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General classical theories of material fields in an arbitrary Riemann-Cartan space are considered.
For these theories, with the help of equations of balance, new non-trivially generalized, manifestly
generally covariant expressions for canonical energy-momentum and spin tensors are constructed in
the cases when a Lagrangian contains (a) an arbitrary set of tensorial material fields and their covari-
ant derivatives up to the second order, as well as (b) the curvature tensor and (c) the torsion tensor
with its covariant derivatives up to the second order. A non-trivial manifestly generally covariant
generalization of the Belinfante symmetrization procedure, suitable for an arbitrary Riemann-Cartan
space, is carried out. A covariant symmetrized energy-momentum tensor is constructed in a general
form.
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I. INTRODUCTION

In the present paper, general classical field theories of an arbitrary set of material fields ¢ propagating in an
arbitrary fixed (external) (D + 1)-dimensional Riemann-Cartan space € (1, D) are considered. We assume that ¢
forms a set of tensorial fields with arbitrary but fixed ranks. The aim of the current paper is to construct general

manifestly covariant expressions for the canonical energy-momentum tensor t and the spin tensor s as well as for the
sym
symmetrized energy-momentum tensor t in the cases, when Lagrangian of material fields .# has the form:

£ =%2(gR; T,VIT,VVT; ¢,Vp, VV). (1)

It depends on an arbitrary set of material fields ¢ e {p*(z); a =1,n} and their first Vi et {Vap®(x)} and second

VV = {VaVsp®(z)} covariant derivatives!. Additionally, the Lagrangian depends explicitly on the curvature

tensor R &/ {R" . ()}, the torsion tensor T = {T*,,(2)} and its first VT e {VaT?*,.(z)} and second VV'T =

{VaVsT?,.(z)} covariant derivatives. Thus, the original material Lagrangian contains higher (second) derivatives

of the material fields ¢, and a non-minimal coupling both with the metric g =4 {guv(z)} (by means of the argument
R in .¥) and with the torsion T (by means of the arguments T, VT and VVT in .%).
The importance of the stated above task can be seen from the following: The energy momentum tensor (EMT)

and the spin tensor (ST) are ones of the most important dynamic characteristics in a field theory both on classical

and quantum levels. There are several different types of EMT: canonical t . {t",(x)}, Belinfante symmetrized

1 t t t
Sytmdéf {Sytm #,(z)}, metric mte def {mte #,(z)} 2. The metric EMT mte is the most demanded in the theories defined

in a (D + 1)-dimensional Riemann spacetime %(1,D). For a given Lagrangian (and for a well-posed variational

t
problem) the EMT ni;e is uniquely defined by calculating the variational derivative 61/dg of the action functional I
with respect to the metric tensor g (the Hilbert formula):

1 met ol
5\/—_9 t W= — (2)

g
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I We use notations and conventions of the paper [14].

2 Different modifications of these basic EMT both in the Riemann spacetime and in the Riemann-Cartan space were considered in the
Refs. |6, 7, 10, [16].
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It is known that whenever the equations of motion 6I/d¢p = 0 of material fields ¢ hold (on the @p-equations), the
sym met
symmetrized EMT yt is equivalent to the metric EMT ¢ [13,[15, [19-21, 24]:

sym met .
t Po=1t " (on the p-equations).

sym
Note the canonical spin tensor s does not appear in the theory explicitly, as it turns out “hidden” inside t (in the
form of the Belinfante correction).

Another situation is in metric-torsion theories of gravity. Here, the canonical EMT t |8, 19, [11, 125, 127] turns out to

t
be more useful. However, unlike the metric EMT mte @), the canonical EMT t and ST s, in general, are not so well
defined. Indeed, a standard method of construction of these dynamic characteristics in a curved spacetime consists
of the following three steps:

1. In the (D + 1)-dimensional Minkowski space .# (1, D) with a pseudo Cartesian coordinate system (CS) {X*},
a Lorentz-invariant field theory defined by an appropriate Lagrangian

£ =2(m; ¢,00,000, ...), (3)

is considered, where n def {nw; p,v=0,D} =diag (—1,1,...,1) is the metric tensor; ¢ def {p*(X); a=T1,n}
is a set of field functions; d¢ = {0,9*(X)} and 99¢ = {0,0,9%(X)} are sets of their the first and the second
partial derivatives, respectively.

For this Lagrangian by the recipe of the 1-st Noether theorem the expressions for canonical EMT and ST are

constructed:
tlu‘u = t#u(nv P, 8807 aa‘Pa s )7 (4)
S oo = 8" po (M5 @, 0,000, ... ). (5)
2. By a transition to an arbitrary curved CS {Z#} in .# (1, D) the expressions () and (B are transformed into the
form
th, =t (g; go,@go,@@go,...); (6)
Swpa = Swpa(g; L) 6907 66907 s )7 (7)

where g = {G, (%)} and V e {V,.} are metric tensor in the space .# (1, D) in the CS {##} and a covariant
derivative constructed with its help, respectively.

3. At last, a minimal way of an interaction with gravitational fields is introduced by a formal replacement in the
expressions

G = s Vi = Vy, (8)
where g e {9 (x)} and V = {V,} are a metric tensor in a (D + 1)-dimensional Riemann-Cartan space
% (1, D) and a metric-compatible covariant derivative, respectively. Then the expressions (@), () are transformed
into

th, =t',(g; ¢, Ve, VVep, . . ) 9)

Sﬂ'pg = Sﬂpg(g§ QO,VCP,VVSOw- ) (10)
respectively.

The procedure described above gives the unique formula for constructing the canonical EMT and ST in the Riemann-
Cartan space € (1, D) (as well as in the Riemann space Z(1, D)) in the simplest case only, when the original Lagrangian
does not contain the derivatives of the fields higher than the first order:

L =2Zn; ¢, 0p). (11)



When the scheme @) — ([I0) is generalized to theories with higher derivatives an ambiguity arises inevitably. It is
because a non-commutativity of the covariant derivatives in the space € (1, D) generally takes place

def
=

(V,uvu - Vuvu) ® Vs Vole® = _T)\WVA@G + RKA#V(AAK) a|b @b'

Here, {(A*,) ¢|,} are the Belinfante-Rosenfeld symbols — certain combinations of products of the §-Kronecker symbols
(for the explicit expressions see, for example, Ref. [15]).

In the Minkowski space .Z (1, D), the covariant derivatives commute, therefore the order of the second derivatives
in the expressions does not matter, therefore one can write

¥, = aV, ¥+ (1-a)V,¥,  (acR). (12)

However, an application of the rule (8) to the left and the right hand sides of the formula ([I2]) gives different results :

L.H.S. of the eq. (I2) — V,V,; (13)
R.HS. of theeq. 2) — oV, V,+(1-)V,V, =V, V,+a[V,,V,]
= VuVu+a(=T*wVa+ Ru(AM) ). (14)

On the other hand, it may turn out that due to certain physical requirements, for example, to preserve the conformal
invariance [, [17, [18] or the gauge invariance [1, |4, [12], one should introduce the curvature tensor R (non-minimal
g-coupling) and/or the torsion tensor T (non-minimal T-coupling) into a Lagrangian of a theory in a non-minimal
way. Then from the beginning we have the Lagrangian explicitly containing tensors R and T (and, possibly, their
covariant derivatives), that is

L=2gR,...; T, VT, ... ; o,Vp, ...). (15)

One can see that now the procedure @) — ({0) cannot be applied because the Lagrangian (I5]) cannot be obtained
from the Lagrangian (B by means of the substituion(®]). Therefore, the problem of constructing the canonical EMT t
and ST s in the space € (1, D) when the Lagrangian contains higher derivatives and/or a non-minimal coupling with
gravitational fields requires a thorough study.

In the present paper, to construct the EMT t, Sytm and ST s, we suggest the following: It is well known that to find

sym
the equations of balance, which are satisfied by the tensors t, t and s in an arbitrary Riemann-Cartan space, it is
enough to know the explicit form of these tensors and the equations of motion of the material fields. However, it is
not necessary to know the equations of gravitational fields. Thus, for instance, for the Lagrangian of the form

£ =2(g ¢, V) (16)
the canonical EMT and ST
0¥
th, = L6 — ——V, 0% 17
B, ¢ i
0L
T =2—— (A1)l ° 18
S 14 a(vﬂ'spa)( [P ]) |b<P ( )
satisfy the equation of energy-momentum balance:
* 1
Vuth, = —t“AT)‘W + gsﬂpgR””m, (on the ¢p-equations) (19)

(see, for example, Refs. (8,19, [11], 126, 127]).
A converse statement holds as well: If the equations of balance and the equations of motion of material fields

. . sym . . .
are known, this allows to recover expressions for t, s and t even in more general cases than ([I6]). To verify this

statement we begin from the equation of balance (I9]), keeping the expressions for t, s (and for Sytm as well) as defined
and which generalize the expressions (I7)) and ([I8) in case of Lagrangian of the form (). We will search for these
expressions by the method of consistent generalizations, starting from the expressions in the Minkowski space (Sect.
M) and, gradually, step by step, passing to more general Lagrangians. Since every such a transition introduce new



terms into the expressions for t and s, we will search for general expressions for the EMT and ST in the form of
generalized presentations

th, = @ L Rgn 4 (Typ 4 add . (20)
U (O SN Y ST JE S S (21)

defining consistently items arising in the case of the minimal gravitational coupling in the presence of higher derivatives
(@)t, (¥)s (Sect. [II); arising in the case of a non-minimal g-coupling ¢, s (Sect. [V]), and finally, arising in the

ey : . (T4 (T) add add . . .
case of non-minimal T-coupling 1)t, T)sand t, s (Sect. [V)). In the last section we will find a manifestly generally

covariant non-trivial generalization of the Belinfante procedure of symmetrization suitable for an arbitrary Riemann-

Cartan space. In a general form symmetrized (Belinfante’s) EMT Sytm is constructed, for which a manifestly generally
covariant equation of balance is obtained. Some intermediate calculations are carried out in the Appendices [Al -
The suggested method allows to define uniquely all the terms at the right hand sides of the formulae ([20) and (21]).
It is surprisingly that in the term (¥t (which already appears in the simplest case of minimal gravitational coupling)
the second covariant derivatives acquire the reverse order in comparison with the original one (see Sect. [II}, formula
BY9) and the discussion after). Excluding the terms (¥t and (¥)s, all the other terms in the formulae 20) and (2I)) as
well as the developed generalization of the Belinfante procedure are new and did not appear in the literature earlier.

II. THE EXPRESSIONS FOR THE EMT t AND ST s IN THE MINKOWSKI SPACE

In the Minkowski space with pseudo Cartesian coordinates, consider a classical field-theoretic model described by
a Lagrangian of the form

L =2 (p,0p,000). (22)
def def

For such a Lagrangian the canonical EMT t = {t*,} and ST s = {s7,,} constructed by the recipe of the 1-st
Noether theorem have the form

ol 0¥
th, = L6 — —— 0,9 — ————F—<0\0, % 23
6(0ue™) 4 (000" 4 (23)
" ol u 0% “ a
5" po = 2W(A[po]) |, ® — 2W (171001 = (Appo) 1y Or"] - (24)
Here:
51 a4y 0L ( 0.7 )
< —h | =—=——); 25
50 90\ 00n0p7) (25)
a| def 5 a
(Apd) |b = nps(A U) |b' (26)

According to the bracketized indices, antisymmetrization is carried out.
After transition from the pseudo Cartesian coordinates to arbitrary curved ones (in the same Minkowski space
A (1, D)) the formulae (23) and (24]) acquire the form

AT ~ 0% - -
tuy = f&,’j — ~7V,,(pa — %V)\VUSOG; (27)
A(V ) (Vi Vap®)
AT o
5 pe = 2W(A[p0]) X%
awSD (28)



where

AL g 07 G (9% ) (29)
A(VMPG) 8(Vu<%7a) 8(VAV;L<PG)

Note that the order of placing the second covariant derivatives in the expressions VAV, % and 0.2/8(V\V,¢?) at

this stage is inessential as far as curvature tensor R . {R",,} and torsion tensor T e {T*,,} of the Minkowski
space are equal to zero: R = 0, T = 0. However, in the formulae @7) — 29) the order is original, that is in the process
of derivation of these relations the order of placing the second derivatives was preserved everywhere. No permutations
of derivatives have been done especially.

III. THE GENERALIZATION TO THE CASE OF A MINIMAL COUPLING:
THE TENSORS ¥t AND g

Let €(1, D) be an arbitrary Riemann-Cartan space and let
2L =2(g ¢, Ve, VVp) (30)

be the Lagrangian, which in the limit of the Minkowski space .Z (1, D) passes into the Lagrangian (22]). Keeping in

mind the ambiguity (I2) — (Id)), suppose, that the expressions for (¥)¢ =4 {)¢r,} and Ps =4 {57, } have the

form

AT 0L

@i, = Lo — — ——  _V, 0% — ———— [V, V20* + a(VaV, — V., VA)p%; 31
N ® 5(VMV>\<,0“)[ AP (Va A)e] (31)
AT
O™y =2-———(Apo)) “Ip "
A poll b (32)
) S Vo10® — (A1) %l Vae®
CAND (976 Vo1 9" = (Ape) 1y Vai']

(compare these formulae with the formulae 27) and ([28)). We notice that in the formula (31]) the selection of the
value a = 0 leads to the order of placing of the second derivatives which is reverse to the original one. The original
order (as in the formula ([27))) is reached by the choice o = 1.

To find the equation of balance which is satisfied by the EMT (¥)t, we calculate its divergence. Using the definition

of the modified covariant derivative ¥V

* de def
v, Yv, 41, 1,71, (33)

the explicit form of EMT (¥)t (3II) and formula for the calculation of derivative V,.Z (B9), after simple calculations
we obtain

* AT Al
\V4 (SO)tMV = Tuf + {—vuspa - 7[v 7v1/](pa
" Ap® A(VMPG) g (34)
_i[v v,V a} —av <i[v V] a)
6(VHV,\<p“) wy Vv VAP n 6(VHVA<p“) Ay Vu|P .
In the braces of the last expression, use the formulae for commutator of the covariant derivatives
Vi, Vo] = =T¢4, Ve 4+ Ry (AP ) |, " (35)
[vua VV]VA(PG = _Tguuvavkspa + Rapuu(Apa) a|b VA(Pb - REAWV&-(PG
= —T%VVap® + R% o [(AP5) @], Vap® — V4] . (36)
Then
* Al
Vﬂ(%’)t#y = _(‘P)tl‘)\TA#U + %(‘P)SWPURPUWU =+ {Fvl’@a}
7 (37)

{9 (G 7 712" ) + (rmm (Ve T8 T}




At the last stage of deducing the identity (7)) the formulae (BI) and ([B2) were also used; the expression AI/Ap®
denotes covariant functional derivative of the action functional I with respect to the material field ¢*:

Al gef 1 5]8*.2_%( 0 )+6%< 0% >
Apt — \/=gdp®  dp* T\ O(V,ue?) I AAOYA

Note that the relation (37) is just the identity and not the equation as far as in the process of its derivation the
equations of motion of the fields were not used.

When the equations of motion AI/Ap® = 0 of non-gravitational fields ¢ hold (on the ¢-equations) the identity
B7) becomes the equation of balance

%H(w)tuu - —(“’)t“,\T’\W + l(w)sferRpaW
* 0L 0L
- S\ v v P 9T V.Vl ) T (38)
{¥ (a7 ) + (g O v T |
(on the y-equations).

If we require that the equation of balance of the type (I9]) obtained for the theories with Lagrangian of the type (1)
remains valid in the more general case of the Lagrangian of the type [B0) then in the formula (1)) one should choose
a = 0. Thus as a correct generalization of the expressions (Il and ([IX)) one should derive

Al 0L
"= =V, Vap% (39)

(sa)tuy =L - — =V,
v A(V,u@a) 8(v,uv>\<%’a)

Al

A a b
A(VWSDU’)( [po]) |b</7
£

o T 0 Va0® — (Ana) Ol Vagt]
FANED) [92pVa10" — (D)) 1, Vae’]

(w)sﬂpd -9
(40)

We emphasize that in the expression V,V¢? in the formula (39) the order of placing the second derivatives is reverse
with respect to the original one (compare with the formula (27)). In the case of the Riemann spacetime Z(1, D),
the expressions for the EMT and ST analogous to our expressions (39) and (40]) already have been appeared in the
L. Szabados papers [22, 23]. However, no explanations on the reasons of the choice of the order of placing the second
derivatives have been given.

In the completion of this section, notice that in the case of a minimal coupling a requirement for the canonical
EMT t to satisfy the equation of balance of the type (I9) (on the ¢-equations) fixes form of the tensors t and s quite
uniquely: t = Pt s = Ps,

IV. GENERALIZATION TO THE CASE OF NON-MINIMAL g-COUPLING:
TENSORS ('t AND (Bg

Now, let the Lagrangian .# explicitly depends on the curvature tensor R, that is
Z=2(gR; ¢,Vp,VVoyp). (41)

In this case choosing EMT ()t and ST (?)s according to the definitions (B9) and (@) and acting as in Sect. [l
(however, using the identity (BI0) instead of the identity (B9) herewith), we obtain the identity

6#(47)15#” = —(‘/’)t“AT’\W 4 %(SO)SWPURPUWJ

Al 42
+{%Ga67‘;vvRaﬂv6}+{A—WVUSD“}- (42)

Here, {G,?7%} e {202 /OR®3,s}. 1t is evidently that the term $G*?7°V, Rqg.s at the right hand side of the

formula ([@2) appears in the case only, when the Lagrangian .Z explicitly depends on the curvature tensor R. One
may suppose that this term displays the availability of additional with respect to (¥)t B9 and (Vs Q) contributions



7

(Bt and (Ms to the total EMT t and ST s appearing due to the interaction of the fields with the curvature. Then
the identity

%GaﬁvévuRaﬁ'yé = {%u (GaﬁwRaﬁW) + (GaﬂwRaﬁﬂ) T/\W}

1 . 1 (43)
+§ (_2) V'r]Gpa'T”] + QGpO'EHTTFE’I] RpO'ﬂ_U,
proved in the Appendix [C| allows to define tensors
B, _Gedwnp o (44)
def * 1
B (—9) (vncp,ﬂ" + 5c;,mffﬂ:rffa,,) : (45)
Using the formulae [@3) — (@5]) we can represent the identity (@2]) in the form
v, (@, + By = — (D, 4 R ) T,
41 (D50 + P57, RP7,, + Al (46)
2 po po % A(pa v -
Hence, we obtain the equation of balance
%u ((«p)tuy 4 (R)tuy) = — ((sa)tu/\ 4 (R)tu/\) ™. )

1
_,_5 ((@)Sﬂpd + (R)s”pg) RP?,., (on the yp-equations).

It is clear that this equation will coincide with the equation (I9) if in the case of the theories with the non-minimal
g-coupling (4I)) we define the canonical EMT t and ST s as

th, = @ 4 (Byn . (48)

5™ py = (sa)sﬂpg + (R)s”pa. (49)

Recall that the quantities presented at the right side of the formulae (@8) and ([@9) are determined by the definitions
39), @), @) and (@E5).

Thus, both in the case of minimal coupling and in the case of non-minimal g-coupling, the requirement, that the
canonical EMT t must satisfy the equation of balance of the type (I9) (on the ¢-equations) fixes form of the tensors
t and s uniquely.

V. GENERALIZATION TO THE CASE OF A NON-MINIMAL T-COUPLING:
TENSORS Dt, s AND “t’, “8°

At last, consider the case when in addition the Lagrangian .Z explicitly depends on the torsion tensor T, its first
VT and second VVT covariant derivatives, that is

£ =2(gR; T,VT,VVT; ¢, Ve, VVy). (50)

A. The Torsion Field T as a Physical Field. Tensors Mg and s

The explicit dependence of the Lagrangian (B0)) on the torsion field T makes this field similar to the usual mater
fields ¢ propagating in the space-time € (1, D). Therefore, we can expect that total canonical EMT t and ST s will
contain the contributions (Mt and (s induced by the field T, whose structure is analogous to the structure of the



8

contributions V)t and (¥)s induced by the fields ¢. Thus, by analogy with the formulae B9) and [@0) we choose
tensors (Mt and (Ds in the form

Al 0.7
(T)t#” =V, 7%, — ————_V, V,\T¢ : (51)
AV, T3,) B OV VAT 3,) By
Al
D™ g = 2o a, | ¢Eqm
S po 2A(VWTO([5’Y) (A[pg]) ﬂ'y|,’7 T ce (52)
0Z
) T, (A @ e T .
A(VVa\T%s) [gk[pv"] v = (Bppa)) “pnl, = Va gg}

Then, acting as in Sects. [Tl and [[V] (however, using now the identity (BII))), we obtain the identity

Uy (@, 4 Wi, 4 (D)) = — (@gy 4 Rgey 4 Dy YA
.- (<*">s”pg + BT+ (T>s”pg) R + ﬂvyTam + ﬂvy(pa. (53)
2 ATO‘B,Y Ap®
In the last formula
A*T  gef O*ZL 0L * 0%
AT gy B Ty B <6(VMTQBW)> TV <a(vaVTa,8V)> . (59

For the sake of simplicity we can unite the fields T and ¢ into the unique set ¢ e/ {¢"} e/ {T, ¢}. Further, thus

we define the total canonical EMT t and ST s as

t def @gp, 4 Bogp 4 Ty — (D)gn 4 By . (55)
5™ oo def (w)sﬂpg + (R)Sﬂpg + (T)Sfrpg — (¢)s”pg + (R)Sﬂpm (56)
where
(¢)t“y def (“’)t”,j + (T)tuV def P Lvudl _ Lvyv/\¢a. 57
N OV, Vr") 57)

@ gr e () r (M) def o AL o gp_og_ 9L
8" po S PU+ 5" po 2A(Vﬂ¢a) (A[PU]) |b¢ 2a(vﬂv>\¢a) (58)

X [92) V10" = (Djpo)) “l, Va0'] -

The expressions for EMT t (B5) and ST s (B6l) include the torsion field T and material fields ¢ in a mazimum equal
way.

The variational derivative AI/AT®g, of the action functional I with respect to the torsion field T®g, has the
following structure [15]:

AT A*T 1
ATO‘,@V - ATO‘B,Y 2

where
pYBex déf AZE? ((qb)sw,pa + (R)Sw,pa) _ A@Sw,pd (60)
is the Belinfante tensor, induced by the ST s and

AT L (sa50gy 4 515068 — 52605

Tpo 9 \"m¥p o Tp o T pYo



Therefore, the last two items in the identity (B3] can be represented equivalently as

A*T AT 1
VYV, T%, + ——V, 0% = — =P, V, T,
Are N nd Al ; 1 AT (61)
« a def B « a
——V.,T —V, 0% = —=b"P, VT v
NI v ov+ Aga VO

Taking into account the formulae (G5l), (B6) and (€1), the identity (B3]) acquires the form

Al

« 1 1
_ A b o @
Vuf“u = —t“)\T % + 55 po'Rp v o Qb%BOzVUT By + A(ba

V.60 (62)

Hence, on the ¢-equations (that is on the T- and @-equations) we get the equation of balance

* 1 1
Vuth, = —t“AT)‘W + =5 po R — EWQVUT%V (on the ¢-equations). (63)

2

In comparison with the equation (), the last equation contains at the right hand side an additional item

1
{—Eb'm oV, T%g,} and is valid on the ¢-equations (not on the ¢p-equations). This is the price, which must be

paid for a desire to consider the torsion field T as a physical field, like the material fields ¢. Although the presence of
the additional terms in the constructed EMT t (53] and ST s (&) looks at as contradicting to the standard definitions,
it is necessary. Indeed, in the general metric-torsion theories of gravitation conserved gravitational current cannot be
constructed without these terms [15].

B. Generalization of the Belinfante Symmetrization Procedure

sym
Let us consider a problem of constructing the symmetrized EMT t basing on the canonical EMT t (B8) and ST
s (B6). Using in the formula (62) the identity (D2)) we can represent it in the form

* * 1

v, [tm + (vnb% + b THey + b“ﬂaTo‘g,,ﬂ

= M u 1 En | TH uB o Al a (64)
= — [th\ + an‘un)\‘i‘ib AT 577+b oI BA T#l,—l- (b l/(b

In the last formula a combination of the Belinfante tensor b %/ {b7P2} in the parentheses represents generalized (for
the case of presence of a torsion) the Belinfante correction [2, 13]. Therefore, if we define the symmetrized EMT t

as

Sy def (v,,b“" + b”’ JTH e + 01, %,,), (65)
the identity (€4) turns into:
*x  sym sym AT
Ve t Mo=—t TN+ — Agi V" (66)
On the ¢-equations we have a corespondent equation of balance:
*  sym sym A .
Ve t Hu=— 1t "\T7, (on the ¢-equations). (67)

sym
As it should be for the symmetrized EMT t , spin tensor s does not enter the formula (G7]).
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add a
C. The Torsion Field T as a Geometrical Field. Tensors t and gd

Now, recall that in the field theories defined in the Riemann-Cartan space €' (1, D), the torsion field T enters the
Lagrangian not only explicitly (through the arguments T, VT and VV'T), but also implicitly. In fact, the torsion
T is included in the geometrical structure of space-time €(1, D) itself. Indeed, the torsion T enters a connection

r % {I*,,(2)}, with the use of which both the covariant derivatives V and the curvature tensor R are constructed.
Thus, there are no reasons to expect that search for expressions for the total EMT t and ST s contain contributions
from the torsion field T and material fields ¢ in completely equal way. From such a point of view the presence of
the additional term (—3b67%,V,T%g,) in the equation (63) can be treated as an indication to the existence in the

dd dd
total EMT and ST additional with respect to (1)t and (7)s terms, which we denote as at and ‘s’ Evidently, such
terms destroy a formal similarity between T and ¢ as physical fields. To find these terms note the following. The
structure of the variational derivative {AI/AT g} (£9), @0) shows that it is necessary to introduce an additional ST

add add add . add  add . o . .
s={5 "] =5 "po} and the Belinafante tensor b ={ b 77*}, induced by it in the way that the relationships

1 add A*T
= W= — . 68
5 b e T Are s (68)
and
add o
Ba def Ba add T, po
b K - A;era § r (69)
take a place. By the last two formulae, it is easy to determine an explicit form of the tensor agd:
add A*T
T po — _pglole_= = 70
’ 7 ATE, (70)
Then, it is evidently,
AT 1 add
= _ (@B (BB (T)pB VB8 71
S = g (9 0 O G0, ) ™)
where
(@) prBa ef AvBa(p) o, po (R)pyvBa ef AYBa(R) o, po
b AL s , b AL s , (72)

(1) yyBa et ABa(T) g po

dd
Let us return to the identity (53). Using the formula (D2]) with the exchange b77, :ab 78, transform the term

A*T

VT, = L 4he g e
ATag, v P73 aVul =gy

Then the identity takes the form

* * add 1 add add
' {(«p)tuy + B 4 (Dyp | Vy b MM, + 5 b THo+ b “’BQTQ/BV>}
* add 1 add add
= {(s@)tu/\ + (R)tu/\ + (T)tu/\ _ <Vn b oMy + 3 b 5”,\T“€n+ b “ﬁaTO‘B,\ } (73)
1 add AT
“(-TA) + 5 <<@>Swpg INCIESCUIE S wpg) Ry 4 3o Vo

add
The form of the equality (73]) shows that the additional EMT t can be defined as

add de * add 1 add add
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add a
Then, the sums (9t + (Bt + Dt ¢ ) and (Ws + Fs 4 sy gd) have to be considered as the total canonical
EMT and ST. In order to distinguish these quantities from t (55) and s (B6) we call them as modified total canonical

mod mo
EMT and ST and denote through t and sd. Thus,

mod d add add
£, g, By Dy P g 4 G0 (75)
d def dd dd
mg wpa_ ;j (ga)STrpa_ + (R)Sﬂ-po' + (T)Sﬂ'pg'—i_ G«S wpa_ — Sﬂ'pg—“l_ G«S Trpa" (76)
In the terms of the modified canonical tensors the identity (73) is rewritten as
*  mod mod 1 mod AT
_ A
Vu t 'uu =—t #)\T 1224 + 5 § TerRpUTru + A—wavl/spa' (77)
A correspondent equation of balance has the form:
*  mod u mod u A mod . po .
Ve t Ho=— 1t M\T"w+ s ",oR 5, (on the p-equations). (78)

This equation has exactly the form of the equation (I9]), also it takes a place only, when the equations of motion of
the material fields ¢ hold.

It is interesting to note also that, in fact, a disturbance of the ¢ — T similarity occurs not because of the geometrical
character of the torsion field, but as a result of non-minimality of T-coupling (see the formulae (68), (54), (74)). The
non-minimal T-interaction, on the one hand, brings a formal ¢p — T similarity, on the other hand, at the same time

dd dd
it destroys the similarity by the terms ‘¢ and “s”. Note that in the case of minimal T-coupling a contribution into
the ST and EMT from the torsion as a physical field is absent at all.
Using the formulae (T8, ([T@), (@), (G5, (E6), (GT), it is easy to establish that the symmetrized EMT

sym de fmod *  mod 1 mod mod
t Hu :j t MV""(Vn b H77V+§ b 577yTN£ﬁ+ b MﬂaTaﬂV>7 (79)

d d
constructed with the use of the modified canonical EMT mé) and "'S" in the same manner as the symmetrized EMT
sym
[©3) coincides with % (@3, although the last has been constructed thorough the canonical EMT t (B3] and s (B6).

mod sym d
Notice that b = 0 on the T-equations (see the formulae (71]) and (@) and, hence, according to [[@), t and "
are equal:

mod sym

t =1t (on the T-equations). (80)

VI. SUMMARY

In the present paper, the expressions for the canonical energy momentum tensor (EMT), spin tensor (ST), and the
Belinfante symmetrized EMT have been constructed in the case, when the Lagrangian has the form

£ = %(g.R; T,VT,VVT; ¢, Vo, VVe) Y 2(g R ¢, Ve, VV),

that is it contains the higher (second) covariant derivatives of the material fields ¢ as well as the non-minimal
coupling both with the metric field g and with the torsion field T. It has been shown that in the presence of the
higher derivatives the standard Noether procedure is ambiguous, whereas in the presence of the non-minimal g- or
T-coupling it is generally inapplicable (for details, see the discussion in the Sec. [l). Therefore the canonical EMT and
ST have been determined by the requirement that they must satisfy the standard equation of balance

1
%Mt“y = —t'\ T, + §s”p0R”“m, (on the @-equations).
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This equation was obtained earlier for the much more restricted class of field theories in Refs. (8,19, [11, 126, 27]. The

d d
final most general expressions for the (modified) canonical EMT mto and ST 'S have, respectively, the form:

0L

e A(V, V02

¢a> Vo Vaé }
ﬁWRaﬁw}

G~
add 1a
< i +§b "T”n—l-b“ﬂTo‘ >}7

gt
-t

mod - N AT a b
8 po {2A(Vﬂ-¢a) (A[PU]) |b¢
0L

_QW (97 Vo10" — (Do) 1, VO }}

* dd
+ {(_2) (V”Gpdm + %GpdsnTﬂsn)} + {as ﬁpg} .
The nontrivial manifestly generally covariant generalization of the Belinfante symmetrization procedure, suitable for

sym
an arbitrary Riemann-Cartan space, has been found. The correspondent symmetrized EMT t has the form

sym de fmod *  mod 1 mod mod
pom, ”V+(v,7 byt b T et b “BQT“BU)

and satisfies the standard equation of balance

*  sym sym

Ve t Ho=— 1 “,\T)‘W (on the ¢-equations).

Appendix A: The Condition for a Lagrangian to be a Scalar

Let a Lagrangian
% = 2(g.R; T,VIT,VVT; ¢, Vi, VVy) (A1)

be a generally covariant scalar. To reduce the formulae let us unite temporarily the fields T = {T%g,} and ¢ = {¢”}
into the unique set ¢ = {¢°}:

T.¢ - ¢={Te}
Then
Z=2gR; ¢,Vop,VV).
In accordance with the definition of the scalar its total variation §.# induced by an infinitesimal diffeomorphism
o = =2t + St (x), (A2)
is equal to zero:

def

0L = L)~ ZL(x) =0.

Taking into account the connection between the total § and the functional § variations
6 = 0270\ + 6, (A3)
we find

5100L + 6.2 = 0. (A4)
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Let us compute §.Z. It is evidently

o< 0L o*s 0L
0. = —0Gos + ————IR” 00 + —6 (V. 0°
{39a6 928 T 9Re g5 [M} { Do # (V9 (Ved®)

o*Z <

s (ans¢a)} — {(99 [—5:17 OrGap + 5go¢3] +

6 g a ST a

7L Lavaen o0+
0%

0(V,V:07)

WICARD

[ 6$)‘(‘9)\R0‘,@W5 +0R* ﬂvfﬂ} + {

7]
A(Vig®)
X [—517)‘(9)\ (V,iqf)a) + S (V[{d)a)} + [—5$>\8>\ (ans¢a) + 5 (vnvs¢a)] } )

where at the second step we used the connection between the total and the functional variations (A3]). In the last
formula 0*.Z/0gs, means explicit derivative with respect to gg,, that is the differentiation is provided only with
respect gg, which are not included in R and V; analogously, 0*.Z/0¢* means differentiation only with respect to
¢®, which is not included in V¢ and VV ¢. Note now that

0 0¥ 0 0L
Orgop + O\R® On® + —2Z 9y (V0"
{39 Aol OR>gs * ﬁ’yé} {8(;5‘1 S O(V.d?) > (Ve8") (A6)

W@)\ (VNVSW)} = 6)\$

Next, take into account tensorial nature of the quantities {gag}, {R%sys}, {0}, {V0*}, {ViV:0*}. Then, by
definition, for the infinitesimal diffeomorphisms (A2) we have:

39as = (A7) ag|™ gn¢ x Dyda; (A7)

SR” pv8 = (A75) *prsl, PO R e X Dp0ar; (A8)

= (A%,) Y, #° X 0,02"; (A9)

5(V = [(A7,) *|, V" — (6267) Va¢*] x ,02"; (A10)
5(V, Vsqﬁ“ = [(A7,) |, VVo@® — (5767) VaV.g® — (5767) Vi V0"] 9,027, (A11)

where {(A7,) ¢|,} are the Belinfante-Rosenfeld symbols (see, for example, Ref. [15]). Using in the right hand side of

the formula (A3]) the formulae (AG) — (A1), we find

0z, . . 0¥ o\ a
(A%,) 045|775 gne + T(A p) “srel ngnC«ﬂE
OR s !

0L = — (00Z) x 2> + <{

89&,8
oz A° a b 24 o a b o a
H{ G @7 10+ oy [(47) ),V = 829,6°)

0Z

T ) [(A,) °|, VVed® — 67V, Vo6 — 67V .V y6"] }) X 0, 82",

Substituting this expression into the formula (A4)) and taking into account the arbitrariness of the vector field {dz*(z)},
we obtain

P2 oL .

{69 ﬂ(A o) asl™ gne + s TR s (A7) “pysl,, MR“M}
A 07

+{ 99 (A7) “l, 8" + Vo) (A7) ], Vie¢® = 07V "] (A12)

24 o a b o a o a —
+W[(A p) 1y ViVed” =6,V V.o _5vvp¢]}=

Appendix B: The Calculation of V,.%

For the transformations presented in the main text of the paper one needs the explicit expression for the V,.Z.
Let us calculate it. Because . is a generally covariant scalar of the type (ATl one has

V., =0,% =LH.S. of the eq. (AG). (B1)
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Using the expressions for the covariant derivatives {V,gag}, {V.R%3ys}, {Vo¢*}, {V.V0®}, {VL. V. Vo0 }

Vigap = 0ugap + 700 (A7) asl™ gnc; (B2)

VR 05 = 0, R pys + 1750 (A7) “pasl, 7% R (B3)

Vg = 0,0" + 175, (A7,) |, ¢"; (B4)

Vo (Ve®) = 0y (Vi) + T4, [(A7,) |, Vid® — 595,67 ; (B5)
Vo (ViVed?) = 0, (Vi Ved")

+ 106, [(A7)) |, ViVed® = 61V, Ve0" =62V, V,0%] (B6)

we find the partial derivatives {9, gag}, {00 R s+s}, {000}, {00 (Vid®)}, {0.(VVe0?)} and substitute them into
the formula (BIl). After a rearrangement of items we obtain

oz 0L o< 0L
V., Y = —Vigup+ =—— V R“ } { Vop* + ———<V, (Vio®
(G v+ gy 7R} + { G 8"+ gy Ve () ©7)

+WVU (VNVE¢G)}> —TI7,, X ( L.H.S. of the eq. (Imb

Taking into account in this relationship the identity (AI2)) and metric-compatible condition V,gng = 0, we find the
search expression:

0L

V,.Z = {8}% VR M}

X 7 . 0.L
+{aT>aV"¢ T o) YV B

(B8)

vyvﬁvs(ba} .

For the cases of interest this expression takes the following forms:

1. The case of minimal coupling, .¥ = Z(g; ¢, Vi, VV ),

oz

v = {5

VU@G + VVVI-c(Pa + vuvnv5¢a} ) (Bg)

_0Z 0z
(V) O(ViVep?)

2. The case of non-minimal g-coupling, . = Z(g,R; ¢, Ve, VV ),

0L

uf =N 35, uRa
v {3R°‘5w6v [M}

oz 0L 0L

4=V + oV, Vip® + e
{aw AV T T (V)

(B10)
VUVKVEQD“} ;

3. The case of non-minimal g- and T-coupling, .¥ = Z(g,R; T,VT,VVT; ¢, Ve, VVp),

0.y .
DR, v

o+ 0. . 0.7
v VT G

+ V Tag.y VUV,{TQ&Y +

v, _{
vyvﬁvgw} (B11)

vyvnvsT%V} :

a(vnTaﬁv) 6(V,€V5T‘3‘57)

Appendix C: The Transformation of the Expression (%GO‘B'V‘SVVRM;W;)

Transform the expression %G"B"YéVVRag.Yg as follows. Substituting the Ricci identity in the form

VVRQB'VJ = - (v'yRaﬁéu + VJRan'y + Raﬁsl/TE'yé + Raﬁs'yTséu + RaﬁséTsl/'y) )
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one obtains
1 1
3GV Raprs = =GV, Ragsy — (GO Ragey) 50 = 5 (GY7°T5) Rager.

Differentiating by parts the first item in the right hand side one finds

%GaﬂwvuRaﬂvﬁ = [%M (Ga'@wRaﬂw) + (GO"@WR%@%) T)\W]

1 * 1
+§ |:(—2) (VnGmen + EGpgsnTﬂ-sn>:| Rpcrrrv-

Appendix D: The Transformation of the Expression (%bwavyT"‘gw)

Let {b752} = {A%s””’”}, where {s™ [Pl = s™ 9} 'be an arbitrary tensor with such a symmetry. Then bl#l* =

bYPa. Based on this, transform the expression (—71576 oV, T ﬂv) as follows.
1. Substituting the Ricci identity in the form

V,T%y = R%py + Ry, + R0
= (VBT + V3 T%p + T3 T gy + T\T 0 + T3 T )
= R%,, + 2Ra[ﬁ,y]l, — 2V[ﬁTa,y],, - TO‘)\VT)‘,@V — 2TO‘)\[5T)‘,Y]V,

one obtains

1 1
—5b VT = —5bPa Ry — 570 R gy + 6770 V5T, o)
1
+51ﬂf3afrmz%7 + 078 T\sT 0.

2. Turn to the first term on the right hand side of (D). Then, recall the identity (C2) in the Appendix C.1 of the
Ref. [14]:

V;L Vneuun + §9upUTMpa':| = _iRkupae)\pa;
change here 6,#7 = b*",, and obtain for this term:
1 VB8 po __< o pum 1 €N P
_§b aR vpy — _VM an v+ §b IJT en

3. The second term on the right hand side of (DI)) is equal to

—b'YﬁaRaB'yu — _b’yﬁaRaﬁ'yU — —A'Yﬁ_asﬂ',PURaﬁ’yy

Tpo

= Rapyy

_ _% (Sﬁ,wa + S8 _ S%ﬁa)

1
= (s(aﬂﬁ)'V - %s”’o‘ﬁ) Rapyy = —gsﬂ’pgRPUﬂ'V?

4. Using the differentiation by part in the third term on the right hand side of (DIJ), one finds
b'YﬁavﬁT‘l’w = _V,u (b#ﬁaTaﬁy) - (an#n)\) TA,U,U;

5. At last, one rewrites fourth and fifth terms on the right hand side of (DIJ), respectively, as
1 1
§b76aTa>\yT>‘5.y _ -3 (bsn)\Tusn) T>‘#,,

and

VP T\, = — (BP0 T%0) T 0
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Combining the results of the points 21— Bl in the formula (DIJ), one obtains the search identity:

1 o * * 1 o
_ibvﬂavyT 5y = -V, [an“”y+§b€"l,T“5n+b”BaT BV]

* 1 1
- {anunk + §b8n)\THan + buﬂaTaB)\] T)\HV - §S7Tpa'Rp07ru'
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