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Schwinger’s principle in Einstein-Cartan gravity
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By applying Schwinger’s variational principle to the Einstein-Cartan action for the gravitational
field, we derive quantum commutation relations between the metric and torsion tensors.

The field equations of a classical theory are obtained in Hamilton’s principle of stationary action by varying the
action with respect to every variable φ and equating such a variation to zero for an arbitrary variation δφ. Equivalently,
we calculate the variation of the Lagrangian density in the action integral and perform integration by parts. Then we
apply the Gauß-Stokes theorem and assume δφ = 0 on the boundary of the integration domain. Finally, we equate
to zero the coefficients of δφ inside the integration domain [1].

In a quantum theory, Hamilton’s principle is generalized to Schwinger’s variational principle, according to which
the variation of the transition amplitude between an initial state |αi〉 and a final state |αf 〉 is i/~ times the matrix
element connecting the two states of the variation δI of the action integral I [2, 3]:

δ〈αf |αi〉 =
i

~
〈αf |δI|αi〉. (1)

If Schwinger’s principle is applied to variations which vanish on the boundary of the integration domain, the left-hand
side of (1) is equal to zero. Since the states |αi〉 and |αf 〉 are arbitrary, the operator δI vanishes, giving the principle
of stationary action in an operator form. If Schwinger’s principle is applied to variations which vanish only for the
initial state, the effect of the variation in the Schrödinger picture is to apply a unitary operator U = 1 + (i/~)δI to
the adjoint final state, which is equivalent to applying the Hermitian conjugate U † to the final state, |αf 〉 → U †|αf 〉.
In the Heisenberg picture, the effect of this variation is to apply to any operator O acting on the final state a unitary
transformation O → UOU−1 = O− (i/~)[O, δI], where square brackets denote a commutator. Schwinger’s variational
principle is thus equivalent to [2–4]

δO = − i

~
[O, δI]. (2)

For a particle in quantum mechanics, we substitute a coordinate operator qi for O and use the formula for the
action as a function of the coordinates and time at the final state, δI = δ

∫

Ldt =
∑

pjδqj − Hδt, where L is the
Lagrangian, pj = ∂L/∂q̇j denotes the generalized momentum corresponding to the generalized coordinate qj , and
H =

∑

pj q̇j −L is the Hamiltonian [5]. The term δI is the variation of the action at the boundary of the integration
domain (over time). If we consider a variation in which only the coordinates qi are changed, then δI =

∑

pjδqj
and Schwinger’s principle (2) gives δqi = −(i/~)[qi,

∑

pjδqj ], which is satisfied if [qi, qj ] = 0 and [qi, pj ] = i~δij . By
adding to the action I a quantity −∑

pjqj , we bring its variation to δI = −∑

qjδpj . Schwinger’s principle (2) gives
δpi = (i/~)[pi,

∑

qjδpj], which is satisfied if [pi, pj ] = 0 and [pi, qj ] = −i~δij. Schwinger’s principle therefore gives the
canonical commutation relations of quantum mechanics [2–4].

For the electromagnetic field, the Lagrangian density is equal to L = (1/4)
∫

FµνF
µν
√−g, where Fµν = ∂µAν−∂νAµ

is the electromagnetic field tensor, Aµ is the electromagnetic potential, and g = det(gµν) is the determinant of the
metric tensor gµν [6, 7]. The action is thus equal to I = −(1/4c)

∫

FµνF
µν
√−gdΩ, where dΩ is an element of four-

volume. The variation of the actions is given by δI = −(1/c)
∫

Fµν∂µδAν

√−gdΩ = −(1/c)
∫

∂µ(Fµν
√−gδAν)dΩ +

(1/c)
∫

∂µ(Fµν
√−g)∂AνdΩ = −(1/c)

∮

Fµν
√−gδAνdfµ + (1/c)

∫

∂µ(Fµν
√−g)∂AνdΩ, where dfµ is an element of the

closed hypersurface surrounding the integration four-volume. We can consider a volume hypersurface dfµ = δ0µdV ,
where dV is an element of volume. We also use g = −g00γ, where γ = det(γαβ) is the determinant of the spatial metric
tensor γαβ = −gαβ+g0αg0β/g00 [6, 7]. The hypersurface term which should be used in Schwinger’s principle (2) is thus
δI = −(1/c)

∫ √
g00F

0βδAβ
√
γdV . This principle gives δAα(x, t) = (i/~c)[Aα(x, t),

∫

(
√
g00F

0βδAβ
√
γ)(x′, t)dV ′],

which is satisfied if [Aα(x, t), gµν(x′, t)] = [Aα(x, t), Aβ(x′, t)] = 0 and [Aα(x, t), (
√
g00F

0β√γ)(x′, t)] = −i~cδβαδ(x −
x
′). Defining the spatial vector of the electric field, Eα = −√

g00F
0α (such a vector appears in the Maxwell equations

in curved space) [6], gives [Aα(x, t), Eβ(x′, t)] = i~cδβαδ(x−x
′)/

√
γ(x), which generalizes to curved space the canonical

commutation relations of electrodynamics [2, 4].
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For the gravitational field, we use the Einstein-Cartan theory of gravity, which naturally extends the general theory
of relativity to matter with intrinsic angular momentum (spin) [7, 8]. In this theory, the affine connection Γ ρ

µ ν

is not constrained to be symmetric. Its antisymmetric part, the torsion tensor Sρ
µν = Γ ρ

[µν], is a variable in the

principle of stationary action. Square brackets denote antisymmetrization. Regarding the metric and torsion tensors
as independent variables gives the correct generalization of the conservation law for the total (orbital plus intrinsic)
angular momentum to the presence of the gravitational field [7, 8]. Including torsion also removes the curvature
singularity at the big bang and replaces it with a nonsingular bounce [9], solves the flatness and horizon problems in
cosmology [10], and requires fermions to be spatially extended, which may provide an ultraviolet cutoff in quantum
field theory [11].

We use the notations of [7]. The metricity condition gµν;ρ, where semicolon denotes the covariant derivative with
respect to Γ ρ

µ ν , gives Γ ρ
µ ν = { ρ

µ ν}+Cρ
µν , where { ρ

µ ν} = (1/2)gρσ(gµσ,ν + gνσ,µ − gµν,σ) are the Christoffel symbols of

the metric, gµν is the contravariant metric tensor, and Cρ
µν = Sρ

µν +2S
ρ

(µν) is the contortion tensor. Round brackets

denote symmetrization. The curvature tensor Rλ
ρµν = Γ λ

ρ ν,µ − Γ λ
ρ µ,ν + Γ σ

ρ νΓ λ
σ µ − Γ σ

ρµΓ λ
σ ν , where comma denotes

a partial derivative over coordinates, can be thus decomposed as Rλ
ρµν = Pλ

ρµν + Cλ
ρ ν:µ − Cλ

ρ µ:ν + Cσ
ρ νC

λ
σ µ −

Cσ
ρ µC

λ
σ ν , where Pλ

ρµν is the curvature tensor constructed from the Christoffel symbols (the Riemann tensor) and

colon denotes the covariant derivative with respect to { ρ
µ ν} [7, 12]. The Lagrangian density for the gravitational field

in the Einstein-Cartan theory of gravity is the same as in the general theory relativity, L = −(1/2κ)Rµνg
µν
√−g,

where Rµν = Rρ
µρν is the Ricci tensor. The Einstein-Cartan action is thus given by [7]

I = − 1

2κc

∫

Rµνg
µν
√−gdΩ = − 1

2κc

∫

gµν(Pµν − 2Cρ
µρ:ν − Cρ

µρC
σ
νσ + Cρ

µσC
σ
νρ)

√−gdΩ

= − 1

2κc

∫

gµν(Pµν − Cρ
µρC

σ
νσ + Cρ

µσC
σ
νρ)

√−gdΩ +
1

κc

∫

(gµνCρ
µρ

√−g),νdΩ. (3)

The last term in (3) can be written as a hypersurface integral,

IS =
2

κc

∫

gµνSµdfν , (4)

where gµν =
√−ggµν is the contravariant metric tensor density and Sµ = Sν

µν is the torsion vector.
Let us consider the variation of the action with respect to the torsion tensor. Such a variation at the boundary of

the integration domain is thus equal to

δIS =
2

κc

∫

gµνδSµdfν =
2

κc

∫

gµ0δSµdV. (5)

Substituting this variation as δI into Schwinger’s principle (2) for O = Sµ gives

δSµ(x, t) = − 2i

~κc

[

Sµ(x, t),

∫

(gν0δSν)(x′, t)dV ′

]

, (6)

which is satisfied if

[Sµ(x, t), Sν(x′, t)] = 0 (7)

and

[Sµ(x, t), gν0(x′, t)] =
i

2
~κcδνµδ(x− x

′) = 4πil2Pδ
ν
µδ(x − x

′), (8)

where lP is the Planck length.
The quantum commutation relation (8) between the metric and torsion indicates that: 1) the components gµ0 of

the metric tensor cannot be zero, and 2) the torsion vector cannot be zero. Accordingly, exact spherically and axially
symmetric gravitational fields do not exist in the quantum theory. In the classical Einstein-Cartan theory of gravity
coupled to spinors, the only irreducible components of the torsion tensor that do not vanish are the components of the
completely antisymmetric torsion tensor, so the torsion vector vanishes. The relation (8) therefore endows spacetime,
even in vacuum, with intrinsic torsion.
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