τ); hence one
can say that they are a complicated description for the same physics that, in principle,
could be described in a simpler manner. In Fig. 2 we illustrate the situation for a
free particle in flat spacetime: the worldline zα(τ) of a centroid measured by a field of
observers uα that varies along it has, in general, superfluous motions. These are confined
to the worldtube of centroids, which is straight tube (always within the convex hull of
the body’s worldtube, see Sec. 2) parallel to the constant momentum Pα, and whose
cross section orthogonal to Pα and Sα? is the the disk of centroids illustrated in Fig.
1. Choosing Duα/dτ = 0 (e.g., inertial frames), the centroid worldlines obtained are
straight lines parallel to Pα, yielding the simplest description possible for this problem.

3.2 Center of mass and momentum-velocity relation of the different
spin conditions

In this section we shall consider, for simplicity, the case ταβ = 0, so that the only hidden
momentum present is the inertial hidden momentum PαhidI. Although all forms of hidden
momentum have some sort of dependence on the spin condition, by the circumstance
that Uα ≡ dzα/dτ depends on the reference worldline zα(τ) chosen, PαhidI is the part
that arises solely from it. Note that ταβ = 0 corresponds for instance to the case of
pole-dipole particles in purely gravitational systems.

3.2.1 The Corinaldesi-Papapetrou (CP) condition

This spin condition was introduced in [9] for the Schwarzschild spacetime, where it
was cast, in Schwarzschild coordinates, as Si0 = 0. One can write it covariantly as
Sαβu

β
lab = 0, with uαlab corresponding to observers that have zero 3-velocity in such

coordinates, uilab = 0. These are the so-called “static observers”, whose 4-velocity is
parallel to the time Killing vector: uαlab = uαstatic ∝ ∂/∂t. Hence, this condition chooses
as reference worldline the centroid measured by the static observers. It can be gener-
alized taking the static observers of other stationary spacetimes, or, as done in [13], to
arbitrary metrics taking the congruence of observers with zero 3-velocity in the coordi-
nate system chosen (let us dub it the “laboratory” frame). This effectively amounts to
considering an arbitrary congruence of observers, which will be the problem discussed
below: take a matter distribution described by the energy-momentum tensor Tαβ(x),
and a congruence of observers uαlab one may arbitrarily fix; then find the worldlines zα

obeying the condition Sαβ(z)uβlab(z) = 0 — which demands zα to be the center of mass
as measured by the observer uαlab(z) located at that precise point. At first sight, it does
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x2x3

a) b)
lab

lab
αu

Figure 3: a) Centroid as measured by different observers of the congruence uαlab. Colors
specify an observer and the corresponding centroid. Observer uαlab(x1) ≡ uα1 measures
the centroid to be at xα2 ≡ xαCM(u1). The observer uαlab(x2) ≡ uα2 at xα2 is a different
one, thus its centroid will in general be at a different point xα3 . Observer uαlab(x3) ≡ uα3
at xα3 measures the centroid to be at yet another different point, and so on. b) For
the observers uαlab to agree on the centroid position, they must be orthogonal to the

same geodesic hypersurface Σ. In this case the condition Sαβu
β
lab = 0 fixes an unique

worldline.

not even seem obvious that such solutions exist. For when one considers an observer
uαlab(x1) at a given point xα1 , the centroid with respect to uαlab(x1) will be at some point
xα2 , in general not coinciding with xα1 ; and then at the site xα2 , the observer uαlab(x2)
that lies there is a different one, and measures its centroid to be in yet another different
point xα3 , and so on. This is illustrated in Fig. 3a).

We shall now show that the solution indeed always exists, but in general it is not
unique. Consider the vector field (the mass dipole with respect to the observer uβlab(z))

dαG(z) = −Sαβ(z, ulab)uβlab(z) ,

which is a function of zα, where Sαβ(z, ulab) is the angular momentum taken about
zα and in the geodesic hypersurface orthogonal to uαlab at zα. Consider moreover the
intersection of the convex hull of the body’s worldtube W with some arbitrary spacelike
hypersurface Σ, see Fig. 4; and let ~dG(z) be the projection of dαG(z) on Σ. At the
boundary of the region W ∩Σ it is clear from the definition of Sαβ(z, u) in Eq. (2) that
~dG(z) points inwards (since Tαβu

α
labu

β
lab > 0). Given that dαG(z) is a continuous vector

field (since uβlab is an observer congruence), the Brouwer fixed point theorem implies

that the flow of ~dG must have a fixed point; i.e., ~dG = 0 at at least one point within
W ∩Σ. Since dαG(z) is a space-like vector, this effectively means that dαG(z) = 0 at that
point.
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dG

W

W
Figure 4: The vector field dαG(z) (i.e., the mass dipole as measured by the observers uαrest

at zα), at the boundary of the region formed by the intersection of the convex hull W of
the body’s worldtube with some space-like hypersurface Σ, always points inwards. Since
the field dαG(z) is spacelike and continuous, the Brouwer fixed point theorem ensures
that dαG(z) = 0 at at least one point zα ∈ W ∩ Σ. In other words, there is at least one
point which is the center of mass as measured by the observer uαlab at that point.

The argument above is analogous to the one followed by Madore [24] to produce a
similar proof for the vector field Sαβ(z, P )P β(z).

Hence, at least one worldline zα will exist such that Sαβ(z)uβlab(z) = 0; but in general
it is not unique. The analysis in Sec. 3.2.3 below provides an example. Take, in flat
spacetime, the congruence uαlab to be observers rotating rigidly with the angular velocity
of Mathisson’s helical motions, Ω = M/S? (i.e., take the laboratory frame to be the
observers at rest in the coordinates associated to a frame rotating with angular velocity
Ω), opposite to the sense of rotation of the body, and around the centroid measured
in the P i = 0 frame, xαCM(P ). In this case, every point zα within the worldtube of
centroids is a center of mass with respect to the observers at rest in this frame, i.e.,
every such point is a solution of Sαβ(z)uβlab(z) = 0.

In some cases the solution is unique; it is clearly so when the observers of the
congruence agree on the centroid position (note however that this is a sufficient, but
not necessary condition for uniqueness). The moments (thus the centroid, Eq. (4))
are defined integrating on geodesic hypersurfaces Σ(z, u) orthogonal to uα(z) at some
zα; in order for different observers to agree on the centroid position, they should be
orthogonal to the same geodesic hypersurface, i.e., uαlab(x) must be parallel3 along Σ, cf.
Fig. 3b). That amounts to saying that ∇Xu

α
lab = 0 for any spatial vector Xα tangent

to Σ(z, ulab). From the general decomposition (20), we have

∇Xu
α
lab = −εαβγδXβωγuδ + θαβX

β , (25)

telling us that in order for uαlab(x) to be parallel along Σ, the congruence cannot have
vorticity nor shear/expansion, ωα = θαβ = 0 (note that if ωα 6= 0, the congruence is

3Such observers are said to be “kinematically comoving” (see [31] Sec. 6.1).
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not even hypersurface orthogonal; and if ωα = 0 but θαβ 6= 0, there are hypersurfaces
orthogonal to it, but they are not geodesic, so do not coincide with any Σ). That is, it
must be a congruence of static observers in a static spacetime. In this case, within the
regime where the normal coordinates can be taken as nearly rectangular throughout the
body4 (that amounts to taking λ� 1 in Eq. (68), which is reasonable in this context,
see Appendix A and Footnote 13), the observers uαlab will agree on the centroid position.
If one starts with an observer uα1 ≡ uαlab(x1) at a point xα1 , and computes the centroid it
measures from Eq. (4), the worldline zα = xαCM(u1) obtained will therefore obey the CP

condition Sαβ(z)uβlab(z) = 0, since repeating the computation in the normal coordinates
of the observer uαlab(z) at zα yields the same result. An example is when uαlab are the
observers associated to a global inertial frame in flat spacetime. In this case uαrest not
only is the same vector everywhere, as one can set the Lorentz frames of each observer
uαrest(x) in an hyperplane Σ to be the same up to spatial translations; so all observers
of this frame will measure the centroid at the same point (i.e. there is a well defined,
unique centroid associated to such frame). This is an exact statement in this case.

Momentum-velocity relation.— Since uαlab is a well defined vector field in the region of

interest, we may write Duαlab/dτ = uα;β
labUβ, and therefore, from Eq. (21), the momentum

reads

Pα = mUα +
1

γ
(hU )ασS

σ
β

(
γGβ − εβµγδu

δ
labU

µωγ − θβγUγ
)

; (26)

here γ ≡ −uαlabUα, Gα = −∇ulab
uαlab is minus the acceleration of the laboratory ob-

servers (i.e., the gravitoelectric field), ωγ is their vorticity (or the Fermi-Walker gravit-
omagnetic field [29, 27]), and θαβ their shear/expansion tensor. Hence we have a well
defined expression for Pα in terms of Uα, Sαβ and the kinematics of the congruence uαlab,
telling us that Pα differs from mUα only if the laboratory observers measure inertial
forces (i.e., if they are accelerated, rotating, or shearing/expanding).

3.2.2 The Tulczyjew-Dixon (TD) condition

The condition SαβPβ = 0 amounts to choosing uα = Pα/M , i.e., the centroid is the
one as measured in the zero 3-momentum frame. As shown in [33, 34], for a given
matter distribution, described by the energy-momentum tensor Tαβ(x), there is only

4To see the reason for this assumption, consider two observers uα1 = uαlab(x1) and uα2 = uαlab(x2),
orthogonal to the same geodesic hypersurface Σ. Let {xα̂} and {xα̃}, respectively, denote their normal

coordinate systems, related by xα̃ = Λα̃
β̂
(xβ̂ − xβ̂2 ) (where Λα̃

β̂
is a function of xβ̂). They will agree on

the centroid position if xα̃CM(u2) = Λα̃
β̂
(xβ̂CM(u1) − xβ̂2 ). From Eq. (4) we see that it is the case when

dx0̂ = dx0̃, xĩ = Λĩ
ĵ
(xĵ − xĵ2), with Λĩj a constant matrix. Due to the curvature, however, this cannot

be exactly so; choosing ∂α̃|x2 ' ∂α̂|x2 , we have Λα̃
β̂

= δα̃
β̂

+O(‖R‖x̂x̂2) +O(‖R‖x̂2
2), e.g. Eq. (11.12)

of [32]. It follows that, for all observers within the body’s convex hull, ‖xα̃CM(u2) − xα̃CM(u1)‖/a . λ,
λ = ‖R‖a2; hence xα̃CM(u2) ' xα̃CM(u1) if λ � 1. This is, as expected, the condition that the metric
gα̂β̂ = ηα̂β̂ +O(‖R‖x̂2) can be taken as nearly flat throughout the body.
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one worldline zα(τ) such that SαβPβ = 0 (Sαβ and Pα being both evaluated at zα,
and using the hypersurface Σ(z, P ) orthogonal to Pα at zα). In other words, this spin
condition specifies an unique worldline. It is the central worldline of the worldtube
of centroids, as seen from Eq. (12). From (16)-(17), we have the expressions for the
momentum

Pα =
1

m

(
M2Uα + Sαβ

DPβ
dτ

)
= mUα +

1

m
(hU )ασS

σβDPβ
dτ

. (27)

Here DPα/dτ is the force, given by Eq. (14); in the absence of electromagnetic field, and
to pole-dipole order, this expression can be manipulated into the well known expression
(e.g. [14])

Uα =
m

M2

(
Pα +

2SανRντκλS
κλP τ

4M2 +RαβγδSαβSγδ

)
, (28)

determining Uα uniquely in terms5 of Pα, Sαβ and Rαβγδ. A more general expression
for the case when Fαβ 6= 0, and to arbitrary multipole order, is given in Eq. (35) of [17].

3.2.3 The Frenkel-Mathisson-Pirani (FMP) condition. Helical motions.

The condition SαβUβ = 0, i.e., uα = Uα, states that the centroid is measured in its own
rest frame; in other words, it chooses the center of mass as measured by an observer
comoving with it. This condition does not yield an unique worldline though: it is
infinitely degenerate. For a given matter distribution, described by Tαβ(x), there are
infinitely many worldlines zα through it such that SαβUβ = 0. Indeed, any point within
the disk of centroids can be a solution (i.e., can be a center of mass as measured in
its proper frame) provided that it moves with the appropriate velocity. In order to
see that, we start by an heuristic argument, originally due to Möller [7]: consider, in
Fig. 1, a point in circular motion opposite to the rotation of the body, with a radius
R = v′S?/M such that it passes through the centroid xαCM(u′) measured by the observer
O′, and having therein the same velocity as O′. Such point instantaneously coincides
with xαCM(u′), and at the same time is at rest with respect to O′; it is thus a center of
mass computed in its own rest frame, and will be so at every instant as the motion is
circular. The angular velocity of such points is constant, Ω = v′/R = M/S? (i.e., does
not depend on R). That is, consider a disk of the same size of the disk of centroids,
rigidly rotating about the centroid xαCM(P ) measured by O ; any point of such disk is
a centroid computed in its rest frame, and is thus a solution of SαβUβ = 0. This is the
origin of the helical motions (in a frame moving with respect to O, the circular motions
become helices).

5The factor m/M2 (involving Uα via m) can be determined by the normalization condition UαUα =
−1.
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These facts can be explicitly checked from the equations of motion. First we note
that, with this spin condition, the momentum becomes, cf. Eq. (16),

Pα = mUα + Sαβaβ = mUα + εαβγδaβS
γU δ , (29)

where Sα is the spin vector defined by

Sα =
1

2
εαβµνS

µνUβ; Sαβ = εαβµνSµUν . (30)

Noting from (29) that Pαaα = PαSα = 0, and using SαβUβ = 0, the component of the
4-velocity orthogonal to Pα is, from Eq. (23),

Uα⊥ = − 1

M2
εαβµνSµPν

DUβ
dτ

(31)

which in the P i = 0 frame reads

~U +
1

M

D~U

dτ
× ~S = 0 . (32)

This is a differential equation for the space components ~U ; as discussed above, ~v =
~U/γ(P,U) has the interpretation of 3-velocity of the centroid in the P i = 0 frame. Take
now for simplicity the case of a free particle in flat spacetime; in this case, from Eq. (14)
we have DPα/dτ = 0; also, from Eq. (34) below, it follows that DSα/dτ = 0 (since
Sαaα = 0, which can be seen substituting (29) in DPα/dτ = 0); thus M and ~S in
(32) are constants, and the solution for the reference worldline zα (~U = d~z/dτ) is, in
rectangular coordinates (taking ~S along ~ez),

zα(τ) =
(
γτ,−R cos

(vγ
R
τ
)
, R sin

(vγ
R
τ
)
, 0
)

(33)

where R = vγS/M , and γ ≡ γ(P,U) = −PαUα/M =
√

1− v2; v can take any value
between 0 and 1. These are circular motions of radius R and frequency Ω = M/γS,
centered about the centroid xαCM(P ) measured in the P i = 0 frame. They may not seem
at first the same motions we deduced from the heuristic argument above; in particular,
the fact γ can be arbitrarily large has led some authors to believe that the radius of
these motions, for a given body, can be arbitrary, and for this reason deemed them
unphysical [35, 36, 37]. That is not the case; the reason for that is that S is different
for all the helical representations corresponding to the same body. Let zα and z′α

denote two different helical solutions. The scalar S =
√
SαSα =

√
SαβSαβ/2, for a spin

tensor obeying SαβUβ = 0, is the magnitude of the angular momentum taken about
zα = xαCM(U). It should in be different, for the same matter distribution Tαβ(x), from

S′ =
√
S′αβS′αβ/2, since S′αβ, obeying S′αβU ′β = 0, is the angular momentum about a
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different point, z′α = xαCM(U ′). It is shown in Sec. IV of [16] that, for all helical motions

S = S?/γ, where S? =
√
Sαβ? S?αβ/2 is the magnitude of the angular momentum taken

about xαCM(P ) (i.e., Sαβ? Pβ = 0). So indeed these motions have a finite radius and
constant frequency, as deduced above:

Ω =
M

S?
; R =

vS?
M

.

Hence we see that the famous helical motions are just another exotic effect generated
by the variation, along zα(τ), of the field of observers uα (= Uα, in this case) with
respect to which the centroid is computed; what is special about them is that in this
case the non-trivial motion induced on the centroid is such that the latter is always at
rest with respect to the observer measuring it. Thus they are not unphysical, contrary
to some claims in the literature; but they do not contain new physics either, they are
just alternative, unnecessarily complicated descriptions for physical motions that can
be described through simpler representations: for example, the non-helical solution that
this spin condition also allows, which in the case of a free particle in flat spacetime is
uniform straight line motion (corresponding to v = 0, R = 0, in Eq. (33) above).

It is also worth noting that, from a dynamical perspective, the consistency of the
helical motions (namely, the fact the centroid accelerates without any force) is explained
through an interchange between kinetic momentum Pαkin = mUα and hidden momentum
PαhidI = Sαβaβ, which occurs in a way that their variations cancel out at every instant,
such that Pα = mUα + PαhidI remains constant; see Fig. 3 of [16]. This is exactly the
same principle behind the bobbings due to PαhidI discussed in Sec. 3.4 below.

Features of the FMP condition: Fermi-Walker transport and gravito-electromagnetic
analogies

If one employs the Frenkel-Mathisson-Pirani condition, the spin vector of a gyroscope
(if ταβ = 0) is Fermi-Walker transported along the worldlines of any of the centroids
obeying this condition. This can easily be seen substituting Eq. (30) in (15) to obtain

DSα

dτ
= Sνa

νUα . (34)

This is the most natural description for the spin evolution, where the mathematical
definition of a locally non-rotating frame meets the physical one: gyroscopes “oppose”
changes in direction of their rotation axes; the axis of torque-free gyroscopes define
physically the non-rotating frames. On the other hand, Fermi-Walker transport is the
mathematical definition of a non-rotating frame eα̂ adapted to an arbitrarily accelerated
observer: ∇ueβ̂ = Ωα̂

β̂
eα̂, Ωαβ = 2u[αaβ]; that is, it admits “rotation” (actually boost)

in the time-space plane formed by Uα and aα, unavoidable to keep the time axis of

18



the tetrad parallel to the 4-velocity (U = e0̂), so that the triad eî spans the observer’s
local rest space; but no additional spatial rotation (i.e., the axes eî orthogonal to aα

are parallel transported).
Another interesting feature of this spin condition is that is gives rise to three exact

gravito-electromagnetic analogies [23, 29]: i) the spin-curvature force (penultimate term
of Eq. (14)) becomes FαG = −HβαSβ, where Hαβ ≡ ?RαβγδU

βUγ , analogous to the
force on a magnetic dipole (second term of Eq. (14)), FαEM = Bβαµβ, where Bαβ ≡
?Fαµ;βU

µ; ii) Eq. (34) becomes, in an orthonormal frame “adapted” to a congruence

of observers, dS î/dτ = (~S × ~H)î/2, where ~H is the “gravitomagnetic field”, analogous
to the precession of a magnetic dipole, D~S/dτ = ~µ × ~B (first term of Eq. (61)); iii)
the inertial hidden momentum, cf. Eq. (29), is PαhidI = εαβγδU

δSβGγ , with Gα = −aα
the “gravitoelectric” field as measured in the centroid frame, formally analogous to the
electromagnetic hidden momentum, Eq. (64) below. These analogies (apart from their
theoretical interest) provide useful insight to study some problems; they are discussed
in detail in [23].

The downside of this condition is the fact that it is not always easy to set up the non-
helical solution. It is done through suitable ansatzs in Sec. 3.4 below (at an approximate
level), or at an exact level, in very special systems, in [23] (therein it is seen to be a good
choice, as it takes advantage of the symmetries of the problems to yield the simplest
equations). Prescriptions in the case of Schwarzschild and Kerr spacetimes are also
proposed in [38, 39]; however no general rule is known.

3.2.4 The Ohashi-Kyrian-Semerák (OKS) spin condition

This condition, introduced in [12], and first discussed in depth in [13], amounts to
choosing a vector field uα parallel transported along zα(τ), Duα/dτ = 0, which causes
the inertial hidden momentum PαhidI and its associated gauge motions to vanish, cf.
Eq. (18). In the general case where the torque tensor ταβ is non-zero, as we shall see
in Sec. 3.5.1 below, some superfluous motions may still be present though, due to the
pure gauge part of the hidden momentum Pαhidτ related to ταβ (in gravitational systems,
Pαhidτ is usually less important, as it involves the particle’s quadrupole moment). When
ταβ = 0 (the problem at hand herein), it yields the simplest momentum velocity relation
possible, Pα = mUα, and a centroid that accelerates only when there is a force, maα =
(hU )αβF

β (this becomes maα = Fα for pole-dipole particles in gravitational fields, since

m = M ≡
√
−PαPα is constant, as readily seen contracting Eqs. (14) or (39) with Pα).

Eq. (15) also takes a simple form, yielding a spin tensor Sαβ parallel transported along
zα(τ), DSαβ/dτ = 0.

This condition obviously does not specify an unique worldline through the body;
it is infinitely degenerate, because there are infinite possible choices of uα (the only
restriction imposed is Duα/dτ = 0); but another of its advantages [13] is that one does
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not need6 to explicitly determine uα to solve the equations of motion (for pole-dipole
particles), only its value at the initial point is needed. These properties together make
this condition the most suitable (at least in that case) for numerical implementation.

3.2.5 Uniqueness of the centroid vs determinacy of the equations

There are some apparent contradictions in the literature regarding the uniqueness of
the worldline specified by the different spin conditions, and what that means in terms
of the determinacy of the equations of motion. On the one hand most authors (e.g.
[7, 10, 25, 13, 17]) argue, in agreement with the discussion above, that the FMP condition
does not uniquely specify a worldline through the body; on the other hand, it has
recently been argued [40, 41] that it uniquely specifies the motion, given certain initial
conditions. Also, in [10, 13], it is said that the CP condition yields an unique solution,
whereas in the analysis above we have seen that, depending on the coordinate system
chosen, it may or may not yield an unique center of mass. Our considerations above
are based on starting with a test body whose matter distribution is described by an
energy-momentum tensor Tαβ(x), and asking the following question: given Tαβ(x),
does the condition Sαβuβ = 0 yield an unique worldline? As we have seen, from the
four conditions studied above, the answer is affirmative, as a general statement, only
for the TD condition.

But if one takes the perspective of the the initial value problem for the equations
of motion (14)-(15), the impact of the uniqueness/non-uniqueness of the center of mass
definition is not straightforward. First of all one should notice that, without further
assumptions, the system (14)-(15), supplemented by (8), can be determined only to
dipole order and if Fαβ = 0 (otherwise one needs evolution laws for µαβ, dα, and the
higher order electromagnetic and gravitational moments). In this case, all the conditions
yield a well defined solution if sufficient initial conditions are provided; and it is the type
of initial data needed to determine the equations that depends on the nature of center
of mass definition given by each of the conditions.

On general grounds one can say that if the equations of motion can be written as
the explicit functions (dot denotes ordinary derivative along U)

żα(τ) ≡ Uα = Uα(z,P, Sµν); Ṗα = fα(z,P, Sµν); Ṡαβ = gαβ(z,P, Sµν)

then, given the initial values {zα, Pα, Sαβ}|in, the system is determined. The first
equation is the explicit velocity-momentum relation; but the other two also require
such a relation, as can be seen by writing explicitly

Ṗα = ΓανµP
µUν − 1

2
RαβγδU

βSγδ; Ṡαβ = 2Γ[α
νµS

β]µUν + 2P [αUβ].

6We thank O. Semerák and A. Harte for discussions on these issues.

20



Thus, in order to have Ṗα and Ṡαβ as explicit functions of (z,P, Sµν), we need to have
an explicit relation Uα(z,P, Sµν).

In the case of the OKS condition, since one has simply Uα = Pα/m = Pα/M ,
cf. Sec. 3.2.4, the statements above obviously hold, and the solution is determined given
{zα, Pα, Sαβ}|in, or, equivalently, {zα, Sαβ, Uα,m}|in.

The situation is similar for the TD condition (only with a more complicated velocity-
momentum relation). Eq. (28) is an explicit relation Uα(z,P, Sµν); thus, given {zα, Pα, Sαβ}|in,
the solution is determined. The initial data {zα, Sαβ, Uα,m}|in is equally sufficient be-
cause one can extract Pα|in from Eq. (27) (substituting therein DPα/dτ by the explicit
expression −RαβγδUβSγδ/2; an equation for M2 is obtained by squaring (27)).

The case of the CP condition is also essentially similar. One obtains an explicit
relation Uα(z,P, Sµν) as follows7. Substitute decomposition (20) in Eq. (16), with
uα = uαrest, to obtain

Pα =
−Pαuαlab

γ
Uα +

1

γ
Sαβ

(
γGβ − εβµγδu

δ
labU

µωγ − θβγUγ
)
, (35)

where γ ≡ −Uαuαlab. This is an equation for Pα in terms of Uα, Sαβ, and the quantities
Gα, ωα, and θαβ which are given in advance (see Sec. 3.2.1 and the equivalent Eq.
(26)). We need now to solve for Uα. Expressing (35) in its components in a frame
where uilab = 0, we obtain

Aikv
k = P i − SijGj , Aik ≡

[
P 0δik − Sij

(
εjklω

γ + θjk
)]

,

where vi = U i/U0 is the centroid velocity in the uilab = 0 frame. This is a system of linear
equations for the three components vk, with solution vi = [A−1]ik[P

k − SkjGj ]. The

component U0 (and subsequently, U i) is then obtained from the normalization condition
−1 = UαUα = −(U0)2(1− v2). We thus end up with an explicit relation Uα(z,P, Sµν),
meaning that, given the initial values {zα, Sαβ, Pα}|in, the solution is determined, as
asserted in [13]. The set {zα, Sαβ, Uα,m}|in is also sufficient, in agreement with the
claim in [10], because one immediately obtains Pα|in from (26). Finally, note that this
is a distinct problem from the one addressed in Sec. 3.2.1 (where we started just with a

matter distribution Tαβ(x) and imposed Sαβu
β
lab = 0, in which case, as we have seen, the

solution always exists but in general is not unique). Herein one assumes the existence
of some Tαβ(x) that is compatible with the initial conditions prescribed (conversely, in
the prescription of Sec. 3.2.1 there is no longer freedom to choose an arbitrary initial
position zα).

The case of the FMP condition has some important differences. The momentum
velocity relation is (29); the acceleration can be written as (cf. Eq. (24) of [13])

aα(z,U, Sµν) =
1

S2

(
1

m
FµSµS

α − PγSαγ
)

(36)

7We thank O. Semerák for his input on this issue.
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with Sα defined by (30), S2 ≡
√
SαSα, and Fα ≡ DPα/dτ . Substituting in (29) one

obtains an explicit relation Pα(z,U, Sµν). However, one cannot a priori guarantee that
such relation can be inverted into a relation Uα(z,P, Sµν) (such problem, in the general
case, has not yet been tackled in the literature, to the authors’ knowledge). In the
special case of a free particle in flat spacetime, we have, from (29),

aα(P, Sµν) = −
SαβPβ
S2

; Uα(P, Sµν) =
1

m

(
Pα +

1

S2
SαµSµβP

β

)
. (37)

This is an explicit relation Uα(P, Sµν) (m can be determined through the condition
UαUα = −1); therefore, in agreement with the claims in [40, 41], the motion is indeed
determined given the initial data {zα, Sαβ, Pα}|in (i.e., this set of data specifies one
particular solution of the degenerate condition SαβUβ = 0). On the other hand (unlike
the situation for the other three spin conditions), the set of data {zα, Sαβ, Uα,m}|in
is not enough; one needs, additionally, the initial acceleration aα, in agreement with
the claims in e.g. [11, 17]. This is clear from Eqs. (29), (37): the set of initial data
{Sαβ, Pα}|in is equivalent to {Sαβ, Uα,m, aα}|in. These features are readily understood
in the framework of the discussion in Sec. 3.2.3: as we have seen, the motion of an helical
solution zα = xαCM(U) is a superposition of a circular motion centered at the centroid
measured in the P i = 0 frame, xαCM(P ), of radius R = ‖∆x‖ and angular velocity

~ω = −M~S?/S
2
? , combined with a boost of 4-velocity Pα/M . ∆xα = zα − xαCM(P ) is

the shift of zα relative to the center of the helix. Given zαin, Sαβ, and Pα, one obtains

xαCM(P )|in = zαin−∆xαin from the expression ∆xα = SαβPβ/M
2, cf. Eq. (10); Sαβ? follows

using Sαβ = Sαβ? + 2P [α∆xβ], and therefore the motion is completely determined. On
the other hand, if instead of Pα|in one is given {Uα,m}|in, one cannot determine ∆xα;
that is the reason why one needs the acceleration, as it contains precisely the same
information: aα = −∆xαM2/S2, cf. Eq. (37a).

3.3 The dependence of the spin-curvature force on the spin condition;
equivalence of the spin conditions.

We have seen that the significance of the spin condition Sαβuβ = 0 is that of a choice
of representative worldline zα in the body, more precisely requiring such worldline to
be, at each event, the center of mass as measured by an observer of 4-velocity uα. We
have thereby implied that the different spin conditions yield different, but equivalent
descriptions of the motion of a given body, all contained within the worldtube of cen-
troids, which in turn lies within the convex hull of the body’s worldtube. That is easy
to see for a free particle in flat spacetime, where indeed the different solutions stay close
forever and within the straight worldtube depicted in Fig. 2. However, when exter-
nal non-homogenous fields are present, changing zα means not only changing the point
where the fields (i.e., Fαβ and Rαβγδ) are evaluated, but also changing the moments
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zα

zα

zα
zα

∆xα∆xα

a) b)

Figure 5: a) Two different centroids of the OKS condition move nearly parallel
(D∆xα/dτ = 0). In a curved spacetime, that implies that the force DPα/dτ along
the two worldlines must be different (e.g., if zα(τ) is a geodesic, z̄α(τ̄) cannot be). b)
Centroids z̄α(τ̄) of other spin conditions accelerate relative to OKS centroids due to the
gauge motions induced by the variation of uα along z̄α (inertial hidden momentum).

(Sαβ, µαβ, dα, and the 2N>1 moments) themselves, on which the forces and torques also
depend. These two changes would in principle compensate each other; the larger part
of the compensation comes from the lower order terms, and a smaller part (negligible
to some extent) from the higher order terms. Hence, in an approximation where only
moments up to 2N th order are kept, the different worldlines will eventually diverge.
However, this does not mean that the spin condition is not a gauge choice after all; in
fact, it just marks the limit of validity of the given approximation [13]. The subtlety
involved in this compensation is that, except for the case of flat spacetime, it does not
mean that the force is the same for different choices of zα.

In order to see this, let us consider first in Newtonian mechanics, the problem of
describing an extended body through different reference points; for more details on this
problem, we refer to Sec. 3 of [42]. Consider a spherical body in a gravitational field
~G(x). If one takes zi to be the body’s center of mass zi = xiCM ≡

´
ρxid3x/m — an

unique point, in Newtonian mechanics — then, with respect to zi, the body is effectively
a monopole, and the only force present is the usual (monopole) gravitational force
~F = ~Fg = m~G(z). Now take a different reference point z̄i = zi+∆xi (not a centroid) say,

at the boundary of the sphere. The monopole force changes to ~̄Fg = m~G(z+∆x); but, on

the other hand, the particle has a mass dipole moment ~dG =
´
ρ~xd3x = −m∆~x about z̄i

(as well as quadrupole and higher order moments). The dipole force is F̄ idip = ∇jGidjG;
hence to dipole order, we have the same net Newtonian force:

F̄ i = F̄ ig + F̄ idip = mGi(z + ∆x)−m∇jGi(z + ∆x)∆xj ' mGi(z) = F i . (38)

In General Relativity the situation is different because the lowest order gravitational
force is the (dipole order) spin-curvature force

Fα = −1

2
RαβµνS

µνUβ = ?R α
βµν U

µSβuν , (39)

cf. Eq. (14), which depends explicitly on the spin condition Sαβuβ = 0, i.e., on the
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choice of the centroid zα. Such dependence is not compensated by a change in the
monopole force (which does not exist), nor by the higher order terms (if that was the
case, the pole-dipole approximation would not even make sense, for, as we shall see in
Sec. 3.4.2, the differences in the force under different spin conditions are of the same
order of magnitude as the force itself). Hence, the net force Fα = ∇UPα is different for
different zα’s, which is natural in a curved spacetime, since the differentiation is along
different curves. On the other hand, although the monopole force ~Fg (or ~G) has no
physical existence in the relativistic theory, there is a counterpart to the the tidal forces
arising from the variation of these fields from point to point, ∇jGi, which comes from
the curvature tensor (see below). And the crucial point here is that the change in the
force Fα when one changes zα is precisely the one needed to compensate for the tidal
forces which “try” to make the worldlines diverge.

This can be formalized as follows. Take two different centroids with worldlines
zα and z̄α, defined by Sαβuβ = 0 and S̄αβūβ = 0, respectively. Sαβ is the angular
momentum about zα and S̄αβ the angular momentum about z̄α. Extend (in a region
small enough so that they do not intersect) these worldlines to a congruence of curves
encompassing both zα and z̄α; take them to be infinitesimally close, so that one can
employ the usual first order deviation equations (Eq. (41) below), and write a connecting
vector as ∆xα = z̄α(τ)− zα(τ). Take moreover uα to be parallel transported along zα

(i.e., it obeys Ohashi-Kyrian-Semerák spin condition), so that PαhidI = 0⇒ Pα = MUα,
and let the field ūα be arbitrary. Noting that Pα can be taken as the same for zα

and z̄α (see Appendix A.1), it follows from Eqs. (17) that Pα = m̄Ūα + P̄αhid, where
m̄ ≡ −PαŪα; contracting with Pα to obtain an expression for m̄/M , and using Eqs.
(22), one obtains

Ūα =
Pα

M
+

√1 +
P̄αhidPα
M2

− 1

 Pα

M
+ Ūα⊥ ≡

Pα

M
+
[
terms in Ūα⊥

]
. (40)

Uα⊥ and Pαhid = PαhidI are gauge and reciprocal quantities; one can write one in terms of
the other using Eqs. (23). Ūα 6= Pα/M only if Ūα⊥ 6= 0 (or equivalently if Pαhid 6= 0).
From the deviation equation for accelerated worldlines [43], we have

D2∆xα

dτ2
=− Eαβ∆xβ +∇∆xa

α = −Eαβ∆xβ +
(
∇Ū Ūα −∇UUα

)
=− Eαβ∆xβ +

1

M

(
F̄α − Fα

)
+
[
terms in Ūα⊥

]
, (41)

where Eαβ ≡ RαµβνU
µUν is the “gravitoelectric” tidal tensor, which is the relativistic

counterpart of the Newtonian tidal tensor ∇jGi. In the third equality we used Eq. (40)
and the following: M is a conserved quantity for the OKS spin condition (∇UM = 0
along zα if Pα ‖ Uα, as readily seen contracting (39) with Pα), so that Fα = DPα/dτ =
Maα; and that along z̄α one has ∇ŪM = 0 +

[
terms in Ūα⊥

]
.
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Since ∆xα is infinitesimal, we can write (as in flat spacetime),

S̄αβ = Sαβ + 2P [α∆xβ] (42)

and therefore the difference between the forces is

F̄α − Fα = − 1

2M
RαβγδP

β
(
S̄γδ − Sγδ

)
+
[
terms in Ūα⊥

]
= MEαβ∆xβ +

[
terms in Ūα⊥

]
(43)

where the terms in Ūα⊥ are of order O(S2). Substituting in (41), we obtain

D2∆xα

dτ2
= 0 +

[
terms in Ūα⊥

]
.

That is, the worldline deviation of the two solutions reduces to terms involving Uα⊥
(i.e., PαhidI), that we have seen in Sec. 3.1 to be gauge (arising just from the choice
of observers relative to which the centroids are computed). This is illustrated in Fig.
5. In particular, if one takes two different solutions of the OKS condition (so that no
superfluous motions come into play8) we have simply D2∆xα/dτ2 = 0, i.e., there is
no relative acceleration between the worldlines, which is guaranteed by the difference
between the forces Fα = ∇UPα and F̄α = ∇ŪPα.

The situation becomes especially enlightening (and the correspondence with the
Newtonian theory closer) in the limit of weak static fields and slow motion of Sec. 3.4.
In this case the coordinate acceleration (for a stationary field) of the centroid zα is

m
d2zi

dτ2
= mGi(z) + F i −

DP ihid

dτ

where ~G is the Newtonian field (more precisely, a fictitious, or “inertial” field, that mim-
ics Newton’s ~G in the coordinate acceleration. Is is also known as the “gravitoelectric”
field, e.g. [29]). The coordinate acceleration of the centroid z̄α is

m
d2z̄i

dτ̄2
= mGi(z̄) + F̄ i −

DP̄ ihid

dτ̄
= mGi(z̄) + F i +mEij∆xj −

DP̄ ihid

dτ̄
;

in the second equality we used (43) neglecting the Uα⊥ terms therein (as they are of order
O(S2)). To first order in ∆x, Gi(z̄) ' Gi(z) + ∇jGi∆xj ; and since, for a stationary
field, to linear order (see [29]), Eij = −∇jGi, then mGi(z̄) + F̄ i = mGi(z) + F i, i.e.,
the sum of the spin curvature and the Newtonian forces is the same for both worldlines,

8Only when ∇Uu
α = ∇Ūū

α = 0 should one expect two different centroids to of the same body to
move parallel, even in flat spacetime, as explained in Sec. 3.1 (see also Fig. 2b)). Otherwise (i.e., when
PαhidI 6= 0) they can have an arbitrary relative motion, cf. Fig. 5.
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the change in one compensating for the other, just like the case with the monopole and
dipole forces in the Newtonian problem above, cf. Eq. (38). We have thus

m
d2z̄i

dτ̄2
= mGi(z) + F i −

DP̄ ihid

dτ̄
= m

d2zi

dτ2
+
DP ihid

dτ
−
DP̄ ihid

dτ̄
. (44)

Hence, barring hidden momentum terms, the coordinate acceleration for z̄α(τ̄) is the
same as for zα(τ). This means, in particular, that the different solutions of the OKS
condition are trajectories that run parallel (as both the coordinate acceleration and the
velocity are the same for all of them).

3.4 Comparison of the spin conditions in simple examples

In this section we consider the two simple setups illustrated in Fig. 6 — a spinning
charged body (with ~µ = 0, and whose only non-vanishing electromagnetic moment is q,
so that Pαhidτ = 0) orbiting a Coulomb charge in flat spacetime, and a spinning body

orbiting a Schwarzschild black hole, both particles having spin ~S lying in the orbital
plane — and compare the description of the motion given by the different spin condi-
tions. Such comparison will be done ensuring that one is dealing with the worldlines of
different centroids corresponding to the same physical body (i.e., the same matter dis-
tribution Tαβ(x)). We will be using the weak field slow motion approximation, for two
reasons: first, because it is sufficient to illustrate the effects of interest; second, and more
importantly, to make clear that the choice of spin condition (and the resulting hidden
momentum) impacts the equations of motion at leading order, and thus these effects
must be taken into account in any linearized theory or Post-Newtonian approximation.

3.4.1 Electromagnetic system

The Corinaldesi-Papapetrou (CP) condition, which sets the reference worldline zα as
being center of mass xαCM(urest) measured in the “laboratory” frame (chosen as the
congruence of static observers uαrest, at rest with respect to the source), coincides in this
case with one of the solutions of the Ohashi-Kyrian-Semerák (OKS) condition, because
such frame is inertial, and therefore ∇Uu

α
rest = 0 ⇒ PαhidI = 0, cf. Eq. (18). The

momentum is thus parallel to the 4-velocity Pα = mUα, and the equation of motion for
the centroid reduces to

maα = Fα = qFαβUβ ; ~F = q ~E(U) = qQ
~r

r3
+O(v2) , (45)

whose well known solution for a Coulomb field is an ellipse. In particular, a particle
with an initial velocity in the xOy plane, and equaling that of a circular orbit, will follow
a circular orbit in that plane (regardless of its spin); and a particle with initial radial
velocity will move radially, cf. Fig. 6a). To compare with the description given by other
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Figure 6: Comparison of different spin conditions (Sαβuβ = 0) in two analogous physical

systems: a)-b) A spinning charged particle (but with ~µ = 0) orbiting a Coulomb charge in

flat spacetime; c)-d) a spinning particle in the Schwarzschild spacetime. The CP condition,

uα = uαlab, chooses the centroid as measured by the observers at rest in the background (the

“laboratory” frame); the FMP condition, uα = Uα, and the TD condition, uα = Pα/M , choose

the centroid as measured in the frame comoving, or nearly comoving (respectively) with it. We

consider only the non-helical FMP solution. In the electromagnetic system, the CP condition

yields Duα/dτ = 0 ⇒ Pα = mUα (since the laboratory frame is inertial), there is no hidden

momentum nor exotic motions; trajectories are ellipses and, for particles with initial radial

velocity, straight lines, cf. Fig. 6a). For the TD/FMP conditions, Fig. 6a), Duα/dτ 6= 0 since a

force ~F acts on the particle, leading to a hidden momentum ~Phid ' −~S× ~F/m that modifies the

trajectories. A bobbing is added to the elliptical trajectories due to the oscillation of ~Phid = P z~ez
along the orbit; and instead of a radial motion, the centroid deflects. In the gravitational system

the situation is reversed : Duα/dτ ≈ 0 ⇒ Pαhid ≈ 0 for TD/FMP conditions, and it is for the

CP condition (since the laboratory observers are accelerated) that there is a hidden momentum
~Phid ' ~S × ~G 6= 0. TD/FMP centroids with initial radial velocity move radially, whereas

the corresponding CP centroid deflects. ~Phid also induces a bobbing in nearly elliptical orbits

(adding to the existing bobbing caused by the spin-curvature force, which is not gauge, but

has the same form up to a factor of three). In both systems Pαhid and its induced motions are

gauged away by the Ohashi-Kyrian-Semerák (OKS) condition; different OKS centroids move

nearly parallel to each other. 27



centroids (corresponding to other OKS solutions, or to other spin conditions), we note
that i) these have worldlines z̄α(τ̄) related to zα(τ) by (see Eq. (10))

z̄α = zα + ∆xα ; ∆~x '
~S × ~v
m

, (46)

where ~v is the particle’s velocity with respect to the laboratory observers (i.e., Uα =
γ(U, ulab)(uαlab + vα), cf. Eq. (9)); ii) the particle’s momentum Pα is, to a good approx-
imation, the same for all spin conditions, cf. Appendix A.1.1; and iii) regardless of the
reference worldline chosen, to the accuracy at hand, the net force on the body is the

same, ~F = ~̄F (unlike one might expect, since the fields are evaluated at different points).
Point iii) is explained by arguments analogous to the ones given in Sec. 3.3 for the New-
tonian problem: when one changes zα the particle’s moments change as well; if the
particle was a monopole with respect to zα, then about z̄α it will have an electric dipole
moment ~d = −q∆~x, as well as higher order moments. Whereas ~F is just the Coulomb

force ~F = q ~E(z), to dipole order ~̄F = q ~E(z̄) + F̄ idip, where F̄ idip = ∇jEidj + O(v2) is
the force due to the electric dipole, cf. third term of Eq. (14). Hence

F̄ i = qEi(z̄) + F̄ idip = qEi(z + ∆x)− q∇jEi(z + ∆x)∆xj ' qEi(z) = F i . (47)

Therefore, any difference in the acceleration of the two centroids is due solely to the
hidden momentum

m~̄a = ~̄F − D ~̄Phid

dτ
= ~F − D ~̄Phid

dτ
= m~a− D ~̄Phid

dτ
(48)

This tells us that different solutions of the OKS condition, for which P̄αhidI = 0
(corresponding to the centroids as measured by observers moving with constant velocity
with respect to uαrest), yield different worldlines all (nearly) parallel to the CP condition,
since they have the same acceleration, and the same 4-velocity Uα ‖ Pα. In particular,
other OKS centroids z̄α corresponding the same physical motion whose description
through zα is radial motion, are non-radial straight lines parallel to zα; and the z̄α’s
for which zα is a circular motion are (non-concentric, in general non-complanar) circles,
obtained from the latter by a constant spatial displacement ∆~x; see Fig. 6a).

The situation is different if one chooses the Frenkel-Mathisson-Pirani (FMP), uα =
Ūα, or the Tulczyjew-Dixon (TD) condition, uα = Pα/M , which pick as representative
point the centroid as measured in the frame comoving, or nearly comoving, respectively,
with it. Since a force acts on the particle (implying DPα/dτ 6= 0 and āα 6= 0), it follows
that Duα/dτ 6= 0 and PαhidI 6= 0, and therefore Pα is not is not parallel to Ūα, cf.
Eqs. (27) and (29). From Eq. (27) (and noting from (28) that M = m + O(S2)), we
have for the TD condition

Pα = mŪα +
Sαβ

m
Fβ +O(S2) = mŪα +

1

m
εαβγδFβS

γŪ δ +O(S2) . (49)
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This corresponds also to the momentum of the non-helical FMP solution. In order to
see that, first take (49) as an ansatz, and observe it obeys, to the accuracy at hand, the
FMP equations of motion. Namely, substituting (49) in the explicit equation for the
acceleration9 (36), one gets

āα =
1

S2

(
1

m
FµSµS

α − S β
γ

m
FβS

αγ

)
+O(S) =

Fα

m
+O(S) (50)

(in the second equality we noted that since S β
γ Sαγ = SαSβ − (hU )αµS

2 and FαUα = 0,

it follows that −S β
γ SαγFβ/S

2 = Fα⊥ ≡ projection of Fα orthogonal to Sα); then,
substituting (50) in (29), leads consistently to (49). Eq. (50) states that the acceleration
comes, in first approximation (i.e., to zeroth order in S), from the force Fα, which is
what one expects for a non-helical solution (and the rationale for taking (49) as an
ansatz for (29)). Note from Eq. (33) that, for a free particle in flat spacetime, the
acceleration of the helical motions is a = γ2vM/S = O(S−1) 6= O(S). The helices are
effectively precluded from moment we impose Pα ' mŪα + SαβFβ/m.

We can therefore write for the inertial hidden momentum of both the TD or (non-
helical) FMP conditions

PhidI '
1

m
εαβγδFβS

γŪ δ . (51)

This hidden momentum leads to exotic motions of the centroid. From Eq. (48),

m~̄a =m~a− D ~̄Phid

dτ
= m~a+

1

m
~S × ~F,lv̄

l +O(v2)

=m~a+
qQ

m

1

r3

(
~̄v × ~S − 3

(~̄v · ~r)~r × ~S

r2

)
. (52)

Here ~r = x~ex + y~ey, since ~F (= ~̄F ) is the Coulomb force in the xOy plane.
Nearly circular motion. — Let us start by the motion above whose description

through zα (i.e. through the laboratory frame centroid, given by the CP/OKS condi-
tions) was a circular motion in the xOy plane. Since we assume that ~S lies on the xOy
plane, it follows that ~PhidI = PhidI~ez,

P x = mv̄x = mvx; P y = mv̄y = mvy; P z = mv̄z + PhidI

(where we noted that since Pα is the same regardless of the spin condition, the compo-
nents of the centroid velocity in the xOy plane are the same as for the CP condition:

9In [13], where Eq. (36) was originally derived, Fα was taken to be the spin-curvature force (39); it
is however easy to check, following the derivation therein, that it holds for an arbitrary force, as long
as Eq. (29) holds.
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v̄x = vx, v̄y = vy). Therefore, ~̄v · ~r = 0, māx = max = F x, māy = may = F y, and

māz =
qQ

m

1

r3
(~v × ~S)z , (53)

cf. Eq. (52). Thus, the projection of the motion in the xOy plane is circular, identical to
zα; and since ~S is constant to this accuracy10, āz oscillates between positive and negative
values along the orbit, leading to a bobbing motion, depicted in Fig. 6b). This bobbing
can easily be understood as follows. The particle’s total momentum along z is constant
(since there is no force along z, DP z/dτ = 0), and equal to zero, as one can see (since
Pα is the same) from the results above of the CP/OKS conditions. On the other hand,
from Eq. (51), there is a hidden momentum along z, P zhid = (~S × ~F )z/m, oscillating
along the orbit (from P zmin = −SF/m to P zmax = +SF/m); this means that the centroid
bobs up and down in order for the kinetic momentum mv̄z to cancel out P zhid, keeping

P z = 0. Without loss of generality, we may take ~S = S~ex, vy = v cosωτ , and thus
(~v × ~S)z = −vS cosωτ ; integrating ¨̄z = āz, Eq. (53), and noticing that mω2r = Qq/r2

(as the motion is circular in the xOy plane), we obtain z = (vS/m) cosωτ , describing
oscillations of half amplitude vS/m.

Nearly radial motion. — As we have seen above, for the CP or the OKS conditions,
it follows from Eqs. (45) that a particle with radial initial velocity will move radially,
regardless of its spin. Take the case that the particle is dropped from rest at some point
on the x axis; it will move in straight line along x towards the source, and we thus have
that P y = P z = 0, P x = P . Take ~S to be along z. For the FMP or the TD conditions
the situation is different; there is a hidden momentum, given by Eq. (51),

~Phid = − 1

m
~S × ~F =

1

m
SF~ey

(increasing as the particle approaches the source, since F increases), which causes the
centroid to deflect in the negative y direction, in order to keep P y = P yhid + mŪy = 0.
This is depicted in Fig. 6b).

3.4.2 Gravitational system

In the gravitational case, the situation is reversed in comparison to the electromagnetic
system: now it is the “laboratory frame” (i.e., the observers at rest in the background)
which is accelerated, therefore ∇Uu

α
rest 6= 0 and Pα ∦ Uα when the centroid is computed

in such frame, cf. Eq. (26); and it is when the centroid is computed in the comoving
(FMP condition) or nearly comoving frame (TD condition) that we have P ' mUα,
since the only force present is the spin curvature force (39), which yields a O(S2)

10Since ταβ = 0, Sα is Fermi-Walker transported for the MP condition, Eq. (30), and approximately
so for the TD condition (cf. Eq. (7.11) of [25]); since Eq. (53) is of first order in v, ~S can be taken
constant therein.
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contribution to the hidden momentum, cf. Eq. (49). This is what we are now going to
see in detail.

As we have seen in Sec. 3.3, the force (39) depends explicitly on the spin condition.
For the FMP and the TD conditions, it can be written to lowest order as [23]

F̄ i = −2εjklv
kGl,iSj + εiljG

l
,kv

kSj ' māi , (54)

where ~G = −mS~r/r
3 is the Newtonian (or gravitoelectric) field evaluated at z̄α, mS

is the mass of the Schwarzschild black hole, and in the second equality we used ~P =

m~̄U +O(S2)⇒ m~̄a ' ~̄F , as follows from (49). Explicitly:

m~̄a ' ~̄F = −3mS

r3

[
~v × ~S +

2~r[(~v × ~r) · ~S]

r2
+

(~v · ~r)~S × ~r
r2

]
. (55)

Notice the first term, formally analogous to the first term of (52), which caused the
bobbing in the electromagnetic system; but note as well that despite the similarity,
they have very different origins: the latter comes from the inertial hidden momentum,
whereas the former comes from the spin-curvature force.

The coordinate acceleration is given by the sum of m~a with the (radial) Newtonian
“force” m~G,

m
d2z̄i

dτ̄2
= mGi(z̄) + F̄ i .

For the CP condition the situation is different, because this is now the case where the
field uα = uαlab (relative to which the centroid is computed) is not parallel transported
along zα(τ), ∇Uu

α
lab 6= 0; therefore there is hidden momentum (cf. Eqs. (18) and (26)):

PαhidI = −(hU )ασS
σ
βG

β = −(hU )ασε
σ
βγδG

βSγuδlab ⇒ ~PhidI ' ~S × ~G . (56)

The spin-curvature force takes also a different form with this condition,

F i = −εjklvkGl,iSj + εiljG
l
,kv

kSj (57)

(notice the relative factor of 2 comparing the first terms of (54) and (57)). The latter
difference however is compensated by the difference between ~G(z) and ~G(z̄), as explained
in Sec. 3.3: Gi(z) ' Gi(z̄) − Gi,j∆xj , with ∆~x = ~S × ~v/m, cf. Eqs. (46); that is,
Gi(z) ' Gi(z̄) − εjklS

jvkGl,i/m, and therefore mGi(z) + F i = mGi(z̄) + F̄ i. The
coordinate acceleration is thus given by

m
d2zi

dτ2
= mGi(z) + F i −

DP ihid

dτ
= m

d2z̄i

dτ̄2
−
DP ihid

dτ
. (58)
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That is, the coordinate acceleration of the CP worldline zα(τ) differs from that of the
worldline z̄α(τ̄) of the TD/FMP conditions only by the hidden momentum term involved
in the former. From (56) we have

DP ihid

dτ
' Pαhid,iv

i = εijlS
jGl ,kv

k =
mS

r3

(
~v × ~S + 3

(~v · ~r)~S × ~r
r2

)
(59)

where we used the fact that, to this accuracy, D~S/dτ ≈ 0.
Nearly circular motion. — As in the electromagnetic case, we assume ~S ∈ xOy, and

so, for a nearly circular orbit, (~v × ~r) · ~S ' 0, ~v · ~r ' 0; therefore, the second term of
(55) and the last term of (55) and (59) vanish. We have thus for the FMP and TD
conditions

m
d2z̄

dτ̄2
= mGz(z̄)− 3mS

r3
(~v × ~S)z ,

and for the CP condition

m
d2z

dτ2
= m

d2z̄

dτ̄2
− mS

r3
(~v × ~S)z .

Both coordinate accelerations oscillate along the orbit, due to the terms ~v× ~S (since ~S
is approximately constant), leading to a bobbing motion. Hence, by contrast with the
electromagnetic system, in this case a bobbing is present regardless of the spin condition
(or the presence of hidden momentum); it is just larger for the CP condition, because the
contribution for the bobbing from the hidden momentum adds to the bobbing caused
by the spin-curvature force (they have the same form, only different factors).

Nearly radial motion. — For a particle in radial motion in Schwarzschild spacetime,
the spin-curvature force under the FMP/TD conditions is exactly zero, F̄α = DPα/dτ̄ =
0, as shown in [23] (in the weak field and slow motion regime, one can check that from
Eq. (55) above, by noting that the second term is zero, and the first and third terms
cancel out when ~r ‖ ~v). The hidden momentum is also exactly zero for the TD and
the non-helical FMP solutions, so Pα = mŪα, and thus DŪα/dτ̄ = 0. When dropped
from rest, the particle moves along a geodesic towards the source. Take the motion to
be along the x axis, so that P y = P z = 0, P x = P , and take ~S along z.

For the worldline zα(τ) given by the CP condition, there will be a non-vanishing
spin-curvature force, cf. Eq. (43); which, as shown above and in Sec. 3.3, just com-
pensates for the difference in the Newtonian field ~G on the two worldlines, so that the
coordinate acceleration differs only due to the hidden momentum terms, cf. Eqs. (44)
and (58). Since the momentum Pα is the same regardless of the spin condition, the
hidden momentum (56) that arises with this spin condition causes the centroid zα to
deflect in the y direction as it approaches the source, in order to keep

P y = mUy + (~S × ~G)y = 0 ,
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just like the situation in the electromagnetic system for the FMP and the TD condition.
This is depicted in Fig. 6d). Hence, the situation is opposite to the electromagnetic
analogue: for the FMP and TD conditions we have no hidden momentum, and z̄α

has straight line radial motion; for the CP condition there is hidden momentum and a
centroid that deflects from radial motion.

Finally, if one takes solutions z′α(τ ′) of the OKS condition, other than the one that
(to this accuracy) coincides with the centroid zα of the FMP and TD conditions, we
have from (44) d2z′i/dτ2 = d2z′i/dτ2, and thus z′α(τ ′) are curves that run approximately
parallel to the trajectories of the TD/FMP (non-helical) conditions.

3.5 Hidden momentum arising from the “torque” tensor ταβ

In this section we briefly discuss the hidden momentum (19) that is related to the torque
tensor ταβ. It is useful to split

ταβ = ταβDEM + ταβQEM + ταβQG + ... (60)

where [11]

ταβDEM = 2µθ[βF
α]
θ + 2d[αF β]

γU
γ (61)

is the electromagnetic dipole torque, ταβQEM and ταβQG are, respectively, the quadrupole
electromagnetic and gravitational torques (the lowest order torque in the gravitational
case), see [23] for the explicit expressions. All these torques (plus the higher order
ones) will contribute to the momentum via Eqs. (17)-(19). A hidden momentum Phidτ

is originated whenever ταβ has a component along the vector field uα, cf. Eq. (19), and
it may be cast into two parts: a part which is is pure gauge like the inertial hidden
momentum PαhidI (comes from the choice of the reference worldline zα(τ); may be made
to vanish by suitable choices), and another part, which arises in some physical systems,
that is not gauge. Let us discuss these two subtypes of hidden momentum separately.

3.5.1 The pure gauge hidden momentum that arises from ταβ

This contribution is easier to understand if we think about a simple example. Consider a
spinning particle in flat spacetime as depicted in Fig. 1, with no forces (DPα/dτ = 0),
but now under a torque. Consider moreover ταβ to be spatial and orthogonal11 to
Pα: ταβPβ = 0. In this case, just like for a torque-free particle, the centroid xαCM(P )
(“xCM” in Fig. 1), given by the condition SαβPβ = 0, is at rest in the P i = 0 frame
(note that Pα ‖ Uα for the reference worldline zα = xαCM(P ), as follows from Eq. (16)
with uα = Pα/M). Since xαCM(P ) is unaffected by the torque, it remains at rest at
the body’s geometrical center, regardless of the fact that the spin of the particle is

11e.g., the torque on an electric dipole in an uniform electromagnetic field, when zα is the common
centroid given by the TD or the (non-helical) FMP condition.
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varying. Now consider another inertial observer (4-velocity ūα) moving with respect
to the P i = 0 frame with constant velocity ~v (so that Dūα/dτ = 0, ensuring that no
inertial hidden momentum comes into play); not only the centroid xαCM(ū) it measures
is shifted to the right relative to xαCM(P ), as depicted in Fig. 1, as the shift (10)-(12)
also varies, since Sα? varies due to the torque:

D∆xα

dτ
= − 1

m(ū)

DSαβ?
dτ

ūβ = − 1

m(ū)
ταβūβ (62)

(i.e., the body’s rotation velocity varies, causing ∆xα to vary). This means that the
centroid z̄α = xαCM(ū) will be moving in the P i = 0 frame; i.e., its 4-velocity Ūα =
dz̄α/dτ̄ will have a component orthogonal to Pα, which reads (in this special case that
DPα/dτ = 0, so that Eqs. (24) hold) Ūα⊥ = D∆xα/dτ̄ .

In the general case when there are forces acting on the particle, however, as already
mentioned in Sec. 3.2, one should not think of Ūα⊥ as the velocity of the centroid z̄α

relative to zα = xαCM(P ), because the latter is not at rest in the P i = 0 frame. The
general argument should be given instead as: the position of the centroid z̄α = xαCM(ū)
as measured by a given observer ūα depends on the body’s angular momentum; when
the latter varies due to the action of a torque, xαCM(ū) moves accordingly; Pα, however,
is unaffected, leading to Pα ∦ Uα. The general (with Dūα/dτ = 0) expression for Ūα⊥
formalizing this statement follows from Eqs. (16) and (22)12:

Ūα⊥ = − 1

m(ū)
(hP )ασ τ̄

σβūβ . (63)

Finally, if Uα⊥ 6= 0, then Pαhid 6= 0 — i.e., when the centroid moves in the P i = 0 frame,
the momentum P i is not zero in the centroid frame (the Ū i = 0 frame); thus there is
hidden momentum, the two effects being reciprocal (and mere consequences of the fact
that Pα ∦ Ūα), cf. Eqs. (23).

3.5.2 “Dynamical” hidden momentum

In general, the momentum of a multipole particle subject to electromagnetic and grav-
itational fields is not parallel to its 4-velocity regardless of the spin condition; that
happens when ταβ is not a spatial tensor (i.e., when ταβuβ 6= 0 for all unit timelike
vectors uβ), and is related to a type of hidden momentum which occurs in some physical
systems and is not gauge. Following [17], we dub this part of Pαhidτ the “dynamical”
hidden momentum. To dipole order, it arises in magnetic dipoles; let us then consider

the case when ταβ = 2µθ[βF
α]
θ in Eqs. (60)-(61). Take the magnetic dipole moment

12To obtain (62) from (63) in the special case above, one uses dτ = γ(Ū , P )dτ̄ to write Ūα⊥ =
γ(Ū , P )D∆xα/dτ , computes DS̄αβ/dτ̄ from (42) using (15) to obtain τ̄αβ = γ(Ū , P )ταβ , and finally
uses the assumption above ταβPβ = 0⇒ (hP )ασ τ̄

σβ = τ̄αβ .
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to be proportional to the spin, µαβ = σSαβ; we have from (19), for an arbitrary spin
condition Sαβuβ = 0,

Pαhidτ = − 1

γ(u, U)
(hU )ασµ

σβ(Eu)β ≡ PαhidEM ,

where (Eu)α = Fαβu
β. If (Eu)α ∦ µα, PαhidEM can never be zero, because then µβσ(Eu)β 6=

0 and is a space-like vector, thus cannot be parallel to any Uα. For the FMP condition
(uα = Uα), PαhidEM takes the suggestive form

PαhidEM = −µαβEβ = εαβγδµ
βEγU δ , (64)

where Eα = FαβU
β is the electric field as measured in the centroid frame. In such frame,

and in vector notation, ~PhidEM = ~µ× ~E, which the most usual form in the literature for
the hidden momentum that a magnetic dipole acquires under an external electromag-
netic field (e.g. [19, 20, 21, 22]). It equals minus the electromagnetic field momentum
~P× generated by a magnetic dipole when placed in the external electromagnetic field,
which, in the particle’s frame, reads (see e.g. [19, 22, 23]) ~P× =

´
~E× ~Bdipole = −~µ× ~E.

It should however be noted that ~PhidEM is not field momentum; it is purely mechanical in
nature, which can be understood through simple models, see e.g. [19, 22] (in particular
Fig. 9 of [22]). Such momentum plays an important role in the conservation laws. Con-
sider, for example, a magnetic dipole at rest in an external electric field; since no force is
exerted on the particle, the setup is stationary ; it follows from the conservation equations
(Ttot)

αβ
;β = 0 that the total spatial momentum ~Ptot ≡ ~Pmatter+ ~PEM (i.e., the matter mo-

mentum plus the field momentum) must vanish. The momentum of the electromagnetic
field, ~PEM = ~P×, however, is not zero; it is the momentum ~Pmatter = ~PhidEM = −~PEM,
hidden in the dipole, that cancels out ~PEM, ensuring ~Ptot = 0, as required by the
conservation laws.

PαhidEM also leads to exotic motions, quite analogous to the ones coming from the
inertial hidden momentum studied in Sec. 3.4, as one would expect from the formal
analogy between (64) and the the inertial hidden momentum under this spin condition,
PhidI = −εαβγδSβaγU δ, cf. Eq. (29). Indeed, if in the application in Fig. a)-b) we
considered particles with dipole moment µα = σSα 6= 0, there would be a bobbing (in
addition to the one caused by PαhidI) for a particle orbiting the source, and, in the case of
a particle in initially radial motion, there would be a sideways dipole force on it, but due
to PαhidEM the particle’s sideways acceleration would actually be opposite to the force.
This effect is discussed in detail in [23]. However, a crucial difference exists between
these effects and the effects discussed in the previous sections: the hidden momentum
in Eq. (64) is not gauge, nor the motions generated by it are (in general) made to vanish
by any choice of center of mass.
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4 Conclusion

In this paper we have discussed and compared in detail the different spin supplementary
conditions in the literature, with special attention being given to the lesser-studied (but
potentially useful) Corinaldesi-Papapetrou (CP) and Ohashi-Kyrian-Semerák (OKS)
spin conditions. One of the main points is that the different solutions allowed by the
different spin conditions are equivalent descriptions of the motion of a given body. We
have shown this equivalence to pole-dipole order, explaining the change of the spin-
curvature force under the different conditions — which is seen to be precisely what
ensures the consistency of the different solutions, as it has the magnitude needed to
prevent the worldlines from deviating due to tidal effects of a curved spacetime. This
builds up on the work in [16] (dealing with free particles in flat spacetime) and backs
the claims in [13] about the equivalence of all spin conditions in a curved spacetime.

We clarified the origin of the non-parallelism between Uα and Pα, which can be
cast as the particle possessing a “hidden momentum”, a concept introduced in General
Relativity in [17], and further developed herein. It consists of two main parts: an
“inertial” part PαhidI that arises solely from the spin condition (i.e., from the choice of the
observers relative to which the center of mass is measured), which we therefore cast as
gauge, and another term Pαhidτ arising from the torque tensor ταβ, which generically sub-
divides into a part that again is gauge (arising from the motion of the centroid measured
by some observers that is induced when Sαβ varies due to ταβ), and a “dynamical” part,
which is not gauge. The latter, to dipole order, consists of a form of hidden momentum
that arises in electromagnetic systems, and was previously known from treatments in
classical electrodynamics.

The differences between the various spin conditions were discussed and illustrated
with suitable examples; in particular the reciprocity (first noted in [17]) that exists
when one compares spinning particles under an electromagnetic field in flat spacetime
to spinning particles in a gravitational field: in the first case, when one picks the centroid
as measured in the Laboratory frame (corresponding to the CP/OKS conditions), there
is no inertial hidden momentum, PαhidI = 0, and thus (if Pαhidτ = 0) the momentum
velocity relation is simply Pα = mUα; and when one computes the center of mass in
the comoving frame (FMP/TD conditions), Pα is no longer parallel to Uα, leading to
exotic motions (like bobbings). In the gravitational case the situation is reversed: when
one chooses the TD or the (non-helical) FMP conditions, Pα is approximately parallel
to Uα; and it is when one chooses the Laboratory centroid (CP condition) that hidden
momentum arises.

All the spin conditions studied present interesting features. The CP condition yields
a natural description, as it amounts to compute the centroid in the same frame where
the motion is observed (the “Laboratory” frame, which is given in advance); it leads
however to considerable superfluous motions in gravitational systems. The TD condition
defines always an unique center of mass, which is the central worldline of the worldtube
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of centroids (can thus be thought of as describing the “bulk” motion of such worldtube).
The FMP condition yields the most natural transport law for the spin vector, and also
gives rise to exact gravito-electromagnetic analogies (see [23]); however it is not always
easy to single out the non-helical solution from the (infinite) helical solutions allowed by
this condition (the latter should be avoided, as they are but unnecessarily complicated
descriptions of the motion, as discussed in Sec. 3.2.3), and no general prescription for
that is known. As for the OKS condition, it always gauges away the inertial hidden
momentum and its induced motions, ensuring the simplest equations for the centroid
motion; in the absence of torques, one has Fα = maα, i.e., these are Newtonian-like (or
“dynamical”) centroids, which accelerate only if there is a force.

It is however crucial to notice that in spite of the equivalence of the descriptions, and
the fact that trajectories of the different spin conditions are contained within the (convex
hull of the) body’s worldtube, their differences, and the superfluous motions induced by
some of them are not negligible (even in weak field, slow motion approximations), and
should not be overlooked. As it is also important to distinguish these motions from the
physical effects. For, as we have exemplified in Sec. 3.4, the pure gauge contribution to
the centroid acceleration with the CP condition is of the same order of magnitude as
the one from the spin-curvature force itself; and it can actually be much larger, as is
the case of the acceleration of the outer helical solutions of the FMP condition, which
can be made arbitrarily large.

A Momentum and angular momentum in curved space-
time

In rectangular coordinates in flat spacetime, the momenta Pα and Sαβ of an extended
body, as measured by some observer of 4-velocity uα, are well defined by the integrals

Pα =

ˆ
Σ(z,u)

TαβdΣβ; Sαβ = 2

ˆ
Σ(z,u)

r[αT β]γdΣγ ,

where Σ(z, u) is the hyperplane orthogonal to uα (the rest space of uα), and rα = xα−zα
is the vector connecting the reference worldline zα to the point of integration xα. In
curved spacetime the situation is different, as these integrals amount to summing tensors
defined at different points; different generalizations of the flat spacetime notions have
been proposed in the literature (e.g. [11, 24, 25]), none of them seeming a priori more
natural than the others. Herein we discuss the mathematical meaning of the definitions
used in this work, and how they relate to the schemes by Dixon [11, 25].

All schemes agree on generalizing Σ(z, u) by the geodesic hypersurface orthogonal
to uα, and on replacing rα by the vector X ∈ Tz tangent to the geodesic connecting
zα and xα, and whose length equals that of the geodesic. That is, X = Φ(x), where
Φ ≡ exp−1

z is the inverse exponential map, mapping points in the spacetime manifold
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to vectors in the tangent space Tz, Φ :M→Tz. Where the schemes differ is in the way
the vector Aα ≡ TαβdΣβ is integrated. We adhere to the scheme proposed in [24]: using
the natural map for tensors induced by expz to pull back the energy-momentum tensor
and the volume element to Tz, and integrate therein, which is then a well defined tensor
operation. Let Ωα̂ denote an orthonormal co-frame on Tz; the moments can then be
written in the manifestly covariant form

P(Ωα̂) =

ˆ
Σ(z,u)

T(Φ∗Ωα̂, dΣ) ; (65)

S(Ωα̂,Ωβ̂) = 2

ˆ
Σ(z,u)

X(Ω[α̂)T(Φ∗Ωβ̂], dΣ) . (66)

Note that since T(Φ∗Ωα̂, dΣ) = (exp∗z T)(Ωα̂, exp∗z dΣ), one is indeed pulling back the
integrands from M to Tz. Note also that Eqs. (65)-(66) are equivalent to (1)-(2), i.e.,
they just amount to perform the integration in a system of Riemann normal coordinates
{xα̂} centered at zα (the coordinates naturally adapted to the exponential map). This
is because such system is constructed from geodesics radiating out of zα; thus the
components of X, in global Lorentz coordinates in Tz, are equal to the coordinates xα̂ on
M; also the basis 1-forms of such system are the pullbacks of Ωα̂ to M, dxα̂ = Φ∗Ωα̂;
and, taking it comoving with uα (i.e., uα = e0̂), Σ(z, u) coincides with the spatial

hypersurface x0̂ = 0.
Let us now compare these definitions with other schemes in the literature. In [11],

Pα and Sαβ are defined as

P κDix =

ˆ
Σ(z,u)

ḡ κ
α T

αβdΣβ; SκλDix = −2

ˆ
Σ(z,u)

σ[κḡ λ]
α TαβdΣβ, (67)

where σκ(x, z) = −(Φ(x))κ = −Xκ, cf. [44]. These definitions thus differ from (65)-
(66) only in the way the vector Aα ≡ TαβdΣβ is integrated: ḡ κ

α is a bitensor which
parallel transports Aα at xα to zκ along the geodesic connecting the two points, so
that the integral is performed over vectors Aκ|z = ḡ κ

α Aα|x defined at zκ (in [25, 44]
different propagators, K κ

α , H κ
α in the notation therein, are employed; the two schemes

are not equivalent though, as noted in [25]). Writing ḡ α̂
β̂
Aβ̂|x = Aα̂|x + ∆Aα̂, with

∆Aα̂ = −
´ z
x Γα̂

β̂γ̂
(x′)Aβ̂dx′γ̂ , expanding the integrand in Taylor series around zα, and

noting that, in the normal coordinates {xα̂} (see e.g. [26]), we have Γα̂
β̂γ̂

(z) = 0 and

‖Γα̂
β̂γ̂,δ̂

(z)‖ ∼ ‖R‖, where ‖R‖ ≡
√
RαβγδRαβγδ denotes the magnitude of the curvature,

we have ∆Aα = O(‖A‖‖R‖x2). Therefore P α̂Dix = P α̂ +O(λ‖P‖), where

λ = ‖R‖a2 , (68)

and a is the largest dimension of the body. Thus, when λ� 1, i.e., when the curvature
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is not too strong compared to the scale of the size of the body13, P α̂Dix ' P α̂. The
two schemes are actually indistinguishable in a pole-dipole approximation, where only
terms to linear order in x are kept in the integrals defining the moments; the resulting
equations of motion are the same (compare Eqs. (43), (49) of [24] with Eqs. (6.31)-(6.32)
of [11], or Eqs. (7.1)-(7.2) of [25]), both schemes leading to the well known Mathisson-
Papapetrou equations (the latter derived using less sophisticated formalisms). These
conclusions are natural, for the metric in Riemann normal coordinates is (e.g. [26]) of
the form gα̂β̂ = ηα̂β̂ +O(‖R‖x2); hence the assumption λ� 1 amounts to say that, for

the computation of Pα and Sαβ, one may, to a good approximation, take the spacetime
as nearly flat throughout the body.

A.1 The dependence of the particle’s momenta on Σ

The momenta (1)-(2) depend, in general, on the spacelike hypersurface Σ(z, u) ≡
Σ(z(τ), u) on which the integration is performed, see e.g. [11, 24, 25]. This is so even
in flat spacetime; when forces and torques act on the body, it is clear that Pα(z, u),
Sαβ(z, u) depend on zα(τ), and also on the argument uα of Σ. Curvature brings ad-
ditional complications, as uα is no longer a “free vector”, and Σ itself is in principle
point dependent. Herein we shall show that, in the absence of electromagnetic field
(Fαβ = 0), and under the assumption λ � 1 made above, for hypersurfaces Σ(z, u)
through a point zα within the body ’s convex hull, the uα dependence of the momentum
and angular momentum is negligible.

Denote by ξ = dxα̂ a particular basis 1-form of the Riemann normal coordinate
system {xα̂}; P ξ ≡ Pαξα is thus the ξ component of Pα. From definition (1), and since
ξα has constant components, we may write the ξ component of the momentum as the
integral of a vector Aα ≡ Tαβξβ on a 3-surface,

P ξ(z, u) = ξα̂

ˆ
Σ(z,u)

T α̂β̂dΣβ̂ =

ˆ
Σ(z,u)

T α̂β̂ξα̂dΣβ̂ =

ˆ
Σ(z,u)

AβdΣβ .

Take uα = Pα/M , and consider another vector u′α at the same point zα; the ξ com-
ponent of the difference between the momenta computed in the hypersurfaces Σ(z, u′)
and Σ(z, u), ∆P ξ ≡ P ξ(z, u′) − P ξ(z, u) is, from an application of the Gauss theorem
(see Fig. 7),

∆P ξ =

ˆ
Σ(z,u)

AβdΣβ −
ˆ

Σ(z,u′)
AβdΣβ =

ˆ
VLeft

Aβ;βdV −
ˆ
VRight

Aβ;βdV .

13For example, in the case of the Schwarzschild spacetime, ‖R‖ ∼ mS/r
3, λ = (mS/r)(a

2/r2); since
mS/r < 1 for any point outside the horizon, λ � 1 is guaranteed just by taking the size of the body
much smaller than its the distance to the source, r2 � a2.
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Figure 7: Shadowed regions VLeft and VRight are the 4-volumes delimited by the hyper-
surfaces Σ(z, u′), Σ(z, u), and the boundary of the body’s worldtube, of convex hull W .
uα is chosen parallel to Pα. a) curved spacetime; b) flat spacetime.

Here VLeft and VRight denote the shadowed regions of Fig. 7 (where Aα 6= 0), i.e., the
“left” and “right” 4-volumes delimited by Σ(z, u′), Σ(z, u) and the boundary of the

body’s worldtube. Now, using the conservation law Tαβ;β = 0, one notes that

Aβ;β = Tαβ;βξα + Tαβξα;β = Tαβξα;β ;

thus

∆P ξ =

ˆ
VLeft

Tαβξα;βdV −
ˆ
VRight

Tαβξα;βdV .

Since ξ is a basis 1-form, ξα̂,β̂ = 0, and

ξα̂;β̂ = −Γγ̂
α̂β̂
ξγ̂ = O(‖R‖x) ;

therefore

|∆P ξ| . ‖R‖
ˆ
V
T 0̂0̂|x|dV = ‖R‖V

〈
T 0̂0̂|x|

〉
,

where V ≡ VLeft + VRight, 〈 · 〉 denotes the average on the shadowed region of Fig. 7a,

and we noted that T 0̂0̂ is the largest component of Tαβ and always positive. Since
b < av(u′, u) (see Fig. 7), with vα(u′, u) defined by Eq. (9), and v(u′, u) < 1, then

〈|x|〉 < a; also, V
〈
T 0̂0̂
〉
< Mav(u′, u); hence we get

|∆P ξ| .Mλv(u′, u) = ‖P‖λv(u′, u) , (69)

showing that ∆Pα is negligible compared to Pα under the restriction above on the
strength of the gravitational field, λ� 1 (the same under which the different multipole
schemes become equivalent, and one can take local Lorentz coordinates as nearly rect-
angular throughout the extension of the body; see also footnote 13). In the application
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in Sec. 3.4 — Schwarzschild spacetime, far field limit — we can write

|∆P ξ| . MmS

r3
a2v(u′, u) ' ‖PhidI‖

a

RMoller

a

r
v(u′, u)

where PαhidI is the inertial hidden momentum of the CP condition, Eq. (56) (PαhidI is zero
or negligible for the other solutions). Thus ∆Pα is negligible compared to PαhidI under

the condition RMoller
a � a

r v(u′, u), which is reasonable in a problem where the particle’s
spin is worth taking into account (e.g., in the problem of nearly circular motion in
Sec. 3.4 this amounts to taking ωbody � ωorbit, where ωbody and ωorbit are the body’s
rotation and orbital angular velocities).

Through an analogous procedure, one can show that the dependence of Sαβ on uα

is negligible in this regime. Let J α̂β̂γ̂ ≡ 2x[α̂T β̂]γ̂ , so that Sα̂β̂ =
´

Σ(z,u) J α̂β̂γ̂dΣγ̂ ;
and consider the two basis spatial 1-forms ξ and η. Constructing the vector J γ ≡
J αβγξαηβ, we can write the ξ ⊗ η component of Sαβ as Sξη(z, u) =

´
Σ(z,u) J βdΣβ.

By the Gauss theorem,

∆Sξη =

ˆ
VLeft

J β
;βdV −

ˆ
VRight

J β
;βdV ∼ ‖R‖

ˆ
V
x2| ~J |dV = ‖R‖V 〈| ~J |x2〉

< ‖R‖a2V 〈| ~J |〉 = λV 〈| ~J |〉 . λa4v(u′, u)〈| ~J |〉 ,

where J î = T 0̂̂i. In the second relation again we used Γγ̂
α̂β̂

= O(‖R‖x). Since S =

O(a4〈| ~J |〉), cf. Eq. (13), we see that indeed when λ� 1, ‖∆Sξη‖ � S.

A.1.1 The case with electromagnetic field

When Fαβ 6= 0, the conservation law is Tαβ;β = Fαβjβ (denoting by Tαβ the particle’s
energy momentum tensor). Consider for simplicity flat spacetime, and let ξ be a basis

1-form of a global Lorentz system; then Tαβ;βξα = (Tαβξα);β = Fαβjβξα ≡ Aβ;β. Note

that fα ≡ Fαβjβ is the Lorentz force density. It follows (see Fig. 7b))

∆P ξ =

ˆ
VLeft

Aβ;βdV −
ˆ
VRight

Aβ;βdV = ξα

(
VLeft 〈fα〉Left − VRight 〈f

α〉Right
)
.

We have VLeft = V
(3)
LeftbLeft/2, VRight = V

(3)
RightbRight/2 (where V (3) denote 3-volumes

orthogonal to uα). Herein we allow zα to be any point within the worldtube of centroids;
it follows that

bLeft ≥ v(u, u′)
(a

2
−RMoller

)
; bRight ≤ v(u, u′)

(a
2

+RMoller

)
V

(3)
Left ∼ a

2
(a

2
−RMoller

)
; V

(3)
Right ∼ a

2
(a

2
+RMoller

)
.
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Let 〈fα〉Left = 〈fα〉Right + ∆fα, with ‖∆fα‖ . ‖∇βfα‖a; we obtain

|∆P ξ| . ‖FL‖RMollerv(u′, u) + ‖∇jFαL ‖v(u′, u)a2 . (70)

Hence ∆P ξ has, as upper bound, the sum of two terms: the impulse of the Lorentz
force in the time interval RMollerv(u′, u) (as measured in the ui = 0 frame) between the
two points where the hyperplane Σ(z, u′) crosses the worldtube of centroids, plus a term
analogous to the gravitational one (69). For the field of a Coulomb charge, discussed in
Sec. 3.4.1, they read

‖FL‖RMollerv(u′, u) = |Ep|v(u′, u)
RMoller

r
∼ ‖PhidI‖v(u′, u)

‖∇jFαL ‖v(u′, u)a2 = |Ep|v(u′, u)
a2

r2
∼ ‖PhidI‖

a

RMoller

a

r
v(u′, u)

where Ep = qQ/r is the electric potential energy, and PαhidI is the inertial hidden mo-
mentum of the TD/FMP (non-helical) solutions, Eq. (51) (for the CP/OKS conditions,
PαhidI = 0). Assuming |Ep| < M , if RMoller/r � 1 and a2/r2 � 1 (as is the case in the
far-field regime), then ∆Pα is negligible compared to Pα: |∆P ξ| �M = ‖P‖. It is also
negligible compared to ‖PhidI‖ under the following conditions: i) v(u′, u) � 1 so that
the first term of (70) can be neglected (this is guaranteed by the slow motion in Sec.
3.4); ii) that RMoller

a � a
r v(u′, u), a condition analogous to the one we obtained gravita-

tional case above, which is reasonable whenever the particle’s spin is worth taking into
account.

Note that the argument above can equally be used to show that Pα does not depend
on the spin condition. Start with the TD centroid: zα = xαCM(u), with uα = Pα/M ;
the centroids xαCM(u′) of other spin conditions are reached by xαCM(u′) = xαCM(u)+∆xα,
with ∆xα ∈ Σ(u, z), cf. Eq. (10). Since the argument above applies to any spacelike
hyperplane Σ(u′, z′) through any arbitrary centroid z′α on Σ(u, z), it effectively means
that, to the accuracy at hand, Pα does not depend on the particular centroid chosen.
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[25] W. G. Dixon. Dynamics of Extended Bodies in General Relativity. I. Momentum
and Angular Momentum. Proc. Roy. Soc. Lond. A., 314:499, 1970.

[26] C. W. Misner, Kip S. Thorne, and J. A. Wheeler. Gravitation. W. H Freeman and
Company, San Francisco, 1973.

[27] R. T. Jantzen, P. Carini, and D. Bini. The Many Faces of Gravitoelectromagnetism.
Ann. Phys., 215:1, 1992.

[28] J. L. Synge. Relativity: the special theory. North-Holland Pub. Co., Amsterdam,
1956.

[29] L. F. Costa and J. Natário. Gravito-electromagnetic analogies. Gen. Rel. Grav.,
46, 2014.

[30] S. Gralla and F. Herrmann. Hidden momentum and black hole kicks. Class. Quant.
Grav., 30:205009, 2013.

[31] V. Bolós. Intrinsic definitions of “relative velocity” in general relativity. Commun.
Math. Phys., 273:217, 2007.

[32] L. Brewin. Riemann normal coordinate expansions using Cadabra. Class. Quant.
Grav., 26:175017, 2009.

[33] W. Beiglbock. The Center-of-Mass in Einstein’s Theory of Gravitation. Commun.
Math. Phys., 5:106–130, 1967.

[34] R. Schattner. The Uniqueness of the Center of Mass in General Relativity. Gen.
Rel. Grav., 10:395–399, 1979.

[35] J. Weyssenhoff. Relativistic Dynamics of Spin-Fluids and Spin-Particles. Nature,
157:766, 1946.

44



[36] J. Weyssenhoff and A. Raabe. Relativistic dynamics of spin-fluids and spin parti-
cles. Acta Phys. Pol., 9:7, 1947.

[37] W. G. Dixon. On a Classical Theory of Charged Particles with Spin and the
Classical Limit of the Dirac Equation. Il Nuovo Cimento, 38:1616, 1965.

[38] R. Plyatsko and O. Stephanyshin. Mathisson Equations: Non-Oscillatory Solutions
in a Schwarzschild Field. Acta Phys.Polon. B, 39:23, 2008.

[39] R. Plyatsko, O. Stephanyshin, and M. Fenyk. Mathisson-Papapetrou-Dixon
equations in the Schwarzschild and Kerr backgrounds. Class. Quantum Grav.,
28:195025, 2011.

[40] N. Kudryashova and Yu. N. Obukhov. On the dynamics of classical particles with
spin. Phys. Lett. A, 374:3801, 2010.

[41] Yu.N. Obukhov and D. Puetzfeld. Dynamics of test bodies with spin in de Sitter
spacetime. Phys. Rev. D, 83:044024, 2011.

[42] W. G. Dixon. The definition of multipole moments for extended test bodies. Gen.
Rel. Grav., 4:199, 1973.

[43] D. Bini, F. de Felice, and A. Geralico. Strains in general relativity. Class. Quant.
Grav., 23:7603, 2006.

[44] W. G. Dixon. Dynamics of Extended Bodies in General Relativity. III. Equations
of Motion. Phil. Trans. R. Soc. Lond. A, 277:59, 1974.

45


	1 Introduction
	1.1 Notation and conventions

	2 Center of mass in relativity and the significance of the spin supplementary condition
	3 The momentum-velocity relation
	3.1 ``Inertial hidden momentum'': center of mass shift and the decoupling of U from P
	3.2 Center of mass and momentum-velocity relation of the different spin conditions
	3.2.1 The Corinaldesi-Papapetrou (CP) condition
	3.2.2 The Tulczyjew-Dixon (TD) condition
	3.2.3 The Frenkel-Mathisson-Pirani (FMP) condition. Helical motions.
	3.2.4 The Ohashi-Kyrian-Semerák (OKS) spin condition
	3.2.5 Uniqueness of the centroid vs determinacy of the equations

	3.3 The dependence of the spin-curvature force on the spin condition; equivalence of the spin conditions.
	3.4 Comparison of the spin conditions in simple examples
	3.4.1 Electromagnetic system
	3.4.2 Gravitational system

	3.5 Hidden momentum arising from the ``torque'' tensor 
	3.5.1 The pure gauge hidden momentum that arises from 
	3.5.2 ``Dynamical'' hidden momentum


	4 Conclusion
	A Momentum and angular momentum in curved spacetime
	A.1 The dependence of the particle's momenta on 
	A.1.1 The case with electromagnetic field



