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Abstract
We argue the possibility that the gravitational energy-momentum tensor is constructed in gen-
eral relativity through the Noether theorem. In particular, we explicitly demonstrate that the
constructed quantity can vary as a tensor under the general coordinate transformation. Further-
more, we verify that the energy-momentum conservation is satisfied because one of the two indices
of the energy-momentum tensor should be in the local Lorentz frame. It is also shown that the

gravitational energy and the matter one cancel out in certain space-times.
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I. INTRODUCTION

The way of defining the gravitational energy-momentum tensor is a long standing issue
in general relativity, and it has not completely been solved yet. There have been proposed
several definitions of the gravitational energy momentum tensor. However, those forms are
different with each other, and it is considered that they are not appropriate tensors [1].

To derive the expression of the gravitational energy-momentum tensor is a significant
fundamental problem in general relativity. Hence, it is strongly expected that such an
explicit representation on the gravitational energy-momentum tensor in general relativity
can be useful and helpful to further consider the so-called modified gravity theories including
F(R) gravity, which have widely been studied to explain the late-time cosmic acceleration,
i.e., the dark energy problem (for recent reviews on the dark energy problem and modified
gravity theories, see, for example, Refs. 1.

In this paper, by using the Noether theorem, we attempt to construct a proper form of a
gravitational energy-momentum tensor in general relativity. What is the most crucial point
in our approach is that the general coordinate transformation is described with the tetrad.
The energy and momentum of gravitation are induced by the tetrad. It has an index of
the local Lorentz frame, so that the energy-momentum conservation law can be satisfied.
The gravitational energy-momentum tensor has also been examined in Ref. [5], and its
further investigations including the energy-momentum conservation law have been executed
in Ref. [6]. Indeed, however, its explicit form was not been presented. In this work, therefore,
we attempt to explicitly construct the expression of the gravitational energy-momentum
tensor.

Particularly, as concrete examples, we investigate the gravitational energy of the homoge-
neous and isotropic Friedman-Lemaitre-Robertson-Walker (FLRW) universe with its differ-
ent curvatures. Moreover, we analyze an energy in an outer region of the Schwarzschild black
hole with its mass M, whose metric describes the assymptotically flat, vacuum, and spheri-
cally symmetric space-time. As a consequence, we find that the energy becomes —M /2. It is
known that the gravitational energy takes the negative signature of the matter energy [1]. We
use units of kg = ¢ = h = 1, and the Planck mass is given by Mp; = G;Il/z =1.2x10"Y GeV,
where Gy is the gravitational constant.

The organization of the paper is the following. In Sec. II, we analyze the gravitational



energy-momentum tensor in general relativity. Especially, we present the Noether theorem,
and with it the gravitational energy-momentum tensor is constructed. In Sec. I1I, we derive
the gravitational energy in the flat, closed, and open FLRW universes and the Schwarzschild
black hole. We find that in these space-times, the sum of the gravitational energy and the

matter one becomes zero. Conclusions are presented in Sec. IV.

II. GRAVITATIONAL ENERGY-MOMENTUM TENSOR IN GENERAL RELA-
TIVITY

In this section, we first formulate the Noether theorem. By using it, we next construct

the gravitational energy-momentum tensor.

A. Noether theorem

The action describing general relativity is represented as
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where e is a determinant of a tetrad, and the gravitational constant Gx has been set to
be unity. Here, we have defined the torsion tensor K, = ea,\(ez,,, —e?,,) and KM =
g“”g”aeé(eg,a —eg,, ), where the comma denotes the partial derivative of ef,,, = d,ef,. The
Latin index means the local Lorentz coordinate, whereas the Greece index shows the world
coordinate. Both the Latin and Greece indices run over 0, 1,2, 3. Moreover, F' is the volume

term, and 9yD” is the surface one.

It is seen that under the following general coordinate transformation

" = o'+ ot
= M +elc”, (11.4)

the action in Eqs. ([LI)-([L3) is invariant. Here, £* is an arbitrary function, and it becomes

zero on a boundary. Accordingly, the Noether theorem is satisfied as follows.
Oy [02"(F + 03DN)] + 6"F + 0,6"D* = 0, (IL.5)
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where 6“F and 0,0%D> are the Lie derivatives of F' and 0yD?, respectively. Here, we have
used the fact that the Lie derivative and the usual derivative can be commutative with each

other. The Lie derivatives of F' and D* are given by
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In addition, the Lie derivative of the tetrad reads
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By substituting these expressions of the Lie derivatives ([L6), (IL7), and ([LI0) into the
Noether theorem described in Eq. (ILH), we acquire
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where we have used the gravitational field equation, and 7} is the energy-momentum tensor
of matter. Furthermore, t#, V' and W are defined as
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Since £ is an arbitrary function, Eq. (ILII)) can be reduced to the four equations, each of
which are proportional to £%, £%,,, £%,,,, and £%,,,x. These equations are
Ouleth) + eIy K,," =0,
eth =0,V +ell =0,
(VF +0,Wpr)0,0," =0,
WHr0,0,0,£" = 0.
It can easily be shown that V/ is antisymmetric with respect to (u,r). Thus, the

derivative of Eq. (ILI6) is written as

Due(t! +TH) = 0. (IL.19)



B. Energy-momentum tensor of gravitation

It is natural to consider that ¢# will behave as a gravitational energy momentum tensor,
because T* is the energy momentum tensor of matter. Hence, Eq. (ILI9)) implies the con-
servation law of the total energy momentum. This equation is invariant under the general
coordinate transformation, because the energy-momentum tensor has only one world coordi-
nate index, Eq. (IL19)) is invariant under the general coordinate transformation in Eq. (IL4).

It follows from Eq. (IL12)) that the gravitational energy momentum tensor is expressed as
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It is remarked that with the following several identities
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it is possible to rewrite the gravitational energy-momentum tensor in several different forms.

From Eqgs. (IL13) and (ILI9), we find
Ou(eTt) = eT}'K " (11.24)

The energy-momentum tensor of matter 7" can be replaced with the Einstein tensor G*

through the gravitational field equation G# = 8xT*. Therefore, Eq. (IL24)) becomes
e(9,G1 4+ T, Gt — K,,°Gy) = 0. (11.25)
Since the Ricci’s rotation coefficient is given by
Uy = 5 (Kt~ Ko — Ko (11.26)

Eq. ([L.23)) reads
V,GE=0. (I1.27)



Hence, the Bianchi identity can be derived.
It is the novel point to present the explicit representation of the gravitational energy-
momentum tensor, in comparison with the preceding work [5], in which the expression of

the gravitational energy-momentum tensor was not given.

III. GRAVITATIONAL ENERGY

In this section, we demonstrate that the gravitational energy and the matter one cancel
out, particularly, the FLRW universe with different curvatures and the Schwarzschild space-

time.

A. FLRW universe

We study the gravitational energy in the FLRW universe with the metric
2
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where a(t) is the scale factor, K is the cosmic curvature, and dQ2* = df? +sin? #d¢? is the line
element on the two-dimensional sphere. If K = 0, the universe is flat, while if K > 0(< 0),
it is closed (open). In the FLRW background, the (¢,¢) component of the gravitational

energy-momentum tensor is represented as
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where the dot denotes the time derivative, and the Hubble parameter H is defined as H =

a/a. The total gravitational energy is given by

Fo — / JAtudrddds (IT1.4)
3 ., r?

where v is the determinant of the three-dimensional space metric.



1. K =0 (Flat universe)

When K = 0, the total gravitational energy is written as
3 [ee]
Eg = ——ad? / r2dr. (I1L.6)
0

By combining this equation with the Friedmann equation

a? 8w
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where p is the energy density of the dust matter, we obtain
Eg = —47Tp0/ r2dr. (I1L.8)
0

Here, we express p = po/a® with py the value of p at the present time, when the scale factor
is taken as @ = a9 = 1. On the other hand, the (¢,t) component of energy-momentum tensor

of matter reads p = po/a®. Consequently, the total energy of matter is described as

En :/ VA Twdrdd do
0
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0

By comparing Eq. ([ILY)) with Eq. (ITL9), it is clearly seen that the gravitational energy and
the matter energy cancel out, because the difference between them is only the signature and

their absolute values are the same with each other. This is consistent with the investigations

in Ref. H]

2. K >0 (Closed universe)

For K > 0, the gravitational energy is

E' —_§a a’2_|_5 /TC Ldr
‘- 2 a? o V11— Kr?
_3_7ra(a2 + K)

o (111.10)

where r, is the radius of the curvature, and we have K = 1/r?. With the Friedmann equation

a’> 8w K

= gf 3 (I11.11)



we get

Eg = —7mrdp,. (I11.12)

Hence, the value of the matter energy is equal to the positive signature of Eq in Eq. ([ILI2),
i.e., |E(;|

3. K <0 (Open universe)

In the case of K < 0, the gravitational energy is given by

Eq (I11.13)

0 2
= —47p /0 ﬁdr .
The energy of matter is also equivalent to the positive signature of value of Eq in Eq. (IIL13).

As a result, in all the cases of the FLRW universe, the gravitational energy and the
energy of matter cancel out. The energy conservation law means the total energy is constant.

However, the examples shown above indicate the fact that the total energy vanishes.

B. Schwarzschild black hole

As the last example, we explore the energy in the outer region of the Schwarzschild black

hole. The Schwarzschild metric is given by

2M 1
ds® = — (1= — ) dt? + ————dr* + r?dQ*. 11114

° ( r ) * 1—2M/r e ( )
The (¢,t) component of the energy-momentum tensor for the Schwarzschild black hole is

represented as
M2
8t

Therefore, the total gravitational energy in the outer region of the Schwarzschild black hole

(I11.15)

ttt =
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This is the energy seen by the observer who is in the rest frame in the infinite distance.
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IV. CONCLUSIONS

In the present paper, with the Noether theorem, we have attempted to construct a grav-
itational energy-momentum tensor in general relativity. Indeed, we have examined that
under the general coordinate transformation, the quantity constructed in our approach can
behave as a tensor. We have also confirmed that the energy-momentum conservation law can
be met. It originates from the fact that in the expression of the energy-momentum tensor,
one of the two indices should be the one in terms of the local Lorentz frame. In addition,
we find that the gravitational energy and the matter ones cancel out in the homogeneous
and isotropic FLRW universe and the Schwarzschild space-time.

It should be emphasized that the most significant idea of our construction method is to
describe the general coordinate transformation by using the tetrad. Furthermore, the tetrad
induces the gravitational energy and momentum and has an index of the local Lorentz frame.
Thus, the energy-momentum conservation law can be met.

If the gravitational energy-momentum tensor is multiplied by a tetrad, both of its two in-
dices will be in the world coordinate. As a consequence, the gravitational energy-momentum
tensor could not be symmetric. In this sense, it might be difficult to consider that general
relativity is a complete theory of gravitation.

Regarding the tetrad, it is meaningful to mention that as an alternative description of
gravity to general relativity, the so-called teleparallelism has attracted much attention in
the literature. In the teleparallelism, the gravity theory is written with the torsion scalar T’
constructed with the Weitzenbock connection, and not the scalar curvature R constructed
with the Levi-Civita connection [8] (for a recent review, see, e.g., [9]). The torsion scalar
is derived from the torsion tensor described by using the tetrad, as shown in Sec. II A. It
has been indicated that in an extended theory of teleparallelism, so-called F(T') gravity, the
inflationary universe [10] and the dark energy dominated stage B] can be realized (for more
detailed explanations and references, see ,g, ]) In fact, the energy and momentum have
been explored in the Poincare gauge theory ], and the energy-momentum conservation
law has recently been discussed in teleparallelism ] In the light of such a recent study on
teleparallelism, it is considered that there exist the cases in which the tetrad is much more

useful to describe the theory of gravitation.
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