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We review the recently established relationships between black hole entropy in string the-
ory and the quantum entanglement of qubits and qutrits in quantum information theory.
The first example is provided by the measure of the tripartite entanglement of three qubits
(Alice, Bob and Charlie), known as the 3-tangle, and the entropy of the 8-charge STU black
hole of & = 2 supergravity, both of which are given by the [SL(2)]? invariant hyperdeter-
minant, a quantity first introduced by Cayley in 1845. Moreover the classification of three-
qubit entanglements is related to the classification of &' = 2 supersymmetric STU black
holes. There are further relationships between the attractor mechanism and local distilla-
tion protocols and between supersymmetry and the suppression of bit flip errors. At the
microscopic level, the black holes are described by intersecting D3-branes whose wrap-
ping around the six compact dimensions T® provides the string-theoretic interpretation of
the charges and we associate the three-qubit basis vectors, |ABC)(A, B, C = 0or 1), with
the corresponding 8 wrapping cycles. The black hole/qubit correspondence extends to the
56 charge & = 8 black holes and the tripartite entanglement of seven qubits where the
measure is provided by Cartan’s E; O [SL(2)]” invariant. The qubits are naturally described
by the seven vertices ABCDEFG of the Fano plane, which provides the multiplication table
of the seven imaginary octonions, reflecting the fact that E; has a natural structure of an
O-graded algebra. This in turn provides a novel imaginary octonionic interpretation of the
56 = 7 x 8 charges of #/ = 8: the 24 = 3 x 8 NS-NS charges correspond to the three
imaginary quaternions and the 32 = 4 x 8 R-R to the four complementary imaginary oc-
tonions. We contrast this approach with that based on Jordan algebras and the Freudenthal
triple system. &/ = 8 black holes (or black strings) in five dimensions are also related to
the bipartite entanglement of three qutrits (3-state systems), where the analogous measure
is Cartan’s Eg O [SL(3)]® invariant. Similar analogies exist for magic & = 2 supergravity
black holes in both four and five dimensions. Despite the ubiquity of octonions, our analogy
between black holes and quantum information theory is based on conventional quantum
mechanics but for completeness we also provide a more exotic one based on octonionic
quantum mechanics. Finally, we note some intriguing, but still mysterious, assignments of
entanglements to cosets, such as the 4-way entanglement of eight qubits to Eg /[SL(2)]®.
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1. Introduction

1.1. Overview

It sometimes happens that two very different areas of theoretical physics share the same mathematics. This may
eventually lead to the realisation that they are, in fact, dual descriptions of the same physical phenomena, or it may not.
Either way, it frequently leads to new insights in both areas. In this Review, the two areas in question are black hole
entropy in string theory and qubit entanglement in quantum information theory. Quantum entanglement lies at the heart of
quantum information theory, with applications to quantum computing, teleportation, cryptography and communication. In
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Table 1

The values of the local entropies Sy, Sg, and S¢ and the hyperdeterminant Det a (defined in Sections 4.3.3 and 4.3.2) are used to partition three-qubit states
into entanglement classes. The entropy/entanglement correspondence relates these to D = 4, & = 2, STU model black holes (see Section 6). Specifically,
the to absence/presence of a horizon (small/large) and the extent of supersymmetry.

Class Sa S Sc Deta Black hole SUSY
A-B-C 0 0 0 0 Small 1/2
A-BC 0 >0 >0 0 Small 1/2
B-CA >0 0 >0 0 Small 1/2
C-AB >0 >0 0 0 Small 1/2
w >0 >0 >0 0 Small 1/2
GHZ >0 >0 >0 <0 Large 1/2
GHz >0 >0 >0 >0 Large 0
Table 2

As in Table 1 entanglement measures are used to classify states, but this time concerning the tripartite entanglement of seven qubit states. The
correspondence relates these to the D = 4, &/ = 8 black holes discussed in Section 8.1.

Class Sa S Sc Deta Black hole SUSY
A-B-C 0 0 0 0 Small 1/2
A-BC 0 >0 >0 0 Small 1/4
B-CA >0 0 >0 0 Small 1/4
C-AB >0 >0 0 0 Small 1/4
w >0 >0 >0 0 Small 1/8
GHZ >0 >0 >0 <0 Large 1/8
GHz >0 >0 >0 >0 Large 0

the apparently separate world of quantum gravity, the Bekenstein-Hawking entropy [1,2] of black holes has also occupied
centre stage. Despite their apparent differences, recent work [3-17] has demonstrated a correspondence between the two.
Although we still do not know whether there are any physical reasons underlying these mathematical coincidences, there
is now a growing dictionary, which translates a variety of phenomena in one language to those in the other. For example:

Qubits and D = 4 black holes

1. The measure of tripartite entanglement of three qubits (Alice, Bob and Charlie), known as the (unnormalised) 3-tangle
tapc [ 18], and the entropy S of the 8-charge STU black hole of supergravity [19,20,15] are related by [3]
T

S = o ¥/ Tsc (1.1)

where tpc is given by the hyperdeterminant [21], a quantity first introduced by Cayley in 1845 [22].

2. The classification of three-qubit entanglements is related to the classification of & = 2 supersymmetric STU black
holes [4] shown in Table 1 and explained in more detail in Section 7.3.

3. The attractor mechanism on the black hole side is related to optimal local distillation protocols on the QI side. Moreover,
supersymmetric and non-supersymmetric black holes correspond to the suppression or non-suppression of bit flip
errors [9].

4. There is also a quantum information theoretic interpretation of the 56 charge & = 8 black hole in terms of a Hilbert
space consisting of seven copies of the three-qubit Hilbert space [6,7]. It relies on the decomposition E;7y D [SL(2)]” and
admits the interpretation, via the Fano plane [23], of a tripartite entanglement of seven qubits' with the entanglement
measure given by Cartan’s quartic E;(7, invariant.

5. The classification of tripartite entanglements of seven qubits is related to the classification of (¥ = 8,D = 4)
supersymmetric black holes [11] shown in Table 2 and explained in more detail in Section 8.7.

6. Since the Fano plane provides the multiplication table of the octonions, this means that the octonions (often written off
as a lost cause in physics [24,25]) may actually be testable in the laboratory.

7. There are similar correspondences with the black holes of the & = 2 magic supergravities in D = 4 [26].

8. Turning to the microscopic interpretation of black hole entropy in Type IIB string theory, one can consider configurations
of intersecting D3-branes, whose wrapping around the six compact dimensions T® provides the microscopic string-
theoretic interpretation of the charges. The three-qubit basis vectors |ABC), (A,B,C = 0 or 1) are associated with
the corresponding 8 wrapping cycles, where |0) corresponds to xo and |1) to ox in Table 35. Performing a T-duality
transformation, one obtains a Type IIA interpretation with Ny DO-branes, N1, N5, N3 D4-branes plus effective D2-brane
charges, where |0) now corresponds to xx and |1) to oo.

9. In particular, one can relate a well-known fact of quantum information theory, that the most general real three-qubit state
can be parameterised by four real numbers and an angle, to a well-known fact of string theory, that the most general STU
black hole can be described by four D3-branes intersecting at an angle.

—_

As explained in Section 8.8, our terminology tripartite entanglement of seven qubits differs from that used in some of the QI literature.
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Table 3

The D = 5 analogue of Tables 1 and 3 relates two-qutrit entanglements and their corresponding D = 5, &' = 8 black holes.

Class (&} TaB Black hole NIN%
A-B 0 0 Small 1/2
Rank 2 Bell >0 0 Small 1/4
Rank 3 Bell >0 >0 Large 1/8

Qutrits and D = 5 black holes

1. The measure of the bipartite entanglement of two qutrits [26], known as the 2-tangle t3, is also related to the entropy
of the 9-charge black hole of D = 5 supergravity.

S =2m/ |detaAB|, (12)

where
Tap = 27|det ayg)?. (1.3)

This corresponds to the & = 8 black hole with just 9 of the 27 charges switched on.

2. There is also a quantum information theoretic interpretation of the full 27 charge & = 8, D = 5 black hole in terms of a
Hilbert space consisting of three copies of the two-qutrit Hilbert space [8]. It relies on the decomposition Ege) D [SL(3)]3
and admits the interpretation of a bipartite entanglement of three qutrits,> with the entanglement measure given by
Cartan’s cubic Eg ) invariant.

3. The classification of the bipartite entanglements of three qutrits is related to the classification of # = 8,D = 5
supersymmetric black holes [11] shown in Table 3 and explained in more detail in Section 12.5.

4. There are similar correspondences with the black holes of the &' = 2 magic supergravities in D = 5 [26].

5. Turning to the microscopic interpretation of black hole entropy in M-theory, one can consider configurations of
intersecting M2-branes, whose wrapping around the six compact dimensions T® provides the microscopic M-theoretic
interpretation of the charges. The two-qutrit basis vectors |AB), (A, B = 0 or 1 or 2) are associated with the corresponding
9 wrapping cycles, where |0) corresponds to xoo, |1) to oxo and |2) to oox as in Table 36.

6. In particular, one can relate a well-known fact of quantum information theory, that the most general real two-qutrit
state can be parameterised by three real numbers, to a well-known fact of M- theory, that the 9-charge black hole can be
described by three intersecting M2-branes.

M-theory and octonions
This is a two-way process and the qubit interpretation can also teach us new things about M-theory:

1. The role played by the theory of hyperdeterminants [27] in constructing U-duality invariants.

2. The remarkable fact that E; has a natural structure of an O-graded algebra [28,29], compatible with its action on the
minimal 56-dimensional representation, provides a new octonionic view of M-theory compactified on T7, and hence a
new quaternionic view of string theory compactified on T®. Explicitly, as discussed in Section 8.6

e7 = X sl(A)eg ® @ |:®Al:| e,

1<i<7 | igl (1.4)
56 = (B |:®A,:| e,
1<i<7 | iel
where
ief{l,...,7} (1.5)
are the seven points of the Fano plane,
I € {124, 235, 346, 457, 561, 672, 713} (1.6)

are the seven lines, and we have attached to each line a two-dimensional vector space A,. eq is the real octonion and e;
are the imaginary ones. The same formulae hold good if we go to the dual Fano plane by swapping the roles of points
and lines. There is a quaternionic analogue of this construction where we consider just three of the seven lines. This
describes the &/ = 4 subsector. Strings can carry two kinds of charge: NS-NS coming from right and left moving bosonic
modes and R-R coming from right and left moving fermionic modes (NS = Neveu-Schwarz and R = Ramond). When the
U-duality group E (7 is decomposed under the SL(2) S-duality and SO(6, 6) T-duality

E7(7) D SL(2) x SO(6, 6),

56 — (2,12) + (1, 32), (1.7)

2 s explained in Section 12.6, our terminology bipartite entanglement of three qutrits differs from that used in some of the QI literature.
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the first term describes the & = 4 subsector with 24 NS-NS charges and the second term describes the 32 R-R charges.
In terms of the above seven lines of the Fano plane of Fig. 12 (which describe the seven imaginary octonions), the NS-NS
charges correspond to the three lines 124, 561, 713 (which describe the three imaginary quaternions) and the R-R to the
four lines 235, 346, 457, 672 (which describe the four complementary imaginary octonions).

3. Noting that 24 = 8 x 3, we show in Section 11.2, that these NS-NS charges may be interpreted as the 8 charges of the
STU model defined over the 3 imaginary quaternions. Accordingly, the &/ = 4 Cartan invariant with SL(2) x SO(6, 6)
symmetry, may be written as Cayley’s hyperdeterminant defined over the imaginary quaternions, provided we adopt a
suitable operator ordering.’

4. Noting that 56 = 8 x 7, it is tempting to employ a similar construction replacing imaginary quaternions by imaginary
octonions to describe the full 56 charges, including the 32 R-R. Here, however, the relationship is more subtle. Since the
N = 8 Cartan invariant is just the singlet in 56 x 56 x 56 x 56, it follows from (1.4) that it may indeed be expressed as a
quartic combination of octonions. However, as explained in Section 11 it is not simply given by Cayley over the octonions,
at least if Cayley is defined in the usual way. Nevertheless, the two are closely related.*

5. We emphasise that this way of incorporating the octonions, inspired by the Fano plane qubit interpretation, is completely
different from the role of octonions in the description of &' = 8 supergravity using Jordan algebras and Freudenthal triple
systems [30,4,31], described in Section 9. For example, in the former we are dealing with the 7 imaginary octonions,
while in the latter we are dealing with the 8 split octonions. There are other important differences. These are described
in Section 10.3, where we provide a dictionary to go from one language to the other.

1.2. Summary of report

The purpose of this Report is twofold. First we summarise the progress made so far in this interplay between black hole
entropy and quantum information theory and secondly we describe some new so-far unpublished developments. Both black
holes and entanglement are subjects that can be quite technical, but our aim is to make our exposition understandable to
both communities.

We begin in Section 2 with some background material on supergravity, string theory and M-theory, focussing on the
issue of U-duality and black hole entropy required in subsequent sections. In particular we identify the U-duality group of
the STU model as [SL(2)].

Section 3 serves a similar purpose for quantum information theory, introducing some elementary concepts such as
entanglement and SLOCC (Stochastic Local Operations and Classical Communication). In particular we identify the group
of invertible SLOCC transformations for three qubits as [SL(2)]?, which in fact first suggested the link to black holes.
We continue in Section 4 with more on qubits, focussing especially on three qubits and the all-important Cayley’s
hyperdeterminant which provides the measure of tripartite entanglement known as the 3-tangle. The hyperdeterminant
will also determine the D = 4 black hole entropy. Section 5 performs the analogous role for the two qutrit system and the
corresponding 2-tangle that will be related to the D = 5 black hole entropy.

The black holes of the D = 4, & = 2 STU model are introduced in Section 6 and in Section 7 we make the connection
with quantum information theory, showing that the black hole entropy as a function of the 8 charges is also given by Cayley’s
hyperdeterminant. One may then go further and match the classification of & = 2 black holes to the classification of three-
qubit entanglements. The higher-order corrections to the black hole entropy formula also admit a QI interpretation. This
section also provides yet more entries in the dictionary by relating the attractor mechanism on the black hole side to SLOCC
on the QI side and by relating supersymmetric and non-supersymmetric solutions to suppression or non-suppression of bit
flip errors.

The generalisation from & = 2 to & = 8 black holes is the subject of Section 8. Here we encounter Cartan’s
quartic invariant which provides the entropy of the 56-charge black hole and is invariant under the E7(7y U-duality. The QI
interpretation is that of the tripartite entanglement of seven qubits (Alice, Bob, Charlie, Daisy, Emma, Fred and George). The
entanglement is encoded in the Fano plane which also provides the multiplication table of the seven imaginary octonions.
The seven vertices of the Fano plane ABCDEFG describe the seven qubits, while the seven lines abcdefg, each passing through
three vertices, describe the intricate tripartite entanglement.

While the Fano plane basis is tailored to describe the seven qubits, the & = 8 black hole is most elegantly discussed
within the framework of Jordan algebras and the Freudenthal triple system (FTS), which is the subject of Section 9. In fact
FTS provides a unified description of both the & = 8 black holes and the magic & = 2 black holes of Section 13. The magic
supergravities correspond to Jordan algebras over the reals R, complex C, quaternions H and octonions O and the &/ = 8
supergravity to the split octonions Q. The & = 2 STU model also fits within this scheme with the Jordan algebra being
trivial.

In Section 10 we provide the three descriptions of the group E; and its quartic invariant that we will find useful and the
dictionaries that link them: Cartan-Fano, Fano-Freudenthal, and Freudenthal-Cartan.

3 All this suggests that D = 10 string theory compactified on T is dual to D = 6 string theory compactified on T? defined over the imaginary quaternions,
at least for the NS-NS sector. We hope to return to this elsewhere.

4 More speculatively, all this might suggest a similarity between D = 11 M-theory compactified on T? and D = 6 string theory compactified on T2
defined over the imaginary octonions.
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Section 11 shows how the & = 4 SL(2) xSO(6, 6) invariant may, with a suitable choice of operator ordering, be expressed
as Cayley’s quartic hyperdeterminant over the imaginary quaternions. The 4 = 8 invariant is more subtle. Although it can
be expressed as a quartic product of imaginary octonions, it not the same as Cayley’s hyperdeterminant over the imaginary
octonions.

In Section 12, we turn our attention to five-dimensional black holes, which also exhibit non-trivial entropy. In particular,
we find a relation between &4 = 8 black holes and the bipartite entanglement of three qutrits, with Cartan’s cubic Eg
invariant playing the dual roles of black hole entropy and qutrit entanglement measure.

Magic supergravities in both four and five dimensions can also be incorporated into the black hole/qubit and black
hole/qutrit correspondence in a way similar to the STU model and the & = 8 models, as described in Section 13.
However, involving as they do the Jordan algebras over R, C, H, O, they also offer an alternative interpretation in terms
of unconventional quantum mechanics defined over R, C, H, Q. Indeed, it was just such variations of standard quantum
mechanics which led Jordan to propose his algebras in the first place. We compare this new interpretation with the standard
one, listing the pros and cons. The main objection, in our view, is that while it seems to work well in five dimensions, we
have been unable to get it to work in four.

One might ask why black holes should display any kind of two-valuedness at all. We answer this question in Section 14 by
turning to the microscopic interpretation of black hole entropy in Type IIB string theory. One can associate configurations of
intersecting D3-branes, whose wrapping around the six compact dimensions T® provides the microscopic string-theoretic
interpretation of the charges. The three-qubit basis vectors |ABC), (A, B, C = 0 or 1) are associated with the corresponding
8 wrapping cycles, where |0) corresponds to xo and |1) to ox as in Table 35. Performing a T-duality transformation, one
obtains a Type IIA interpretation with Ny DO-branes, Ny, N,, N3 D4-branes plus effective D2-brane charges, where |0)
now corresponds to xx and |1) to oo. To wrap or not to wrap; that is the qubit. Similarly, in M-theory, one can associate
configurations of intersecting M2-branes, whose wrapping around the six compact dimensions T® provides the microscopic
M-theoretic interpretation of the charges. The two-qutrit basis vectors |AB), (A, B = 0 or 1 or 2) are associated with the
corresponding 9 wrapping cycles, where |0) corresponds to xoo, | 1) to oxo and |2) to oox as in Table 36.

Finally, in Section 15 we list some unsolved problems and directions for future research.

Appendix A gives a historical overview of Cayley’s original 1845 treatment of the hyperdeterminant.

In Appendix B we look at superalgebras [32] for M-theory in D = 11, Type IIA theory on D = 10 and Type IIB theory in
D7: 106in order to see how the central charges give rise to the black hole charges in D = 4 after compactification on either
T orT".

The SLOCC group for an n-qudit state is given by G = [SL(d, C)]", but subspaces of the d"-dimensional Hilbert space
may display hidden symmetries not contained in G. As we shall see, these include an E; (C) symmetry of a 56-dimensional
subspace of seven qutrits and Eg(C) symmetry of a 27-dimensional subspace of three 7-dits. In Appendix C we explore some
more possibilities, involving in particular the observation that a 224-dimensional subspace of eight qutrits, describing the 4-
way entanglement of 8 qubits, may be assigned to the coset-space Eg/[SL(2)]%. We have confined these coset constructions
to the Appendix because we have as yet no good application of them within quantum information theory.

In Appendix D we discuss the PSL(2, F;), the discrete subgroup of E; which is the symmetry of the Fano plane, and its
56-dimensional representation.

2. Black holes
2.1. Supergravity, string theory and M-theory

One of the central dilemmas of XXI century physics is that the two main pillars of XX century physics, quantum mechanics
and Einstein’s general theory of relativity, seem to be mutually incompatible. General relativity fails to comply with the
quantum rules that govern the behaviour of elementary particles, while black holes are challenging the very foundations of
quantum mechanics. Something big has to give.

Until recently, the best hope for a theory that would unite gravity with quantum mechanics and describe all physical
phenomena was based on strings: one-dimensional objects whose modes of vibration represent the elementary particles.
In 1995, however, strings were subsumed by M-theory. In the words of Edward Witten [33,34], M stands for magic, mystery
or membrane, according to taste. New evidence in favour of this theory continues to appear.

M-theory, like string theory, relies crucially on the idea of supersymmetry [35]. Supersymmetry requires that for each
known boson there is a fermion of equal mass. However, no such superpartners have yet been found. The symmetry, if it
exists at all, must be broken, so that the postulated particles do not have the same mass as known ones but instead are too
heavy to be seen in current accelerators. The Large Hadron Collider at CERN Geneva, will be looking for just these particles.
Theorists persist with supersymmetry because it provides a framework within which the weak, electromagnetic and strong
forces may be united with gravity.

Conventional gravity does not place any limits on the possible dimensions of spacetime: its equations can, in principle,
be formulated in any dimension. Not so with supergravity [36-38], which places an upper limit of 11 on the dimensions of
space-time (10 of space and one of time). In 1978 Cremmer, Julia and Scherk [39] realised that supergravity not only permits
up to seven extra dimensions but is most elegant when written in 11-dimensional form. The kind of real, four-dimensional
world the theory ultimately predicts depends on how the extra dimensions are curled up, in the way suggested by Kaluza and
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Klein in the 1920s in their unified theory of gravity and electromagnetism. Seven curled dimensions could conceivably allow
the appearance of the strong and weak nuclear forces, in addition to electromagnetism, For these reasons, many physicists
began to look to supergravity in 11 dimensions for the unified theory.

In 1984, however, 11-dimensional supergravity was knocked off its pedestal by 10-dimensional superstring theory.
There were five consistent anomaly-free theories: the Eg x Eg heterotic, the SO(32) heterotic, the SO(32) Type I, and the
Type IIA and Type IIB strings. The Type I is an open string consisting of just a segment; the others are closed strings that
form loops. The Eg x Eg seemed, at least in principle, capable of explaining the elementary particles and forces, including
their handedness. Furthermore, strings seemed to provide a theory of gravity consistent with quantum effects without the
ultraviolet divergences that plagued general relativity.

After the initial euphoria over strings, however, doubts began to creep in. First, important questions, especially how to
confront the theory with experiment, seemed incapable of being answered by perturbative methods. Second, why were
there five different string theories? If one is looking for a unique Theory of Everything, this seems like an embarrassment of
riches. Third, if supersymmetry permits 11 dimensions, why do superstrings stop at 10? Finally, if we are going to conceive
of pointlike particles as strings, why not as membranes or more generally as p-dimensional objects, inevitably dubbed p-
branes?

Supersymmetry severely restricts the possible dimensions of a p-brane. A spacetime of 11 dimensions permits a
supermembrane and a super 5-brane, called the M2-brane and M5-brane respectively. In 1987 it was shown [40] that if
one of the 11 dimensions is a circle, one can wrap the membrane around it once, pasting the edges together to form a tube.
If the radius becomes sufficiently small, the rolled-up membrane ends up looking like a string in 10 dimensions; it yields
precisely the Type IIA superstring.

In a landmark talk at the University of Southern California in 1995, Witten [41] drew together all this work on strings,
branes and 11 dimensions under the umbrella of M-theory in 11 dimensions, which has 11-dimensional supergravity as its
low-energy limit. In particular, he pointed out that the strength of the string coupling constant gs grows with the radius of
the 11th dimension: M-theory is intrinsically non-perturbative! Since then, thousands of papers have appeared confirming
that whatever M-theory may be, it certainly involves branes in an important way.

In 1995 Polchinski [42] realised that certain p-branes, appearing in Type IIA and Type IIB and carrying R-R charge, admit
the dual interpretation as Dirichlet branes or D-branes; surfaces on which open strings can end. Such breakthroughs have
led to a new interpretation of black holes as intersecting black-branes wrapped around the six curled dimensions of string
theory or seven of M-theory. As a result, there are strong hints that M-theory may even clear up the paradoxes of black holes
raised by Hawking, who in 1974 showed that black holes are not entirely black but may radiate energy. In that case, black
holes must possess entropy, which measures the disorder by counting for the number of quantum states available. Yet the
microscopic origin of these states stayed a mystery. The D-brane technology has enabled Strominger and Vafa [43] to count
the number of quantum states in black-branes. They find an entropy that agrees with Hawking’s prediction, placing another
feather in the cap of M-theory. Thus, branes are no longer the ugly ducklings of string theory. They have taken centre stage
as the microscopic constituents of M-theory, as the higher-dimensional progenitors of black holes and as entire universes
in their own right.

Despite all these successes, theorists are glimpsing only small corners of M-theory; the big picture is still lacking. In trying
to discover what M-theory really is, the understanding black holes will be an essential prerequisite.

2.2. U-duality

String theory may be described as a worldsheet sigma-model with the background spacetime as its target space [44,
45]. Different backgrounds generally correspond to different quantum string theories. But it might happen that some of the
backgrounds produce physically equivalent theories. In such a case the different backgrounds are mapped into each other by
discrete transformations coming from the symmetry groups of string dualities. These dualities which transform one theory
into the other are classified into T, S and U-dualities where the latter one is a combination of the other two. In order to
explain these transformations we start by a brief overview on T and S-dualities.

The simplest example of T-duality is provided by superstring theory compactified on a circle. The worldsheet theory with
a circle of radius R is dual to that on a circle of radius «’/R where o’ is the tension of the string. This can be generalised
to toroidal compactification of string theories where the compact space is a k-dimensional torus TX. In this case the
dimensionally reduced theory is invariant under the discrete symmetry group SO(k, k, Z) where its discreteness is due to
the quantisation of the charges. This is true not only in the low energy effective theory but also in the full interacting theory.
In fact, T-duality is true perturbatively order by order in the string coupling constant gs. The fields of the dimensionally
reduced theory transform as representations of this T-duality symmetry group. The space of scalar fields, or moduli space, of
the theory is given by the coset space

SO(k, k, R)
SO(k, R) x SO(k, R)

factored by the T-duality group SO(k, k, Z). See [46] for a review of T-duality. From the open string or D-brane point of view,
T-duality transforms Dirichlet boundary conditions into Neumann boundary conditions and vice versa [42].

(2.1)
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The other important string theory duality is the S-duality [47-53] which generalises the electric/magnetic duality of
supersymmetric Yang-Mills theories [54]. In contrast to T-duality, S-duality acts non-perturbatively and is, strictly speaking,
still a conjecture, although the evidence in its favour is now overwhelming. It relates the theory at strong coupling to the
same theory at weak coupling. One example of this duality is provided by Type IIB string theory [55]. The S-duality group
transformation is similar to electric-magnetic duality in super Yang-Mills theory, in which the coupling g%M is mapped
into 1 /g%M. In order to explain this duality more explicitly we consider the massless spectrum of the Type IIB theory. This
spectrum contains two scalar fields ¢ and C which belong to NS-NS and R-R sectors, respectively. The former one is called
dilaton and the latter one axion. One can write the low energy effective action of the Type IIB theory in terms of a complex
scalar () defined by

T=C+ie?. (2.2)

It can be shown that the equations of motion are invariant under the symmetry group SL(2, R) under which t transforms as
atr +b

T — + , (2.3)
ct+d

where a, b, ¢ and d specify the SL(2, R) transformation and satisfy the condition ad — bc = 1. Therefore there exists a
transformation which maps t into —1/7. In the case of zero axion (C = 0) it maps weak coupling into strong coupling,
where e? = g, is the string coupling constant. The other massless fields which transform as a doublet under this symmetry
group are the fundamental string which carries the charge of NS-NS 2-form B, and the D-string which has the charge of
the R-R 2-form C,. Noting that the F- and D-string bound states can be formed and their charges quantised, the correct
symmetry group is the integer subgroup SL(2, Z). This is called the S-duality symmetry group of Type IIB.

Another context in which S-duality arises is in the compactification of string theory from ten to four dimensions where an
SL(2, Z) emerges as an electric-magnetic duality that transforms field equations into Bianchi identities. It may be shown to
be a consequence of six-dimensional string/string duality [56] which in turn is a consequence of membrane/fivebare duality
of eleven-dimensional M-theory [57]. For & = 2 compactifications, the combined S- and T -dualities are then given by

SL(2,7Z) x SO(l, 2, Z), (2.4)

where the resulting low-energy limit is (D = 4, & = 2) supergravity coupled to [ + 1 vector multiplets [58]. We shall
encounter the | = 2 case again in Section 6.1. For & = 4 compactifications, the combined S- and T-dualities are given by

SL(2,Z) x SO(6, m, Z,), (2.5)

where the resulting low-energy limit is (D = 4, &4 = 4) supergravity coupled to m vector multiplets [59]. We shall
encounter the m = 6 case again in Section 8.1.

A interesting phenomenon happens when one considers the strong coupling limit of Type IIA theory. In that case DO-
branes are the lightest objects in the spectrum since their mass is 7y = l/gsa’]/z. Therefore the state of any number n of
DO-branes becomes light at strong coupling and reaches a continuum. Such a continuum limit acts as an extra dimension
where the theory becomes noncompact. Therefore one can conclude that the strong coupling limit of Type IIA theory is the
11-dimensional theory M-theory [41]. The low energy effective action of M-theory is 11-dimensional supergravity and the
non-perturbative objects in this theory are M2-branes and their magnetic duals, the M5-branes.

The S and T-duality groups can be unified in a larger group called U-duality [55]. See also [60] for similar conjectures.
U-duality which is a non-perturbative symmetry group mixes the sigma model and string coupling constants, ¢’ and g
respectively. For M-theory on R? x T¥ or string theory on R? x T¥~!, where d + k = 11, the reduced theories are invariant
under a global symmetry group called the U-duality group. The reduced d-dimensional low energy effective action, which
is the d-dimensional supergravity theory, is invariant under a continuous symmetry group and the discrete subgroup of it,
the U-duality group, is the symmetry of the full theory.

A classification of symmetry groups of the supergravities with 32 supercharges in different dimensions has been given
in Table 4 [61]. A general prescription is given for 3 < k < 8 where the global symmetry group can be identified as the
exceptional group Ej, which is the maximally noncompact form of E; [62]. The maximal discrete subgroups of the groups
G are in fact the U-duality groups of the compactified theories in different dimensions. Regarding the 10-dimensional Type
[IA and IIB theories, SL(2, Z) is the S-duality group of Type IIB while SO(1, 1, Z) is the symmetry group of Type IIA. Specifically
for d = 3,4 and 5 dimensions the exceptional groups Ej, (Z) contain the subgroup SL(2, Z) x SO(k — 1, k — 1, Z). This can
be identified as S-duality group SL(2, Z) and T-duality group SO(k — 1, k — 1, Z) coming from the compactification of string
theory on T* 1.

Using the maximal compact subgroup H of G in Table 4, one can form the coset space G/H which defines the homogeneous
space to which the moduli belong. The number of the scalar fields of the compactified theory is equal to the dimension of
the coset space, dim G — dim H.

Of special interest is the compactification to four dimensions where the U-duality group is

E7a), (2.6)

the non-compact form of E; with 63 compact and 70 non-compact generators. The resulting low-energy limit is
(D = 4, N = 8) supergravity with 28 abelian vector fields. The 28 electric and 28 magnetic black hole charges transform
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Table 4
The symmetry groups (G) of the low energy supergravity theories with 32 supercharges in different dimensions (D) and their maximal compact subgroups
(H).

D Scalars Vectors G H

10A 1 1 So(1, 1, R) -

10B 2 0 SL(2, R) 50(2, R)

9 3 3 SL(2,R) x SO(1, 1, R) SO(2, R)

8 7 6 SL(2,R) x SL(3, R) SO(2, R) x SO(3, R)
7 14 10 SL(5, R) S0(5, R)

6 25 16 S0(5, 5, R) SO(5, R) x SO(5, R)
5 42 27 Eg6) (R) USP(8)

4 70 28 E7)(R) Su(s)

3 128 - Eg(s)(R) SO(16, R)

Table 5

The representations of the U-duality group G of all the forms of maximal supergravities in any dimension. The (D — 2)-forms dual to the scalars always
belong to the adjoint representation. The scalars, parameterising the coset G/H, are not included in the table.

D G Form valence
1 2 3 4 5 6 7 8 9 10
10A Rt 1 1 1 1 1 1 1 1 }
10B SL(2, R) 2 1 2 3 ‘21
2 2 3 4
9 SL(2,R) x Rt 2 1 1 2 2
1 1 1 2 2
B B &y 62 5
8 SL(3, R) x SL(2, R) 3,2) 3,1 1,2) (€A )] 3,2) ’
w3y Gy o)
’ ’ 3,1
- 3 40 70
7 SL(5, R) 10 5 5 10 24 - 45
15 5
320
6 50(5, 5) 16 10 16 45 144 126
10
_ 1728
5 E 27 78 351 il
6(+6) 27 27
8645
4 E7¢47) 56 133 912 133
3875 147,250
3 Es(is) 248 3875
1 248

as an irreducible 56 of E7(y as shown in Table 5 which we have taken from [63,64]. We shall encounter these again in
Section 8.1.
For compactification to five dimensions, on the other hand, the analogue of (2.4) is

SO(1,1,Z) x SO(l — 1, 1, Z), (2.7)

for which the resulting low-energy limit is (D = 5, & = 2) supergravity coupled to I vector multiplets. The analogue of
(2.5)is

SO(1,1,Z) x SO(m — 1,5, Z), (2.8)

for which the resulting low-energy limit is (D = 5, N = 4) supergravity coupled to m — 1 vector multiplets. The analogue
of (2.6) is

Ese), (2.9)

the non-compact form of Eg with 36 compact and 42 non-compact generators. The resulting low-energy limit is
(D =5, &N = 8) supergravity which has 27 abelian vector fields. This gives rise to 27 electric black hole charges and 27
magnetic black string charges as shown in Table 5.

We shall encounter all three analogues again in Section 12.1. Note that upon dimensional reduction fromD = 5toD = 4
we recover the corresponding three four-dimensional cases which each have one more abelian vector (the Kaluza-Klein
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Table 6

The Laws of black hole mechanics and classical thermodynamics.

Law Thermodynamics Black holes

Zeroth If two thermodynamic systems are each in thermal equilibrium with The horizon has constant surface gravity for a stationary black hole
a third, then they are in thermal equilibrium with each other

First dU = TdS — pdV + pdN dM = g~dA + 2d] = ¢dQ

Second dSs>0 dA>0

Third It is impossible to reach absolute zero temperature in a physical It is impossible to form a black hole with vanishing surface gravity
process

photon). The importance of these U-duality symmetries for this Report is that the black hole entropies must be U-duality
invariants [65-68], and it is these invariants that will also play the role of the new entanglement measures on the QI side. A
discussion of more conventional entanglement measures may be found in [69-84].

2.3. Black hole entropy

As we have seen, the low energy limit of string theory gives rise to gravity coupled to matter fields which include vectors
and scalars. Therefore these theories typically admit black hole solutions.

Indeed, string theory, D-branes and M-theory have provided a useful theoretical framework in which to study the
classical and quantum properties of black holes. Since the work of Bekenstein and Hawking in the 1970s we know that
black holes behave like thermodynamic systems characterised by their entropy and other thermodynamic quantities. Black
hole physics provides a nice relationship between geometrical properties of space-time and thermodynamic properties of
a statistical system. This relation has been explicitly shown by a set of laws, called the laws of black hole mechanics, in
analogy with the laws of thermodynamics [85]. See Table 6. The zeroth law states that the surface gravity «s of a stationary
black hole is constant over the event horizon. Surface gravity is a quantity which measures the strength of the gravitational
field on the event horizon. Compared to the first law of thermodynamics one can conclude that the surface gravity acts
like the temperature. In fact if one analyses black holes in quantum field theory in a curved background, where gravity
is considered classically and matter fields are treated quantum mechanically, one can see that they emit radiation, called
Hawking radiation. In comparison with the black body spectrum one finds that the temperature of the radiation is

. th
oo
For a stationary black hole, the first law of black hole mechanics relates the variation of the energy to the other conserved
quantities of the black hole such as angular momentum J and charge Q. It states that

4 (2.10)

SM = ;—58A+MSQ+.Q(S], (2.11)
T

where u is the electric potential, £2 is the angular velocity of rotation and A is the area of the event horizon. This is an
interesting statement because it relates the quantities measured at infinity such as mass, charge and angular momentum to
the quantities measured on the event horizon like surface gravity and the area of the horizon. Having the temperature given
by (2.10) and comparing the relation (2.11) with the first law of thermodynamics suggests taking the area as the entropy of
the black hole:

A
" 4hG,’

where G, is the four dimensional Newton constant. This is called the Bekenstein-Hawking entropy. Note that this formula
is reliable only in classical gravity and changes as one considers higher order terms in the action. The analogy of the area
and the entropy is confirmed by the second law of black hole mechanics which states the total area of all event horizons is
non-decreasing. This is a statement about non-stationary processes in space-time such as black hole collisions.

The laws of black hole mechanics raise two important questions. The first concerns the statistical interpretation of
Bekenstein-Hawking entropy as the logarithm of the number of quantum states associated with the black hole. Although
we do not have a complete answer to this question yet, string theory has provided an answer to a special class of black holes,
extremal black holes. Since they have zero Hawking temperature they do not radiate and are stable. Some of these black holes
are stable by virtue of preserving some supersymmetry and one has control over the dynamics of microscopic configurations.
In the string theory context these microscopic configurations which represent the black hole, involve D-branes, fundamental
(F-) strings and other solitonic objects [86,87,42]. In the next subsection we give an overview on extremal black holes.

The second question concerns the information loss problem: the thermal nature of the radiation from the evaporating
black hole appears to involve a loss of information, in contradiction to standard quantum mechanics. String theory provides
some clues to this problem but it is still an open question which we will not discuss here. Reviews on black holes in string
theory can be found in [88,31,12].

SeH (2.12)
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2.4. Extremal black holes

Let us consider a static, spherically symmetric four-dimensional black hole whose line element can be written
ds? = —e?"dt? 4 2O dr? 4 r2(dh? + sin’ 6d¢?). (2.13)
The most general static black hole solution of Einstein-Maxwell theory is given by Reissner-Nordstrom solution which has
the metric of the above form where
2M Q2
r rz’
with Q and M the charge and the mass of the black hole. The mass of an asymptotically flat space-time is determined by
the non-relativistic motion of a test particle in the asymptotically flat region. Such a particle sees a Newtonian gravitational

e2h() _ a=2k() _ 4 (2.14)

potential V = —% where M is related to % deviation of the metric from flat space-time given by g, = —(1 — ZTM + -0
Like the mass, the charge of the black hole is measured at asymptotic region by
1
Q= 7/ *F, (2.15)
4 sgc
where S2, is a spacelike sphere at infinity and F is the field strength dual. (The black hole can also carry magnetic charge
1
P=—| F, (2.16)
4 Js2,

and we just need to replace Q2 with Q2 + P? in all the formulae). The electric field strength at infinity is

Q

r

Besides the mass and the charge which are measured at infinity there are two other quantities, surface gravity and the area,
measured on the event horizon that are given by

/MZ _Q2
= ., A=4n(M + /M2 — Q22 2.18
s 2M(M + /M? — Q2) — Q2 i ) (218)

The solution (2.13) has two horizons determined by g, = 0 which gives

rp =M+ /M2 — Q2. (2.19)

Using the above formulae one can see that the condition to have the singularity hidden behind the horizon for the charged
black holes is to have M > |Q|. These black holes have smooth geometries at the horizon and free-falling observers would
not feel anything as they fall through the horizon.

For the case where we have M < |Q]|, the event horizon vanishes and the solution has a naked singularity which is
considered to be unphysical according to the cosmic censorship hypothesis.

An interesting case is where one considers M = |Q|. For these kinds of black hole, which are called extremal black holes,
the two horizons, r, and r_, coincide and the radius of the horizon gets fixed in terms of the charge of the black hole,
ro = |Q|. Similarly the area of the horizon gets simplified and reduces to A = 47 Q?, as can be seen from (2.18). Therefore
the entropy which is proportional to the area is completely determined in terms of the charges of the extremal black hole.
This is an important observation for extremal black holes resulting from the attractor mechanism. We will elaborate more
on this phenomenon in Section 7.5. It is related to the fact that, for static solutions in four dimensions, the near horizon
geometry of the extremal black holes reduces to AdS, x S where AdS is anti-de Sitter space.

Another noteworthy observation is that the surface gravity for extremal black holes is zero, using the relation (2.18).
Therefore the temperature which is for the static solutions in four dimensions given by

FlKg
T 2w
is also zero. Since the Hawking radiation is proportional to the temperature, one can conclude that the extremal black holes
are stable.

The supergravity theories we shall consider in this Report have more than the one photon of Einstein—-Maxwell theory.
The (D = 4, N = 2) STU model has 4; the (D = 4, N = 8) model has 28, so the black holes will carry 8 or 56 electric
and magnetic charges, respectively. Similarly, the (D = 5, # = 8) black hole and black string have 27 electric and 27
magnetic charges, respectively. They also involve scalar fields [89]. Consequently the extremal black holes obey generalised
mass = charge conditions described in subsequent sections. A black hole that preserves some unbroken supersymmetry
(admitting one or more Killing spinors) is said to be BPS (after Bogomol'nyi-Prasad-Sommefield) and non-BPS otherwise. All
BPS black holes are extremal but extremal black holes can be BPS or non-BPS.

H (2.20)
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3. Quantum information theory

3.1. Qubits and quantum information theory

In completely separate developments, exciting things were happening in the world of quantum information theory.
Quantum entanglement is a phenomenon in which the quantum states of two or more objects must be described with
reference to each other, even though the individual objects may be spatially separated [90-96]. This leads to correlations
between observable physical properties of the systems that are classically forbidden. For example, as described in
Section 4.2.3, it is possible to prepare two particles in a single quantum state such that when one is observed to be spin-up,
the other one will always be observed to be spin-down and vice versa, this despite the fact that it is impossible to predict,
according to quantum mechanics, which set of measurements will be observed. As a result, measurements performed on one
system seem to be instantaneously influencing other systems entangled with it. Note, however, that quantum entanglement
does not enable the transmission of classical information faster than the speed of light.

Quantum entanglement has applications in the emerging technologies of quantum computing and quantum
cryptography, and has been used to realise quantum teleportation experimentally. At the same time, it prompts interesting
discussions concerning the interpretation of quantum theory. The correlations predicted by quantum mechanics, and
observed in experiment, reject the principle of local realism, which is that information about the state of a system should
only be mediated by interactions in its immediate surroundings and that the state of a system exists and is well-defined
before any measurement.

3.2. LOCC and SLOCC

The concept of entanglement is the single most important feature distinguishing classical information theory from
quantum information theory. It has become clear to the quantum information community that, in order to exploit quantum
states for communication, computation and other such purposes, it is necessary to develop a theory that naturally describes
how entanglement works and how to harness its uses. The principle of Local Operations and Classical Communication, or
LOCC for short, has become the paradigm by which we may achieve this goal. Heuristically, entanglement can be understood
as correlations between two or more quantum systems which cannot be of a classical origin. Thus, in order properly to
understand entanglement we must distinguish correlations of a classical nature from those of a quantum nature. The LOCC
paradigm is used to precisely characterise all possible classical correlations. Any classical correlation may be experimentally
established using LOCC. Conversely, all correlations not achievable via LOCC are attributed to genuine quantum correlations.
That is, LOCC cannot create entanglement [82]. What is more, it has been shown, using the LOCC paradigm, that all non-
separable states can perform some task which is not possible with any separable state. This underlies the interchangeability
of the terms entanglement and non-separability [82].

LOCC essentially describes a multi-step process for transforming any input state to a different output state while obeying
certain rules. Given any multipartite state, we may split it up into its relevant parts and send each of them to different labs
around the world. We allow the respective scientists to perform any experiment they see fit; they may then communicate
these results to each other classically (using email or phone or carrier pigeon). Furthermore, for the most general LOCC, we
allow them to do this as many times as they like.

Using the aforementioned protocol one may create only separable states and hence it must be impossible for any
entanglement to be generated since entangled states are non-separable. Therefore, we may demand that any would-be
function for measuring entanglement must be a monotonically decreasing function of any LOCC transformation. Any function
fulfilling this and a couple other criteria will be deemed an entanglement monotone. We will shortly arrive at a mathematical
description of what this means, but first we must discuss LOCC.

In order to understand the mathematical formulation of LOCC transformations, we should briefly cover Positive Operator
Valued Measures (POVMs). The field of POVMs is rather large and technical see for example [97-99], for now we will content
ourselves with a basic functional introduction. The following introduction leans heavily on Nielsen and Chuang [97].

POVMs are a generalisation of what is called projective measurement. Projective measurements are the usual quantum
measuring operators that square to one and form an orthonormal basis. They have the following form

P = W) (%] (3.1)

with the following familiar properties

Pl.T =P Hermiticity, (3.2a)

PiP; = §;P; Orthogonality, (3.2b)

(@|P;|®) = p; > 0 Positivity, (3.20)

Z Pi=1 Completeness. (3.2d)
i

According to the Copenhagen Interpretation, any state |@) can expanded in the measurement basis
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?) = Zai“pi)v 4 €eC, (3.3)

and a measurement will result in the collapse of the state |@) to one of the eigenvectors |¥;), with a probability given by
a;a;. This much is known already. The problem is that this language is not ideally suited for real life quantum experiments
nor does it adequately describe the space of possible quantum operators. For this we use density matrices and POVMs.

One way to obtain POVMs is to relax the orthogonality condition (3.2b) to allow a set of operators E; that are positive
and complete (the Hermiticity condition is implied as this is always true for positive operators). In this formalism, we may
take any set of matrices that are positive and complete, {E;}; these will then form set of POVM elements E;, for which the
measurement operators, M;, will be defined as

M; = VE, (34)
where the square root of a matrix is defined as the positive square root of the eigenvalues in the basis in which the matrix
is diagonal. Hence we have ), MiTM,- = Y, E; = I and the probability that the state [¥) will go to the state M;|¥) is given
by pi = (¥ M/ M;|¥)

We will shortly further generalise POVMs to quantum operators, which will form the basis of our discussion of LOCC, but
before we do that, we must briefly discuss the density matrix. The density matrix is essentially a reformulation of the usual
state vector formulation but it has the added bonus that it deals with any quantum state that contains mixtures of classical
and quantum correlations in a completely consistent way. For example, if we know that the output from a certain source is
likely to be a certain ensemble of states |¥;) with probabilities p;, then the density matrix p is defined to be

p= Zpi|w,-><wi|. (3.5)

Instead of dealing with a vector |¥;) and keeping track of various p; associated with which state the system might be in, we
now deal with a matrix p that takes care of all of that.

When we know the exact state of the system, then all but one of the p;'s will be zero and the density matrix reduces to
p = |¥)(¥|. This allows us to distinguish two types of density matrices, those which are pure like the one in the previous
sentence and can be expressed in a form such that p = |¥)(¥| and those that are mixed which can only be expressed in the
form (3.5), as an ensemble average of density matrices.

Let us now consider how the density matrix transforms under a general POVM. The probability of getting the result
associated with measurement operator My, from initial state |};) is given by

p (mli) = (YilM;Mnl:)
= tr (M, Mn V) (Yl - (3.6)
But p(m) = 3, p(mli)p; so
p(m) = > p(mli)p;

> tr (MM i) (i) p

= tr (M Mnp) . (37)
Now, under the action of POVM elements M,,, on the state |y;), we have
M| Vi)
i) = ") = ———. (338)
(Vi MM ;)

To see how the density matrix transforms, let us consider pn, associated with result m from an ensemble of states [y"),
which will then have probabilities p(i|m)

P = mem)wm(wm

i) (Wil My

_ZPH m 1]L iltVim (3_9)
(Wil MyM |y)

where we substltuted [") from (3.8). Now, from probability theory, we know p(ijm) = p(m, i)/p(m) = p(mli)p;/p(m),
which on substituting in (3.9), gives us

M) (9 IM,

m = ()

g Z VMMl )
MmPMm

- W, (3.10)
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We now prove that the necessary and sufficient conditions for a matrix to be a density operator are that its trace is 1 and
that it is positive. Let us suppose that p = Y, p;|¥;) (¥, then

trp=Zpitr<|wf><wi|>=pr=1, (3.11)

and for an arbitrary state |¢) we have

(Blplp) = Zpi<¢|wz-><wf|¢>
= pr|<¢|w,»>|2

> 0. (3.12)
Conversely, suppose that p is positive and has trace 1, then it must have a spectral decomposition
p = MliNil, (3.13)
i

where the }; are real, positive eigenvalues of p, and from the trace condition we have ) _; A; = 1 which implies p describes
the ensemble {};, |i)}.

We may now extend our earlier analysis of POVMs to quantum operators. Considering quantum states as positive
matrices with trace 1, we may now define any valid quantum process as a map

from the domain to the codomain of valid density operators. We include those functions that enlarge or reduce the Hilbert
space, either by locally appending ancilla, the new larger joint system being allowed to evolve unitarily, or by tracing out
local subsystems. These superoperators must obey three axioms:

1. tr &(p) is the probability that the transformation p — &(p) occurs.
2. &(p) is a linear convex map on the set of density operators, that is,

& (Zpipi) = ZP:‘S (pi) - (3.15)

This is necessary so that &(p) makes sense as a density matrix in its own right.
3. &(p) isacompletely positive map. Requiring only positivity allows one to construct maps that are positive on a subsystem
but not on the complete Hilbert space; complete positivity cures that problem.

Using these three axioms, it is not too hard to show that

€(p) =) EipE], (3.16)

for some set E; of operators that map the input Hilbert space to the output Hilbert space and obey ), Ef E; < 1.These &

are called Completely Positive maps (CP maps), and if they satisfy the stronger condition ) E,-TEi = 1 then they are called
Completely Positive Trace Preserving maps (CPTP maps) and are like the POVMs. We are now in a position to describe LOCC.

As explained earlier, LOCC is the name of a class of protocols that act on any multi-party quantum state that is split
between a number of parties (say Alice in France, Bob in the States, and Charlie on the moon, etc...). Alice, Bob and Charlie
are allowed to perform any local quantum operation they want (LO) and communicate the results back to the others (CC)
for further experimentation. It is deemed self evident that one cannot introduce non-local quantum correlations using this
process, and hence that entanglement can never be created by this process.

For now we will assume that any LOCC process is deterministic but not necessarily reversible (i.e. we may consider maps
that enlarge/reduce the Hilbert space, including measurements, but only if they do so with certainty). This requires us to
consider only CPTP maps &. The classification of LOCC protocols may be found in [84,100].

Equipped with a mathematically precise prescription for LOCC (it ought to be noted that this is still, to some extent,
an open question) we may begin to address the issues of using and quantifying entanglement. Generally, in quantum
information theory, we are interested in how we can usefully convert n copies of a state |) into m maximally entangled
states, and the protocol for doing so will be a LOCC protocol. In the limit in which n — oo it is possible to use these
protocols to get bounds on asymptotic entanglement measures such as the entanglement of formation and the entanglement
of dissolution [72,82].

For these protocols one would generally use irreversible LOCC, meaning that the protocol will always succeed, but it is
impossible return the final states to the initial states. This is fine if we have n copies of a state, but if we only have one copy,
we do not have this ‘asymptotic freedom’. If we only have one copy of the state we are going to be interested in classifying
it under reversible LOCC, so that we may equate any state with any other state that can be reached by a reversible LOCC
protocol.
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3.3. LOCC and SLOCC equivalence

As emphasised LOCC cannot create entanglement. Consequently, from a quantum information theoretic perspective, any
two states which may be interrelated using LOCC ought to be physically equivalent with respect to their entanglement
properties. This motivates the concept of LOCC equivalence, introduced in [72]. Two states lie in the same LOCC equivalence
class if and only if they may be transformed into one another using LOCC operations. Since LOCC cannot create entanglement
any two LOCC equivalent states necessarily have the same entanglement. The set of LOCC transformations relating equivalent
states forms a group. It may be thought of as a gauge group with respect to entanglement in the sense that it mods out the
physically redundant information. It was shown in [72] that two states of a composite system are LOCC equivalent if and
only if they may be transformed into one another using the group of local unitaries (LU), unitary transformations which
factorise into separate transformations on the component parts. In the case of n qudits, the LU group (up to a phase) is given
by [SU(d)]". The LU orbits partition the Hilbert space into equivalence classes. For a n-qudit system the space of orbits is
given by [101,76]:

[co"
U(1) x [SU(d)]*

However, for single copies of pure states this classification is both mathematically and physically too restrictive. Under LU
two states of even the simplest bipartite systems will not, in general, be related [ 102]. Continuous parameters are required to
describe the space of entanglement classes [101,76,103,77]. In this sense the LU classification is too severe [102], obscuring
some of the more qualitative features of entanglement. An alternative classification scheme was proposed in [72,102]. Rather
than declare equivalence when states are deterministically related to each other by LOCC, we require only that they may be
transformed into one another with some non-zero probability of success.

This coarse graining goes by the name of Stochastic LOCC or SLOCC for short. Stochastic LOCC includes, in addition to
LOCC, those quantum operations that are not trace-preserving, i.e. we have tr(€(p)) < 1, so that we no longer require that
the protocol always succeeds with certainty. It is proved in [102] that for n qudits, the SLOCC equivalence group is (up to
an overall complex factor) [SL(d, C)]". Essentially, we may identify two states if there is a non-zero probability that one can
be converted into the other and vice-versa, which means we get [SL(d, C)]" orbits rather than the [SU(d)]" kind of LOCC.
This generalisation may be physically motivated by the fact that any set of SLOCC equivalent entangled states may be used
to perform the very same non-classical, entanglement dependent, operations, only with varying likelihoods of success. For
a n-qudit state the space of SLOCC equivalence classes is given by [102]:

(3.17)

[c"
[SL(d, C)]"" (3.18)
For n-qubit systems we have
21n
_er (3.19)
[SL(2,O)]"

and, in this case, the lower bound on the number of continuous variables needed to parameterise the space of orbits is
2(2" — 1) — 6n. Note, for three qubits the space of orbits is finite and discrete (see Table 1) giving the concise classification
of entanglement classes of [102].

3.4. Entanglement monotones

In general, for some function to be an entanglement monotone, we require three axioms:

1. E(p) = 0if p is separable. This fixes the bottom end of the scale and ensures that states that are separable have no
entanglement.

2. E(pap) = E ((UA ® Up)pap(Us ® UB)T) which means that states that are related under LU transformations have the same
entanglement.

3. E(pag) > E (&(pag)) where & is a CPTP map. This is perhaps the most important axiom and ensures that our intuitive
definition of entanglement, as something non-local that cannot be created by LOCC, is correct.

Depending on which source you read [98,82,84], it is possible to add a few more axioms, whose essential point is to
guarantee that all pure bipartite measure of entanglement reduce to the Von Neumann entropy function, i.e.

E([¥)as) = S(p) = —tr(plog, p). (3.20)

For our purposes, we need not concern ourselves with these technicalities. See also [104-107].

Since SLOCC is a coarse graining of LOCC, proving that something is a monotone under SLOCC operators, is a stronger
condition than axiom 3 above (and in most cases simplifies the task of establishing monotonicity). In fact, this is equivalent
to saying that

E(p) = piE(p1) (3.21)
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under any CP map € such that p — ), p;p; (which, historically, was the original monotone axiom 3 in the quantum
information literature [84]). This is the approach taken by [ 102] when verifying that Cayley’s hyperdeterminant is a genuine
entanglement monotone (as we will show in Section 4.3.5).

4. Qubits
4.1. One qubit: SL(2)4

Entanglement may be thought of as a quantum information resource in the same sense as entropy or energy are classical
resources [97]. However, its properties profoundly differ from the properties of those familiar concepts. We have, at best, an
incomplete description. In order fully to understand entanglement we would like to be able to describe precisely its creation
and transformation, to classify the distinct types of entanglement, to quantitatively measure it, to utilise it as a resource and
to illustrate, precisely, how it differs from classical resources at a fundamental level.

We will touch upon each of these topics at some stage of our qubit-black hole discussion suggesting, already, that it is both
a substantial and a profitable line of thought. However, before we do so we must introduce the basic quantum information
theoretic concepts.

A quantum bit, or qubit, is the smallest unit of quantum information. It refers to the state of a 2-level quantum system,
such as the spin-up/spin-down states of an electron. The two basis states are labelled |0) and |1). The one qubit system
(Alice) is described by the state

|¥) = aalA), (4.1)
whereA =0, 1, so
|¥) = aol0) + a1]1), (4.2)

and the Hilbert space has dimension 2. As described in Section 3.2, the SLOCC group for a single qubit is SL(2)4, under which
a, transforms as a 2:

()~ (& 8 (@).

where ad — bc = 1.
The density matrix p, defined by

p=1¥)¥l, (4.4)
or

Payay = Ap, Gy, (45)
obeys

trp = (W|¥). (4.6)

4.2. Two qubits: SL(2)4 x SL(2)p

4.2.1. States
The two qubit system (Alice and Bob) is described by the state
|¥) = asplAB), (4.7)
whereA =0, 1, so
|¥) = ago|00) + ap1|01) + a0|10) + as1[11) (4.8)

and the Hilbert space has dimension 22 = 4. a; transforms as a (2, 2) under the SLOCC group SL(2)4 x SL(2)z.
The determinant of the 2 x 2 matrix aup is given by

1
A1A28

BiB
detag = 58 1"2q4,p, 04,8,

= Qood11 — Ao1d10
= dpasz — a1dy, (49)
where we have made the binary conversion 0, 1, 2, 3 for 00, 01, 10, 11. Note that
1
2 A1Ay B1B A3Ay _B3B
|detal” = Ze 11265122, g, Gpyp, €736 4a;‘\3Bgaj§4B4. (4.10)

Using the identity

8A1A2 8A3A4 — 8A1A3 8A2A4 _ 5A1A4 8A2A3 , (4‘] ])
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we have

1
detal® = - (¢MMg"s — haghatphiiay a0

1
_ B1By .B3B4
= 25 €734 (0B,B3 0B,By — ,05154,03233)

1
= 5831325838403133/)3234
= det,oB = det PA, (4.12)
where we have defined the reduced density matrices
pa = Trg |¥)(¥], (413)
pg = Tra W) (¥], '
or
(pA)A1A2 = BBleaAlBl a:sz = (pA)A2A1 ) (4 14)
(pB)BB, = 5A1A20A1310,7§232 = (0B)B,B, - ’
Explicitly,
_ (a0l +lail*  aoa; + ara;
a0y + asa;  |ay|* + |as? )’ (4.15)
laol® + |az2*  aod} + ara} '
P8 = * % % 32 s
may +asa; |ag|® + |as]
and
det py = det pg = |ao|*|as|* + a1 *|az]* — (aoa3asa} + a1a5a,a3). (4.16)
Alternatively
1
|det a|2 — Z(8A1/‘\3 (SA2A4 _ 6A1A48A2A3)83132 aA1B1 aA232€B3B4a,:3B3 aZ4B4
1
= Z(8A1A3 5A2A4 _ 3A1A43A2A3)((7A)A1A2 (UA)Z3A47 (4.17)
where
(0a)an, = €5%2a4 5, ap,8, = —(Oa)nya,» (4.18)
(08)B,8, = €12 a4,5,ap,8, = —(08) 5,5, -

4.2.2. Entanglement classification

For bipartite pure states, |y/) = asg|AB), where A= 0, ..., mand B =0, ..., n,> one can always answer the question of
whether a state is entangled or not. Such a state is separable if and only if asp is rank one.

The SLOCC classification is particularly simple in this case. The set of local unitaries is contained in SLOCC and
consequently, using the Schmidt decomposition, any state |y/) can be written as

y
¥ = Jaili), « >0, (4.19)
i=1

ny < n, where n is the dimension of the smaller of the two sub-systems. The Schmidt number n,, is given by the rank of
either one of the reduced density matrices (4.15). Since their rank cannot be changed using SL(m, C) x SL(n, C) there are
n entanglement classes under SLOCC [102]. A state of a given rank may be transformed into any state of a lower rank with
some non-zero probability using non-invertible SLOCC operations. No SLOCC operation can increase the rank of a reduced
density matrix. Hence, the SLOCC classification is stratified: the higher the rank the stronger the entanglement [102].

For a two-qubit system there are then only two SLOCC classes: entangled and separable corresponding to rank 2 or rank
1 reduced density matrices, respectively. The bipartite entanglement is measured by the concurrence [69]

Cap = 2¢/det py = 2,/det pp = 2 |det al, (4.20)

5 without loss of generality we take n < m.
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or the 2-tangle

s = Cip = 4(|aol?|as1* + a1 % |az|* — (aod3asa} + a1d5a,a})). (4.21)
Recall that the eigenvalues of a 2 x 2 matrix obey the characteristic equation
detp —tr pA+ 212 =0. (4.22)

Hence the eigenvalues of p,4 are

1
Ao = E[tr,o + 4/ (tr p)? — 4det p], (4.23a)

and

1
A= E[trp — 4/ (tr p)2 — 4det p], (4.23b)

obeying
Ao+ A =trp,
)\.0}\.] = detp

so for an entangled state, with non-zero concurrence, p, has rank 2 but only rank 1 for a product state as required by the
SLOCC classification. Note that the 2-tangle may also be written

Tap = 2[(tr p)? — tr p?]. (4.24)

(4.23c)

4.2.3. Bell states
An example of a separable state is

1

V) = ﬁ(”00>+ 101)), (4.25)
since when Alice measures 0, Bob can measure either 0 or 1 with equal probability. Here

T3 = 0. (4.26)

An example of an entangled state is the Bell state:

) = —=(00) + 11, (427)
for which

Tap = 1, (4.28)

since if Alice measures 0, Bob must also measure 0 and if Alice measures 1, Bob must also measure 1. This is the origin of
the famous EPR “paradox”, since Alice may be in South Kensington and Bob on Alpha Centauri, yet their measurements are
correlated.

For normalised states,

(Flw) =1 (4.29a)
implies
laol® + la1* + laz|* + las]* = 1, (4.29Db)
or
lag| = +(1 —a*)'/?, (4.29¢)
where
@ = |ag* + |az)* + |as ). (4.29d)
One can verify that the 2-tangle is maximised (and equal to unity) when
1
Go=bG="7 (4.30a)
a; =a, =0,
and when
1
h=n="5 (4.30D)
ag = a3 = 0.

These states are obviously entangled since if Alice measures 0 or 1 then Bob must measure 0 or 1, respectively, in the first
case and 1 or 0, respectively, in the second.
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Fig. 1. The 3-index quantity aspc is an example of a hypermatrix, here depicted as a cube. In 1845 Cayley generalised the determinant of a 2 x 2 matrix
to the hyperdeterminant of a 2 x 2 x 2 hypermatrix. The hyperdeterminant may also be assembled from the 2 x 2 matrices formed by partitioning the
hypermatrix cube across its planes of symmetry as shown in Section 10.3.

4.3. Three qubits: SL(2)4 x SL(2)g X SL(2)¢

4.3.1. States
The three qubit system (Alice, Bob, Charlie) is described by the state
|¥) = aapc|ABC), (4.31)
whereA =0, 1, so
[¥) = a000/000) + apo1|001) + ap10/010) + ag11/011)
+ a100/100) + a101|101) + aq10/110) + a11/111), (4.32)

and the Hilbert space has dimension 2> = 8. aapc transforms as a (2, 2, 2) under the SLOCC group SL(2)4 x SL(2)g x SL(2)c.

4.3.2. Cayley’s hyperdeterminant

The 3-index quantity aupc is an example of what Cayley termed a hypermatrix. Its elements may be represented by the
cube shown in Fig. 1. In 1845 he generalised the determinant of a 2 x 2 matrix to the hyperdeterminant of a2 x 2 x 2
hypermatrix aspc [22]

Deta = _1 gM1A2 gB1B2 (A3Ag o B3Bs (C1C4 (2G5
’ 2 (4.33a)

X AA1B1C1AAyB,Cy AA3B3C3AA4B4C,

= a(z)ooa%n + a(z)ma%]o + a(z)mafm + a%ooarzm
— 2 (agoodoo1a110a111 + dooodo10a101a111
+ Goooa100G011d111 + doo1do10d101d110 (4.33b)
+ Ggo1a1000011A110 + Ao100100G011d101)
~+ 4 (Aogo011@101a110 + Aoo1d010a1004111)
= aéa? + a?aé + agaé + af;af1
— 2 (apa1a60a7 + apa,a5a7 + Apaasay (433¢)
+ 10,0505 + (1030406 + A2030405) ’
+4 (apasasas + a;axa4ay),

where we have made the binary conversion 0, 1, 2, 3, 4, 5, 6, 7 for 000, 001, 010, 011, 100, 101, 110, 111. (The cyclic
permutations are 0, 4, 1,5, 2,6,3,7 and 0, 2, 4, 6, 1, 3, 5, 7. See Table 7.) The hyperdeterminant, which we denote by
Det with a capital D, is also expressed diagrammatically in Fig. 2. The hyperdeterminant vanishes iff the following system
of equations in six unknowns u#, v8, w¢ has a nontrivial solution, not allowing any of the pairs to be both zero:

aABcuAvB =0,

GABCquC =0, (434)

aABchwC =0.
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Table 7

Three cyclic permutations of the binary notation. The hyperdeterminant, (4.33a), is invariant under this triality.

Binary Decimal

ABC CAB BCA ABC CAB BCA

000 000 000 0 0 0

001 100 010 1 4 2

010 001 100 2 1 4

011 101 110 3 5 6

100 010 001 4 2 1

101 110 011 5 6 3

110 011 101 6 3 5

111 111 111 7 7 7
det(a)

12

Fig. 2. A diagrammatic comparison of the hyperdeterminant against the ordinary determinant. The encircled letters denote tensors and the lines are
index contractions. The similarities are manifest as the building blocks are virtually identical, the principle difference being the extra indices on the a’s.
The hyperdeterminant is simply the determinant of the determinant-like object y. (The third indices on the a’s are the free indices of the y’s).

For our purposes, the important properties of the hyperdeterminant are that it is a quartic invariant under [SL(2)]® and
under a triality that interchanges A, B and C. These properties are valid whether the aspc are complex, real or integer. For
more on three qubit entanglement see [27,108-112].

One way to understand this triality is to think of having three different metrics (Alice, Bob and Charlie)

1 BiBy .C1C
Y (@an, =& 1726 1720a,8,c,0A18,C, »

2 C1Cy JAA
Y (@), = € 17261204 B,c, Any8,C, » (4.35)
3 A1A; .B1B
Y (@c,c, = "2 0p,8,¢, a8, -
Explicitly,
)/](Cl) — 2(aoa3 — (11(12) apa7 — A10g + a4as — dsay
Gpa; — a10g + A403 — A5y 2(a4a7 — asag) ’
yz(a) — 2(apas — asay) GpQ7 — (403 + 0205 — A4 (4.36)
od7 — A403 + a205 — Agdy 2(aa; — agas) ’ :
)/3((1) _ 2((10(15 — (12(14) apa7; — Ar0as + A1dg — Azdy
QdpQ7; — 05 + A10p — 0304 2((11(17 — 0305) ’

All are equivalent, however, since

dety!(a) = dety?(a) = det y3(a) = —Deta. (4.37)

If we make the identifications

1 1
ao = ?(PO—PZ) a = —ﬁ(QO‘FQz)
G=—FP' -P) a3=—-—2(Q+Q)
{2 1*5 (4.38)
a4=ﬁl(P1+P3) a5=ﬁ(Q3_Ql)
as=——P°+P?) a7 =—(Q —Q),

V2 V2
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or inversely,

1 1
POZE(GO_GG) Qozﬁ(a7_al)
1 1
Pl = 5(044-02) Q= —E(as +a3)
1 1
Pzz—\—fz(a0+ae) sz—ﬁ((h-l‘al)
1 1
p3 = E(azl —a) Q= E(as — a3),

then

2 2

2(—apas + aza4) = p? = PO2 _|_p12 _p2* _p3 ’
2(—a107 + a305) = Q%> = Q> + Q> — Q% — Q57
Qo7 — @205 + @105 — 304 = P - Q = P°Qy + P'Q; + P*Q; + P°Qs,

s_(-P* P-Q
7= (e 7o)
Hence

Deta = —P2Q2% + (P - Q)>.
In two component spinor notation

pAB_i po_p2 pl_p3
= Z\p P —po_p2)
QAB_L —Q-Q —-Q—-Q
2\ U+ -Q )

and

we have
pAB
dppc = <QAB> s

}/3 — 8A1A2 SBIBZ PA1B1 PAzBZ PA]B] QAzﬂz .
Qi1 Pags,  Qazsy Qugs,

This is manifestly invariant under SO(2, 2) 45 and transforms as a 3 under SL(2)c.

and

4.3.3. 2-tangles and 3-tangles
It is useful to define the reduced density matrices
pa = Trpc |¥ ) (W],
pg = Trea |¥){(¥],
pc = Trpp |¥) (W],

S0
(PA)aay = 881828C1C20A1B1C1a:282C2 = (o) pya,»
(03)3132 = 8C1C28A1A2aA1B1C1a:232c2 = (;OB)EZBV
(Pc)cyc, = 8MM28P1B2q, g Qg0 = (PC)Cyc, -
Explicitly,

op = laol* + a1|* + |az)? + las|*  aod} + a1ak + axal + azaj
asay + asal + agay + a5 agl® + |as|* + |ag|® + |as* )

_ (1aol® +laal* + la1l* + las|”  aoa; + asag + a10; + asa;
W05 + asa + a3a} + a7a%  |aa|® + las|® + las)® +[az]* )

= laol® + laz|* + |aal* + lag)*  aod} + a0 + asal + asdl

a1ay + a3d; + asa; + aza;  |ag|® + las|® + |as|* + |ag]?

LB

0

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)



L. Borsten et al. / Physics Reports 471 (2009) 113-219 135

Tpe

Fig. 3. A schematic of four of the entanglement measures of a three-qubit system: the 2-tangles, 4, Tac, and tpc and the 3-tangle, 74pc. The 2-tangles give
the bipartite entanglements between pairs, while the 3-tangle is a measure of the genuine three-way entanglement.

The 2-tangles between Alice and the Bob-Charlie system, Bob and the Charlie-Alice system and Charlie and the Alice-Bob
system are given by [18]
Tamc) = 4det oa,
Taca) = 4 det pg, (4.49)
Tcwp) = 4det pc,
and are also known as local entropies, denoted Sy, Sg, and S¢. Explicitly,
taee) = 4llaol’las|* + la11*|as|* + laz[*[as|* + |as|*|asl® + |ao|*|as|* + |ao|*|as|*

2 12 21, 12 20, 12 21,12 2, 12 20 12
+ lai]*lag|” + laqy|"|az|* + |az|"aq|” + |az|*|a7]” + las|“|as|” + |as|*|ag|
—2R(apazasa; + aoa,asa5 + doaya;a5 + a1a:dsd; + a10:0705 + a205a7a3)],

2 2 2 2 2 2 2 2 2 2 2 2
Ta(ca) = 4[|00|2|a7|2 + |Cl4|2|f13|2 + |f11|2|(16|2 + |‘15|2|az|2 + |ao|2|f16|2 + |a0|2|a3|2
+ lag||az|” + las|*laz|” + laq|"laz|” + |a;|“|a7|* + las|*|as|” + |as|”|as] (4.50)
—2R(apa5asa, + aoa5a3a; + dodya,a: + 1050605 + a1050705 + a208a,03)],
2 2 2 2 2 2 2 2 2 2 2 2
Tcap =  Allaol”|az|” + laz|"las|” + |asl“las|” + las|"|a1]” + |aol*|as|” + |ao|”|as|

2, 12 212 2. 12 2 12 2. 12 2,12
+laz|%la1]” + lax|”|az|” + laa|"la:]” + |aal®|az|” + las|”|as|” + |as|"|as]
—2R(apajasa; + apajasa; + doaja;a; + a,a5a5a; + a,a307a; + ds02a;a3)].

The 2-tangles between Alice and Bob, Bob and Charlie and Charlie and Alice within the ABC system are given by [18]
5 1
Tap = Cip = 3 (—‘L'C(AB) + Tame) + Taca) — TABC) ,

1
Tgc = C§c = 5 (—TA(BC) + Tg(ca) + Tc@) — TABC) ) (4.51)

1
Tca = CgA = 5 (—IB(CA) + Tcw) + Tage) — TABc) >

where Cgp, Cgc and Cc4 are the corresponding concurrences, see Fig. 3. Thus

Tag + Tpc + Tca = (IA(BC) ~+ Tp(ca) + Tc@s) — 3TABC) , (4.52)

N | =

and

TaBC = TABC) — TAB — TcA,

TABC = TB(cA) — TBC — TAB» (4.53)

TaBC = Tc(AB) — TcA — TBC,
where t4pc is the 3-tangle [21,113]

Tapc = 4| Detal. (4.54)
Explicitly, for Deta > O,

Tap = 4(0o0s — 405 + 0107 — A503)°,

Tpe = 4(ao03 — Gy01 + U407 — G605)°, (4.55)

2
Tca = 4(apls — a104 + a207 — a30)°.
It is also useful to define

B1By .C1C:
(Oa)aa, = 87172671200 8,¢, a8y, = —(0A)mpa,» (4.56)
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similarly (o03)s,s, and (o¢)c,c,. Explicitly,

_ 0 —001 + Gpa3 — Asdg + U407
A= a,aq, — apdsz + asdg — 407 0 ’

o — 0 —a1a4 + agas — agas + a,a;
B= a1d4 — Apas + agasz — aa; 0 ’

_ 0 —a40) + apag — asas + a,ay
= 40y — Ap0g + asas — aay 0 ’

Then using the identity

8A1A2 €A3A4 — 8A1A3 8A2A4 _ 8A1A4 8A2A3 , (457)
we have, restricting to real aspc,
Deta = _%(8A1A3 6A2A4 _ 8A1A45A2A3)(8818383284 _ 8313463233)
X SCI C48C2C3 aA]B] Cq aAszCz aA3B3C3 aA4B4C4

1
=3 (P ercs (P 0y, €T 482D — (0a)aya, (0a)ny0,8°1728%2% — (0)p, 5, (08) 5,5, 8°1728%2%4)

= det(pc) + % tr(oa)® + %tr(ag)z, (4.58)
or equivalently
Deta = det(pc) — det(op) — det(oy). (4.59)
Hence
728 = 4 det(o¢),
Tpc = 4det(oy), (4.60)

Tca = 4det(03).

4.3.4. Entanglement classification

Recall, two states of a composite quantum system are regarded as equivalent if they are related by a unitary
transformation which factorises into separate transformations on the component parts, so-called local unitaries. See
Section 3.3 and [75,72,77,71,114,78] for more details. The Hilbert space decomposes into equivalence classes, or orbits under
the action of the group of local unitaries. For unnormalised three-qubit states, the number of parameters [101] needed to
describe inequivalent states or, what amounts to the same thing, the number of algebraically independent invariants [ 103]
is given by the dimension of the space of orbits

C? x C% x C?
U(1) x SUR2) x SU2) x SU2)°

namely 16 — 10 = 6. For subsequent comparison with the STU black hole, however, we restrict our attention to states with
real coefficients apc. In this case, one can show that there are five algebraically independent invariants: Det a, Sy, S, Sc and
the norm (¥ |¥), corresponding to the dimension of

(4.61)

R? x R? x R?
S0(2) x SO(2) x SO(2)’

namely 8 —3 = 5. Hence, the most general real three-qubit state can be described by just five parameters [ 115], conveniently
taken as four real numbers Ny, N1, N,, N3 and an angle 6:

|&) = —N;cos?6]001) — N,|010) + N5 sin 6 cos#|011)
— N1/100) — N5 sin 6 cos #]101) 4+ (N + N3 sin® 0)|111). (4.63)

Further, under the coarser SLOCC classification, Diir et al. [ 102] used simple arguments concerning the conservation of ranks
of reduced density matrices to show that there are only six three-qubit equivalence classes; only two of which show genuine
tripartite entanglement, see Table 1. These are:

Class A-B-C, product states represent completely separable states like
[Ya-p-c) = Nol111), (4.64)
for which all 2-tangles and 3-tangles vanish.

(4.62)
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Table 8
The values of entanglement measures permit the partitioning of state space into SLOCC entanglement classes. Special cases of (4.63) are selected as
representatives of these classes.

Class Entanglement Representative

A-B-C Separable No|111)

A-BC,AB-C,AC-B Bi-separable No|111) — N;]100)

w Full bipartite entanglement —N1/100) — N,|010) — N3|001)

GHzZ Tripartite entanglement Np|111) — N1|100) — N,|010) — N3|001)

Classes A-BC, AB-C and C-AB, bipartite entanglement. These states have only bipartite entanglement between two of the
qubits and zero entanglement with the third, for the class A-BC a representative is

[¥a-pc) = No|111) — N1/100), (4.65)
and they have their respective tgc % 0 but tpgc = 0
Class W, tripartite entanglement. The canonical state is

[W) = —N;|100) — N,|010) — N3|001), (4.66)
for which all 2-tangles do not vanish but the 3-tangle is still zero. These do not violate Bell’s inequalities but are resilient to
information loss: tracing out one qubit leaves a maximally entangled bipartite state.

Class GHZ (Greenberger—Horne-Zeilinger [116,117]). The other genuine tripartite entangled state, for which the canonical
example is

|GHZ) = No|111) — N;|100) — N,|010) — N5|001), (4.67)

which has non-zero 2-tangles and non-zero tapc. These states are the ones that maximally violate Bell’s inequalities; they
are, however, fragile, as tracing out one qubit leaves you with a mixed bipartite state.
Using parametrisation (4.63), representatives from each SLOCC class can be found in Table 8.

The state (4.63) is obtained from the canonical form for real states [118],

|¥) = ag|000) + a4|100) + as|101) + ag|110) 4 a;|111) (4.68)
by applying two different SO(2) transformations on the second and third bits, 1, ® Tz ® T where
= (e, ) 1= (he, o). (469)
Applying this to (4.68) and setting it equal to (4.63), we obtain the following two solutions
csc 6, 3 .
b = aa, (—4a4a5 €os 6, — 4asay cos 0, + az sin(20; — 6,)

+ a3 sin(20; — 6>) + a2 sin(20; + 6,) + a3 sin(20; + 6,)) ,
a
N; = —a7 cos 67 cos 0, — as cos B, sin 67 + -t (apas cos 01 cos B, — apa; cos B, sinfy) ,
apdy

1 (4.70)
N, = — (apay cos 6, sin 6y — apas cos 61 cos G,) ,
Qy

1 . .
N3 = — (cos 6, csc 67 sec 01 (aqag cos 1 + asa; cos H7) + aﬁ sinf; — a? sin 01)
Qy

0=0,+2
2

4.3.5. Monotonicity of the 3-tangle

In this section we prove (following [102]) that E = ,/7agc is a monotone. In general we would want to prove that
A/Tasc is a monotone under any transformations on Alice, Bob or Charlie. However, the triality invariance of Cayley’s
hyperdeterminant under interchange of parties affords us a simplification. Since any SLOCC protocol can always be broken
down into transformations on one party followed by some classical communication, and since tjpc is invariant under
interchange, we need only consider transformations on Alice. We further note that any local POVM can be implemented
by a sequence of two outcome POVMs [102], so we only have to consider POVMs A; and A,, with the following condition

AlA +AlA) = 1. (4.71)

Under A;, state |i) goes to |<5,-) = Aj|y) withp; = (d;,-|q5,-) representing the probability that operation A; succeeds. After
normalising, we have |¢;) = ¢;/./Di. So, we require

E(¥) = p1E(91) + p2E (), (4.72)
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where

E(Y) = /Tapc = /4| Det(¥)|. (4.73)
For Cayley we have (4.37)

Det (W) = —det VA1Ay (474)
where

Yaay = €726 a,,5,¢,ap,,0, (4.75)

Under a transformation on Alice (A; ® 15 ® 1¢), we have
Vany, — €290, 5 appyc, (An,3, ® 15 ®@ 1c) (Ay,, @ 1p ® 1c)
T _
= AAlAl VA Anyiy (4.76)

which gives
det VaiA, — det I:AglAl yAlAZAAZAZ]

= detA" dety detA. (4.77)

Next, we use the singular value decomposition, which allows us to express any positive matrix as a product of a unitary
matrix, a diagonal matrix and a different unitary matrix [97]. We have

A = UD;V, (4.78)
where U; € SU(2), V € U(2) and the D; are diagonal such that

12
D1=(a b)’ D2=<+\/(1 a?)

, (4.79)
+v (1 —b?)
where a, b € [0, 1]; hence, we have detU; = 1, detV = e!, detD; = ab and detD, = /(1 — a?)(1 — b2). This gives
detA; = abe'. For Ay, if we put all this in (4.77) and recalling that ¢; = qﬁ,-/pi, we get
det ya,a, (¢1) = detA] dety (¥ //p1) detA;
a’b? .
7y(W)e2‘9, (4.80)
1

and for A,, we get

det ya,a, (¢2) = detA) dety (¥ //pz) detA;
_ 42 _ h2 .
A=A=D) e, (481)

2
Substituting into E, we have

E®W) — piv/T(@1) + pan/T(92)
ab/T(¥) + v (1 — a®)(1 = D)7 (¥)

(ab+ V(T =) (1= b2)) EW). (482)

Finally we note that (4.82) is maximised for a = b and hence the condition in (3.21) is satisfied and ./7apc is always
decreasing, and hence a monotone.

5. Qutrits

5.1. One qutrit: SL(3)a

The one qutrit system (Alice) is described by the state

|¥) = aalA), (5.1)
whereA =0, 1, 2, so
[¥) = aol0) + a1[1) + az(2), (5.2)

and the Hilbert space has dimension 3. a, transforms as a 3 under SLOCC group SL(3)a.
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5.2. Two qutrits: SL(3)4 X SL(3)4

5.2.1. States
The two qutrit system (Alice and Bob) is described by the state

|¥) = asp|AB),
whereA =0, 1, 2, so
|¥) = an|00) + ap1]01) + ap2|02)
+a10/10) + a11|11) + ay2|12)
+ a0|20) + a31]21) + a2

2),
and the Hilbert space has dimension 3% = 9.a;5 transforms as a (3, 3) under SL(3)4 x SL(3)s.

We define the reduced density matrices
pa = Trg [¥)(¥],
pg = Tra [V ) (W],

or
B1B
(PA)AMZ =481 *0a, B, azsz = ('OA)ZZAl’
A1A:
(oB)B1B, = 8”12 aa;B, aZZBz = (pB);;ZBl'
Explicitly,

laool* + lao1]? + lagy | ooy + o107, + 20y,  Goolyy + Go105; + do203,

pa = | a0y, + a11a5; + arag, latol® + lan|? + lar|? 10059 + A1103; + A1203,
U005y + 2105, + G220, G007 + G2107; + A0, lazol® + |az11* + laz|?

laool* + laiol? + lag;|? Aooay; + A10a7; + Ax005;  Goody, + A10a7, + A2005,

P8 = | Ao1a5y + a1107, + G215, lao1|* + lan|? + laz | o105, + a1107, + a2103,
Q20 + A1207y + A2205, o2y, + A1207; + A2205, laoa|* + lanz)? + laz|?

Recall that the eigenvalues of the 3 x 3 density matrices obey the characteristic equation

detp —GAr+trpr? =213 =0.
The determinant of a 3 x 3 matrix ap is given by

1
deta = —ghhofsg

3!
= dgo(ai1ax — d12021)
— 0p1(a10a22 — A12020)
+ ag2(ag1a21 — A110z0),

B1ByB
b 3a/*131aAsza/*z.Bz.

and
det py = det pg =
2 2 2 2 2 2 2 2 2
[aoz2|"laii|"lazol|” =+ lao1|”la12]"1azol”  + lao2|"la10l|@21]
2 2 2 2 2 2 2 2 2
+ laool“las2|"|ax1|”  + lao1|lawol laz|® =+ laool*az1]"|a2;]
2 % % 2 % % 2 % %
- a00all|a22|2a01a10 - 001a1o|022|2000011 - aooalz|021|2aoza10
% % * % * %
—(1020120|021| gy, —0010122|(120| Qg dqq _002a11|a220| Qgqaqy
% % * % * %
— |ap| 01(2)021011020 — |ag| a];azoawaz] —001|l112|2<120000(121
ko * ok E
- (100|a12|2021¢101020 - aoz|a11|2020000‘122 - Goo|(1211| Q220,050
* * * * * *
—(102|11210| 310410y, —001|f1210| a200,0y; — |f101|2f1121120f1101122
x ok * ok Kk
— lao1] 010023013023 — |dagol 01202Ja1;023 — |agol 0110230130293
+ 000012021022011030 + aozanazoagﬂoa}‘zagﬂ] + 001010022022011%0
+ 002a11020a21al0a%2 + a02a10a21ag1alza%0 + (101012(120(1220}(0(1%1
+ a00a11a22a2]al2a%o + a02a10a21a20a}<]a%2 + aOOa11022a22al0a£]
+ Qp10a1202000,01105, + Qp101002200,01,051 + QApo0d120d21091071005; -
Here G, is sum of the principal minors of the density matrix:
2 2 2
G = |ageair — Ap1aqol|” + ap2a10 — dooaiz|” + |do1a12 — do2d11]
2 2 2
+ [ap1az0 — Agol21|” + ool — do2020|” + |A10G21 — A11a20]

2 2 2
+ [a12a20 — A10a22|” + |Ao2021 — Ap1G22|" + |a11a22 — a12a21].

’
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(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.10)

(5.11)
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The eigenvalues of the density matrix Ag, A1, A, satisfy
A+ A+ A =1,
Aor1 + A1hz + Ao = G, (5.12)
AoAiry = |deta|2.

5.2.2. 2-tangle
The bipartite entanglement of Alice and Bob is given by the 2-tangle [119-123]

Tap = 27 det py = 27 |det agg?, (5.13)
where p, is the reduced density matrix
pa = Trg [¥)(¥]. (5.14)

The determinant is invariant under SL(3)4 x SL(3)p, with a,p transforming as a (3, 3), and under a discrete duality that
interchanges A and B.

5.2.3. Entanglement classification

Once again, for subsequent comparison with the D = 5 black hole, we restrict our attention to unnormalised states with
real coefficients agp. In this case, one can show [102] that there are three algebraically independent invariants: t43, C; and
the norm (¥ |¥), corresponding to the dimension of the space of orbits

R3 x R3
) (5.15)
SO0(3) x SO(3)
namely 9 — 6 = 3. Hence, the most general two-qutrit state can be described by just three parameters, which may
conveniently taken to be three real numbers Ny, Ny, N»:
&) = No|00) + Nq|11) 4 N,|22). (5.16)

An SLOCC classification of two-qutrit entanglements, depending on the rank of the density matrix, is given in Table 3.

6. STU black holes
6.1. The STU model

6.1.1. The Lagrangian

An interesting subsector of string compactification to four dimensions is provided by the STU model whose low energy
limit is described by & = 2 supergravity coupled to three vector multiplets [124,19,125,15]. One may regard it as a
truncation of an & = 2 theory obtained by compactifying the Type IIA string on Calabi-Yau. Alternatively, one may regard
it as a truncation of an & = 4 theory obtained by compactifying the heterotic string on T®, where S, T, U correspond to the
dilaton/axion, complex Kdhler form and complex structure fields respectively. It exhibits an SL(2, Z)s strong/weak coupling
duality and an SL(2, Z); x SL(2, Z)y target space duality. ® By string/string duality, this is equivalent to a Type IIA string
on K3 x T? with S and T exchanging roles [50,55,56]. Moreover, by mirror symmetry this is in turn equivalent to a Type
IIB string on the mirror manifold with T and U exchanging roles. Hence the truncated theory has a combined [SL(2, Z)]?
duality and complete S-T-U triality symmetry [19]. Alternatively, one may simply start with this & = 2 theory directly as
an interesting four-dimensional supergravity in its own right, as described below.

The model admits extremal black holes solutions carrying four electric and four magnetic charges [19,126]. Below we
organise these 8 charges into the 2 x 2 x 2 hypermatrix and display the S-T-U symmetric Bogomol'nyi mass spectrum [19].
Associated with this hypermatrix is a hyperdeterminant, discussed in Section 4.3.2, first introduced by Cayley in 1845 [22].
The black hole entropy, first calculated in [20], is quartic in the charges and must be invariant under [SL(2, Z)]? and under
triality. As we shall see, the important observation for its link to entanglement is that it is given by the square root of Cayley’s
hyperdeterminant.

Consider the three complex scalars axion/dilaton field S, the complex Kahler form field T and the complex structure
field U

S =S +iS,
T =T, +il, (6.1)
U= U +ils.

6 This SL(2, Z)y should not be confused with U-duality.
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This complex parametrisation allows for a natural transformation under the various SL(2, Z) symmetries. The action of
SL(2, Z)s is given by

as+b
S—> —, (6.2)
cS+d
where a, b, c, d are integers satisfying ad — bc = 1, with similar expressions for SL(2, Z)r and SL(2, Z)y. Defining the
matrices Ms, My and My via
1/1 S
Ms = — , 6.3
S 52 (Sl |S|2) ( )
the action of SL(2, Z)s now takes the form
Ms — ws' Msws, (6.4)

where

with similar expressions for M7 and My. We also define the SL(2, Z) invariant tensors

0 1
Es = &1 =€y = (_1 O) . (66)

Starting from the heterotic string,the bosonic action for the graviton g,,,, dilaton , two-form B,,,, four U(1) gauge fields A¢
and two complex scalars T and U is [19]

sy = ——
T 167G

1
d*xy/—ge™" [Rg +8" 9umdun — 8" 8" 8" HuwpHico
1 -1 1 —1 1 T wy
+ Z tr(o M7~ " OMry) + Z tr(o My~ OMy) — ZFSMU (M7 X My)Fs . (67)

where the metric g,,, is related to the four-dimensional canonical Einstein metric gfw by g,., = e"g¢,,, and where

1
Hup =3 <amBup] — EAg[M (e x SU)FSW,]> . (6.8)
This action is manifestly invariant under T-duality and U-duality, with

Fsuw = (o1 " x wy™ )Fs,,, Mryy = wry’ My o, (6.9)

and with », g,, and By, inert. Its equations of motion and Bianchi identities (but not the action itself) are also invariant
under S-duality (6.2), with T and g ,,, inert and with

Fs,,° a
NS;u)a N wsi] fs,wa , (610)
FSMV FS;}.U
where
Fs® = =S[(Mr™" x My~ (er x eu)]% #Fs = S1Fs,, (6.11)
where the axion field a is defined by
e 9,0 = /—ge """ g  Hosr, (6.12)

and where S = S; +1iS, = a +ie™".

Thus T-duality transforms Kaluza-Klein electric charges (Fs>, Fs*) into winding electric charges (Fs!, Fs?) (and
Kaluza-Klein magnetic charges into winding magnetic charges), U-duality transforms the Kaluza-Klein and winding electric
charge of one circle (Fs*, Fs®) into those of the other (Fs*, Fs') (and similarly for the magnetic charges) but S-duality
transforms Kaluza-Klein electric charge (Fs?, Fs*) into winding magnetic charge (F2, Fs4) (and winding electric charge into
Kaluza-Klein magnetic charge). In summary we have SL(2, Z)r x SL(2, Z)y and T <> U off-shell but SL(2, Z)s x SL(2, Z)T X
SL(2, Z)y and an S-T-U interchange on-shell.

One may also consider the Type IIA action Itys and the Type IIB action Iysy obtained by cyclic permutation of the fields
S, T, U. Finally, one may consider an action [20] where the S, T and U fields enter democratically with a prepotential

F =STU, (6.13)

which off-shell has the full STU interchange but none of the SL(2, Z). All four versions are on-shell equivalent.
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6.1.2. The Bogomol'nyi spectrum
Following [19], it is now straightforward to write down an S-T-U symmetric Bogomol’'nyi mass formula. Let us define
electric and magnetic charge vectors «d and S¢ associated with the field strengths Fs and Fsa in the standard way. The

electric and magnetic charges Q¢ and P¢ are given by
a Pa
UL R (6.14)
2

F Sor Sor r 2°

giving rise to the charge vectors

ab
(a?) _ Séo)eMT_l x My ! 550)81 X &y Q2 (6.15)
Bs 0 —&r X &y Py ’

Interestingly enough, as was shown in [19,20], the 8 charges may usefully be represented as a 2 x 2 x 2 hypermatrix aspc

(aooo{ (10012, 00103» 00114, a100, 01201, 01310, Cl1411) (6.16)
1 .
= (—55, _ﬂsv _ﬂsa _,Bsa g, O, Og, 055),
transforming as
aABC — a)sAEwTBFa)UCGaEFG. (617)
Then the mass formula is

1
gaT (Mg @M @M —ey @er @M —ey @ My @ s — My ® 61 ® 65) 4, (6.18)

This is consistent with the general &/ = 2 Bogomol'nyi formula[127]. Although all theories have the same mass spectrum,
there is clearly a difference of interpretation with electrically charged elementary states in one picture being solitonic
monopole or dyon states in the other.

2
Mgps =

6.1.3. Black hole entropy
The STU model admits extremal black hole solutions satisfying the Bogomol’'nyi mass formula. As usual, their entropy
is given by one quarter the area of the event horizon. However, to calculate this area requires evaluating the mass
not with the asymptotic values of the moduli, but with their frozen values on the horizon which are fixed in terms of
the charges [128]. This ensures that the entropy is moduli-independent, as it should be. The relevant calculation was
carried out in [20] for the model with the STU prepotential. The electric and magnetic charges of that paper are denoted
®°, q0), (0", q1), (p*, q2), (P*, g3) with O(2, 2) scalar products
P’ =@+ @Y - 0 - @)
¢ = @)’ + @)? - @?* - @) (6.19)
p-q=0"q) + ®'q) + P*q) + (P’g3).
These eight charges may be represented by the cube shown in Fig. 4. This charge basis is related to the one above by’
0 1 2 3
(P".p. p°, P, 4o, q1, G2, G3) (6.20)
= (ap, —ay, —0z, —dy, a7, ds, ds, A3),

In these variables, the entropy is given by

S =m/ID(P*, qa)l, (6.21)

where

D", q4) = - > +4(P'9)@P°%) + 0'9) P’a3) + P°3) P*a2)) — 4°910205 + 4qop'p°p’. (6.22)

The function D(p*, q,) is symmetric under transformations: p! <> p?> <> p>and q; < q; < ¢s.
7. STU black hole/qubit correspondence

7.1. Entropy/entanglement correspondence

The black hole/qubit correspondence now comes about by identifying [3] the black hole charge hypermatrix (6.20) with
the three qubit hypermatrix (4.31). Then we recognise from (4.33a) that

D(p*, q4) = —Deta, (7.1)

7 Note that this is the convention of [4]; in [3] the sign of ag, as, a4, a7 is flipped, which gives the same answer.
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®

Fig.4. The vertices of the hypermatrix cube from Fig. 1 are transformed under the dictionary (6.20) to electric and magnetic charges of the STU black hole.
The black hole entropy is related to the hyperdeterminant of this hypermatrix, and can also be computed from the three pairs of slicings of the cube along
its symmetry planes (see Section 10.3).

and hence, as advertised in Section 1, the STU black hole entropy and Alice-Bob-Charlie 3-tangle are related by

T

S = E«/‘CABO (7.2)

Thus Cayley’s hyperdeterminant provides an interesting connection, at least at the level of mathematics, between string
theory and quantum entanglement. Other mathematical similarities are provided by the division algebras [129] and by
twistors [130]. What about physics? The near horizon geometry of the black holes is AdS, x S? and one might expect a
relation between the black hole entropy and the entanglement entropy of the conformal quantum mechanics that lives on
the boundary [131], although the nature of this particular AdS/CFT duality is not well-understood [132]. In any event, the
3-tangle is not the same as the entropy of entanglement [103]. So the appearance of the Cayley hyperdeterminant in these
two different contexts of stringy black hole entropy and three-qubit quantum entanglement remains, for the moment, a
purely mathematical coincidence.

To illustrate more these coincidences we compare some examples of & = 2 black holes with examples of three-qubit
states, following [4].

7.2. Rebits

In the STU stringy black hole context [3,19,20,4] the aupc are integers (corresponding to quantised charges) and hence
the symmetry group is [SL(2, Z)]? rather than [SL(2, C)]3. However, as discussed by Levay [5], it is possible within quantum
information theory to focus on real qubits, called rebits, for which the aspc are real [133,134]. (One difference remains,
however: one may normalise the wavefunction, whereas for black holes there is no such restriction on the charges aspc). It
turns out that there are three reality classes which can be characterised by the hyperdeterminant

Deta < 0, (7.3a)
Deta =0, (7.3b)
Deta > 0. (7.3¢c)

Case (7.3a) corresponds to the non-separable or GHZ class [116], for example,

|w) = %(—|000) + [011) + [101) + |110)). (7.4)

Case (7.3b) corresponds to the separable (A-B-C, A-BC, B-CA, C-AB) and W classes, for example

1
ﬁ(|100) +1010) + [001)). (7.5)
In the string/supergravity interpretation [3], cases (7.3a) and (7.3b) were shown to correspond to BPS black holes, for
which half of the supersymmetry is preserved. Case (7.3a) has non-zero horizon area and entropy (“large” black holes), and
case (7.3b) has vanishing horizon area and entropy (“small” black holes), at least at the semi-classical level. However, small
black holes may acquire a non-zero entropy through higher order quantum effects. As discussed in Section 7.4, this entropy
also has a quantum information interpretation involving bipartite entanglement of the three qubits [4].

W) =
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Fig. 5. The hypermatrix cube of Fig. 4 is restricted to correspond to the state (7.8) by retaining only a single nonzero entry at the g vertex, denoted by the
red disc. The state is completely separable and accordingly, the entropy vanishes for this cube.

Case (7.3c) is also GHZ, for example the above GHZ state (7.4) with a sign flip

1
|#) = 5(000) +[011) +101) + [110)). (7.6)
The canonical GHZ state
1
|¥) = —=(]111) + |000)) (7.7)
V2

also belongs to case (7.3c).
7.3. Classification of N = 2 black holes and three-qubit states

A-B-C states and singly charged black holes: A black hole with just one charge, say qq as in Fig. 5, has vanishing entropy and
corresponds to a completely separable A-B-C state

|¥) = qol111), (7.8)
with

Sa=Sg=Sc=0,

(7.9)
Tapc = 0.

Examples of singly charged supersymmetric black hole solutions [135] are provided by the electric Kaluza-Klein black
hole withae = (1,0, 0, 0) and 8 = (0, 0, 0, 0); the electric winding black hole with @ = (0, 0,0, —1) and 8 = (0, 0, 0, 0);
the magnetic Kaluza-Klein black hole witha = (0,0, 0, 0) and 8 = (0, —1, 0, 0); the magnetic winding black hole with
o =(0,0,0,0)and B = (0,0, —1, 0). These are characterised by a scalar-Maxwell coupling parameter a = V3.

By combining these 1-particle states, we may build up 2-, 3- and 4-particle bound states at threshold [135,19,136],
characterised by scalar-Maxwell coupling parametera = 1, 1/ V3and 0 respectively. The 1-, 2- and 3-particle states all
yield vanishing contributions to Det a. A non-zero value is obtained for the 4-particle example, however, which is just the
Reissner-Nordstrom black hole, as explained below.

One could also consider a black hole with two charges, say qo and g; as in Fig. 6, having vanishing entropy and
corresponding to another completely separable state

W) = qo|111) 4+ q1]110) (7.10)
also satisfying (7.9).
A-BC states and doubly charged black holes: A black hole with just two charges, say qo and p! as in Fig. 7, has vanishing entropy
and corresponds to a bipartite entangled state

|¥) = ol 111) — p'|001), (7.11)
with

Sa = S = 4(qop")*,

Sc =0, (7.12)

Deta = 0.
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Fig. 6. The hypermatrix cube of Fig. 4 is restricted to correspond to the state (7.10) by retaining nonzero entries at the go and g, vertices, denoted by the
red discs. Despite having two nonzero vertices the cube’s entropy vanishes since the state is again completely separable.

Fig. 7. The hypermatrix cube of Fig. 4 is restricted to correspond to the state (7.11) by retaining nonzero entries at the qo and p! vertices, denoted by the
red discs. In this case the state is bi-separable, so the entropy vanishes once more.

Fig. 8. The hypermatrix cube of Fig. 4 is restricted to correspond to the state (7.13) by retaining nonzero entries at the qo, p! and p? vertices, denoted by
the red discs. The entropy vanishes this time since the cube corresponds to a W state.

W states and triply charged black holes: A black hole with just three charges, say qo, p! and p? as in Fig. 8, has vanishing
entropy and corresponds to a W state

|¥) = gol111) — p'|001) — p*|010), (7.13)
with

Sa = 4(q0)* (" + DY),

Sg = 4(p")2((q0)* + (*)D),

Sc = 4(»*((q0)* + ).
Deta = 0.

(7.14)

GHZ and 4-charge BPS and non-BPS black holes: A black hole with just four charges, say qo, p!, p?> and p? as in Fig. 9, has
non-vanishing entropy and corresponds to a GHZ state

|¥) = go|111) — p'|001) — p*|010) — p*|100), (7.15)
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Fig. 9. The hypermatrix cube of Fig. 4 is restricted to correspond to the state (7.15) by retaining nonzero entries at the qo, p', p? and p* vertices, denoted
by the red discs. This is a GHZ state exhibiting genuine tripartite entanglement and accordingly the cube has nonzero entropy. While the previous cubes
corresponded to small BPS black holes, this black hole is large and BPS/non-BPS for Deta < 0/ Deta > 0.

Fig. 10. The hypermatrix cube of Fig. 4 is restricted to correspond to the state (7.17) by retaining nonzero entries at the g and p° vertices, denoted by the
red discs. Despite having only two nonzero charges the cube has nonvanishing entropy since the state is GHZ. The corresponding black hole is large and
always non-BPS.
with
352 2 1\2 252
S5 =4((P)” + (@) ) ((p)” + ®)),
12 352 2 252
Sp=4(@)"+ @))g0)” + P,
2\2 352 2 1,2
Sc =4+ (")) ()" + ()7,
Deta = —4q0p]p2p3.

This is a large BPS black hole if Deta < 0 and a large non-BPS black hole if Deta > 0.

(7.16)

GHZ and 2-charge non-BPS black holes: A black hole with just two charges Fig. 10, say qo and p° as in Fig. 10, has non-vanishing
entropy and corresponds to a GHZ state

%) = gol111) + p°|000), (7.17)
with

Sa = Sp = Sc = 4(°)* (q0)*, (7.18)
and

Deta = (p°)*(qo)*. (7.19)

Since Deta > 0, this describes a non-BPS large black hole [137,138].

7.4. Higher order corrections

The small black holes have a singular horizon with vanishing area and entropy at the classical level, but may acquire
nonvanishing area and entropy due to quantum corrections, characterised by higher derivatives in the supergravity
lagrangian. One can interpret this as consequence of the quantum stretching of the horizon conjectured by Susskind [139]
and Sen [140,141]. See also [142-147].
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Kallosh and Linde [4] have noted that this quantum entropy also admits an interpretation in terms of qubit entanglement
measures. They propose a general formula that correctly reduces to the known special cases. It is given by

T 4c, 8K?2
Stotal = 5\ Tasc + ?(CAB + Cpc + Caa) + TWL (7.20)

where t4pc is the 3-tangle (4.54), C4p is the concurrence (4.51), |¥| is the norm and ¢, and K are constants that depend upon
the compactification.
For completely separable states with only one nonzero charge, this reduces to

2 2
S =K/ Z|¥|=7nK,/|qol. (7.21)
3 3

For the bipartite and W-states at large values of the charges, the concurrences are much greater than |¥| and the formula
reduces to

c
Stotal = ﬂ\/gz (Cag + Cpc + Cca) (7.22)

47+/1q0(p" + p?)|. (7.23)

Finally, for the GHZ states the (unnormalised) 3-tangle is much greater than the concurrences and we regain
b4
S= E«/TAB(_*. (724)

As with the lowest order black hole/qubit correspondence, there is as yet no underlying physical explanation for these
mathematical coincidences at higher orders.

7.5. Attractors and SLOCC

The extremal black holes of Section 2.4 occupy a special place in string theory. They have zero Hawking temperature and
are therefore stable. In the string theory context the microscopic configurations of these black holes are explained by D-
branes, fundamental strings and other solitonic objects of the theory [87]. The supergravity theories in different dimensions
are obtained by compactifying the low energy effective action of string theory on compact manifolds such as a torus or
Calabi-Yau. The bosonic field content of these theories consists of the graviton coupled to some gauge and scalar fields. The
extremal black hole solutions of these supergravity theories are charged under the gauge fields of the theory. These solutions
can be BPS or non-BPS according as they preserve some or none of the supersymmetries. In the following we restrict our
discussion to static spherically symmetric and asymptotically flat charged extremal black holes.

An interesting phenomenon for extremal black holes is the attractor behaviour. In general the entropy of the black hole
can depend on the values of moduli or scalar fields but in the case of the extremal black holes these values are fixed on the
horizon in terms of the charges, independent of their asymptotic values. In fact the scalar fields describe trajectories in radial
coordinate which evolve into the fixed points on the horizon. This mechanism was first observed in & = 2 theory [128,
148,149] and then was extended to theories with a larger number of supersymmetries and also to higher dimensions and
non-supersymmetric black holes.

In order to explain the attractor mechanism and the idea of moduli fixing we recall some more facts on the STU model
of Section 6.1. This theory is explained in terms of the complex scalar fields S, T and U, a prepotential F which is written in
terms of the scalar fields as F = STU and four gauge fields.

Any extended supergravity theory (# > 1) admits an operator called the central charge which commutes with the
other symmetry generators of the theory. The central charge Z of the four-dimensional .#¢ = 2 theory coupled to ny vector
multiplets can be written in terms of the electric and magnetic charges of the black hole from the (ny + 1) U(1) gauge fields
of the theory [128,150,151]

2(z,7Z,p,q) =X @)q - Fi2)p"), 1€10,...,nv}, (7.25)
where

K =—IniXF —X'F), (7.26)
is the Kahler potential and z',i € {1, ..., ny}, are the scalar fields. For these theories one can introduce a symplectic section

(X', F;) which transforms under the symplectic symmetry group Sp(2ny + 2, Z) while keeping the action invariant. The X'
represent the complex scalar fields and F; are the derivatives of the prepotential F defined as F; = dF /9X'. The prepotential F

is subject to two constraints: being holomorphic (independent of the complex conjugate scalars )71) and being homogeneous
of degree two, F(AX") = A2F(X"). In the case of the STU model we have

Xi
= ﬁ N

z! X0 =1, (7.27)
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where

X'z =@1,S,T,U)", F(z) = (=STU,TU, SU, ST)". (7.28)
Note that the index I € {1, ..., 4} is raised and lowered by the metric (4, +, —, —). The complex scalars S, T and U can be
parameterised as in (6.1). Therefore using (7.27) the Kihler potential simplifies to e ¥ = —8S,T,U,.

In the Lagrangian of & = 2 supergravity the effective black hole potential is also given in terms of the central charge by

Ven = 1Z(z, p, 91> + IDiZ(z, p. )%, (7.29)

where D; is the covariant derivative d; + 9;K [149]. As can be seen from this formula the effective potential depends on the
values of the scalar fields and varies as one moves along the radial coordinate.

Let us now consider a supersymmetric extremal black hole solution of the above theory. The near horizon metric of the
black hole takes the form

T'2

ds? = —
2
|Z|hor

1zl
de® + r—z"fclr2 + 123, d52?%, (7.30)
and the entropy of the black hole is given by

A 2
Spy = Z = 7T|Z|hor' (7.31)
The attractor mechanism which is responsible for fixing the moduli at the horizon will consequently fix the entropy [89].
The values of the moduli are given by the critical points of Vzy and hence the attractor equations are obtained by extremising
the effective potential:

| —I
(p ) =23 <Z£> , (7.32)
q ZM,

where
'=e"2x", M, =eF,. (7.33)

Note that for supersymmetric solution D;Z(z, p, q) = 0 and the potential is just proportional to the central charge. Therefore
the critical points of the potential coincide with the critical points of the central charge. The attractor points are the minima
of the potential.

For the BPS solution we have Méps = |Z|?, the critical points are hence obtained by extremising the mass formula (6.18),
which simplifies to:

1
MZos = ———1q0 + q1S + 2T + q3U + p°STU — p'TU — p*SU — pST|2. (7.34)
8S,T,U,
Following [5], we now want to demonstrate the similarity between this process of moduli stabilisation and a quantum
information process called a distillation protocol. In order to make this explicit we re-write the mass formula (6.18) using an
SLOCC transformation on the familiar three qubit system of Alice, Bob and Charlie:

Mps = (P1(C) ® B] ® A7)0 (Cu ® Br ® As)|¥), (7.35)
where
|¥) = aapclA) ® |B) ® |C), (7.36)
and where
_ 1 (s 0
1_ T _ 2
M = AjAs,  As = NS (—51 _1> , (7.37)

and similarly M; ' = 8] Br, M;' = €] Cy. In this equation p’ is defined as

1
p/Eg(]l®Jl®Jl+o'2®O‘2®]l+0'2®]l®02+1®0'2®0'2), (7.38)
where we use the notation o, = —ie. In fact p’ is an example of three-qubit mixed state. This relation can be simplified
further by diagonalising it using the unitary matrix U on each qubit as follows
= Uor, Ut u—i P (7.39)
03 = U0y . = ﬁ i -1/ .
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Therefore the new density matrix which is given by

1

P=Uy® Ur ® Us p' U} ® UL @ Ul = 5 diag(1,0,0,0,0,0,0, 1) (7.40)

takes the form
1

o= 5(|000)(000| +111)(111)). (7.41)
Using these unitary transformations we obtain a complex representation for Mz, as follows

Mgps = (¥|(C); ® B} ® ADp(Cy ® Br ® As)|¥), (7.42)
where As, Br and Cy are now scaled SLOCC i.e. GL(2, C) transformations of the form

1 (-5 -1
A= —— , 7.43
s ) ( s 9 > (7.43)

with Br and Cy defined similarly. If we define

|[¥') = (Cy ® Br ® As)|¥) (7.44)
the black hole potential can be written in a particularly concise form

1 4 I
Ven = 5(‘1/ ') (7.45)

and the mass formula is simply given by

1 !
Mips = 5(|0600|2 + |dyy [?). (7.46)

The SLOCC transformations are in fact the transformations which map a general three qubit state to the canonical GHZ form.
Comparing this formula with the result obtained in (7.34) one can verify that the components of ¥ are those given in (6.20).
In order to calculate the values of the scalar fields at the near horizon limit one can extremise the mass or central charge
formula with respect to the complex scalar fields S, T and U. This results in the attractor equations (7.32) and the stabilised
scalar values are [20]
.q) —2p'qy) —iy/D 25 — 3S —
S=((pq) 3§q1)0 | I’ r_PS-&  ,_PS-d (7.47)
2(p*p* — p°q1) p°s —p! p°s —p'

where D is given by (6.22). Now one can substitute these frozen or fixed values of the scalar fields in the equation for the
transformed wavefunction (7.44) to get

2T-,U _
W'y = ,/% ((p" = p°9)[000) — (" — p°S)[111)) (7.48)

which is of the form of a generalised GHZ state. The expression (7.48) can be multiplied by a phase without changing the
mass;

|@’) = |D|"*(]000) + €?[111)), (7.49)

where

0s
2

8 = m + 2arctan .

p°S1 —p!

Interestingly, this result means that the process of finding the fixed values of the scalar fields at the horizon for BPS
STU model black holes is equivalent to finding the canonical form of the corresponding three-qubit state using complex
SLOCC transformations. In other words the process of finding the frozen values of the moduli is equivalent to the quantum
information theoretic one of performing an optimal set of SLOCC transformations on the initial three-qubit state with integer
amplitudes to arrive at a state of GHZ form [5]. It is important to notice that although the transformed states seem to be
complex, one can find a basis in which they are real.

(7.50)

7.6. Bit flip errors and black holes

We now turn our attention to BPS and non-BPS black holes and their relation to the suppression or non-suppression of
bit flip errors, following [9]. We begin with some definitions. The phase flip operator Z acts like the Pauli matrix o3 as

Z|0) =10),  z[1) =—[1). (7.51)
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This is one of the single qubit gates in quantum information theory which leaves the state |0) unchanged but flips the sign
of |1). Another useful operator is X, which is the same as Pauli matrix o and is used to represent bit flips. The action of this
bit flip operator is

X10) =11),  X[1) =10). (7.52)
In addition, we have the Hadamard gate which is one of the building blocks of quantum circuit theory and is especially useful

in quantum error correction. Quantum error correction is used to protect the information from errors due to decoherence
and other quantum noise over transmission lines. The Hadamard gate acts on the qubits as

1 1
NG V2

where |0) and |1) are the Hadamard transformed basis which are, in fact, the eigenvectors of the bit flip operator X with +1
and —1 eigenvalues, respectively. The matrix representation of the operator H is given by

1 /1 1
H=ﬁ<] _1>. (7.54)

For the three-qubit system the Hadamard transformations are given by an 8 x 8 matrix defined as H®®> = H ® H ® H. These
transformations are

0) = HIO) = —=(10) +[1)),  [1) = H|1) = —=(|0) — [1)), (7.53)

1 1 1 1 1 1 1 1
1 -1 1 -1 1 -1 1 -1
1 1 -1 -1 1 1 -1 -1
1 1 -1 -1 1 1 -1 -1 1
® _
=%l 1 1 1 -1 -1 1 =1 (7.55)
1 -1 1 -1 -1 1 -1 1
11 -1 -1 -1 -1 1 1
1 -1 -1 1 -1 1 1 -1
For example the state |110) in Hadamard transformed basis reads
— 1
[110) = ﬁ (J000) + |001) — |010) — |011) — |100) — |101) + |110) + |111)), (7.56)

coming from the sign combination of the sixth row.

Returning now to the BPS and non-BPS black hole solutions, we saw that one can introduce a new wavefunction |¥')
given by (7.44) that for the fixed values of the scalar fields at the horizon takes the form of a generalised GHZ state (7.49).
In general, the coefficients of the state |[¥') before stabilising the value of the scalar fields at the horizon are

Qo = —PWU,T,S), djy, =e?WU,T,S),
Qo = —e*W(U,T,S),  ay, =e"*WU.T,S),
dyoy = —€“?WU,T,S),  dy, =€ *WT,T,S),
ay, = —ePWU,T,S),  dy =e*WU,T,5),

where we have defined the central charge of (7.25) as Z = eX/?W(S, T, U), and used the definition (7.44). Here the
function W is the superpotential. Using the above relations one can easily see that the wavefunction coefficients satisfy
these properties

(7.57)

;o r_ ro_ ro_
Goo0 = — 1115 110 = —loo1» (101 = —Yo10» (o171 = —@q00- (7.58)

To see the relation between quantum error correction and black holes we use the definition of the covariant derivative of the
superpotential. This is given by D,W = 9,W + (9,K)W where a represents the scalar fields S, T and U. Using this definition
one can see that for example
W(U,T,S)
DsWU,T,S) = ——. (7.59)
S-S

Therefore if we define the vielbeins e} as

eg =i(S—S) = -25,, e§ =i(T —=T) = —2T», eg =i(U —U) = —=2U>, (7.60)
we see that the covariant derivatives of the wavefunction coefficients reduce to

Dsd'y; = idjyo, Djd}yy = id)gy, Dydy; = iagy,

(7.61)
D§a/111 = D%a/m = Dﬁa/m =0,
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where we have used D; = egDa. Note that one can define the combination (D; — D) /i which acts on the state [¥') as

%@@—%ﬂW”:(l@l@XHW% etc., (7.62)

where the operator 1®1®X represents a bit flip error (7.52) on the third qubit. Therefore the derivatives of the central charge,
which play a key role in the BPS conditions for the black holes, correspond to the bit flip errors in quantum information
theory. We shall now see this more explicitly for BPS and non-BPS black hole solutions.

For the BPS extremal black hole solution, the covariant derivatives of the central charge are zero (D,Z = 0) and this
guarantees the result (7.49), in which all the wavefunction coefficients are zero at the horizon except %% and @M,
Consider the case in which the charges qo, p', p? and p? are zero, for which (7.49) reduces to

@) = iv2(—p°q19293) "/ (|000) + |111)), (7.63)

which is explicitly the unnormalised canonical GHZ state. Using D,Z = 0 and (7.62), we conclude that for the BPS case the
GHZ state at the horizon (|¥')) is protected from bit flip errors. This means that the operators 1 ® 1 ® X, 1 ® X ® 1 and
X ® 1 ® 1 cannot change the BPS state |¥’) at the horizon. In fact the BPS conditions precisely suppress the bit flip errors
for the three qubit state at the horizon.
The state |¥’) can also be written in Hadamard transformed basis as
V') = i(=p°419243)"/*(000) + [011) + [101) + [110)). (7.64)

Acting on it with the bit flip operator (here on the third qubit) gives

1®1®X) W) =i(—p°q19293)/*(|000) — [011) — [101) + [110)), (7.65)

telling us that bit flip errors in the normal basis correspond to phase flip errors in the Hadamard basis [9].
The situation changes for non-BPS extremal black holes; the fixed values of the moduli at the horizon are given by [152,

153]
s:ii/qzﬁ, T = +i /q;ﬁ, U:ii/q;ﬁ, (7.66)
P°q: p°g, p°gs

where in this case we have p°q;q,q3 > 0. The sign combinations which do not violate the positivity of the Kihler potential
are

{(= =)=+, -+, + D} (7.67)

For example if we let the S, T and U scalars be negative and the charges be all positive (which is consistent with the positivity
of their multiplication), the state can be written as

Wy = %(p0q1q2q3)1/4(|000) —1001) — [010) — |011) — [100) — [101) — [110) + [111)). (7.68)

5

This state can be written in the Hadamard transformed basis as
|w')___ = —i(p°q1q2q3)/*(|000) — [011) — [101) — [110)). (7.69)

Comparing this equation with (7.64), the BPS state in Hadamard transformed basis, one can see that (in addition to the
sign difference of p°q;q,q;) the BPS and non-BPS states may be distinguished by a nontrivial relative phase between the
Hadamard basis vectors. In general, for all sign combinations of the S, T and U scalars, the state at the horizon takes the form

¥} g = —i(p°010243)/*{[000) + ¥ [011) + BI101) + «[110)}, (7.70)

where «, 8 and y are the combinations in (7.67). In the non-BPS case the action of the bit flip errors on the states at the
horizon is

A®1X)|¥) = [¥) i, A@1RX)|¥) 1t =¥y, etc (7.71)

The bit flip operators 1 ® 1 ® X, 1 ® X ® 1 and X ® 1 ® 1 transform the states with different combinations of sign into
each other. The rule for this transformation is that those labels which are in the same slot as the bit flip operator X are not
changed while the remaining ones are flipped. In contrast to the BPS case, the bit flip errors transform one non-BPS solution
another [9] and the quantum state corresponding to non-BPS extremal black hole is not protected.

We note that non-BPS state at the horizon (7.68) is an example of a graph-state, which is particularly important for
quantum computation [9].
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8. «v' = 8 black hole/qubit correspondence

8.1. The N = 8 generalisation

The black holes described by Cayley’s hyperdeterminant are those of & = 2 supergravity coupled to three vector
multiplets, where the symmetry is [SL(2, Z)]>. One might therefore ask whether the black hole/information theory
correspondence could be generalised. There are three generalisations we might consider:

1. & = 2 supergravity coupled to [ + 1 vector multiplets where the symmetry is SL(2, Z) x SO(l, 2, Z) and the black holes
carry charges belonging to the (2, | 4 2) representation (I + 2 electric plus [ + 2 magnetic).

2. N = 4 supergravity coupled to m vector multiplets where the symmetry is SL(2, Z) x SO(6, m, Z) where the black holes
carry charges belonging to the (2, 6 4+ m) representation (m + 6 electric plus m + 6 magnetic).

3. N = 8 supergravity where the symmetry is the non-compact exceptional group E7(7)(Z) and the black holes carry
charges belonging to the fundamental 56-dimensional representation (28 electric plus 28 magnetic). See Table 5.

In all three case there exist quartic invariants akin to Cayley’s hyperdeterminant whose square root yields the
corresponding black hole entropy.
Let us first focus on & = 8, where the entropy is given by

S =Ll (8.1)
where I, is Cartan’s quartic E7(;y invariant given by
1
Iy = —tr(xy)* + Z(trxy)2 — 4 (Pfx + Pfy) (8.2)

where x! and yy are 8 x 8 antisymmetric matrices and Pf is the Pfaffian. An alternative expression has been provided by
Cremmer and Julia [62]

_ 1 _ _

Iy = tr(Z2)* — Z(trZZ)2 +4(PfZ +PfZ). (8.3)

Here
1 .

Zng = —E(X” + iy (YY) s, (8.4)

and
. V2
Xty = —TZAB(VAB)M (8.5)

The matrices of the SO(8) algebra are (7). where (I, J) are the 8 vector indices and (A, B) are the 8 spinor indices. The
(y") 4 matrices can be considered also as ()/AB)U matrices due to equivalence of the vector and spinor representations of
the SO(8) Lie algebra. The exact relation between the Cartan invariant in (8.2) and Cremmer-Julia invariant [62] in (8.3) was
established in [154,155]. The quartic invariant I4 of E(7) is also related to the octonionic Jordan algebra]? [30] as described
in Section 10.

In the stringy black hole context, Zsp is the central charge matrix and (x, y) are the quantised charges of the black
hole (28 electric and 28 magnetic). The relation between the entropy of stringy black holes and the Cartan-Cremmer-]Julia
E7(7) invariant was established in [156]. The central charge matrix Z,z can be brought to the canonical basis for the skew-
symmetric matrix using an SU(8) transformation:

Z 0 0 0
o % 0 o 0 1
=10 0 z o0 ®(—1 0)’ (86)
0 0 0 z

where z; = p;e'¥ are complex. In this way the number of entries is reduced from 56 to 8. In a systematic treatment in [157],
the meaning of these parameters was clarified. From 4 complex values of z; = p;e'¥i one can remove 3 phases by an SU(8)
rotation, but the overall phase cannot be removed; it is related to an extra parameter in the class of black hole solutions [ 158,
159]. In this basis, the quartic invariant takes the form [156]

Iy = Z |zi]* — 2 Z |zl |12|* + 4 (21222324 + 212:2374)
i i<j
= (p1+p2+p3+ pa)
X (1 + p2 — p3 — pa) (8.7)
X (p1— p2+ p3 — pa)
X (p1 — p2 — p3 + p4)
+ 801020304 (COSp — 1) .
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Therefore a 5-parameter solution is called a generating solution for other black holes in & = 8 supergravity/M-theory [ 160,
161].

8.2. E; and the tripartite entanglement of seven qubits

We have seen that in the case of three qubits, the tripartite entanglement is described by [SL(2, C)]® and that
the entanglement measure is given by Cayley’s hyperdeterminant. If there is to be a quantum information theoretic
interpretation in the & = 8 case, however, it cannot just be random entanglement of more qubits, because the general
n qubit entanglement is described by the group [SL(2, C)]", which, even after replacing Z by C, differs from the & = 8 E;
(and also from the & = 4 and & = 2 symmetries mentioned above, except when n = 3, which correspond to case (1) with
[ = 2, the case we already know.) We note, however, that

E;(Z) D [SL(2, 2)], (8.8)
and
E;(C) D [SL2, O)]". (8.9)

We shall now show that the corresponding system in quantum information theory is that of seven qubits (Alice, Bob, Charlie,
Daisy, Emma, Fred and George). However, the larger symmetry requires that they undergo at most tripartite entanglement
of a very specific kind. The entanglement measure will be given by the quartic Cartan E;(C) invariant [162,62,156,30].

The crucial ingredient is the observation that E; contains 7 copies of the single qubit SLOCC group SL(2) and that the 56
decomposes in a very particular way. We begin by considering the maximal subgroup SL(2), x SO(6, 6),

Ez7) D SL(2)4 x SO(6, 6),

56 — (2,12) + (1, 32). (8.10)
Further decomposing SO(6, 6) in (8.10)
SL(2)4 xSO(6,6) D SL(2)4 x SL(2)g x SL2)p x S0(4,4), (8.11)
2,12)+ (1,32) - (2,1,1,8,) +(1,2,1,8,) +(1,1,2,8,) + (2,2,2,1).
Further decomposing SO(4, 4),
SL(2)4 x SL(2)g x SL(2)p x SO(4, 4)
D SL(2)4 x SL(2)g x SL(2)p x SO(2, 2) x SO(2, 2)
2,2,2,1)+(2,1,1,8,) +(1,2,1,85) + (1,1, 2, 8;)
—-(2,2,2,1,1)+2,1,1,4,1)+(2,1,1,1,49+ (1,2,1,2,2) + (1,2,1,2, 2)
+(1,1,2,2,2)+ (1,1,2,2,2). (8.12)
Finally, further decomposing each SO(2, 2)
SL(2)4 x SL(2)g x SL(2)p x SO(2,2) x SO(2, 2)
D SL(2)4 x SL(2)g x SL(2)p x SL(2)c x SL(2)¢ x SL(2)r x SL(2)g
2,2,2,1,1)+2,1,1,4,1)+ (2,1,1,1, 9
+(1,2,1,2,2)+(1,2,1,2,2)+(1,1,2,2,2) + (1,1, 2,2, 2)
—-(2,2,2,1,1,1,1)+2,1,1,2,2,1,1) + (2,1,1,1,1,2,2) + (1,2,1,2,1, 1, 2)
+1,2,1,1,2,2,1)+(1,1,2,2,1,2,1) + (1,1,2,1,2, 1, 2). (8.13)
In summary,
E7¢7y D SL(2)a x SL(2)g x SL(2)c x SL(2)p x SL(2)p x SL(2)F x SL(2)¢, (8.14)
and the 56 decomposes as
56 > (2,2,1,2,1,1,1)
+(1,2,2,1,2,1,1)
+1,1,2,2,1,2,1)
+(1,1,1,2,2,1,2) (8.15)
+2,1,1,1,2,2,1)
+(1,2,1,1,1,2,2)

+@2,1,2,1,1,1,2).

An analogous decomposition holds for

E;(C) D [SL(2, O). (8.16)
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Fig. 11. The E; entanglement diagram corresponding to the decomposition (8.15) and the state (8.17). Each of the seven vertices A, B,C,D,E,F,G
represents a qubit and each of the seven triangles ABD, BCE, CDF, DEG, EFA, FGB, GAC describes a tripartite entanglement. As discussed in Section 8.3
the oriented triangles correspond to quaternionic cycles in the multiplication table of imaginary octonions.

Notice that we find seven copies of the (2, 2, 2) appearing in the STU model. This translates into seven copies of the three
qubit Hilbert space:

|¥)s6 = aapplABD)
+ b |BCE)
+ ccpr|CDF)
~+ dpgg|DEG) (8.17)
+ egra| EFA)
+ frce|FGB)
+ &eac|GAC).

Note that:

1. Any pair of states has an individual in common.

2. Each individual is excluded from four out of the seven states.

3. Two given individuals are excluded from two out of the seven states.
4. Three given individuals are never excluded.

So we have seven qubits (Alice, Bob, Charlie, Daisy, Emma, Fred and George) but where Alice has tripartite entanglement not
only with Bob/Dave but also with Emma/Fred and also Charlie/George, and similarly for the other six individuals. So, in fact,
each person has tripartite entanglement with each of the remaining three couples. However, as discussed in Section 8.8, this
56-dimensional space is not a subspace of the seven qubit Hilbert space (2, 2, 2, 2, 2, 2, 2).

The entanglement may be represented by a heptagon as in Fig. 11 with seven vertices A, B, C, D, E, F, G, and seven
triangles

ABD, BCE, CDF, DEG, EFA, FGB, GAC.

Each of the seven states transforms as a (2, 2, 2) under three of the SL(2)’s and are singlets under the remaining four. Note
that from (8.11) we see that the A-B-C triality of Section 4.3.2 is linked with the 8,-85-8, triality of the SO(4, 4) subgroup.
Individually, therefore, the tripartite entanglement of each of the seven states is given by Cayley’s hyperdeterminant. Taken
together however, we see from (8.15) that they transform as a complex 56 of E; (C). Their tripartite entanglement must be
given by an expression that is quartic in the coefficients a, b, c, d, e, f, g and invariant under E; (C). The unique possibility
is the Cartan invariant I4, and so the 3-tangle is given by

7(ABCDEFG) = 4|l4). (8.18)
If the wave-function (8.17) is normalised, then 0 < 7 (ABCDEFG) < 1.

8.3. Octonions and the Fano plane

An alternative and very useful picture of the state |¥) is provided by the Fano plane, as shown in Fig. 12. The Fano plane
corresponds to the multiplication table of the imaginary octonions, which we now briefly discuss.

The algebra of octonions O (with product denoted by juxtaposition) possesses numerous interesting properties, some of
which are notable absences of familiar properties. The reader is referred to [163] for extensive details including historical
notes. Some interesting physical applications may be found in [164-173]. We note that the octonions also make their
appearance in a QI context in [174,175], but their work seems unrelated to ours.

Typical octonions a, b, ¢ € O are:

e 8-tuples of real numbers: a, b, c € R so that they form an 8-dimensional vector space, with basis elements ey, . . ., e;.
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Fig. 12. The Fano plane is a projective plane with seven points and seven lines (the circle counts as a line). We may associate it with the state (8.17) by
interpreting the points as the seven qubits A-G and the lines as the seven tripartite entanglements. This is consistent as there are three points on every
line and three lines through every point. If the plane is oriented like ours, one may use the directed lines to read off the multiplication table of imaginary
octonions (Table 9).

e non-real: a # a*, like the complexes. The conjugate o* : O — O trivially extends the conjugate for R, C, and H so that
basis element e, is mapped to 1,,,e, (with n = diag(1, —17)). Under the familiar partition . = (0, i), scalar multiples
of ey are real octonions, and scalar multiples of e; are imaginary octonions.

e non-commutative: ab # ba, like the quaternions.

e non-associative: a(bc) # (ab)c, a new property not present in R, C, or H.

e alternative — meaning that the subalgebra generated by any two elements is associative, or equivalently, the associator
[e,0,0]: 0> — O, (a, b, c) = a(bc) — (ab)c is alternating: [a;, a3, a3] = (=) [ax 1y, ar2), @zl Withw € S3.

e a division algebra, so that when a product of octonions is zero one of the multiplied octonions must have been zero:
ab =0 = a = 0 A b = 0. They share this property with R, C, H, and no other algebras.

e normed: |ab| = |a||b|, which implies the division algebra property. Like the conjugate, the norm | e | : O — Ris also a
trivial extension of the norm for the other division algebras: a — a*a.

Clearly the octonions are closely related to the other division algebras, and indeed octonionic multiplication can be
defined in terms of multiplication in these algebras, just as H can be defined in terms of C, which can in turn be defined
through R. In this context it is instructive to classify R, C, H, and O as x-algebras. Such algebras are characterised by the
possession of a real-linear conjugation map that is involutive ((a*)* = a) and an anti-automorphism ((ab)* = b*a*).

If we denote the imaginary octonions by e; where i = 1, 2, 3, 4, 5, 6, 7, the structure constants Cy, are defined by

eiej = —0; + Cijkex. (8.19)
We now establish some useful identities. First

ComkCakn + CamkCokn = SpmBgn + Spndgm — 28pqSmn. (8.20)
Following [176] we define the “Jacobian” Cjjy

lei, [ej, ex]] + [ex, [ei, ej1] + [e), [ex, €i]] = 4(CikmCimn + CijmCrmn + CrimCimn)en

= 3Gjuer, (8.21)
where Cjj satisfies
1
Cijl = Eé?ykzmnpcmnp, (8.22)
and
Cijt = —CijCrnkt — SitSjc + Sikdj1. (8.23)

That the Fano plane corresponds to the multiplication table of the imaginary octonions may be seen in Table 9. The
Fano plane multiplication, may be represented numerically as an 8 x 8 array as in Table 23. The non-vanishing independent
components of the octonionic structure constants Cy, and their duals Cjpp, are then given in Table 10.

Note that in the Fano plane there are seven lines a, b, c,d, e, f, g, and seven vertices A, B, C, D, E, F, G. Each line
passes through three vertices, and three lines meet at a vertex. This means one can define a dual Fano Plane with lines
A,B,C,D,E,F,G, and vertices a, b, c, d, e, f, g. See Fig. 13. Another way to understand the appearance of the dual Fano



156 L. Borsten et al. / Physics Reports 471 (2009) 113-219

Table 9
Following the oriented lines of Fig. 12 allows one to construct the Fano multiplication table, by identifying the qubits with the imaginary basis octonions.
The minus signs arise when the Fano lines are followed counter to their orientation.

A B C D E F G
A D G —B F —E —C
B —-D E A —C G —F
C —G —E F B -D A
D B —A —F G C —E
E —F C —B —G A D
F E —G D —C —A B
G C F —A E —-D —B
Table 10

From Table 9 one can read off which components of the Fano structure constants Cy, are nonzero. Using (8.22) one then obtains the associator coefficients
Clmno-

i

N U A WN =
N U A WN
WN =N U A=
N= N U W

ALWN_NO W3
R WN=RND |3
DU A WN =N |o

Fig. 13. Like the Fano plane of Fig. 12 the dual Fano plane has seven points and seven lines, but this time the plane is associated with the dual state (8.24)
interpreting the points as the seven tripartite entanglements and the lines as the seven qubits. The construction of the dual plane is expedited by Table 11.
The orientation of our plane provides another multiplication table for imaginary octonions (Table 12).

Table 11
The seven terms in decomposition (8.15) may be written in a grid such that Fano lines and vertices are rows and columns. This permits easy identification
of the dual lines and vertices, which are simply given by columns and rows.

A B C D E F G
a 2 2 1 2 1 1 1
b 1 2 2 1 2 1 1
c 1 1 2 2 1 2 1
d 1 1 1 2 2 1 2
e 2 1 1 1 2 2 1
f 1 2 1 1 1 2 2
g 2 1 2 1 1 1 2

plane is to recognise the seven rows in (8.15) as the lines of the Fano plane and the seven columns as vertices as in Table 11.
The dual Fano plane corresponds to the transpose of this matrix and leads to a dual state

|lP)55 = Aaeglaeg>
+ Byyq| bfa)
+ Cegpcgb)
~+ Dyqc|dac) (8.24)
+ Eepqlebd)
+ che |fC€>
+ Ggarlgdf ).
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Table 12
In direct analogy with Fig. 12, Table 9, the oriented dual Fano plane of Fig. 13 is used to write an octonionic multiplication table.

a b c d e f g
a f d —C g —b —e
b —f g e —d a —c
c —d —£ a f = b
d c —e —a b g —f
e -8 d - —b ¢ g
f b —a e —& —C d
g e c —b f —a —d
Table 13
Dual Fano structure constants cj and Cjmy, are obtained from Table 12 in the same manner that Table 10 is obtained from Table 9.
i j k 1 m n 0
1 2 6 3 4 5 7
2 3 7 4 5 6 1
3 4 1 5 6 7 2
4 5 2 6 7 1 3
5 6 3 7 1 2 4
6 7 4 1 2 3 5
7 1 5 2 3 4 6

The dual Fano plane corresponds to the multiplication table of the imaginary octonions given in Table 12 and may be
represented numerically as an 8 x 8 array as in Table 24. The non-vanishing independent components of the octonionic

structure constants c;j and their duals ¢jmy,, are then given by Table 13.

8.4. Decomposition of I4

To understand better the entanglement we note that, as a result of (8.15), Cartan’s invariant contains not one Cayley
hyperdeterminant but seven. It may be written as the sum of seven terms each of which is invariant under [SL(2)]? plus
cross terms. To see this, denote a 2 in one of the seven entries in (8.15) by A, B, C, D, E, F, G. So we may rewrite (8.15)

as
56 = (ABD) + (BCE) + (CDF) + (DEG) + (EFA) 4 (FGB) + (GAC),
or symbolically
56 =a+b+c+d+e+f+g.
Then I, is the singlet in 56 x 56 x 56 x 56:
I4=a4+b4+c4+d4+e4+f4+g4
42 [a2b2 + 2 + PP + d?e? + PF? + d’g?
+ b2C2 + b2d2 + bzez + b2f2 + b2g2
+ P + c2e? + U 4 2g?
4 d2e2 4 d2f2 4 ngZ
+ 2f? 4 e2g?
+ f?¢*]
+8 [abce + bcdf + cdeg + defa + efgb + fgac + gabd],
where products like
a* = (ABD)(ABD)(ABD)(ABD)

1
— 78A1A2 831328D1D48A3A4833B48D2D3

X 0A,B D1 AA;ByD, AA3B3D3AA4B4Dy »
exclude four individuals (here Charlie, Emma, Fred, and George), products like
a*b* = (ABD)(ABD)(BCE)(BCE)

1
— _gMA2 gB1B3 oD1D; (BaBy C5Cy E3Ey

X aA181D1aAszD2b83C3EgbB4C4E47

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)



158 L. Borsten et al. / Physics Reports 471 (2009) 113-219

Table 14
The aeg quaternionic multiplication table is obtained by selecting the aeg quaternionic cycle from Table 12.
a e g
a g —e
e -g a
e —a

exclude two individuals (here Fred and George), and products like

abce = (ABD)(BCE)(CDF)(EFA)

1
— _gMAagB1By (G5 (D1D3 ErEg oF3Fy

X Aa,B,D; DBy CyEy C3D3F3 €E4FaAy » (8.30)

exclude one individual (here George). These results may be verified using the dictionary betweena, b, c, d, e, f, g and the x
and y discussed in the next section. Note that a* is just minus Cayley’s hyperdeterminant.

8.5. Subsectors

Having understood the analogy between & = 8 black holes and the tripartite entanglement of seven qubits using E;(7),
we may now find the analogy in the & = 4 case using SL(2) x SO(6, 6) and the & = 2 case using SL(2) x SO(2, 2).

First we recall the decomposition (8.10) of the fundamental 56-dimensional representation of E7(7) under its maximal
subgroup. The & = 4 subsector consists of just the 24 states belonging to the (2, 12)

|¥) = aapp|ABD) + egra|EFA) + gcac|GAC). (8.31)

So only Alice talks to all the others. This is described by just those three lines passing through A in the Fano plane or the aeg
line in the dual Fano plane. Then the equation analogous to (8.25) is

(2,12) = (ABD) + (EFA) + (GAC) = a+e + g, (8.32)
and the corresponding quartic invariant, I4, reduces to the singlet in (2, 12) x (2, 12) x (2, 12) x (2, 12)

Iy ~ a* + e* + g% + 2[e?g? + g%a® + a*e?]. (8.33)
If we identify the 24 numbers (axgp, €gra, €cac) With (P*, Q,) with u,v = 0,...,11 in a way analogous to (4.38) this
becomes the SL(2) x SO(6, 6) invariant [19,158,159]

ls=P?Q* - (P- Q). (8.34)
So

s = lueg = det(y (@) + y*(8) + v (€)). (8.35)

This reduction from & = 8 to & = 4 corresponds to a reduction from the imaginary octonions of Table 12 to the imaginary
quaternions of Table 14. This suggest that I, of (8.34) may be written as Cayley’s hyperdeterminant over the imaginary
quaternions, and this is indeed the case, as shown in Section 11.2. From a stringy point of view, this subsector describes just
the NS-NS charges.

A different subsector which excludes Alice is obtained by keeping just the (1, 32) in (8.10), This is described by just those
four lines not passing through A in the Fano plane or the bcdf quadrangle in the dual Fano plane. From a stringy point of
view, this subsector describes just the R-R charges.

(1, 32) = (BCE) + (CDF) + (DEG) + (FGB) =b+c+d+f, (8.36)
and the corresponding quartic invariant, I4, reduces to the singlet in (1, 32) x (1, 32) x (1, 32) x (1, 32)
Iy ~ b* 4 c* + d* + f* + 2[b*c? + c*d® + d*e? + d*f? + c*f% + f2b?] + 8bcdf . (8.37)
This is does not correspond to any &' = 4 black hole but rather to an & = 8 black hole with only the R-R charges switched
on.
For & = 2, as may be seen from (8.11), we only have the [SL(2)]? subgroup of the STU model where there are only 8
states

|¥) = aapplABD). (8.38)

This is described by just the ABD line in the Fano plane or the a vertex in the dual Fano plane. This is simply the usual tripartite
entanglement, for which

(2,2,2) = (ABD) = q, (8.39)
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and the corresponding quartic invariant

Iy ~a, (8.40)
is just Cayley’s hyperdeterminant
I; = —Deta. (8.41)

8.6. E7 as an O-graded algebra

As we have seen, the seven qubit interpretation relies on the decomposition of the 56 under E;;y D [SL(2)]” and the
Fano plane [6,7]. Independently, similar observations were being made in pure mathematics, namely the remarkable fact
that E; has a natural structure of an O-graded algebra, compatible with its action on the minimal 56-dimensional represen-
tation [28,29].

Consider the points

i€{1,2,3,4,56,7}, (8.42)
and lines
| € {124, 235, 346, 457, 561, 672, 713} (8.43)

of the Fano plane and attach to each line a two-dimensional vector space A;. Then we may describe the algebra of E; and the
56 as

e7 = X sl(A)ep @ @ |:®A1:| e,

1<i<7 | idl (8.44)
56 = @ |:®A[:| €;.
1<i<7 iel
Alternatively, consider the complementary quadrangles of the Fano plane
I € {3457, 4561, 5672, 6713, 7124, 1235, 2346}, (8.45)
then
7= x_,slA) ® P A®A QA RA. (8.46)

(ijkl)el

The same formulae hold good if we go to the dual Fano plane by swapping the roles of points and lines.

Note that there is a quaternionic analogue of this construction where, instead of the Fano plane, we consider just three
of its lines. This describes the & = 4 subsector discussed above.

We shall return to (8.46) in Section 10.2.1.

In fact, a similar construction applies to the algebra of Eg [28]:

e = x_osl(A) & (P A®A®A®A, (8.47)
(ijklyel
where I now runs over the 14 quadruples
I € {3457, 4561, 5672, 6713, 7124, 1235, 2346, 0124, 0235, 0346, 0457, 0561, 0672, 0713}, (8.48)

or their duals appearing in Table 22.

There is a difference, however, since the fundamental 248 of Eg is also the adjoint. So the 224-dimensional Hilbert space
describing the 4-way entanglement of 8-qubits does not transform as a linear representation of Eg but rather as a nonlinear
realisation, namely as the coset Eg/[SL(2)]®. Lacking at the moment a good application of this coset construction within
quantum information theory, we relegate it to Appendix B.

8.7. (lassification of & = 8 black holes and seven-qubit states

In the & = 8 theory, “large” and “small” black holes are classified by the sign of I5:

Is >0, (8.49a)
I =0, (8.49b)
Is <O. (8.49¢)

Once again, non-zero I, corresponds to large black holes, which are BPS for I, > 0 and non-BPS for I; < 0, and vanishing I,
corresponds to small black holes. However, in contrast to & = 2, case (8.49a) requires that only 1/8 of the supersymmetry
is preserved, while we may have 1/8, 1/4 or 1/2 for case (8.49b).
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Table 15
Classification of D = 4, & = 2STU black holes, see Section 6.1. The values of I, and the eigenvalues s; distinguish the different charge orbits. Here, small
black holes have a vanishing horizon.

Orbit Sq Sy S3 Sy Iy Black hole SUSY
[SL(2)1?/([S0(1, 1)]? x R?) >0 0 0 0 0 Small 1/2
[SL(2)1?/(0(2, 1) x R) >0 >0 0 0 0 Small 1/2
[SL(2)]/R? >0 >0 >0 0 0 Small 1/2
[SL2)PP/[U(1)]? >0 >0 >0 >0 >0 Large 1/2
[SL2)P/[U(1)]? >0 >0 >0 <0 <0 Large 0(Z=0)
[SL(2)1?/[S0(1, 1)]? >0 >0 >0 <0 <0 Large 0(Z #0)
Table 16

Classification of D = 4, N = 8 black holes. The distinct charge orbits are determined by the number of non-vanishing eigenvalues and I, as well as the
number of preserved supersymmetries.

Orbit Sq Sz S3 S4 Iy Black hole SUSY
E77)/(Ese) x R*) >0 0 0 0 0 Small 1/2
E7(7,/(0(5, 6) x R*? x R) >0 >0 0 0 0 Small 1/4
E77y/ (Fagay x R?®) >0 >0 >0 0 0 Small 1/8
E7(7)/E5(2) >0 >0 >0 >0 >0 Large 1/8
E7(7)/E6(2) >0 >0 >0 <0 <0 Large 0
E77)/Es(6) >0 >0 >0 <0 <0 Large 0

The large black hole solutions can be found [177] by solving the & = 8 classical attractor equations [128] when at the
attractor value the Z43 matrix, in normal form, becomes

Ze 0 0 O
0 0 0 O
0 0 0 O
for positive I, and
e 0 0 O
i 0 ¢ 0O
__ Lim/4
Zpp =€ |Z| 00 ¢ O (851)
0 0 0 ¢

for negative ;. These matrices exhibit the maximal compact symmetries SU(6) x SU(2) and USp(8) for the positive and
negative Iy, respectively.

If the phase in (8.7) vanishes (which is the case if the configuration preserves at least 1/4 supersymmetry [157]), I5 of
(8.7) becomes

Iy = 51528354, (852)
where s; are given by the p; of (8.7)

S1=p1+ p2+ p3+ pa,

S2 = p1+ P2 — P3— P4,

S3=p1— P2+ P3 — P4,
S4 = p1— P2 — p3+ P4,

(8.53)

and we order the s; so that s; > s, > s3 > |s4]. The charge orbits [30,157,178] for the black holes depend on the number of
unbroken supersymmetries or the number of vanishing eigenvalues as in Table 16.

For & = 8, as for &/ = 2, the large black holes correspond to the two classes of GHZ-type (entangled) states and small
black holes to the separable or W class. As we shall describe in Section 10.2.2, one way of obtaining such states is to go the
canonical basis (10.19) where the Cartan invariant reduces to Cayley’s hyperdeterminant. Then the A-B-C, A-BC, W and
GHZ states are just those of the STU model whose black hole interpretation was given already in Section 7.3. The result is
shown in Table 16. Note, however, that by embedding the STU model in the & = 8 theory, we obtain finer supersymmetry
and charge orbit correspondences than those of the & = 2 STU theory of Table 15. The orbits for the large & = 2 black
holes were previously found in [30,150]; those of the small black holes are new. The corresponding SLOCC orbits may be
found in [17].

Alternatively, having succeeded in writing the Cartan invariant in terms of a, b, c, d, e, f, g in (8.27) we can now look for
maximally entangled states in the & = 4 subsector and the full &/ = 8 theory. Let us first recall the normalised GHZ state
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in the & = 2 subsector
1
V2

It is obviously entangled since if Alice measures 0, Bob and Charlie must also measure 0. This is confirmed by calculating the
3-tangle

|¥) (1111) + 10003). (8.54)

1 _ 2(agas — ax04) Gpa7; — G205 + A10g — A304
Y (Cl) - ((10(17 — (05 + A10 — A304 2((11(17 — (13(15) ’ (855)
and
1
o = a7 = E, (8.56)
so
1
1 0 3
yiao=|, 2 (8.57)
- 0
2
Moreover it is maximally entangled since
T =4|dety,| = 1. (8.58)
Now consider the & = 4 subsector state with
1
ao=a7=eo=e7=go=g7=f6, (8.59)
0 ! + =+
v'o+v’@+ve=(; 4 1 & & 6], (8.60)
-+ -4+ = 0
6 + 6 + 6
T =4|det (y (@) +y* @ + ¥’ (@) =1, (8.61)
also. Going to the full & = 8 sector, consider
G=a;,=by=b;=c=c=d=dy=ep=es=fo=fr=80=8=— (8.62)

14

we find 7 non-vanishing contributions of the a* type, and 21 of the a?b? type while the abce type terms all vanish. Hence
T = 1 once more. Another example involving the abce terms is to keep

1
a; =01 =0y =04 = E, (863)
and similarly for b, c, d, e, f, g when we again find r = 1. The choice
1
a; =81 = b] = d] = 5 (864)

involves only the aghd term and also yields t = 1.

8.8. Seven qutrit interpretation

We note that the 56-dimensional Hilbert space given in Eq. (8.17) is not a subspace of the usual 27-dimensional seven-
qubit Hilbert space given by (2, 2, 2, 2, 2, 2, 2), but rather a direct sum of seven 23-dimensional three-qubit Hilbert spaces
2,2,2):

N o= N == =N
-N.—l:d—lNN
N==m=NN =
—\-A—nNN—lN
;—l;—LNNi—IN;—L
=INN =N - -
NN et N ok ek
N N N N N N N

(8.65)

+++ 4+
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This raises an ambiguity about the terminology tripartite entanglement of seven qubits. The state corresponding to the usual
27-dimensional seven-qubit Hilbert space (2, 2, 2, 2, 2, 2, 2) is

|¥') = aapcperc|ABCDEFG), (8.66)
and one meaning of tripartite entanglement, ABD say, would be that given by the reduced density matrix

pasp = Treerg W) (V). (8.67)
So it is important to note that this is clearly different from the meaning we have adopted for seven qubits elsewhere in this
Report.

The doublets in (8.65) are interpreted as qubits, but what about the singlets? A natural explanation for the origin of the
singlets is to embed each two-valued qubit in a three-valued qutrit and note that under

SL(3) — SL(2) (8.68)
we have

35241, (8.69)
The seven qutrit system (Alice, Bob, Charlie, Daisy, Emma, Fred and George) is described by the state

W) = azaepiic | ABCDEFG), (8.70)

SL(3)4 x SL(3)p x SL(3)c X SL(3)p x SL(3)g x SL(3)r x SL(3)¢. Under
SL(3)a x SL(3)p x SL(3)¢ x SL(3)p x SL(3)g x SL(3)r x SL(3)¢

D SL(2)4 x SL(2)g X SL(2)c x SL(2)p X SL(2)r x SL(2)r x SL(2)c, (8.71)
we have
3,3,3,3,3,3,3) > 1 termlike (2,2,2,2,2,2,2)
+ 7 terms like (2,2,2,2,2,2,1)
+ 21 terms like (2,2,2,2,2,1,1)
+ 35 terms like (2,2,2,2,1,1,1) (8.72)
+ 35 terms like (2,2,2,1,1,1, 1) )
+ 21terms like (2,2,1,1,1,1, 1)
+7 termslike (2,1,1,1,1,1,1)
+1 termlike (1,1,1,1,1,1,1),
which contains (8.65) as a subspace. Denoting doublets by A = 0, 1 and singlets by e, we have

|[¥)s56 = aBeDees |ABO® Do 0o )
+chCoEoo | eBCeEeoe )
+ CeeCDeFe | ee(CDeFoe )
+ d...DE.G | eeeDEeG ) (873)
+ Checetre |A® @ @ EF @)
+foBo.oFG |.B. ..FG>
+ngC.ooG |A.C oo .G>7
which we abbreviate by Eq. (8.17). So the Fano plane entanglement we have described fits within conventional quantum
information theory, but we have discovered a hidden E; symmetry of this special 56-dimensional subspace.
In the notation A = 0, 1, 2 the 56 states are

|0020222) [0021222) [0120222) [0121222) [1020222) |[1021222) [1120222) [1121222)
|2002022) [2002122) [2012022) [2012122) [2102022) [2102122) [2112022) [2112122)
|2200202) [2200212) [2201202) [2201212) [2210202) [2210212) [2211202) [2211212)
2220020) [2220021) [2220120) [2220121) [2221020) |[2221021) [2221120) [2221121) (8.74)
|0222002) [0222012) [0222102) [0222112) [1222002) |[1222012) [1222102) [1222112)
|2022200) [2022201) [2022210) [2022211) [2122200) [2122201) [2122210) [2122211)

10202220) |0202221) ]0212220) [0212221) [1202220) [1202221) [1212220) |1212221).
To get a flavour of the qutrit entanglement, we restrict to generalisations of |000) + |111) GHZ states and get

|0020222) [1121222)

12002022) [2112122)
2200202) [2211212)
2220020) [2221121) (8.75)
10222002) [1222112)
12022200)  [2122211)

[0202220) |1212221).
Suitably normalised, this generalised GHZ state yields Cartan 7 = 1 and is maximally entangled.
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Table 17
The possible sequential results of measurement on the seven qubits starting from the 56 states of (8.74).
A B C D E F G
0 0 2 0 2 2 2
2 0 2 2 2 0
2 2 0 0 2
1 1 2 1 2 2 2
2 1 2 2 2 1
2 2 1 1 2
2 0 0 2 0 2 2
2 2 2 0 0
1 1 2 1 2 2
1 2 1 2 2
2 0 0 2 0 2
1 1 2 1 2
2 0 0 2 0
1 1 2 1
Suppose Alice measures 0:
|0020222)
10222002) (8.76)
10202220),
(which incidentally reduces to the a, e, g subsector) then Bob can measure 0:
10020222), (8.77)
in which case Charlie, Daisy, Emma, Fred and George can only measure 2, 0, 2, 2, 2, respectively or Bob can measure 2
10222002)
10202220), (8.78)
then Charlie can measure 0:
10202220), (8.79)
or2:
10222002), (8.80)

and so on. We may tabulate the various possibilities as in Table 17.
9. Black holes and the Freudenthal triple system

For the & = 8 black hole entropy interpretation, we considered I, in a form exhibiting manifest SO(8) symmetry, the 56
charges lying in what we refer to as the Cartan basis, that is, the pair of 8 x 8 antisymmetric matrices, x/ and yy. For the QI
interpretation, we also considered I4 as a quartic polynomial in the 56 coefficients specifying the special seven-qubit state
(8.17) with manifest [SL(2)]” symmetry. We shall refer to this representation as the Fano basis. There is actually a third possi-
ble representation of the 56 charges, the Freudenthal triple system (FTS) [179,180,165,181,182], which we investigate now.

It is well known that the FTS may be used as a representation of the black hole charge vector space of &/ = 8 supergravity
in D = 4 [30]. Indeed, for &/ = 8 supergravity in D = 5 there is a one-to-one correspondence between the black hole
charge vector space and the cubic Jordan algebra of 3 x 3 hermitian matrices defined over the split octonions, which forms a
representation of the fundamental 27 of Eg g, the U-duality group in this case. Reducing down to D = 4 the black hole charge
vector space is given by the FTS defined over the D = 5 Jordan algebra which forms a representation of the fundamental 56
of E7¢7). We shall refer to this representation as the Freudenthal basis, which will facilitate a better understanding of the E; (7,
invariant entanglement and its relationship with the black hole charges and entropy.

Interestingly, the &/ = 2 STU model may also be considered from this point of view, giving a different picture of the
results already presented, on both the black hole and QI sides of the equation [17].

The Jordan algebra approach presents a possible alternative interpretation of the black hole/qutrit correspondence in
D = 5, considered in Section 13, allowing one to extend the analogy to D = 6. This alternative is inspired by the observation
that the &/ = 2 “Magic” supergravity models are themselves intimately related to division algebras, Jordan algebras
and the FTS [183-185,157,30]. However, let us postpone these considerations for the moment (we will return to them in
Sections 10.3 and 13.3) while we introduce the necessary material and make some observations concerning the properties
of the black hole entropy and qubit entanglement from this FTS perspective.

9.1. Composition algebras

The Jordan algebras of particular importance to supergravity are, for the most part, conveniently described in terms of
Hermitian matrices defined over certain composition algebras. An algebra A, which need not be associative, defined over a
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ground field F, is said to be composition if it comes equipped with a non-degenerate quadratic norm, n : A — T, satisfying,
n(yx) = nxn(y) Vx,y €A, (9.1)

All such algebras are alternative, X’y = x(xy) and (xy)x = x(yx) for all x, y € A [186]. Note, the associator, defined as
[x,y,z] = (xy)z — x(yz) in direct analogy with the commutator, is an alternating function of its arguments precisely when
A is alternative.

An algebra is said to be division if it contains no zero divisors, that is,

x¥=0=>x=0 or y=0. (9.2)

This condition holds for any composition algebra with positive definite norm, in which case it is referred to as a nicely
normed division algebra. The only four possible nicely normed division algebras are R, C, H and O, a celebrated result due
to Hurwitz [187,165], cf. Section 8.3. The norm in each of these cases is given by n(x) = xx, where the involution x — X
is just given by complex conjugation. We shall also be concerned with their split cousins, C*, H* and Q°, which have a split
signature norm. Consequently, the norm is not positive definite and, while still composition, it is no longer division.

9.2. Jordan algebras

Jordan algebras were originally introduced in [188] as a possible generalisation of the orthodox formulation of quantum
mechanics in the hope of addressing certain difficulties in fundamental physics, particularly in the relativistic regime. We
will come to the Jordan formulation of quantum mechanics in Section 13.3.2. However, they are interesting objects in their
own right and an expansive literature on the subject has developed over the years. See [189,190] for a comprehensive
account. Their intimate relationship with the exceptional Lie groups is of central importance in their applications to string
theory and supergravity.

A vector space, defined over a ground field F, equipped with a bilinear product satisfying,

Xoy=yox; xX*o(xoy)=xo0(x*o0y) VX, y€7J, (9.3)

is a Jordan algebra J. An obvious example is given by the set of real matrices with Jordan product defined as xoy = %(xy +yx).
More generally, this definition of the Jordan product may be used to construct a Jordan algebra starting from any associative
algebra.

Any algebra is said to be formally real if,

X¥+y +22... . =0=x=y=z=---=0. (94)

Assuming that a given Jordan algebra is formally real it can be shown that the Jordan identity (9.3) is equivalent to power
associativity [179],

X" o x" = xmtm (9.5)

This is significant when considering the application of Jordan algebras to quantum mechanics providing some physical
motivation for the Jordan identity as will be discussed in Section 13.3.2.

The full classification of all formally real Jordan algebras was completed in [179]. There are four infinite sequences of
simple Jordan algebras and one exceptional case. (A Jordan algebra is simple if it contains no proper ideals. All Jordan algebras
may be decomposed into a direct sum of simple Jordan algebras.) Three of the infinite sequences are given by the sets ],‘} of
n x n Hermitian matrices defined over the three associative division algebras, A = R, C or H. The Jordan product in these
cases is simply givenby x oy = %(xy + yx), where xy denotes conventional matrix multiplication. The fourth is given by
R & Q,, where Q, is a n-dimensional real vector space. The one exceptional simple Jordan algebra is given by]?, the set of
3 x 3 Hermitian matrices defined over the octonions.

However, we will generally be concerned with the larger class of cubic Jordan algebras which need not be formally real.
For example, ];O)S, the set of 3 x 3 Hermitian matrices defined over the split octonions, is not formally real but none the less
underpins & = 8 supergravity.

9.3. The Freudenthal-Springer-Tits construction of cubic Jordan algebras

In [191,181] it was shown how to construct a cubic Jordan algebra from any vector space equipped with a cubic form
satisfying certain conditions described below. We sketch this construction here, following closely the conventions of [ 182].

Let V be a vector space, defined over a ground field F, equipped with both a cubic norm, N : V — F, satisfying
N(x) = A3N(x), VA € F,x € V, and a base point ¢ € V such that N(c) = 1.If N(x,y, z), referred to as the full
linearisation of N, defined by

N, y,2) = %(N(X+y+2) —Nx+y) —N(x+2z) =Ny +2)+Nx +N(y) +N(2) (9.6)
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is trilinear then one may define the following four maps,
1. The trace,

Tr:V — T, Tr(x) = 3N(c, c, Xx), (9.7a)
2. A quadratic map,

S:V—>TF, S(x) =3N(x,x,¢), (9.7b)
3. A bilinear map,

S:VxV—>T, S(x,y) =6N(,y,c), (9.7¢)
4. A trace bilinear form,

Tr:VxV — T, Tr(x,y) = Tr(x) Tr(y) — S(x, y). (9.7d)
N is said to be Jordan cubic if,

1. The trace bilinear form (9.7d) is non-degenerate.
2. The quadratic adjoint map, #: J — J, uniquely defined by Tr(x*, y) = 3N(x, x, ), satisfies

*xH* =N@xx, Vxej. (9.8)

A cubic Jordan algebra with multiplicative identity 1 = ¢ may be derived from any such vector space with a Jordan cubic
form by defining the Jordan product,

1
Xoy= E(X xy+Trx)y + Tr(y)x — S(x, y)1), (9.9)
where, x x y is the linearisation of the quadratic adjoint,
xxy=@x+y*—x*—y* (9.10)

There are three groups, of particular importance, related to cubic Jordan algebras. The set of automorphisms, Aut(J), is
composed of all linear transformations on J that preserve the Jordan product,

Xoy=z=—g(x)ogy) =g(z), Vg eAut(3). (9.11)
The Lie algebra of Aut(J) is given by the set of derivations, Der(J), that is, all linear maps D : J — J satisfying the Leibniz
rule,

D(xoy) =D(x) oy +xo0D(y). (9.12)

The structure group, Str(J), is composed of all linear bijections on J that leave the cubic norm N invariant up to a fixed scalar
factor,

N(g(x)) = AN(x), Vg € Str(J). (9.13)

Finally, the reduced structure group Stro (J) leaves the cubic norm invariant and therefore consists of those elements in Str(J)
for which A = 1[192]. The U-duality group of any D = 5 supergravity with charge representation J is given by Stro (J) [183].
Further, the scalar fields of these theories parameterise the symmetric coset spaces Stro(J)/ Aut(J) and the U-duality charge
vector orbits are given by Stry(J)/H, where H is some subgroup of Aut(J) [30].

The usual concept of matrix rank may be generalised to cubic Jordan algebras and is invariant under both Str(3) and
Stro(J) [193,182]. Explicitly, for any element x € J we have,

Rankx =3 iff N(x) # 0,
Rankx =2 iff N(x) =0 and x* # 0,

Rankx =1 iff x* =0 and x#0,
Rankx =0 iff x=0.

(9.14)

Note, when using the alternative interpretation described in Section 13.3, these classifications correspond directly to the
different classes of entanglement of two qutrits under SLOCC, as shown in Table 3, since one may consider the reduced
density matrices, ps and pg, as element of ]gc.
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9.4. D = 5 black strings/holes and Jordan algebras

The elements of the cubic Jordan algebras ]? of degree three are 3 x 3 hermitian real A matrices:

pl P P ‘
Js@)=|P, p* P.|, wherepeR and P, €A, (9.15)
P, P. p’

where A is one of the normed division algebras, R, C, H, O or the split composition algebras, C*, H*, O°. For two elements
XandY in]é* the Jordan product is givenby X o Y = %(XY + YX), where XY is just the conventional matrix product. The
bilinear trace form and quadratic adjoint are given respectively by,

Tr(X,Y) = Tr(X o Y), (9.16)

and
# 2 1 2 2
X" =X"—tr(X)X + 5[(trX) — tr(X“)]1. (9.17)
The cubic norm N (J5(P)) is given by the appropriate generalisation of the standard matrix determinant,

N = p'p’p® — (p'PPs + p*PcP + p°P,P,) + PsPcP, + PsPcP, = I3(P), (9.18)

which just reduces to the conventional determinant definition when A = R, C.

The elements J3(P) € ]? transform as the (3dim A 4 3) dimensional representation of the norm preserving group,
Stro(jﬁ) = SL(3,A).For A = R,C,H, O (dimA = 1,2,4,8, respectively)]? transforms as the 6, 9, 15, 27 of SL(3, R),
SL(3, C), SU*(6), Eg(—26), respectively. These are the symmetries of the magic & = 2, D = 5 supergravities [185,183,184]
and the magnetic black string charges fall into the corresponding representations. The octonionic case corresponds to the
decomposition

EG(—ZS) D S0(8), (9.19)
under which

27 —>1+1+1+85+8.+8,, (9.20)
where p', p?, p? are the singlets and P, P., P, are the 8, 8, 8,. The octonions may be written

P* =P? + Pje; + Ple; + Ples + Pjes + Ples + Poes + Pl e, (9.21)
with norm

—; 2 2 2 2 2 2 2 2
PP = PO 4 PI* 4 P2" 4 P34 P¥ 4 P2 4 PO 4 PT7. (9.22)

The & = 8 case then also follows [30] by using the split octonions injﬁ‘\ in which case Stry (/;05) = Eg(), the & = 8 U-duality
group. The split octonions have norm

PP =p¥ 4 p1? 4 p?? 4 p3* _pi® _ps® _ps® _p7?, (9.23)
There we have

Ese) D S04, 4), (9.24)
under which

27 > 1+1+1+8+8.+8,. (9.25)

In all cases the black string entropy is

s = n/|I(P)], (9.26)

where I3(P) is the cubic invariant N (J3(P)) as given in (9.18).
For the electric black holes, we have the conjugate Jordan matrix

gl Qu as
EQ=(Q @ Q. (9.27)
Qi Qc qs

and the entropy is

S=nyI@Q) (9.28)
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Table 18

Orbit representatives of (D = 5, & = 8), see Table 33 for details. Each orbit is specified by a Jordan algebra element of a given rank.

Rank Rep Orbit

0 diag(0, 0, 0) {0}

1 diag(1, 0, 0) Es)/(0(5, 5) x R1®)
2 diag(1, 1, 0) Ee6)/(0(5, 4) x R'6)
3 diag(1, 1, k) Es6)/Faa)

9.4.1. U-duality orbits and Jordan algebras

Any element J5(P) € ]ﬁ}, for A = R, C, H, O, may be diagonalised using a Aut(]f) transformation. In the exceptional
octonionic case this corresponds to a F4 transformation, as was shown explicitly in [194]. When A = C this operation is
related to the Schmidt decomposition of a two-qutrit system. For a detailed discussion of the D = 5 magic supergravity
charge orbits see [30]. For the /¥ = 8 case Eg(g, acts transitively on the classes of elements of rank 1 or 2 (9.14), the small
black holes. For large black holes, those with non-vanishing entropy corresponding to rank 4 elements of ]?S, Es) acts
transitively on elements of a given entropy (cubic norm) I3 [193,182]. Any element J3(P) € jfjs may be diagonalised using a
Fa4) transformation [194] and the representative elements of each of the orbits [30] may be chosen as in Table 18 (where
k = I3 # 0). These will appear as the charge orbits of Table 33 in the conventional black hole/qutrit correspondence. When
making the alternative two-qutrit comparison of Section 13.3, the rank corresponds to the Schmidt number of the reduced
density matrix [102].

In the quantum theory the black hole charges become integer valued and, consequently, the relevant space is the set

of 3 x 3 Hermitian matrices defined over the integral split octonions J, N . The U-duality is broken to Eg)(Z), the norm
preserving group in the integral case. It was suggested in [195] that any charge vector, with non-vanishing cubic norm, in
the integral theory could be brought in to the standard form originally used in [43]. This amounts to the diagonalisability

of 3 x 3 Hermitian matrices defined over the integral split octonions. It was shown in [196] that an arbitrary J3(P) in ]S Zis
equivalent, under Eg)(Z), to an element of the form,
J3(P) = diag(p'. p*.p*). p'=0€z, (9.29)

where p'|p@™1 and all zeros on the diagonal appear in the lower right corner. Interestingly, unlike the continuous case, valid
in the low energy effective field theory approximation, Eg)(Z) acts transitively on elements of cubic norm n if and only if n
is squarefree [ 182]. Otherwise said, there exist distinct black hole configurations with the same entropy that are not related
by the discrete U-duality group.

9.5. The Freudenthal triple system

Dimensionally reducing from five to four dimensions the black hole charge configurations of &' = 8 supergravity may be
represented using the FTS, originally introduced in [180], defined over the corresponding D = 5 Jordan algebra. Following
the conventions of [ 192,182], a FTS may always be constructed from a cubic Jordan algebra J as follows. Given a cubic Jordan
algebra J over R define the vector space M (3J),

MI=ROERDIDJ. (9.30)

An arbitrary element x € 9(J) may be written as a “2 x 2 matrix”,
a X ~
= (Y ,3) wherew, 8 € R and X,Y € 3. (9.31)

The bilinear antisymmetric quadratic form {x, y} is defined as,
Xy} =a8 — By +Tr(X,2) = Tr(Y, W), (9.32)

where,

() (1Y)

and the trace bilinear form (9.7d) is defined as on J. The quartic norm is given by,

q(x) = —2[ap — Tr(X, Y)]* — 8[aN(X) + BN(Y) — Tr(X*, Y¥)], (9.34)

where all the necessary definitions are inherited from the underlying Jordan algebra J. A symmetric four-linear form,
q(x,y, w, z), is obtained by linearising (9.34) so that q(x, x, x, X) = q(x). The non-degeneracy of both q(x, y, w, z) and {x, y}
allows one to uniquely define a trilinear map, the triple product, T : 9(3) x M(J) x M(F) — M(J), by [192],

{Tx,y,w),z} = qx,y, w, 2). (9.35)
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Table 19

The Lie group and the dimension of its representation given by the Freudenthal construction defined over the cubic Jordan algebra J.

3 dimJ Aut(9(3J)) dim 9M(J)
RORGR 3 [SL2, R)P 8

R Q, 1+n SL(2, R) x SO(2, n) 2n+ 4
B 6 G 14

- 9 As 20

e 15 D 32

]?(S) 27 E7 56

The automorphism group Aut(91(3)) is given by the set of all transformations which leave both {x, y} and q(x, y, w, z)
invariant. When J is either R & Q, or]§ the set of transformations Aut(91(3)) forms a Lie group, and 9t(3) a corresponding
irreducible representation as described in Table 19. When A = R, C, H, QO and J = ]{}, the group Aut(91(3J)) is generated
by the following three maps [192]:

fa X a+ (Y. 2)+ X, ZH+BN©Z) X+ pBZ

¢2): (Y ﬁ) ~ ( Y +X xZ+ Bz" B ) (9:36a)
(o X o X+Y xZ4+azZ"

wg”(Yﬂ)H<&+M ﬁ+aJH%Kﬁ%Hm@Q’ (9:36D)
(o X Al s(X)

T(s) : (Y ﬁ) = (5*1(1{) A,B) (9.36¢)

where s € Str(J) and s* is its adjoint defined with respect to the trace bilinear form, Tr(X, s(Y)) = Tr(s*(X), Y).
The rank of an element x € 9t(J) may be uniquely defined using the relations [182],

Rankx =4 iff q(x) #0,
Rankx < 3 iff g(x) =0,
Rankx <2 iff T(x,x,x) =0, (9.37)
Rankx <1 iff 3T(x,x,y) + {x,y}x =0, Vye MQY),
Rankx =0 iff x=0.
The rank, defined in this manner, is invariant under Aut(®(3)). Further, when J = ];* for A = C*, H®, O, Aut(M(J)) acts

transitively on the sets of elements of rank 1, 2 or 3 and on elements of a given norm q in the rank 4 case. These orbits union
x = 0 partition the whole space M(J3) [182].

9.6. D = 4 black holes and Freudenthal triples

In D = 4 the black hole charges may be described by the Freudenthal triple system [30] realised as 2 x 2 “matrices”

Fo= (@ 0.

where p° and qq are real numbers that correspond to the graviphoton charges appearing after dimensional reduction from
D = 5. The magic N/ = 2,D = 4, givenby J = ]?, A = R, C, H, O, supergravities have symmetries Sp(6, R), SU(3, 3),
S0*(12), and E;(_,s) respectively, while the &/ = 8 case, given by A = O, has E;(7). The charge representations have
dimensions (6 dim A + 8) and correspond to the threefold antisymmetric traceless tensor (14') of Sp(6, R), the threefold
antisymmetric self-dual tensor (20) of SU(3, 3), the chiral spinor (32) of SO*(12) and the fundamental (56) of E7(_s) or E7(7
as indicated in Table 19. The real case corresponds to the decomposition

(9.38)

Sp(6, R) D SL(3, R), (9.39)
under which

14—>1+1+6+6, (9.40)
where p° qq are the singlets and J3(P), J3(Q) are the 6, 6'. The complex case corresponds to the decomposition

SU(3,3) D SL(3, C), (9.41)
under which

20 >1+1+9+9. (9.42)
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The quaternionic case corresponds to the decomposition

SO0*(12) D SU*(6), (9.43)
under which

32 >1+1+15+15. (9.44)
The octonionic case corresponds to the decomposition

E7(—25) D Eg(-26), (9.45)
under which

56 > 1+1+27+27. (9.46)
The & = 8 case then also follows [30] by using E7(7, and the split octonions in (9.15) and (9.38). We have

E77) D Ee), (9.47)
under which

56 —> 1+ 1+27+27. (9.48)

Finally, the & = 2 STU model is given by J = R @ R @ R, in which case the black hole charge representation has dimension
8 and transforms as the (2, 2, 2) of [SL(2, R)]3.
In all cases the black hole entropy is
S =m+/|lyl, (9.49)

where I, is Cartan’s quartic invariant given by half the quartic norm (9.34),
143, P: q0. Q) = — [pP°a0 + 15 (P) 0 J5(Q)]’
+4[-p°1(Q) + qul3(P) + tr (5" (P) 0 J5*(Q))] - (9:50)

Note that (9.50) implies that in the quantum theory with integral charges I, is itself an integer, I, = 4n or 4n + 1 where n
is an integer.® Explicitly we have
li=—[pq+2((Py- Q)+ (P~ Q) + (P - Q)P

+4[-0°q10203 + qop' PP’ + P'a) P*%2) + 09 P’ 43) + (0’ ¢3) (P°qa)

—@°p' —1°43)Q,° — (4201 + P’ q0)P.’

— (*Pp* = P°q1)Q* — (4293 + P'q0)P> — (0'P* — P°42)Q% — (9193 + P*q0)Ps°

— 2"R(QQsQ) — 2qoR(PePsPy) + P,*Q° + P2Q% + P2Qc + (PP — p°P,)(Q:Qs — 43Q,)

+(QsQc — 43Q) (PP — p°Py) + (PsPc — p°P)(QeQs — 43Q,) + (QsQc — 43Q0) (PPs — p°Py)

+ (PPc — p°P)(QeQs — 43Q,) + (QsQc — 43Q,) (PP — p°P)] (951)
where P - Q = 1(PQ + QP) and P? = PP.
9.6.1. N = 2STU subsectors

The STU model may, in addition to the realisation using § = R @ R @ R, be obtained as a consistent truncation of the full
N = 8 theory. This corresponds to the simple case where we put P, ¢, Qs , ¢ all to zero, then

—qo Js(pi)>
F(P,Q) = , 9.52
*.Q 3(q)  p° ( )

where

J3(p) = diagp', p*, p*),  Ja(q) = diag(q", ¢, ¢). (9.53)
In this case,

LP)=p'p’p’,  L(Q) = 419243, (9.54)
and

5P = diag(p?p’, p'p?. p'p?), ¥ (Q) = diag(¢’d’, ¢'¢*, ¢'gP), (9.55)

8 So the square of the black hole entropy is quantised, at least to this order.
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and I4 becomes

Ii=—-p-9*+4(@P'q)P*q) + 0'9)®@’as) + 0°¢:) (0°q2)) — 4°01925 + 490p'P°p. (9.56)

If we make the identifications (6.20), we recover Cayley’s hyperdeterminant (4.33a). Combined with (4.38) we obtain the
transformation between P, Q and p, q:

0% - pO _ p2
p! Q + Q

pz P3 _ P]

p3 _ i _P3 _ Pl

=5 aw-a | (9.57)
0 —p° — p?

a2 QG —-Q
Lq3- L—Q3 — Q¢

This transformation gives us the relations:
P2 =2(p’p’ — p°qu),
P-Q=p-q—2p'q, (9.58)
Q> =2(p'qo + q203).
hence we find
Is=PQ* — (P- Q) (9:59)

which is manifestly invariant under SL(2) x SO(2, 2). In the Fano basis this is equivalent to just keeping one point of the
dual Fano plane i.e. agp.

9.6.2. The N = 4 subsectors
The next simplest case is where we keep just the s octonions. This corresponds to a consistent truncation to the & = 4
theory. In this case,

I(P) =p'p’p® —p'PP;,  13(Q) = 414203 — 41Q:Qs, (9.60)
and
p’p® — PP, 0 0 G093 —QQs 0 0
5Py = 0 p'p>  —p'P |, B'Q = 0 “as —aQs | (961)
0 —p'Ps  p'p? 0 -1Qs 142

Therefore I, becomes

Is = —(p°qo + p'qi + 2(Ps - Q))* + 4[qo(®@'p’p* — p'P) — P° (419205 — ¢:1Q%)

+ P’ = P)(@203 — Q%) + p'P’01ds + p'p’ 0192 + 20 1 (Ps - Q)] (9.62)
where
P32 = PsﬁSa
1
Ps- Qs = E(PSQS + QsPs)a (9.63)
Q° = QQ,.
Hence we find
Iy =P?Q* — (P-Q)* — 2(P*Q + Q*P) + 4(P2Q° — P - QP* - Qs — (s - Q)). (9.64)
So if we identify
1
P, = ﬁ(pj, P2, P8, P!, P8, P2, P)°, PI), (9.65)
and

1
Qs — E(Q;l’ st, (2567 Q577 Q§85 ng, QS‘IO7 QS]])’ (9.66)
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then
Iy = P?Q* — (P- Q)% (9.67)

where the indices now runover 0, . .., 11, which is manifestly invariant under SL(2) x SO(2, 10) or SL(2) xSO(6, 6) according
to whether we use the octonions or split octonions. In the Fano basis this is equivalent to just keeping one line aspp of the
Fano plane. In constructing the dictionary between these bases we shall see that this particular case is given by the line
(aasp, ccor, dpeg) defined by the common qubit D.

All-in-all there are three & = 4 subsectors, transforming as the (2, 12) of SL(2) x SO(6, 6) related to aspp,one for each
line defined by the qubits A, B and D:

1. Keeping only (p', qi; P, Q.):

Iy = — (P - Q)*
+4[(*p® — p°q1)(q203 + ' q0) — (0 - q — 2p'q1)* + PQ°
- @0*P’ = p°q)Q> — (0203 + P'q0)P* — (p - g — 2p'q1)Pc - Q] . (9.68a)

2. Keeping only (p', gi; Py, Qu):

la = —(P,- Q)
+4[(0*p' = P°0:)(9291 + P’q0) — (0 - 9 — 2p°q3)* + P,°Q,°
— @°p' = P°13)Q° — (@201 + P°q0)P,* — (0 - 4 — 20°q3)P, - Q] . (9.68b)

3. Keeping only(p', q;; Ps, Q;):

Iy = —(Ps- Q)°
+4[(0'P’ - P°02) (9193 + P*q0) — (0 - ¢ — 2p°q2)* + P°Q°
- 0'P’ —p°02)Q” — (1a3 + PP’ — (P - 4 — 2P q@2)Ps - Q] . (9.68¢)

Note, the third line of each these equations is related to one of the three equations (A.15) derived using the transvectants of
Appendix A.

Turning our attention now to the complementary situation in which we exclude Alice, that is we keep only (Ps, Q) and
(P, Q) in the FTS, we find,

Iy = 4[P2Q° + P2Q° — (Pe.Q)® — (Pe.Qo)” — 2(Pe.Qs) (Pe.Qo) ]
+4[(PsP)(QQs) + (QsQ0) (PPy)] . (9.69)

This corresponds to the complementary (1, 32) of SL(2) x SO(6, 6). The qubit subsector is given by keeping the 32 numbers
(bce, ccor» dpec, frac). Note the absence of Alice. This is the quadrangle of the dual Fano plane complementary to the line
defined by A.

9.6.3. U-duality charge orbits and the FTS

The U-duality orbits of & = 8, D = 4 supergravity were calculated in [30] and are presented in Table 16. It is not difficult
to show [182] that using the E7(;y transformations given in (9.36a) any non-zero charge configuration

_( —9% J3(P)
F(p, q) - <J3(Q) pO > ) (9.70)
may be put in the form,
2o o (1 ()
F(p,q) = <0 50 ) (9.71)

We then have that for each rank 1 to 4, as defined in (9.37), the configuration (9.71) is equivalent under E;(7 to one of the
standard configurations of Table 20 [182]. It was proved in [182] that E;(7) acts transitively on the elements of rank 1, 2, 3
and on elements of norm q in the rank 4 case. Further, these orbits are distinct and their union with the zero element gives
the full charge space. Note, each rank corresponds to a three-qubit entanglement class [17], described in Table 1. The rank
1,2 and 3 cases are equivalent to the separable |111), bi-partite entangled |111) 4+ |001) and W [111) +]001) + |010) states
respectively. ];he rank 4 case is equivalent to a GHZ |111) +]001) 4+ |010) + p>|100) state with unnormalised 3-tangle (4.54)
given by 16|p>|.
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:?;Eazrg charge configurations, their corresponding rank (9.37) and the equivalent three-qubit states, which belong to distinct entanglement classes.
Rank State

! (dlag(O 0,0) e 0)> I111)

2 (dlag(O 0,0) diag(]d * 0)> [111) + |001)

: (dlag(O e LO)) |111) + [001) + [010)

i (dlag(O 0,0) diag“é]’ﬁ)) |111) +1001) + |010) + p*|100)
Table 21

Freudenthal construction transformation parameters for the conversion of a general eight-parameter state to a five-parameter canonical form [115]. Here
S, T,and U are the complex scalars of the STU model, D is the entropy, and the w; are defined in (9.76).

d; dy ds
S T 14U +ivD/ws
D>0 . :
S +ivD/w; T +iv/D/w, 14U
BP S T 14U — /ID]/ws
— /IDl/ o1 T — /IDl/w, 1+U
D=0 S T 1+U

9.6.4. [SL(2)]? C E; transformations

The ¢ and v transformations of the Freudenthal construction may be restricted to [SL(2)]> C E; transformations by
requiring the J transformation parameter to be diagonal. This follows directly from their definitions (9.36a) and from the
fact that a general three-qubit state is of the form (9.72). The X 4+ 8Z and Y + «Z elements of (9.36a) clearly demonstrate
that only diagonal transformation parameters can preserve the form of the J slots.

g —diag(ar, az, a5)) _ —do diag(p', p*, p°) (9.72)
diag(as, as, as) ao diag(q1, 42, g3) r’ ' '

In this restricted form ¢ and i may be used to convert a general eight-parameter state (9.72) to various canonical forms.
A simple example is the five-parameter state retaining only the 0, 1, 2, 4, and 7 components of the state vector (9.73), as
considered in [103],

fi diag(fz, f3, fa)
(diag(O, 0,0) fs (9.73)
This may be obtained via a single i transformation,
¥ (Z) = Y (diag(qs, 92, 43)/qo)- (9.74)

A more complicated example is a five-parameter state retaining the 0, 4, 5, 6, 7 components [115]. A single i or ¢
transformation will not suffice and instead the transformation is of the form

¥ (diag(0, 0, 1)) o ¢p(—diag(dy, da, d3)). (9.75)
The d; are specified most compactly in the notation of [20], specifically

w;i = 3dyp'p* — p°qi,

[(p q — 2p qi — lf:l /(sz (9.76)
d; 1|g |, D:= —Deta (z',2%,2%) = {5, T, U)
ijk = 3! ijk = > ] =, 1, .

Furthermore, it is instructive to consider the case of a real hyperdeterminant whose value is successively greater than, less
than, and equal to zero. See Table 21. In this manner, the conversion of general to canonical states is related explicitly to the
STU model scalars.

10. Cartan-Fano-Freudenthal dictionaries
10.1. Three descriptions

The & = 8 black hole charges belong to the fundamental 56-dimensional representation of E;(7, and the black hole
entropy is given by

s = /|l (10.1)
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where I, is Cartan’s quartic invariant, the singlet in 56 x 56 x 56 x 56. We have seen that this invariant also plays the role
of an entanglement measure on the QI side. So we need to study its properties in some detail.

As we have discussed, there are three descriptions of the group E; and its quartic invariant that we will find useful:

1. Cartan basis:

E; D SO(8),
56 — 28 + 28, 1 (10.2)
Ia(x, y) = —tr(xy)* + Z(trxy)2 — 4(Pfx + Pfy)
where x! and yy are antisymmetric 8 x 8 matrices and Pf is the Pfaffian.
2. Freudenthal/Jordan basis
E7 D Eg,
56 — 1+27+1+27,
2
1Ls(0°, P; qo. Q) = — [p°qo + tr(3(P) 0 J3(Q) ] + 4[—p°3(Q) + qoJ3(P) + tr(5* (P) 0 5*(Q))] (10.3a)
where
1
XoY = 5(XY—!—YX), (10.3b)
and
# 2 1 2 2
X" =X —tr(X)X + E[(trX) —tr(X)]1, (10.3c)
where X is a member of Jordan algebra of degree 3.
3. Fano basis
E; D SL(2)7, (10.4a)
56 > (2,2,1,2,1,1,1)
+ (1,2,2,1,2,1,1)
+(1,1,2,2,1,2,1)
+(1,1,1,2,2,1,2) (10.4b)
+ (2,1,1,1,2,2,1)
+ (1,2,1,1,1,2,2)
+(2,1,2,1,1,1,2),
I4=a4+b4+c4+d4+e4+f4+g4
1 20@b? + ¢ + Pd + i?e® + P + d’g?
+b2C2 +b2d2 4 b2e2 +b2f2 4 b2g2
+ 2 + 2e? + U + (2g?
+d282 +d2f2 4 d2g2
T e¥f? 4+ e2g?
+r%¢%]
+ 8 [abce + bcdf + cdeg + defa + efgb + fgac + gabd], (10.4c)
where
a4 — 18A1A2 831328D1D48A3A4833B48D2D3
X (A,B1D1AA;ByD; AA3B3D3AA4B4Dy » (10.4d)
etc.;
a2b2 — 18A1A2 88183 8D1D2 832348C3C4€E3E4
X @A, B,D; AAyB, D, DBy C3E3 PB4 C4ES » (10.4e)
etc.;
abce = 18/\114483132852C3£D1D3552548F3F4
X 418101 DBy CyEy CC3D3F5 €E4Funy 5 (10.4f)

etc.
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Table 22

The Cartan basis dictionary. The binary triples denote the indices on the 56 state vector coefficients, while the pairs give positions within the x/, yy matrices.
These are the positive elements of X/ and yj, the remaining elements being fixed by antisymmetry.

XU 111 010 001 100
vy 000 101 110 011
i 10 26 34 57
bace 20 37 45 61
Coor 30 41 56 72
dpec 40 52 67 13
o 50 63 71 24
- 60 74 12 35
Zanc 70 15 23 46

Black holes are more conveniently described in either the Cartan or Freudenthal bases, whereas the Fano basis is tailored
to the qubits. Hence it is important to find the three dictionaries that relate these three descriptions. First we discuss each
description in more detail.

10.2. Cartan-Fano dictionary

10.2.1. Cyclic basis

The dual Fano plane structure constants of Table 13 define antisymmetric matrices x! and yy according to the dictionary
of Table 22.

The 56 state vector coefficients, asgp through geac, are arranged in x/ and yy according to the octonionic multiplication
table of the dual Fano plane, compare Table 12 with the matrices (10.5a) and (10.5b). This uniquely determines the rows of
Table 22.

The positions of the binary indices in x/ and yy are specified by the columns of Table 22. The first column describes the
position of 111 in x” (and 000 in yy)- Note, the first column consists of all pairs i0, i.e. the first row and column of x/ and yy-
To understand the structure of the remaining three columns let us consider a specific example given by considering Alice’s
qubit A. For each row in Table 22 one can form a triple ijk from the pair i0, appearing in the first column, and any one of
the remaining pairs jk in that row. We note that 715 is the unique triple common to rows agp, €gra and ggca, the subsector
defined by the common qubit A. Then, in each case the non-trivial pair jk sits in the column labelled by the position of the
common qubit. In our example this is A. Therefore the pair 57 belonging to row aupp sits in the 100 column where the position
of A in ABD corresponds to the position of 1in 100 or, equivalently, the position of 0 in 011. Similarly, 71 sits in the column
labelled 001 because A is last in egpa. Finally, 15 sits in the column labelled 010 because A is second in ggac. Repeating this
procedure for the remaining six qubits, B through G, uniquely determines all the columns of Table 22. This procedure may
be followed to construct the dictionary based on any octonionic basis.

0 —ain —bimi —cm —din —emnn —fin  —&m
a0 Joot digo  —Cot0 8o —bio —eoor
b1 —fom 0 8oo1 €100 —do10 Qo10 —C100
y_ | G —digo0  —&oo1 0 Qoo1 fi00 —€o10 bo1o
x = b , (10.5a)
din Co10 —€100 —0doo1 0 001 8100 —fo1o
€111 —8o10 do1o —fioo  —boo1 0 Coo1 Q100
firr bwo  —Goio €0  —&wo —Co1 O doo1
8111 €001 C100 —boio  foro —ai0  —doo1 0
0  —ago —booo —Cooo —dooo —€ooo —fooo  —&ooo
Qooo 0 fiio do11 —C101 8101 —bo11  —e110
booo  —f110 0 8110 €o11 —dio1 a101 —Co11
_ | Cooo —do11  —&110 0 aio Jon —€101 b1o1 10.5b
Yy = d _ _ 0 b _ . ( . )
000 C101 €011 aiio 110 8o11 f101
€00 —&wo1  diot  —foru —bye 0O Ci10 Aot
Jfooo bo11 —a101 €101 —8o11 —C110 0 di10
000 €110 coti —bior  fin  —Gmn —dio O
We can summarise the dictionary by writing I = (0,i),i e {1,...,7}, (@, d',...,d’) = (0,qa,...,g) and
1 -0 1 -0
amK J=0, aoook J=0,
g Jeakag I —Jl =3or4, _ Joaxaiyy, [I—J|=3or4,
x = Yy = (10.6a)
Cykopg; [ —J|=1or6, Cyxdyg [ —J|=1or6,

Cyligy I —J|=2o0r5, Cyky;; H—Jl=2o0r5.
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Table 23

The numerical Fano plane multiplication table.

0 -1 -2 -3 —4 -5 —6 -7
1 0 4 7 -2 6 -5 -3
2 —4 0 5 1 -3 7 —6
3 -7 -5 0 6 2 —4 1
4 2 -1 —6 0 7 3 -5
5 —6 3 -2 -7 0 1 4
6 5 -7 4 -3 -1 0 2
7 3 6 -1 5 —4 -2 0
Table 24

The numerical dual Fano plane multiplication table.

0 -1 -2 -3 —4 -5 —6 -7
1 0 6 4 -3 7 -2 -5
2 —6 0 7 5 —4 1 -3
3 —4 -7 0 1 6 -5 2
4 3 -5 -1 0 2 7 —6
5 -7 4 -6 -2 0 3 1
6 2 -1 5 -7 -3 0 4
7 5 3 -2 6 -1 —4 0

Here we have extended cj, to ¢j by setting ¢, = cj, whenever ] (=j) and K (=k) are not equal to 0, while defining cj, to be
zero whenever J or K is equal to 0. Alternatively, we may use the more compact formulation:

X = 771LCL11<02(,J),

B « (10.6b)
Yy = 771LCL]1<GJ,(,J),
where 7 is the 8-dimensional Minkowski matrix (negative signature), and ¢ and <7> are given by
7 I=0o0r]=0
1,]) =
o0 La—n% else (10.60)

o)) =7 —¢(])).

It may be useful to regard the eight components of each a' as a pair of quaternions.

An alternative way of arriving at Table 22 is to note that each entry (ij) represents the row i and column j in which the
lettersa, b, c, d, e, f, g (or numbers 1, 2, 3, 4, 5, 6, 7) appear with a positive sign in the matrix of Table 24.

The 8 x 8 gamma matrices y,; in seven dimensions, which satisfy the Clifford algebra

v, v’} =28"1, (10.7)

can be written in terms of the octonionic structure constants. The hermitian (purely imaginary and antisymmetric) gamma
matrices in seven dimensions can then be chosen as

)/I} =i (C;j + 8115]0 + 51‘]510) s (108)

where the signs are correlated.
The antisymmetric products of gamma matrices are defined as usual, with unit weight, viz.

yIk = pliyi. .k, (10.9)
The antisymmetric self-dual and anti-self-dual tensors c,ﬁa, (I,J,...=0,1,2,...,7)in eight dimensions will be defined
as:

cijik, = Cjri, and cijﬁo = ECjjk. (10.10)

With the above choices of gamma matrices one finds
v = ciy + 88 — 818 £ ¢,"810 F ¢,"810
= cj; +8i8) — 89, (10.11)
Note that (—iyi),] do not form an 8 x 8 representation of the octonions;
(—iy i (—iyg = =898y — v
= —878y — cjop — 818) + 818] F ¢,"8j0 £ ¢, 810, (10.12)
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Table 25
Binary addition table.
000 001 010 011 100 101 110 111
000 000 001 010 011 100 101 110 111
001 001 000 011 010 101 100 111 110
010 010 011 000 001 110 111 100 101
011 011 010 001 000 111 110 101 100
100 100 101 110 111 000 001 010 011
101 101 100 111 110 001 000 011 010
110 110 111 100 101 010 011 000 001
111 111 110 101 100 011 010 001 000
Table 26
The decimal version of Table 25.
0 1 2 3 4 5 6 7
0 1 2 3 4 5 6 7
1 1 0 3 2 5 4 7 6
2 2 3 0 1 6 7 4 5
3 3 2 1 0 7 6 5 4
4 4 5 6 7 0 1 2 3
5 5 4 7 6 1 0 3 2
6 6 7 4 5 2 3 0 1
7 7 6 5 4 3 2 1 0
Table 27
Structure constants ¢;j read off from Table 26, and the associator coefficients ¢z, computed using (8.22).
i j k 1 m n [
1 2 3 5 4 7 6
2 5 7 3 1 6 4
3 7 4 6 5 1 2
4 1 5 2 6 3 7
5 3 6 7 2 4 1
6 4 2 1 7 5 3
7 6 1 4 3 2 5
which is to be compared with
eej = —8,‘]‘ + Cijk€k- (]013)
Whereas
ciik(—iy ")y = cije(cy £ 8udjo F dydio)- (10.14)
Accordingly one can rewrite (10.6a) as
i _ i _
a;; K=0, oo K =
1 1
. a JU—K|=3 . a U—K|=3
K = —jp K § 7010 ’ yix = —iy¥ x {7101 ' (10.15)
i _ IK 14 i _ .
ap; U—KI=1, a0 U—KI=1,
1 1
a0 U—Kl=2, agy; U —Kl=2.

10.2.2. Binary basis

So far we have used the cyclic basis of Table 9 to describe the octonions. However, for some purposes, it is more convenient
to use the binary basis. The addition table for the numbers 0 to 7 written in binaries is given by Table 25or equivalently
Table 26. This defines the octonionic multiplication table in the binary basis. The non-vanishing independent components
of the octonionic structure constants c; and their duals ¢jmy,, are then given by Table 27. In this basis, it follows from (8.46)
that there exists a 6; j = &1 such that the imaginary octonions obey [28]

eiej = 0; jei;,
where
0ij = —0;i,

and

0,i0itik = 0jk0ik,i = Ok, iOk+ij-

(10.16a)

(10.16b)

(10.16¢)



L. Borsten et al. / Physics Reports 471 (2009) 113-219 177

Table 28
The binary Cartan dictionary. As with the cyclic dictionary of Table 22 the binary triples denote the indices on the 56 state vector coefficients, while the
pairs give positions within the x/, yy matrices. These are the positive elements of x¥ and vy, the remaining elements being fixed by antisymmetry.

XU 111 100 010 001
Yy 000 011 101 110
asc 10 23 45 67
base 20 31 46 57
CAFG 30 12 47 65
daor 40 51 26 73
€BEG 50 14 72 36
Vo 60 17 24 53
8CEF 70 61 25 34

The binary structure constants of Table 27 define antisymmetric matrices x/ and yy according to the dictionary of Table 28,
namely (10.17a) and (10.17b). The dictionary specified in Table 28 may be derived using the procedure described in
Section 10.2.1. Note that, in this case, Table 28 corresponds precisely to the array of 28 pairs appearing on page 28 of [28].

0 —ain —bii —cm —din —emnn —fin  —&m
a1 0 C100 —b10o €100 —dioo  —Z100 fio0
b1 —ci0 O a0 Joto gt —doio  —e€oto
X = Ci11 b10o —0100 0 8oo1 —foo1 €001 —door . (10.17a)
dinn —ewo —foro  —8oo1 0 do1o bo1o Co1o
€11 dio —8o10 Joor —do10 0 —Coo1 boo1
Jfin £100 do1o —ego1  —boto Coo1 0 —0oo1
\3111 —f100 €010 door —Co10 —boo1 Qoo1 0
0 —aooo  —booo  —Cooo  —dooo  —€o00  —fooo  —E&ooo
agoo O coi1 —bori o1 —don —8&u  fouu
booo  —Con 0 do11 fion 8101 —dio1  —eioq
_ | oo bort —ao1 O g0 —fio e —dio b
Yy = dooo —€o11  —fio1  —&1o 0 aio1 b1o1 €101 ’ (10.17b)
€000 do11 —&101 fi10 —a101 0 —C110 b110
fooo 8o11 dio1 —epo  —bio C110 0 —daiio
Zooo  —fon €101 diio —Cio1 —b1o a0 0

Kallosh and Linde have shown that in a canonical basis I, depends on 4 complex eigenvalues represented as Cayley’s
hyperdeterminant of a hypermatrix aspp. Looking at (8.2) we note that only the SO(8) symmetry is manifest, yet it was
proved in [162,62] that the sum of all terms in (8.2) is invariant under an SU (8) symmetry, which acts as follows

S(! L iyy) = QANS] £ i) K F iyi). (10.18)

The total number of parameters is 63; 28 are from the manifest SO(8) and 35 from the antisymmetric self-dual Xy, = * pULS

Thus one can use the SU(8) transformation of the complex matrix x + iyy and bring it to the canonical form with four
eigenvalues A,, @ = 1, 2, 3, 4. The value of the quartic invariant (8.2) will not change.

0 A 0 0 0 0 0 0
—X 0 0 0 0 0 0 0
0 0 0 A 0 0 0 0
@+imawm=] 0 o o> o o r o o (10.19)
0 0 0 0 —A3 O 0 0
0 0 0 0 0 0 0 Ag
0 0 0 0 0 0 —A; O

The relation between the complex coefficients A, the parameters x/ and Yy, the matrix aspp and the black hole charges P
and qy [3] is given by the following dictionary:
A = X" +iyor = a1 + idooo = qo + ip°,

da = X2 +iy23 = a0 + iao11 = —p> + g3, (10.20)

. 2 .
—0dp10 — 1d101 = P~ — 142,

56 . . '1 .
Ag =X +1ysg = —dgor — a0 =p —iqq.

A3 =x% +iyss
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If we now write the quartic E7(;, Cartan invariant in the canonical basis

Iy =
— (°"yo1 4+ X%y23 + xPyas + 2 ye7)?

+ 4% y01y23 + XX yo1ya5 + x2X* Y2345 (10.21)

+x°"%yo1v67 + XX Y2367 + XX yasyer)

— 4 XXX + yo1ya3Yasyer).
then it may be compared to Cayley’s hyperdeterminant (4.33a). We find
I, = —Deta. (10.22)

The above discussion of E7(7y also applies, mutatis mutandis, to E;(C).

Evidently, this particular representation of the 56 emphasises certain aspects, such as the Fano plane structure, which
are not clear in the other representations considered (see Appendix D for the an example of how the symmetries of the Fano
plane are manifested in the black hole entropy using the Fano basis).

10.3. Freudenthal-Fano dictionary

Let us now construct the analogous dictionary relating the 56 charges in the Freudenthal basis with the 56 state vector
coefficients specifying the tripartite entanglement of seven qubits. See also [13]. It is instructive to consider the chain of
group decompositions E;7y — Ege) — SO(4, 4). Combining (9.46) and (9.20) we have that the 56 decomposes as

56 —>1+1+1+1+1+1+1+1+ 8+ 8.+ 8, + 8+ 8+ 8y, (10.23)

under E7(7, D SO(4, 4).

Combining this with the STU embedding in the FTS (9.52), the decompositions (9.46) and (9.20), and the dictionary as
given in (4.33a) it is clear that the 8 state vector coefficients, aspp, are associated with the 8 singlets appearing in (10.23).
Now, consider the subgroup containing the three copies of SL(2) associated with the tripartite entanglement of qubits A, B
and D,

E7¢7y D SL(2)a x SL(2)g x SL(2)p x SO(4, 4), (10.24)
under which,
56 — (2,2,2,1)+(2,1,1,8,) +(1,2,1,8,) + (1,1, 2, 8). (10.25)

We note that qubit A transforms as doublet with the 8,,. This suggests that we associate the subsector defined by the common
qubit A, namely aapp|ABD) + egra|EFA) + gcac|GAC), with the 8,. This is one of the consistent & = 4 truncations of the full
N = 8 theory, the 24 black hole charges transforming as a (2, 12) of SL(2)4 x SO(6, 6) [6]. Repeating this analysis for qubit
B leads us to identify the bpcr and frgg with the 85, while considering D we identify ccpr and dpgc with the 8.

To specify more precisely the dictionary between (eggs, gcac) and (P,, Q,), (back, frgs) and (Ps, Qs), and finally, (ccpr, dpeg)
and (P, Q.), we begin by noting that the 8 charges of the STU model may be arranged in a cube as depicted in Fig. 4.
Following [197], the cube may be partitioned into a pair of 2 x 2 matrices, (M;, N;) in three independent ways. These are
given by the three possible slicings of the cube along its planes of symmetry,

3 0 1
- Q@ p —-p
M; = , N, = , 10.26a
=T e wm=(% ) (10.262)
2 0 1
-p° a3 p —p
M, = , Ny = , 10.26b
= (T 8) m=(2 P (10.26b)
1 0 2
2] p -p
M; = , N3 = . 10.26¢
} ( q2 CIo) ’ (—P3 q1 ) ( )
For any element,
ros .
(t u) eSL(2);, 1<i<3, (10.27)

the action on the cube is given by
(M,', N,) = (rM,- + sN;, tM; + UN,'). (1028)

The individual actions of the three SL(2); all commute and, therefore, this provides a natural representation of [SL(2)]* [197].
Define the three binary quadratic forms, one for each slicing,

fix,y) =det(Mix +Nyy), 1<i<3. (10.29)
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Explicitly

fi = =@a1 +P’q0)%* + (p - g — 2p°q3)xy — (°p' — P°q3)y?,
fr=—=(@1a +P*q0)¢ + (0 - 9 — 2p°q)xy — 0'P’ — P°q2)y, (10.30)
fs= =32+ p'q0)%* + (0 - ¢ — 2p'q)xy — ©’p* — P°q1)y”.
These quadratic forms may also be systematically derived using transvectants as presented in Appendix A. Each one is
invariant under two of the three factors in [SL(2)]3. For example, f; is invariant under the subgroup {id;} x SL,(2) x SL3(2) C

[SL(2)]?. Taking the determinant of the Hessian, H(f;), which is actually given by y'(a), as defined in (4.35), yields Cayley’s
hyperdeterminant

det H(f;)) = det (((g;i %z) =dety'(a) = —Detage, 1<i<3. (10.31)

Now, consider keeping (p, ;) and only one of (P;, Qs), (P,, Q,) or (P, Q.) and computing I from the FTS. Recall, this
gives us the entropy of one of the three & = 4 subsectors as defined by one of the three qubits, A, B or D. Keeping only
@', qi, Py, Qy), the &N = 4 subsector defined by the common qubit A, one finds

Is = 4(p°p" — p°43)(@2q1 + P’q0) — 4(p.q — 2p°q3)* + 4P,*Q,> — (P - Q,)° (10.32)
—4p’p' — p°43)Q,* — 4(q291 + P’q0)P.> — 4(p - q — 2p°q3)P, - Q,, (10.33)

where P,> = P,P, and 2P, - Q, = (P,Q, + Q,P,). The terms involving (p', g;) correspond to y 1(a), which is correctly
associated with qubit A, via the dictionary (4.33a),

20'p* —P°q3) = =y @00, 2(1G2 +P°q0) = —v'@u, P q—2P°¢s =y (@ar. (10.34)

This agrees with the conclusions drawn from the decomposition given in (10.25). Keeping either (P*, Q) or (P, Q.) instead
would have resulted in a different associated slicing of the cube Fig. 4 and, hence, matrix y'(a). We then identify (gcac, €gra)
with (P,, Q,) such that

P,* = y2(8)oo + 1> (€)oo, Q2 =@ u + i@, P, - Q, = ¥3(®)o1 + ¥ (@), (10.35)

where, for example, the index on y2(g) is determined by the position of the common qubit A in the corresponding tripartite
subsystem, GAC. Computing I, one finds

I, = det(y!(a) + y3(e) + y*(g)) ~ —Deta—Dete—Detg + 2(a’g? + a*e? + e?g?), (10.36)
where products like

a2e2 — 18A1A4EB]BZED]DZEE3E48F3F48A2A3

X 0B1Dy QAyB,Dy CE3F3A3 CEgFaAy » (10.37)

describe the entanglement between two tripartite subsystems connected by a common qubit, in this case A. This may be
repeated for the remaining two cases, keeping (P, Qs) or (P, Q.), associated with the common qubits B and D respectively,
to construct the whole dictionary.® For each of the seven possible ¥ = 4 subsectors one obtains the appropriate result,
analogous to (10.36), as presented in (10.40).

We are now able to select any particular subsector of the full &/ = 8 theory by choosing the appropriate components of
the FTS and systematically determine the corresponding qubit system and its measure of entanglement.

In summary the dictionary is

(% p". p% P, q0. 01, 42, 03)
= (ao, —a1, —0z, —0dy4, a7, 0g, ds, 03) )
P, = (gcoc, €kro)» Q, = (gcic» €er1), (10.38)
Ps = (frco, boce), Qs = (fre1, bice),
P. = (dokg, Ccor), Qc = (dikc, Cc1F),

9 Note, determining the precise form of the full dictionary and verifying that it does indeed give the stated results was done explicitly using Mathematica.
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where explicitly (see Tables 29 and 30)
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do dy\ _ (P?—P! P! —P’ dy ds\ _ (Q2-Q} Q' —-Q
dy d3) ~ \—p! —p> PE+P;‘ ds d7) —\-Q'—Q Q2+0q
c ¢\ _ (—-P*—pP> —P}—P] o &\ _ (—Q°-q> -Q2-¢q
&a o)\ pP-p pt—p? 6 ) \Q2-Q) Q@ -@?2
6 _ Ps P7 P6+P2 B _ Q53_Q57 Q56+Q52
1 fs P® — P2 P3+P7 5 fr QP - Q2+q/
1 5 p4 0 1 5 4 0 (10.39)
(bo b1> (Ps -P> P P) <b4 b5>:<QS Q QS—QS>
by b3 P;‘+P° P;+P§ bs by e +Q Q' +Q
g &) _ (P, +P; P +P, 2 &) _(u+Q Q©+Q
g & p>—p! p°_p? % & s —Q Q) —qf
<e0 e2> _ (Pf +p5 P’ +P3> (el e3> _ (Qf +Q° Q/+ Q3>
e o) “\-p A-pt) e o) "\a-q oi-df
The & = 4 subsector invariant under SL(2)x x SO(6, 6) is given by
lige = det(y'(d) + y°(@) + ¥*(c)), X =D
Ipa = det(y'(e) + ¥>(b) + y*(d)), X =E
Ie = det(y ' () + ¥>(0) + (), X =F
Iy = det(y' (@) + > @ +v*(f), X=G (10.40)
lieg = det(y'(@) + y>(e) +y%(@)), X =A
I = det(y' () + () + ¥*(@), X =B
Iy = det(y'(0) + V> (@) + > (), X =C.
In terms of d\,p, we may write these in two different ways, for example
liae = det(y'(a*) +y*@) +y*@)), X=D, (10.41)
where
aéEG = dpgg,
Aapp = aBD> (10.42)
agDF = CcpF,
or
lige = det(y'(a") + y'(@") + y'(d*), X =D, (10.43)
where
agEG = dDEGy
a)]jAB = 0ABD, (10.44)
af)pc = CcoF,
in which case the result is connected to Cayley over the imaginary quaternions
Ijoc = Deta = —18A1A2 gB1B2 gA3A4 oB3Bs (C1C4 (G5
X a/i‘hB1 Cq aﬁ\szCz aﬁ3BgC3all‘\4B4C48ij8kl' (10'45)

However, the dictionary (10.42) can be applied universally to all the I3 in (10.40) whereas the dictionary (10.44) requires

changing for each one. For example, one can write

lpa = det(y' (@) +y'(@) +y'(@"), X=E,
but now we require a different a*:

5

Appa = €EFA,
2

Qgge = bBCEa
4

gep = dDEG-

So this dictionary does not lend itself to describing the & = 8 invariant.

(10.46)

(10.47)
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Table 29
The dictionary transforming from the Freudenthal basis to the Fano basis.
Freudenthal Fano Freudenthal Fano Freudenthal Fano Freudenthal Fano
P’ ao p' - p? —a; P’ —ay
do az q1 (4] a2 as as as
7 5 (ds + do) P 5 (d1 — dy) 7 —3(cs + o) 7 5 —c1)
P 1(ds — do) P? — 1 +dy) pS s — o) P’ I PR
P? 5 (ba — by) P/ 5 (b3 + bo) P; 5B —fa) P} 5 (s + o)
p? 1(by + by) Ps 2(bs — by) PE 1B+ o) 177 3 (s —fo)
Py 5 (8o + &) P 5 (81— g4) P; 5 (€0 + ) P} 5(e2 —eq)
Py %(go — &) P} %(};’1 + &4) Pg 3 (e — eg) P! %(92 + es)
Q} 1(d7 + dg) o/ 1(ds — dg) Q2 —2(c7+ ) Q2 1(cs — ¢3)
Q! 5 (d7 — dy) Q —3(ds + dg) Q¢ 3(c7 — ) Q —3(cs + c3)
Q2 1 (bs — bs) Q/ (b7 + by) Q? 55 —f5) Q} 16+ )
Q! 5 (b + bs) Q 5 (b7 — ba) @ 5B+ Q 5@ —f)
Q! 12 +27) b 185 — ) Q? 1(e1 +e7) Q} 1(es —es)
Q' (8 —87) Q 1(23+ %) 5 5(e1 —e7) Q) 1(es +es)
Table 30
The dictionary transforming from the Fano basis to the Freudenthal basis.
Fano Freudenthal Fano Freudenthal Fano Freudenthal Fano Freudenthal
ao p° a —p' a -p’ as a3
as —P3 as q2 as 1 az do
bo Pl —P? by Pt —p? b, P+ P! bs Pl +P?
b4 Q; _ st b5 Qs4 _ Qso bG Qso 4L Qs4 b7 Qs1 4L QSS
Co —Pp2 — P§ 1 —P3 — P! 1oy -Q2-q$ 3 -Q2-q/

3 _ p7 6 _ p2 3_ 7 6 _ 2
C4 e =15 Cs 1o =15 C6 Q Q C7 Q Q
do p? —p? dq pl —ps d> —Pl —p? ds P? + P2
da Q-q! ds Q' - ds -Q' - d Q+Q!
e P2 4 pS e Q2 +Qf e P3 4P} es Q +qQ]
ey p? —p3 es Q7 - @} es p? — pS e; Q2-qQf
fo P} — P! fi Q’-q] f P+ P fs Q+e
fa Ps — p2 5 Q- Q2 fo P+ P f @ +a/
& P} +P} & ) 4 12 & Q) +q! 2 Q' +@Q
& B =1 8s B =1 86 P=@ & Q) -Q

10.4. Cartan-Freudenthal dictionary

The Cartan-Freudenthal dictionary may be found in Table 32 and the reverse (Freudenthal-Cartan) may be found in
Table 31.

11. Cayley, Cartan and the octonions

11.1. N = 4 Cartan invariant and the quaternions

Define

P;J.u:P;J.Qv_Qu.P\)v (111)
where u = 0, 1, 2, 3; then Cayley can be written

1
—Deta = 5PWP““ =P¥*Q* - (P-Q)?, (11.2)
where we use the SO(2, 2) metric. This is the & = 2 expression invariant under SL(2) x SO(2, 2). Now define

Pwij — PLQi _ Q;LPJU (11.3)
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Table 31
The dictionary transforming from the Freudenthal basis to the Cartan basis.
Freudenthal Cartan Freudenthal Cartan Freudenthal Cartan Freudenthal Cartan
»° —Vor p! 34 2 26 P 5
qo —x°! q1 Y34 q2 Y26 q3 Y57
P? %0’13 — Yoa) P! %(XZS + x57) P? %(Yos + ¥14) p3 *%(Xn +x°%)
C
P? 1013 + Yoa) P2 1 —x57) P? 1003 — y14) P! 177 — x%)
P2 17 —x*) P} —2 0oz +¥16) P? — 1 +x¥) p? %(Vn — Yos)
P 16744 P lom-ye P 30X 2012+ Yoo)
P? %()Hs — Yoz) P, %(XB — x%) P? *%(YW + Yos) P? *%(Xu + x%6)
B — 3015 + o) 3 3 (x5 4+ x%) P 3 017 — Yos) P] 1 — %)
Q %(XB —x™) QF —%(st + Ye7) 5 %(XM +x%) H %0’27 + ¥s6)
Qs —1(x13 4 x) Qs 1 525 — ye7) Q¢ 1(x" —x%) i 3027 — ¥s6)
@ 5 (Vas — y37) Q; — 3 (X1 +x%) 3 3 (35 + Ya7) 3 5 (X' —x%)
QG 1 as +y37) Q3 1(x1° —x2) Q¢ 135 — yar) o —1(x12 4 y06)
Q) 3 (x> —x7) Q/ 3 (Va6 — ¥23) Q) —1(x% +x") Q 2 (/24 + ¥36)
Q %(XlS + x%7) Qs % (Va6 +Y23) Qg % *» —x'7) ; %@24 — ¥36)
Table 32
The dictionary transforming from the Cartan basis to the Freudenthal basis.
Cartan Freudenthal
w 9T e@ wo o¢ eo g
: 70 , Q-Q Q —Q Q@ +Q Q +Q, Q; ZQS -Q, -Q
Q Q' -Q 0 Py + Py Py — Py Pl +P; —p P; —P;
. Q¢ L 0 S, BT B B . B
0 2 6 v v 1 S S v v S S
(02 = P! —P 0 P, —P Pl —P —P5 — P,
QCZ _QCO_Qil _SC_Z sp_s S _ psS 4 0 _5c_1c 2_36
Q, Q, —Q, Py —Pg P; —Pg Py — Py 0 P; —P; 14
o ol ¢’ P Pepy PP P4 0 =t
Q, Q +Q P;—P;  —Pi—P; P} +Pg p P; — P} 0
-’ P; — P P; +Pg Py — Py Py — Py P;—P;  —Pj—Pj
0 P +P5 P§ + P§ P — P¢ Py —P)  —P5—PS Pl — P}
per o mer o gl Q4@ @-d w @+d
¥ —P; — Pg —Pg — P4 Q —-Q 0 0 Q +Q , —Q, Q —-Q
P — P PE-P5  —Q}-qQ/ —qi 0 Q' +Q' o +Q Q-Q
PR B-R Q-Q Q-0 —Q'-q 0 -  w
-p Pj + P2 —a Q-Q -Q - - 0 Q- @
PPy P-h —Q2-Q]  Q’-¢' ¢’-@ o Q4@ 0
wherei =1, 2, 3, then
1 ii puvii 212 2
—Deta = EPW P*"U = p°Q° — (P-Q)~, (11.4)
where we now use the SO(6, 6) metric. This is the & = 4 expression, invariant under SL(2) x SO(6, 6).
So if we write
1 ij puvkl
—Deta = Eplw p* Xijkl» (11.5)
we need
Xijkt = i + -+ -, (11.6)
where the dots refer to terms that vanish when contracted with PWUP’”"’. Note that Xjj is symmetric under
i—j; k—1,
i—k; j— 1, (11.7)
i— 1 j— k.
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11.2. Cayley over the imaginary quaternions

If we denote the imaginary quaternions by e; where i = 1, 2, 3, the structure constants are defined by
eiej = _8'j + Eijk€k (118)
and so we obtain the quartic expression
eiejexe; = (—3; + &ijmem) (—8u + Exnen)
= aijSkl — EijmEkim — 51'18k111en - aklgijmem ~+ EijmEkinEmnpep> (11.9)
or
eejexe; = 3,‘1‘8“ — 8,~k8ﬂ + 81‘15]‘k - 6ijskmen — (Sklgijmem + EijmEkinEmnpep- (11.10)
The combination
eiejeiey + eiexeje; = §iidx + EijmErim + Sij€xinen — Ski€ijmem
— EijmEkin€mnp®p + SikSji — EikmEjim
— SikEjinen — ji€ikm€m — EikmEjinEmnp€p (11.11)
yields
eiejeie + eiexeje; = 80k — Sudji + Sikdji
+ Sijgklnen - aklgijmem — EijmE€kin€mnp€p
+ 8ikdji — 8ijb + Sudjk
— SikEjinen — Gji€ikm@m + EilmEjinEmnp®p
= 25“{5]'[-{-'-' s (11.12)

where the dots refer to terms that vanish when contracted with PMV”P“”"’. So Cayley over the imaginary quaternions in the
form

1 ij puvkl
—Deta = ZP’W P (eiejejer + eiexejer) (11.13)

yields the & = 4, SL(2) x SO(6, 6) invariant.
In terms of the a’s, on the other hand, the ./ = 4 invariant is given by (10.45). So we require the different ordering
eiejexe; + ejeree; = 281]‘3;{[ + e, (11.14)
where the dots refer to terms that vanish when contracted with

e 1
Akl jAiAg gB1Ba (A3As oB3By o D1D4 oD2Ds (11.15)
i j k 1
XaA1B1D] af‘\szDzaA3B3D3aA4B4D4' (11'16)

Let us consider the case where we choose the imaginary quaternions to be
q = ae1 + ees + ge;. (11.17)

In order to define Cayley over imaginary quaternions one needs to be careful with the ordering of the indices in aapp, €
and geac when contracting them with 4142, etc. in (11.15). The final result is given by

—Deta =
ala? +aa  + dag +aas  +ele;  +eel
+ejeg  tege;  tgg  t&e tgigs +8s
+ 2(ayaseses + aiageses + G05€365 + A106€2€5 + (3048186 + dod7€1€5
+ asasepe; + apazepe; + A2058384 + A1068384 + €3€48384 + €258384
+ 03048285 + (0078285 + €1€68285 + €0€78285 + (2058186 + (1068186
+ese48186 + €2658186 + 3048087 + Aoa780&7 + €1€68087 + €oerZog7)
— 4(asaseres + aiaze3es + asa7epes  + doazeie; + Asagg184 + €3es5g184
+ 04078085 + €1€78085 + A1028386 + €3€4838s + GpA3g287 + €0e62287)
+ 4(a0a3asas + a10204a7 + As07€2e4 + doazeses + dsdgeoes + €oe3eses (11.18)
+ aiae1€7 + e1€2e4€7 + 04078184 + €1€78184 + (5068085 + €3€58085
+ apa3g3gs + €0esg386 + L0g38586 + 11028287 + €2€48287 + £1828487)
— 2(02030405 + 01030406 + 01020505 - GpA30407 + Apd20507 + dod1dsd7
+ aszaseseq + dod7€3e4 + A304€265 + ApG7€265 + €2€364€5 + 0x05€1€5
+ a106e166 + €1€3646 + €1€265€ + A205€0€7 + A10€0e7 + €pe3ese;
+ epezese7 + epe1€ce; + A3048384 + 0078384 + €1€68384 + €0€78384
+ (2058285 + 01068285 + €3€48285 + €2658285 + 82838485 + 03048186
+ 00078186 + €1€68186 + €0€78186 1 81838486 + £1828586 1+ (2058087
+ 01068087 + €3e48087 + 2658087 + 0838487 + £0£28587 + £0818687),
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which is twice the & = 4 subsector of I; where we keep the letters a, e and g with the common qubit A. The factor 2 comes
from equation (11.14).

11.3. N = 8 Cartan invariant and the octonions

Here we adopt the imaginary octonions, e; where i = 1, 2, 3, 4, 5, 6, 7, with the dual Fano structure constants cjj

eej = —8,']‘ + Cijk€k- (1119)
We have the same identities as for the Fano structure constants in Section 8.3

CpmkCqkn + CqmkCpkn = apm(sqn + 8pn8qm - zapqsmw (11-20)

[e, [ej, ex]] + [ex, [ei, e11 + [e;, [ex, e;1]

- 4(Cjkmcimn + CijmCkmn + Ckimcjmn)en (11-21)

= 3C,‘jk[€1,

where ¢ satisfies

Cijkt = %Sijklmnpcmnpa (11.22)
and

Cijkt = —CmijCmikt — Sudj + SikJjt- (11.23)
We also note

CijmCkim = Sikdji — Sudjic — Cijit, (11.24)
and

CiinCikimn = —CikiSmj + Cit®mi — CitmOkj + CitmOki — CimkSj + CimiSii- (11.25)

With regard to non-associativity, there are two cubic possibilities:
(eiej)ex = (=8 + Cijmem)ex
= —djjex + Cijm(—Omk + Cmknn)
= —§jjex — Cijk + CijmCmknn
= —Cjjx — djjex + Swi€j — djke; — Cijuiel, (11.26a)
ei(ejer) = ej(—3djk + Cjkmem)
= —djkei + Cikm(—8im + Cimnen)
= —0jk€i — Cjki + CikmCimn€n
= —Cijk — jjex + Skiej — djkei + Cyjuiel. (11.26b)
Note that they differ only by the sign of the associator term. Similarly, there are five quartic possibilities:
(eiej)(exe)) = (=6 + Cijmem) (=8 + Cimnen)
= 60k — CijmCiim — 0ijCkinn — OKCijmem ~+ CijmCikinCmnp€p
= 86k — Sidjt + Sudjk + Cijua
— 8ijCiin€n — S1iCijn€n + Cii€j — Ckij€i — ChimCijmnCn, (11.27a)

[(eiej)exler = [—dijek — Cijk + CijmCmknenle
8ij6ki — CijmCmki — 8ijCkin€n — Cijk@l + CijnCkmCmip€p
= 00 — Sidji + Sudjk + Cijua
- (Sijcklnen + Sikcjlnen - 8jkcilnen — Gijk€r — CijkmCmin®€n, (11~27b)

eilej(exe))] = ej[—duej — Cuj + CrimCimnen]
S Sijakl — CkimCjmi — Sklcijnen — Cklj€i + CkimCimnCinp€p
= 00 — Sidji + Sudjk + Cijua
- aklcijnen + 8jkclinen - 8jlckinen — Gjki€i — CjkimCmin€n, (11-27C)

ei[(ejex)e]] = ei[—dker — Cikr + CiknCnim€m]
= kbt — CjknCali — SjkCilnen — Cjki€i + CjknCnim Cimp©p
= 00k — Sikdji + Sudjk — Ciju
— SkiCijnen + 8jjCiknen — SjkCiinen — Cjki€i + CikimCmin€n, (11.27d)

[ei(ejer)]er = [—djkei — Ciki + CikmCimnenlel
= kbt — CjkmCiml — OjkCilnen — Cjki€l + Cjkm CimnCnip€p
= 80k — Sidji + Sk — Cijua
— 8ijCrinen + SkiCjinen — SjkCimen — Cijk€l + CijkmCrminen - (11.27e)
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Note again that the real parts of (11.27a)-(11.27c¢) differ from the real parts of (11.27d) and (11.27e) by the sign of the
associator term. The real parts of all the multiplication orderings (11.27a)-(11.27e) are invariant under (11.7). The imaginary
part of (11.27a) is cancelled by itself under this symmetry. The imaginary parts of (11.27b) and (11.27c) cancel each other
under this symmetry. The imaginary parts of (11.27d) and (11.27e) also cancel each other under this symmetry. Note also
that for these real parts, there are six distinct combinations since

eiejexe; ~ i — Sikdj + Sudjk + Ciji,

eiejeiex ~ 8idi + Sikdj — Sudjx — Ciji,

eiexeje; ~ —8ik + Sudji + Sudj — Cija,

eiexeiej ~ 8iid + Sikdj — Sudjk + Ciji,

eieiejex ~ —8iidu + Sudj + Sudj + Cija,

eieiexej ~ iy — Sikdjt + Sudjx — Ciji,

(11.28)

and that the remaining 18 permutations are obtained from these by (11.7). Note that the combination
eiejexe; + eiexee; ~ 80 — Sy + Sudj + Ciju
+ 8idjj — Subkj + 8i0 + Ciij
= 2(8i0k + Cijir)- (11.29)

Since the & = 8 Cartan invariant is just the singlet in 56 x 56 x 56 x 56, it follows from (8.44) that it may be expressed as
a linear combination of the five quartic products given above. In analogy with (11.14), one might be tempted to construct
the & = 8 invariant by contracting (11.29) with (11.15). However, although the new associator terms generate new 4-way
cross terms of the kind

abce + bcdf + cdeg + defa + efgb + fgac + gabd (11.30)

they cannot be the correct 4-way cross terms of (8.30), because the way that the epsilons are contracted is different from the
Cayley form (8.28) used in (11.15). So although the & = 4 Cartan invariant may be given by Cayley over the quaternions,
and although the ./ = 8 Cartan invariant is given by a quartic product over the octonions, it is not simply given by Cayley
over the octonions.

12. Five-dimensional black holes
12.1. Five-dimensional supergravity

In five dimensions we might consider:

1. & = 2 supergravity coupled to I vector multiplets where the symmetry is SO(1, 1, Z) x SO(I — 1, 1, Z) and the black
holes carry charges belonging to the (I + 1) representation (all electric).

2. N = 4 supergravity coupled to m — 1 vector multiplets where the symmetry is SO(1, 1, Z) x SO(m — 1, 5, Z) where the
black holes carry charges belonging to the (m + 4) representation (all electric).

3. N = 8 supergravity where the symmetry is the non-compact exceptional group Es)(Z) and the black holes carry
charges belonging to the fundamental 27-dimensional representation (all electric).

The electrically charged objects are point-like and the magnetic duals are one-dimensional, or string-like, transforming
according to the contragredient representation. In all three cases above there exist cubic invariants akin to the determinant
which yield the corresponding black hole or black string entropy.

In this section we briefly describe the salient properties of maximal & = 8 case, following [157]. We have 27 abelian
gauge fields which transform in the fundamental representation of Eg,. The first invariant of Eg) is the cubic invariant
(9.18) which may also be written as [162,198,157,30,199]

Q) = QijQﬂQIQOnanﬂpi, (12.1)

where g;; is the charge vector transforming as a 27 which can be represented as traceless Sp(8) matrix. The entropy of a
black hole with charges gj; is then given by

s = 7/|(Q)|. (12.2)

In five dimensions the compact group H is USp(8). We choose our conventions so that USp(2) = SU(2).In the commutator
of the supersymmetry generators we have a central charge matrix Z4z which can be brought to a normal form by a USp(8)
transformation. In the normal form the central charge matrix can be written as

S1+ Sy —S3 0 0 0
B 0 S1+53—5 0 0 0 1
Zag = 0 0 52+ 53 — 51 0 X\ -1 0) : (123)

0 0 0 —(s1+ 82 +53)
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Table 33
Classification of D = 5, &' = 8 black holes. The distinct charge orbits are determined by the number of non-vanishing eigenvalues and I3, as well as the
number of unbroken supersymmetries.

Orbit Sq Sy S3 I3 Black hole SUSY
Es6)/(0(5, 5) x R6) >0 0 0 0 Small 1/2
Ee6)/(0(5, 4) x R'6) >0 >0 0 0 Small 1/4
E66)/Fa) >0 >0 >0 >0 Large 1/8

We can order the s; so that |s;| > |s3| > |s3|. The cubic invariant, in this basis, becomes
I3 = 515,53. (124)

Even though the eigenvalues s; might depend on the moduli, the invariant (12.4) only depends on the quantised values of
the charges. We can write a generic charge configuration as UeU*, where e is the normal frame as above, and the invariant
will then be (12.4). There are three distinct possibilities as shown in Table 33.

Note that, in contrast to the four-dimensional case where flipping the sign of I, interchanges BPS and non-BPS black
holes, the sign of the I5 (12.4) is not important since it changes under a CPT transformation. There are no non-BPS orbits in
five dimensions.

In five dimensions there are also string-like configurations which are the magnetic duals of the configurations considered
here. They transform in the contragredient 27’ representation and the solutions preserving 1/2, 1/4, 1/8 supersymmetries
are characterised in an analogous way. The entropy of a black string with charges pj; is then given by

s =x/|P)|. (12.5)

It is useful to decompose the U-duality group into the T-duality group and the S-duality group. The decomposition reads
Es — SO(5,5) x SO(1, 1), leading to

27 > 16; +10_5 + 1,. (12.6)

The last term in (12.6) corresponds to the NS five-brane charge. The 16 correspond to the D-brane charges and the 10
correspond to the 5 directions of KK momentum and the 5 directions of fundamental string winding, which are the charges
that explicitly appear in string perturbation theory. The cubic invariant has the decomposition

(27)°> = 10_; 10_, 14 + 16, 16, 10_,. (12.7)

This is saying that in order to have a non-zero area black hole we must have three NS charges (more precisely some
“perturbative” charges and a solitonic five-brane); or one can have two D-brane charges and one NS charge. In particular, it
is not possible to have a black hole with a non-zero horizon area with purely D-brane charges.

Another version of the cubic invariant is given as follows [ 163]: Take two 6-vectors x; and y; and a skew-symmetric 6 x 6
matrix zV. This corresponds to the decomposition

Eg) D SL(2) x SL(6), (12.8)
under which
27 — (2,6) + (1, 15). (12.9)

Now consider the expression
I = Pf(z) + 2'xyy;, (12.10)
where Pf is the Pfaffian. See also [200].

12.2. Eg and the bipartite entanglement of three qutrits

We have seen that in the case of two qutrits, the bipartite entanglement is classified using by [SL(3, C)]? and that the
entanglement measure is given by a determinant. To give a quantum-theoretic interpretation of the = 8 black hole, we
begin by noting that

Es) D [SL(3, R)T?, (12.11)
and
Es(C) D [SL(3, C)]°. (12.12)

We shall now show that the corresponding system in quantum information theory is that of three qutrits (Alice, Bob and
Charlie) [201]. However, the larger symmetry requires that they undergo only a bipartite entanglement of a very specific
kind. The entanglement measure will be given by the cubic Cartan invariant (9.18).
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Fig. 14. The D = 5 analogue of Fig. 11 is the three qutrit entanglement diagram corresponding to the decomposition (12.14) and the state (12.16). It is a
triangle with vertices A, B, C representing the qutrits and the lines AB, BC and CA representing the entanglements.

A crucial ingredient is that under
Es6) D SL(3)a x SL(3)p x SL(3)c, (12.13)
the 27 decomposes as
27> (3,3, 1) +(1,3,3)+3,1,3). (12.14)

An analogous decomposition holds for

Eg(C) D [SL(3, O)1°. (12.15)
Notice that we find three copies of the two qutrit Hilbert space

|¥) = ax|A'B) + bpc'|B'C’) 4 ccalCA), (12.16)
where A, A’ = 0, 1, 2. Note that:

1. Any pair of states has an individual in common.
2. Eachindividual is excluded from one out of the three states.

So we have three qutrits (Alice, Bob, Charlie) but where each person has bipartite entanglement with the other two. However,
as discussed in Section 12.6, this 27-dimensional space is not a subspace of the three qutrit Hilbert space (3, 3, 3).

The entanglement may be represented by a triangle with vertices ABC representing the qutrits and the lines AB, BC and
CA represent the entanglements. See Fig. 14. The three states transforms as a pair of triplets under two of the SL(3)’s and
singlets under the remaining one. Individually, therefore, the bipartite entanglement of each of the three states is given by
the determinant. Taken together however, we see from (8.15) that they transform as a complex 27 of Eg(C). Their bipartite
entanglement must be given by an expression that is cubic in the coefficients a, b, c and invariant under Eg(C). The unique
possibility is the Cartan invariant I3, and so the 2-tangle is given by generalising (5.13) to

T(ABC) = 27|L5|%. (12.17)

If the wave-function (8.17) is normalised, then 0 < 7(ABC) < 1.
Note the appearance of both primed and unprimed qutrit representations, a new feature not encountered with qubits.
This is because the ¢ symbol relates upper and lower indices for qubits

a* = e*ap, (12.18)
while for qutrits a* and ay are different:

1
a = ESABIBZG[Blgz]. (12.19)

The antisymmetry of agg, 5,1 allows the interpretation of the 3" as a pair of indistinguishable “fermions”.

12.3. Decomposition of I3

To understand better the entanglement we note that, as a result of (12.14), Cartan’s invariant contains not one
determinant but three. It may be written as the sum of three terms each of which is invariant under [SL(3)]? plus cross
terms. To see this, denote a 3 in one of the three entries in (12.14) by A. So we may rewrite (12.14) as

27 = (AB) + (BC) + (CA), (12.20)
or symbolically

27=a+b+c. (12.21)
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Then I3 is the singlet in 27 x 27 x 27:
I = a® + b* + ¢ + 6abc, (12.22)

where the products
a® = (AB)(AB)(AB)

1
= 65A1A2A38313233(1A]BlaAszaA3B3s (12.23a)
b* = (BC)(BC)(BC)
1
= 683132338c1c2c3b31qb32C2b53C3, (12.23b)

c3 = (CA)(CA)(CA)

1
C1GCG3 LA1AZA
— 68 106 AR ) coony Cess (12.23¢)

exclude one individual (Charlie, Alice, and Bob respectively), and the products
abc = (AB)(BC)(CA)

1
= EGABbBCCCA, (1224)

exclude none. These results may be verified using the following dictionary between a, b, c and the P, PS, P¢ of the Jordan
Algebra:

p'=—-d%, p’=-d4, p=-d, (12.25a)
1
P = 5 (_(012 + a®1)eg— (b” + cop)er—(b°" + cro)er— (b* + cz0)es (12.25b)
+(a'y — e (b — coo)est(b°" — cr0)est (b — ca0)er)
1
P = 5 (—(a%0 + a2)e— (0" + coper—(b"" + c1)er— (0" + ca1)es (12.25¢)
+(a%o — et (b" — cor)est(b'! — cip)est (b — C21)€7) )
1
P" = 5 (_(‘101 + a'o)e— (b* + cor)er—(b*' + ci2)er—(b* + c2)es (12.25d)
+(a”1 — a'o)est (b*° — cop)est(b*! — c12)est(b? — ca2)er)
which yields,
I; = detJ5(P) = a® + b + 3 + 6abc. (12.26)
12.4. Subsectors
Just as in the E7 case one can truncate to just the (3, 3) in (12.14) which excludes Bob
W) = ccalCA). (12.27)
This is described by just that line not passing through B in the ABC triangle,
(3,3)=(CA) =c, (12.28)
and the corresponding cubic invariant, I3, reduces to the singlet in (3, 3) x (3, 3) x (3, 3)
Is = detcgy ~ 3. (12.29)

12.5. Classification of N' = 8 black holes and three-qutrit states

Inthe & = 8 theory, “large” and “small” black holes are classified by the value of I5. Non-zero I5 corresponds to large black
holes, which are BPS for both signs of I3, and vanishing I5 to small black holes. We may have 1/8, 1/4 or 1/2 supersymmetry
preserved.

The charge orbits [30,157,178] for the black holes depend on the number of unbroken supersymmetries or the number
of vanishing eigenvalues as in Table 33. For & = 8 the large black holes correspond to the class of rank 3 Bell entangled
states and small black holes to the rank 2 Bell or separable class. One way of obtaining such states is to go the canonical
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basis (12.3) where the Cartan invariant reduces to (12.4). The result is shown in Table 33. For example, a state with non-zero
coefficients
1

Coo = C11 = C2 = E, (12.30)
1
&) = —=(]000) + |111) 4 |222)) (12.31)
V3
is maximally entangled with
T=1. (12.32)

Alternatively, having succeeded in writing the Cartan invariant in terms of a, b, c, in (12.26) we can now look for entangled
states in the full &/ = 8 theory. For example, the generalised Bell state with non-zero coefficients
1

CIOO = (11] = a22 = bOO = b“ = b22 = Cop = C11 = Cxp = 5 (1233)

is entangled but not maximally since
16

T=—. 12.34
> ( )

12.6. Three 7-dit interpretation

We note that the 27-dimensional Hilbert space given in (12.14) is not a subspace of the 33-dimensional three qutrit
Hilbert space given by (3, 3, 3), but rather a direct sum of three 32-dimensional Hilbert spaces:

3,3, )+3,1,3)+(1,3,3). (12.35)

This raises an ambiguity about the terminology bipartite entanglement of three qutrits. The state corresponding to the usual
33-dimensional three qutrit Hilbert space given by (3, 3, 3) is

|¥) = aapc|ABC) (12.36)
and one meaning of bipartite entanglement, AB say, would be that given by the reduced density matrix
pag = Trc [¥)(¥]. (12.37)

So it is important to note that this is clearly different from the meaning we have adopted in our discussion of three qutrits
elsewhere in this section.

The triplets in (12.35) have the interpretation as qutrits but what the singlets? A natural way to interpret the singlets is
to embed the qutrits into 7-dits and note that under

SL(7) D SL(3) (12.38)
we have

7—->3+3+1. (12.39)

The three 7-dit system (Alice, Bob, Charlie) is described by the state

|W) = @;5:|ABC), (12.40)
where A = 0,1,2,3,4,5,6, and the Hilbert space has dimension 7> = 343. aAE@ transforms as a (7,7, 7) under
5L(7)A X SL(7)B X SL(7)C Under

SL(7)4 x SL(7)g X SL(7)c D SL(3)4 x SL(3)g x SL(3)¢ (12.41)
we have

7,727 - 3.3.,3)+3,3,3) +1,1,1)
+3.3.,3) +@3.3,3)+3.3.3)
+@3,33 +@3,3,3 +@3,3,3)
+@3.3. 1) +@3.1.3)+(1,3.,3)
+@3,3,1) +G3,1,3) +@1,3,3) (12.42)
+@. 11D + 13,1 +(1,13)
+G,1,1D + (1,31 +(1,1,3
+@3.1,3) +@3.3.1 +(1,3,3)
+3,1,3) +3,3. 1 +1,3,3),
which contains (12.16) as a subspace.
|¥) = axps|A'Be) + bepc| @ BC) + caoc'|A 0 C'), (12.43)
which we abbreviate by (12.16). So the triangle entanglement we have described fits within conventional quantum
information theory, but we have discovered a hidden Eg symmetry of this special 27-dimensional subspace.
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13. Magic supergravities
13.1. Magic supergravitiesin D = 4

The black holes described by Cayley’s hyperdeterminant are those of & = 2 supergravity coupled to three vector
multiplets, where the symmetry is [SL(2, Z)]>. In Section 8 the following four-dimensional generalisations were considered:
(1) /¥ = 2 supergravity coupled to [+ 1 vector multiplets, (2) & = 4 supergravity coupled to m vector multiplets, (3) &/ = 8
supergravity. In all three case there exist quartic invariants akin to Cayley’s hyperdeterminant whose square root yields the
corresponding black hole entropy. We succeeded in giving a quantum theoretic interpretation in the &/ = 8 case together
with its truncations to & = 4 (with m = 6) and & = 2 (with | = 2, the case we already knew [3]).

However, as suggested by Levay [7], one might also consider the “magic” supergravities [185,183,184,202,203]. These
correspond to the R, C, H, O (real, complex, quaternionic and octonionic) & = 2, D = 4 supergravity coupled to 6, 9, 15
and 27 vector multiplets with symmetries Sp(6, Z), SU(3, 3), SO*(12) and E;(_,s), respectively. Once again, as has been
shown just recently [204], in all cases there are quartic invariants whose square root yields the corresponding black hole
entropy.

Here we demonstrate that the black-hole/qubit correspondence does indeed continue to hold for magic supergravities.
The crucial observation is that, although the black hole charges aspc are real (integer) numbers and the entropy (8.1) is
invariant under E7(7)(Z), the coefficients aspc that appear in the qubit state (8.17) are complex. So the 3-tangle (8.18) is
invariant under E;(C) which contains both E77)(Z) and E7(_»5)(Z) as subgroups. To find a supergravity correspondence
therefore, we could equally well have chosen the magic octonionic & = 2 supergravity rather than the conventional & = 8
supergravity. The fact that

E;¢2(Z) D [SL2, Z)T, (13.1)
but

Ez(_25)(Z) 2 [SL(2, Z)] (13.2)
is irrelevant. All that matters is that

E/(C) D [SL2, O)T. (13.3)
The same argument holds for the magic real, complex and quaternionic &/ = 2 supergravities which are, in any case

truncations of & = 8 (in contrast to the octonionic).

Having made this observation, one may then revisit the conventional &' = 2 and & = 4 cases (1) and (2) above. When
we looked at the seven qubit subsector E;(C) D SL(2, C) x S0(12, C), we gave an N = 4 supergravity interpretation with
symmetry SL(2, R) x SO(6, 6) [6], but we could equally have given an interpretation in terms of ;' = 2 supergravity coupled
to 11 vector multiplets with symmetry SL(2, R) x SO(10, 2).

Moreover, SO(I — 1, 2) is contained in SO(I + 1, C) and SO(6, m) is contained in SO(12 + m, C) so we can give a qubit
interpretaztion to more vector multiplets for both & = 2 and & = 4, at least in the case of SO(4n, C) which contains
[SL(2, C)]".

13.2. Magic supergravitiesinD = 5

One might also consider the “magic” supergravities in D = 5 [185,183,184]. These correspond to the R, C, H, O (real,
complex, quaternionic and octonionic) & = 2 supergravity coupled to 5, 8, 14 and 26 vector multiplets with symmetries
SL(3,R), SL(3, C), SU*(6) and Eg(_26) respectively. Once again, in all cases there are cubic invariants whose square root
yields the corresponding black hole entropy [204].

Here we demonstrate that the black-hole/qubit correspondence continue to hold for these D = 5 magic supergravities, as
well as D = 4. Once again, the crucial observation is that, although the black hole charges a4z are real (integer) numbers and
the entropy (12.2) is invariant under Egg) (Z), the coefficients a5 that appear in the wavefunction (12.16) are complex. So the
2-tangle (12.17) is invariant under Eg(C) which contains both Egs)(Z) and Eg(—26)(Z) as subgroups. To find a supergravity
correspondence therefore, we could equally well have chosen the magic octonionic & = 2 supergravity rather than the
conventional & = 8 supergravity. The fact that

Es)(Z) D [SL(3, 2), (13.4)
but

Es(—26)(Z) 7 [SL3, Z)] (13.5)
is also irrelevant. All that matters is that

Es(C) > [SL(3, C©)]°. (13.6)

Once again, the same argument holds for the magic real, complex and quaternionic &' = 2 supergravities which are, in any
case truncations of &' = 8 (in contrast to the octonionic).
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Having made this observation, one may then revisit the conventional & = 2 and & = 4 cases (1) and (2) of Eq. (4.63).
S0(l, 1) is contained in SO(I+ 1, C) and SO(m, 5) is contained in SO(5 + m, C), so we can give a qutrit interpretation to more
vector multiplets for both & = 2 and & = 4, at least in the case of SO(6n, C) which contains [SL(3, C)]".

13.3. Alternative Jordan algebra interpretation

“Details that could throw doubt on your interpretation must be given, if you know them. You must do the best you can -
if you know anything at all wrong, or possibly wrong - to explain it. If you make a theory, for example, and advertise it, or
put it out, then you must also put down all the facts that disagree with it, as well as those that agree with it. There is also
a more subtle problem. When you have put a lot of ideas together to make an elaborate theory, you want to make sure,
when explaining what it fits, that those things it fits are not just the things that gave you the idea for the theory; but that
the finished theory makes something else come out right, in addition.

In summary, the idea is to give all of the information to help others to judge the value of your contribution; not just the
information that leads to judgement in one particular direction or another”.

Richard P. Feynman

Adapted from a Caltech commencement address given in 1974; from the book “Surely You're Joking, Mr.
Feynman!” [205].

13.3.1. New interpretation

Our analogy between black holes and quantum information remains, for the moment, just that. We know of no physics
connecting them. In particular, as far as we can tell our analogy is unconnected with the work of [206-212] relating black
holes and entanglement entropy in field theory.

Nevertheless, we have seen that the exceptional group E; describes the tripartite entanglement of seven qubits [6,7]
and that the exceptional group Eg describes the bipartite entanglement of three qutrits. In the E; case, the quartic Cartan
invariant provides both the measure of entanglement and the entropy of the four-dimensional & = 8 black hole, whereas in
the Eg case, the cubic Cartan invariant provides both the measure of entanglement and the entropy of the five-dimensional
N = 8 black hole.

Moreover, we have seen that similar analogies exist not only for the &/ = 4and & = 2 truncations, but also for the magic
N = 2 supergravities in both four and five dimensions. Murat Gunaydin has suggested (private communication) that the
appearance of octonions and split octonions implies a connection to quaternionic and/or octonionic quantum mechanics.
This was not apparent (at least to us) in the four-dimensional & = 8 case [6], but the appearance in the five dimensional
magic & = 2 case of SL(3, R), SL(3, C), SL(3, H) and SL(3, Q) is more suggestive.

With this in mind, we provide in this section an alternative interpretation of these relationships between black hole
entropy and entanglement measures in quantum information theory. The black hole charges in the five-dimensional & = 2
magic R, C, H, O and & = 8 O° (split octonion) supergravities are known to be described by the elements of a Jordan
algebra of degree three ]ﬁ, where A = R, C, H, O and Q®, respectively. Here we identify them with the 3 x 3 reduced
density matrices of two qutrits in quantum mechanics defined over A.

Recall that in the D = 4 case, one identifies the black hole charges with two qubit state vector coefficients asp or three
qubit coefficients aspc etc., where A = 0, 1. Whereas in D = 5, one identifies the black hole charges with two qutrit state
vector coefficients ayp etc., where A = 0, 1, 2.In this section, however, we suggest an alternative interpretation for which the
black hole charges are identified not the a’s themselves but with components of the reduced density matrices, for example

Phihy = aAlBlazsz(gBle’ (13.7)

where the a’s are defined over the reals, complexes, quaternions and octonions in the case of the & = 2 magic R, C, H, O
supergravities and over the split octonions O° in the case of & = 8.

A similar interpretation is given for the six-dimensional magic & = 2 and & = 8 black dyonic string charges [213],
described by Jordan algebras of degree two jf, in terms of the 2 x 2 reduced density matrices of two qubits defined over
A. This new density matrix interpretation has some advantages over the previous one, while continuing to relate U-duality
invariant black entropies to entanglement measures. However, we have yet to establish in this approach the connection
between three qubit entanglement and the full set of four-dimensional black hole charges, known to be described by the
elements of a Freudenthal triple system 91(J).

This re-interpretation of the black hole/qubit correspondence makes use of the Jordan algebra formulation of quantum
mechanics. Accordingly, in the following section we give a brief overview of Jordan quantum theory and its relationship to
the conventional interpretation, following closely the presentation given in [214].

13.3.2. The Jordan algebra formulation of quantum mechanics

The advent of the matrix mechanics formulation of quantum theory was shortly followed by a number of investigations
into its possible algebraic generalisations. These forays were principally motivated by a certain perception, prevalent at
the time, that the irrefutable successes of quantum mechanics as applied to the atom would not be readily extended to
the relativistic domain [179]. Chief amongst these attempts was the use of Jordan algebras, introduced in Section 9.2, as a
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suitable representation of physical observables [188,215]. The intention was to place emphasis on observables, as opposed
to states, and in doing so abstract the essential characteristics of the set of Hermitian operators, displacing the Hilbert space
from its central position in the mathematical foundations of the theory [216].

Taken alone, it is not entirely clear that the Jordan identity (9.3) ought to be of any fundamental importance when
representing the algebra of observables. To better understand its physical relevance let us consider what is expected of
such a representation starting from the conventional matrix theory. In this case observables are represented by Hermitian
matrices, possibly of infinite dimension. Central to their particular suitability in this role is that their eigenvalues are real, that
distinct eigenvalues correspond to distinct orthogonal eigenvectors and that they are formally real in the sense of (9.4). These
properties, coupled with the spectral decomposition theorem, imply that for any polynomial function F and observable A,

F(A) =Y F(an)Pn, forA=) anPn, (13.8)

where P, and a,, are the projectors and associated eigenvalues, respectively, appearing in the spectral decomposition of A.
The physical significance of this statement is that, if a is the value of some observable A, energy say, for some system in a
given state, then one would expect that F (a) be the value of F (A), energy squared say, for the same state. However, this relies
crucially on the power associativity (9.5) of Hermitian matrices, A"A" = AT+ ensures that F(A) is defined unambiguously.
Now, given a commutative, formally real algebra, the Jordan identity then follows from the physically well motivated
assumption of power associativity [179]. Equally, given the same initial assumptions, the Jordan identity implies power
associativity. However, Hermitian matrices do not in general commute. Consequently, the matrix product of two Hermitian
matrices does not necessarily yield a third Hermitian matrix. They do not form a closed algebra under standard matrix
multiplication. These considerations, in part, motivate the definition of the Jordan product on Hermitian matrices,

1
AoB=_(AB+BA). (13.9)

which is by definition commutative (but nonassociative) and closed with respect to Hermiticity. The algebra of Hermitian
matrices, with multiplicative composition defined by (13.9), is closed, formally real, commutative, power associative and,
consequently, satisfies the Jordan identity (9.3). In this case, Hermitian matrices with the Jordan product (13.9), these
properties simply amount to a set of identities. However, in seeking generalisations, one could make the paradigm shift
and take the Jordan identity as primary, the Jordan product emerging as a secondary consequence. That is, we start from a
Jordan algebra and require that, in addition, it be formally real and contain an identity element so as to ensure its suitability
as an algebra of observables [214]. In summary, we axiomatise the algebra of observables 2:

1. Xoy=yox,
2.x0(x*o0y) =x*o0(x0y),
3.8 4y +22 4+ =0=x=y=z=---=0,

4 d1eAst.1ox=x01l=x Vxe

Having, to some degree at least, set an axiomatic foundation for the algebra of quantum observables, it is natural to
ask what generalisations beyond the orthodox framework this allows for. This question was essentially answered by the
classification of all simple formally real Jordan algebras [ 179] (see Section 9.2). However, before commenting on the possible
alternatives let us address a more immediate issue; how the Jordan formulation captures the statistics of standard quantum
mechanics, an obvious minimal prerequisite.

Having articulated the space of quantum observables in terms of Jordan algebras let us now turn our attention to the
representation of states and the problem of time evolution. We follow closely the presentation given in [214]. States in
quantum theory are represented by rays in a Hilbert space. However, given an orthonormal basis, {|m)} the projection
operators,

Py, = |m){m|, (13.10)
which satisfy,

trPpy = 1, (13.11)
and

P2 = p,. (13.12)

correspond to an equivalent representation. Any normalised pure state [) may be expressed as a projector, Py, = |/ )(¥],
satisfying (13.11) and (13.12). The expectation value of an observable, represented by a Hermitian matrix A, is then given
by,

(A)y = tr(PyA). (13.13)
More generally, any state, pure or mixed, may be represented as a Hermitian, trace one, positive semi-definite density matrix
p (c.f. Section 3.2) in which case,

(A), = tr(pA). (13.14)
To reproduce these results using the Jordan framework it is necessary to introduce a trace form [214,217],

tri=v, trb; = 0, (13.15)
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where v € Z and the set {b;} forms a basis for the Jordan algebra such that any element a may be written as a = a'b;, @’ € R.
This defines a positive definite bilinear inner product,

1
(b;, b]) = —tr(bjo b}) = 5ija (13.16)
V

since one can always choose a basis such that b; o b; = §;1 + fijbx. Any two idempotents,'® P; and P,, are orthogonal,
Py o P, = 0, if they are orthogonal with respect to the inner product (13.16). A general idempotent E is said to primitive if
it cannot be decomposed as the sum of two orthogonal idempotents. The highest possible number of orthogonal primitive
idempotents is the degree of the algebra and is equal to the v appearing in the trace form if one normalises trE = 1, c.f.
(13.11). Any complete set {E;} of orthogonal primitive idempotents satisfies,

Y E=1, (13.17)
i=1

constituting a resolution of the identity. Then, in analogy with the spectral decomposition theorem, any element a in the
algebra can be expressed as a linear sum of primitive idempotents,

a=Y dEla), (13.18)
i=1

where the maximal set {E;(a)} depends on particular the element a under question.
It is now possible to represent an arbitrary state p in the Jordan formulation,

v v
p = ZpiE,-, where Zp,— =1 and p; €0, 1]. (13.19)
i=1 i=1

This clearly relates to the density matrix formalism of conventional quantum mechanics: p is a positive semi-definite, trace
one element that satisfies p> < p with equality holding only for pure states i.e. when p is a primitive idempotent [214]. The
expectation value of an observable a in the Jordan algebra with respect to a state p is then given by,

{(a), =tr(aop). (13.20)

Hence, this Jordan algebra formulation is essentially equivalent to the density matrix picture of the conventional quantum
mechanics [214].

Let us now consider time evolution. Here the Jordan formalism does depart, to some extent, from the standard density
matrix picture. If we assume that the affine structure of a general density matrix is preserved by time evolution then,

dp(t) = —i[H, p()], (13.21)

where H is the Hamiltonian. An important feature of (13.21) is that it maps pure states into pure states. Given two Hermitian
matrices, A and B, we have,

3:(AB) = —i[H, AB]
—i([H, A]B + A[H, B])
= (0;A)B + A(9;B). (13.22)

The differential evolution operator acts as a derivation as one would expect. Requiring this condition in the Jordan
formulation, so that for any two elements x and y

0(xoy) =D(xoy) =x0Dy)+DX)oy=x00(y)+ 0(x) oy, (13.23)

the differential evolution operator D acts as a derivation of the Jordan algebra c.f. (9.12). Recall, the set of derivations
generates the automorphism group of the algebra (9.11). Hence, the corresponding time translation operator, Ty, _,,, taking
an element, x,,, at time ty, to the corresponding element, x,,, at time t,, preserves the Jordan product. If

X, 0V, = Zy, (13.24)
then
Tty 6, (Xey) © Tty 0, V) = Tty -1, (2¢,) 0T, equivalently x;, oy, = z,. (13.25)
Consequently, T, .., takes pure states, represented by primitive idempotents E;,, into pure states, as can be seen from,
Ei, 0 Bty = Et; = Tyj—t, (Ety) 0 Ty 1y (Ety) = Tey—t, (Ety)
= E;, o E;, = E,. (13.26)

10 Any algebra element P is said to be idempotent if P> = P.
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Remarkably, any derivation D(z) can be expressed as,
D(z) =Dyy(z) =X0(zoy) — (xo0z) oy, (13.27)

where x and y are any to two traceless elements. Recalling the definition of the associator, this implies that the evolution of
any (mixed or pure) state is given by,

9p =[x, p,y]. (13.28)

It would seem that, in the Jordan formalism, the associator plays a role equivalent to that of the commutator in the standard
picture. Let us consider the case closest to conventional quantum mechanics, the Jordan algebra of n x n Hermitian matrices
defined over C. In this case (13.28) reduces to,

ap = [[x,¥], pl. (13.29)

IfH = i[x, y] + A1 then [[x, y], p] = —i[H, p] and (13.29) reproduces the conventional unitary evolution equation (13.21).
It is as if the Jordan formulation is, in words of [214], the “square root” of standard theory.

In light of this relationship between the Jordan formulation and the density matrix formalism, the simple Jordan algebras
of n x n Hermitian matrices over the associative division algebras seem to offer an obvious generalisation. However,
it would seem that they simply amount to conventional quantum theory defined over R, C or H [218]. This leaves the
exceptional octonionic example. In this case a Hilbert space formulation is not possible due to the nonassociative nature
of the octonions. It has, however, been shown that the usual axioms of quantum theory may be satisfied by taking a more
abstract “propositional” approach [194,214,217,219,220].

13.3.3. D = 5 and Jordan algebras of degree three ]g*
Let us compare J5(P) of Section 9.4 with the 2 qutrit reduced matrices p4 and pg

= Trg |¥)(¥],
P B YNV (13.30)
pg = Tra [W)(¥],
which are also 3 x 3 hermitian and transform in the same way, at least in the R and C cases:
B1B;
(Pa)ayay = ApgB, @ a8y 072, (13.31)

* A1A;
(0B)B1By = GaB, @ AyB,0" 2.

Making contact with the H, O and Q° cases, however, would require going to quaternionic or octonionic quantum mechanics.
The two qutrit system (Alice and Bob) is then described by the state

|¥) = aaplAB), (13.32)

where A = 0, 1, 2, so the Hilbert space has dimension 9, 18, 36, 72 for A = R, C, H, Q. The a,p transforms as a (3, 3) under
SL(3, A)a x SL(3, A)g.
From Section 5 the bipartite entanglement is measured by the 2-tangle

7,(AB) = 27|det p|. (13.33)

We now propose to identify the black hole charges J with components of the reduced density matrix p rather than the state
coefficient a!

Recall that SL(3, A) has dimension 8, 16, 35, 78 for A = R, C, H, Q. Note that the fundamental reps have real dimension
3dimA: 3,6, 12, 24 but 24 is not a rep of Eg.

13.3.4. D = 6 and Jordan algebras of degree two jf
The elements of the Jordan algebras ]f of degree two, are 2 x 2 hermitian real A matrices:

h(A) = (}i{ ;‘2 ) , (13.34)

where R; are real numbers and where A € A = R, C, H, O, Q°. They transform as the (dim A + 2) representation of SL(2, A).
In other words as the 3, 4, 6, 10, 10 of SO(2, 1), SO(3, 1), SO(5, 1), SO(9, 1), SO(5, 5), respectively as in Table 34. These are
the symmetries and dyonic black string charge representations of the magic & = 2 and & = 8 supergravities. In all cases
the black string entropy is

S = xy/|det}s], (13.35)

where

det), = R{R, — AA. (13.36)
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Table 34

Jordan algebra dimensions.

A dim A dim Jq

R 1 dd+1)/2
C 2 d?

H 4 d2d — 1)
(0] 8 d(4d — 3)

Let us compare J,(A) with the 2 qubit reduced matrices p4 and pp

pa = Trg [V ) (W],

pg =T [V ) (W],
which are also 2 x 2 hermitian and transform in the same way. Generalising to R, C, H, O, Q®, the two qubit system (Alice
and Bob) is then described by the state

|¥) = asplAB), (13.38)
where A = 0, 1, so the Hilbert space has dimension 4, 8, 16, 32, 32 for A = R, C, H, O, Q°. The asp transforms as a (2, 2)
under SL(2, A)4 x SL(2, A)g. The bipartite entanglement is measured by the 2-tangle

7, (AB) = 4|det p]|. (13.39)

We now propose to identify the black hole charges ] with components of the reduced density matrix p rather than the
state coefficient a!

Recall that SL(2, A) has dimension (dimA + 2)(dim A + 1)/2 namely 3, 6, 15, 45, 45 for A = R, C, H, O, O°. Note that
the fundamental reps have real dimension 2 dim A namely 2, 4, 8, 16.

(13.37)

13.3.5. D = 4 and Freudenthal triples M (J)
Recall from Section 9.6 that in D = 4 the black hole charges are described by the Freudenthal triple system [30] realised
as 2 x 2 “matrices”. Unfortunately, we do not know how to proceed with the new interpretation in D = 4.

13.3.6. Advantages and drawbacks
This new density matrix interpretation has some advantages and some drawbacks:

Advantages: 1. It solves the problem of the apparently unconventional Hilbert space appearing in (12.16). Now it is just
that of two quitrits, albeit with unconventional quantum mechanics. There is no need to describe it as a subspace
of 7-dits.

2. The mismatch between real black hole charges and complex state coefficients now disappears. R, C, H, Q, O°
charges correspond to R, C, H, Q, O° density matrices.

3. It works in D = 6 as well as D = 5. The old interpretation does not admit the 10 of SO(5, 5)and so cannot
explain black strings in D = 6.

4. Incontrast to the old interpretation, this new interpretation may be extended to &' = 2 supergravity coupled to
an arbitrary number of supermultiplets which also have an interpretation in terms of reducible Jordan algebras
of degree 3 [30].

Drawbacks: 1. It seems to contradict our previous interpretation of identifying charges with asp or aspc coefficients which
seemed to work well, at least for the & = 2 STU model and its &/ = 8 generalisations. Moreover the
observations that E; D [SL(2)]” and Es D [SL(3)]* now seem to play no role.

2. There seems no obvious way to interpret the Freudenthal triples in terms of three qubit density matrices, and
so D = 4 remains a mystery.

3. Quaternionic [218] and octonionic quantum mechanics [219] seem further removed from the real world, as the
following example illustrates. Consider a single qudit state defined over A = R, C, H, O

|¥) = aalA), (13.40)
whereA =0, 1,2, ...,d— 1. The dimension of the Hilbert space is

dim # = ddim A, (13.41)
and the d x d density matrix

PAB = GaQj, (13.42)

belongs to a d-dimensional Jordan algebra with

1
dimjy = d+ Sd(d — 1) dim A (13.43)

real parameters, as in Table 34.
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Now consider a state of n qudits
[¥) = aapy..a,|1A1A2 - - Ap). (13.44)
The dimension of the Hilbert space is
dim # = d" dim A, (13.45)

and the d" x d" density matrix,

— *
PA1Ay--AnB1By-~-Bn = OA1Ay--AnUp B, .8, (13.46)

belongs to a d"-dimensional Jordan algebra with

1
dim g = d" + _d'(d" — 1) dim 4, (13.47)

real parameters.
One might expect that an n-qudit state would be described by the same number of parameters as the tensor product of
n single qudits [221].

[dimJ4]" = dim (13.48)

but this works only in the complex case.
14. Wrapped branes as qubits

14.1. D = 4 black hole origin of qubit two-valuedness

In Section 7 we established a correspondence between the tripartite entanglement measure of three qubits and the
macroscopic entropy of the four-dimensional 8-charge STU black hole of supergravity. In this section we consider the
configurations of intersecting D3-branes, whose wrapping around the six compact dimensions T® provides the microscopic
string-theoretic interpretation of the charges, and associate the three-qubit basis vectors |ABC), (A, B, C = 0 or 1) with the
corresponding 8 wrapping cycles. In particular, we relate a well-known fact of quantum information theory, that the most
general real three-qubit state can be parameterised by four real numbers and an angle, to a well-known fact of string theory,
that the most general STU black hole can be described by four D3-branes intersecting at an angle.

Macroscopically, S is just one quarter the area of the event horizon of the black hole. To give a microscopic derivation [43]
we need to invoke ten-dimensional string theory whose associated Dp-branes wrapping around the six compact dimensions
provide the string-theoretic interpretation of the black holes. A Dp-brane wrapped around a p-dimensional cycle of the com-
pact directions (x*, x*, x%, x”, x®, x°) looks like a DO-brane from the four-dimensional (x°, x!, x?, x*) perspective [222-225].

The microscopic analysis is not unique since there are many ways of embedding the STU model in string/M-theory, but
a useful one from our point of view is that of four D3-branes of Type IIB wrapping the (579), (568), (478), (469) cycles of T®
with wrapping numbers Ny, N1, N2, N3 and intersecting over a string [226]. The wrapped circles are denoted by crosses and
the unwrapped circles by noughts as shown in Table 35. This picture is consistent with the interpretation of the 4-charge
black hole as bound state at threshold of four 1-charge black holes [135,136,19]. The fifth parameter 6 is obtained [227,
228] by allowing the N3 brane to intersect at an angle which induces additional effective charges on the (579), (569), (479)
cycles. The microscopic calculation of the entropy consists of taking the logarithm of the number of microstates and yields
the same result as the macroscopic one [229].

To make the black hole/qubit correspondence we associate the three T2 with the SL(2), x SL(2)g x SL(2)¢ of the three
qubits Alice, Bob, and Charlie. The 8 different cycles then yield 8 different basis vectors |[ABC) as in the last column of Table 35,
where |0) corresponds to xo and |1) to ox. To wrap or not to wrap; that is the qubit. We see immediately that we reproduce
the five parameter three-qubit state |¥) of (4.63):

|&) = —N;cos®6|001) — N5|010) + N5 siné cos]011)
— N;|100) — N3 sin6 cos]101) + (Ng + N3 sin® 6)[111). (14.1)

Note that the GHZ state of Table 8 describes four D3-branes intersecting over a string. Performing a T-duality transformation,
one obtains a Type IIA interpretation with zero D6-branes, Ny DO-branes, Ni, N,, N3 D4-branes plus effective D2-brane
charges, where |0) now corresponds to xx and |1) to oo.

14.2. D = 5 black hole origin of qutrit three-valuedness

All this suggests that the analogy [8] between D = 5 black holes and qutrits, described in Section 12.2, should involve
the choice of wrapping an M2- brane around one of three circles in T>. This is indeed the case, with the number of qutrits
being two.
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Table 35
Three qubit interpretation of the 8-charge D = 4 black hole from four D3-branes wrapping around the lower four cycles of T® with wrapping numbers
No, N1, Ny, N5 and then allowing N to intersect at an angle 6.

4 5 6 7 8 9 Macro charges Micro charges |ABC)
X o X o X o p° 0 |000)
o X o X X o q1 0 |110)
o X X o o X a2 —N3 sin6 cos 6 |101)
X o o X o X qs N3 sin6 cos 6 |011)
o X o X o % Q@ No + N3 sin @ [111)
X o X o o X —p! —Nj; cos® 6 |001)
X o o X X o —p? —N, |010)
o X X o X o —p3 —N, |100)
Table 36

Two qutrit interpretation of the 9-charge D = 5 black hole from M2-branes in D = 11 wrapping around the upper three cycles of T® with wrapping
numbers Ny, N1, N;. Note that they intersect over a point.

5 6 7 8 9 10 Macro charges Micro charges |AB)
o X o ) p° No |00)

o X o p' Ny [11)

o X o o X p? N, [22)
x ) o o x ) P’ 0 |01)
o X o o X p* 0 [12)
o X X o o p° 0 |20)
X o o o o X p° 0 102)
o X X o o p’ 0 |10)
o ) X o x ) p® 0 [21)

The 9-charge & = 2,D = 5 black hole may also be embedded in the &/ = 8 theory in different ways. The most
convenient microscopic description is that of three M2-branes [230,226] wrapping the (58), (69), (710) cycles of the T®
compactification of D = 11 M-theory, with wrapping numbers Ny, Ny, N, as in Table 36. To make the black hole/qutrit
correspondence we associate the two T2 with the SL(3)4 x SL(3); of the two qutrits Alice and Bob. The 9 different cycles
then yield the 9 different basis vectors |AB) as in the last column of Table 36, where |0) corresponds to xoo, |1) to oxo and
|2) to oox. We see immediately that we reproduce the three parameter two-qutrit state |¥) of (5.16):

[¥) = No|00) + N1|11) + N|22). (14.2)

Note that this rank 3 Bell state describes three M2-branes intersecting over a point.
The black hole entropy, both macroscopic and microscopic, turns out to be given by the 2-tangle

S=2my |det aAB|, (143)

and the classification of the two-qutrit entanglements matches that of the black holes as in Table 36. There is, in fact, a
quantum information theoretic interpretation of the 27 charge & = 8,D = 5 black hole in terms of a Hilbert space
consisting of three copies of the two-qutrit Hilbert space [8]. It relies on the decomposition Egg, D [SL(3)]? and admits
the interpretation of a bipartite entanglement of three qutrits, with the entanglement measure given by Cartan’s cubic Eg g
invariant. Once again, however, because the generating solution depends on the same three parameters as the 9-charge
model, its classification of states will exactly parallel that of the usual two-qutrit system. Indeed, the Cartan invariant reduces
to det ayp in a canonical basis [157].

The microscopic interpretation of the D = 5 black string and its QI correspondence proceeds in a similar way by wrapping
three M5-branes around T, We simply swap the crosses and the noughts in Table 36.

15. Outstanding problems

15.1. For quantum information theory

The Fano plane has played a crucial role in our description of the 3-way entanglement of seven qubits. It also finds
application in switching networks that can connect any phone to any other phone. It is the 3-switching network for 7
numbers. However there also exists a 4-switching network for 13 numbers, a 5-switching network for 21 numbers, and
generally an (n + 1)-switching network for (n? 4+ n + 1) numbers corresponding to the projective planes of order n [23,24].
It would be worthwhile pursuing the corresponding quantum bit entanglements.

Exceptional groups, such as E;(7), have featured in supergravity, string theory, M-theory and other speculative attempts
at unification of the fundamental forces. However, it is unusual to find an exceptional group appearing in the context of
qubit entanglement. Can this be subject to experimental test?
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What is the significance of the coset constructions, such as Eg/[SL(2)]® that describes the 4-way entanglement of eight
qubits?

Cayley’s hyperdeterminant provides a good measure of entanglement by virtue of being an entanglement monotone. We
intend to return elsewhere to the issue of whether Cartan’s E; invariant is also monotonic.

Jordan algebras were first introduced in the 1930s by Jordan, Wigner and von Neumann to describe the different possible
versions of quantum mechanics: defined over the real, complex, quaternionic and octonionic numbers. As we have seen, they
also make their appearance in black hole physics which we have, in turn, related to quantum mechanics. Does this mean
that we can come full circle and reformulate the qubit entanglements in terms of quaternionic and/or octonionic quantum
mechanics?

The D = 5 black hole, related to two qutrits, and the D = 4 black hole, related to three qubits, are themselves related
through the 3-dimensional Jordan algebras over the octonions and the Freudenthal triple systems. Indeed there exists a
5D/4D black hole correspondence that relates the two but involves black holes carrying angular momentum and Taub-NUT
charge [231,232]. Is there a QI interpretation of rotating black holes and NUT charge? What does this imply for the relation
of qubits to qutrits? Moreover, we have confined out attention to asymptotically flat black holes. What about those that are
asymptotically anti-de Sitter (AdS)?

Although there are no black holes with non-zero entropy in D > 6 dimensions, there are black strings and other
intersecting brane configurations with entropies given by U-duality invariants. Do they have a qubit interpretation?

A pair of entangled qubits may be exploited to perform computational tasks beyond the capability of any classical device.
What is more, a three-qubit entangled state can then be used achieve tasks surpassing that of the 2-qubit case. Can we go
beyond these examples utilising the special properties of the tripartite entanglement of seven qubits? One possibility is the
role of the Fano plane in error-correcting codes.

The tripartite entanglement of three qubits is subject to experimental test and provides a striking version of Bell’s theorem
on non-locality versus realism [95]. Can we generalise these experiments to the tripartite entanglement of seven qubits
described above by the Fano plane and thereby demonstrate the effects of octonions in the laboratory?

15.2. For M-theory

The STU black hole entropy is described by the 2 x 2 x 2 hyperdeterminant, but there is a much richer mathematical
structure behind the theory of more general hyperdeterminants [27] which also enters the classification of entanglement
invariants [21,113,78,233]. Do they have a role in M-theory?

We have seen that the SL(2) x SO(6, 6) Cartan invariant for the 24 NS-NS charges is just the SL(2)? invariant Cayley’s
hyperdeterminant when defined over the imaginary quaternions. Is this just a property of the charges or does this mean
that the & = 4 supergravity is, in some sense, just the &' = 2 STU supergravity defined over the imaginary quaternions?
If so, does this mean that the NS-NS sector of D = 10 string theory compactified on T® with U-duality SL(2) x SO(6, 6) is
somehow equivalent to the NS-NS sector D = 6 string theory compactified on T2 with U-duality SL(2)3, when defined over
the imaginary quaternions?

The E; Cartan invariant for the full 56 charges, including the 32 R-R, is not simply given by Cayley’s hyperdeterminant
over the imaginary octonions but is nevertheless given by a similar expression quartic in the imaginary octonions. So one
could again ask whether this just a property of the charges or does this mean that the &/ = 8 supergravity is, in some
sense, related to the & = 2 STU supergravity defined over the imaginary octonions. If so, does this mean that D = 11 M-
theory compactified on T7 with U-duality E; is somehow related to the NS-NS sector D = 6 string theory compactified on
T2 with U-duality SL(2)*, when defined over the imaginary octonions? We are encouraged in these speculations by recent
independent advances by both mathematicians [28,29] and physicists [6,7] that show, using the Fano heptads, that E; has a
natural structure of an O-graded algebra, compatible with its action on the minimal 56-dimensional representation.

15.3. For their interrelation

A third physical application of Cayley’s hyperdeterminant is that of providing the Lagrangian of the Nambu-Goto string
in spacetime signature (2, 2) [234,235]. (It is then possible to generalise to an E; invariant string using the Cartan invariant.)
Is this related to its other two applications in black holes and quantum information theory?

The Type IIB microscopic analysis of the black hole has provided an explanation for the appearance of the qubit two-
valuedness (0 or 1) that was lacking in the previous treatments: the brane can wrap one circle or the other in each T2. The
number of qubits is three because of the number of string theory extra dimensions is six. Moreover, the five parameters of
the real three-qubit state are seen to correspond to four D3-branes intersecting at an angle. Similar results hold for the two-
qutrit system. Can one now find an underlying physical justification for (1.1) relating the 3-tangle to the black hole entropy?
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Appendix A. Transvectants and Cayley’s hyperdeterminant

Cayley’s original treatment of the hyperdeterminant [22] made use of a homogeneous polynomial U of third degree in
six variables with eight coefficients a to h:

U = axiy1z1 + bxiy1z2 + ¢ x1y221 + dX1Y22;
+expy1z1 + f Xy120 + g X2¥221 + hXy)2;. (A1)

Successive application of differential operators reduced U to an expression called u — an example of a hyperdeterminant (cf
Section 4.3.2):
u = a®h? + b*g? + ¢*f* + d*e? — 2 (abgh + acfh + aedh + bcfg + bdeg + cdef) + 4 (adfg + bceh)

= (ah — bg — ¢f + de)? + 4(ad — bc)(fg — eh)

= (ah — bg — de + c¢f)? + 4(af — be)(dg — ch)

= (ah — ¢f — de + bg)? + 4(ag — be)(dg — bh). (A.2)
To begin with the differentials were expressed solely in terms of what we would today recognise as “momentum space”
duals to the x, y, z variables. This developed into the traditional symbolic method or classical umbral calculus. Cayley’s sub-
sequent treatment made use of determinants of these dual variables, and one of the notations for the determinants was the
symbol Omega || §2||. These were combined into a single operator called the hyperdeterminant symbol O so that u = OU.
Cayley eventually moved on from his hyperdeterminant theory and after a sesquicentennial hiatus the work was reestab-
lished in [27].

A connection between the hyperdeterminant theory and entanglement measures lies in classical invariant theory [236,
233,237,201,114,80,238]. The objects of interest are forms (homogeneous polynomials), and the functions of these forms
that are “unchanged” in some sense by transformations of the variables — for this purpose it is instructive to consider the
more general notion of a covariant.'! Covariants of a form are functions J (@, X) in the form’s variables X and coefficients a
that are unchanged under general linear transformations modulo the determinant A of the transformation:

J@x) = A")'@.X). (A3)
Here, w is called the weight of the covariant. An invariant is simply a covariant in the special case in which there is no x
dependence. When even the determinant factor drops out (w = 0) the covariant (or invariant) is called absolute. Given a
set of forms depending on the same variables one may also construct joint covariants. These depend on the coefficients of
all the forms, but satisfy the same transformation formula as ordinary covariants.

One can generate covariants of a form via a process known as transvection, which is itself based upon the Omega process.
The mth order Omega process with respect to an m x m matrix of variables V is a differential operator defined as

9 9
Wi Vi
Q= : . s
3 3
W 0V
- YO ] (A4)
n;;m( ) i1 Vira) '

For example, a second order Omega process would be m — m We will call the matrix of which  is the
determinant the Omega matrix £2. In conjunction with a set P consisting of p polynomials, the Omega process may be used
to form transvectants. The essential property of the Omega matrix that permits this construction is the fact that under a
simultaneous general linear transformation A of all the variables, Omega transforms as £2 — (A~1)7£2, so that the Omega
process satisfies
Q> (detA)7'Q, (A5)
making it an example of an invariant process. Other invariant processes are the scaling and polarisation processes
- - Gl
Polarisation: mw(X,y) := xi—,
=y (A6)
Scaling: o (X) := w (X, X),

11 e rely heavily upon the notation of [236] throughout this appendix.
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which obey identities with the Omega process. The covariants resulting from their application find alternative expression
as the partial transvectants discussed briefly below.

Defining P(V;) := P(Vj1, ..., Vjp), we use the tensor product notation ®f=1 P; to denote P;(V4), ..., P,(V,). A complete
n-transvectant is then defined by

)4
(P, ... P)" =t Q" Q)P (A7)

i=1

- - —
where tr sets all vectors of variables to be equal: V; = V, = --- = V,,. Under the exchange of any of the P;, the transvectant

picks up a factor of (—)". For a complete n-transvectant, the dimension v of the VT vectors satisfies p = v = m. However
more generally, v can be any integer multiple of p: p = v/d. In such case, the polynomials are expected to be multiforms;
that is, while the polynomials accept p x d arguments, they are homogeneous in each of the d sets of v variables. Separate
Omega processes can then operate on the d sets of variables to form a complete (ny, ..., ng)-transvectant:

p
(Pr. ..., P = r @) @ R Pr. (A8)
i=1

When the P; have multiweights (w11, ..., Wia), ..., (Wp1, ..., Wpq) the resulting covariant has multiweight (wyq + - - - +
Wp1+n1, ..., Wig+- - -+wpg+ng). In the multidegree case, transvectants satisfy p = v/d = m, butitis possible to generalise
yet further to partial transvectants in both the single and multidegree cases. The Omega processes of partial transvectants
have variables excluded by deleting rows and columns in the full pd x pd Omega matrix. Partial transvectants subsume
the scaling and polarisation processes so that the polynomial covariants of a set of forms can be obtained using only linear
aggregates of partial transvectants. In all cases, transvectants obey the inequality

p>v/d=m, (A.9)

with saturation for a complete transvectant.
An elementary and eminently recognisable example of a transvectant would be the discriminant of a quadratic form:

P(x,y) = ax’ + bxy + ¢y’

1 (A.10)
b* — dac = -5, P,
which is an invariant. This is an example of a Hessian covariant H[P]:
1 JaP
H[P]:= —(P,...,P)® = det . (A.11)
V! —— 8X,’8Xj
v
Another example is the Jacobian determinant J[Py, ..., P,]:
oP;
JIP1, ..., P,]:=(Py,...,P)"" = det <a—’> , (A.12)
Xj

which is familiar from the change of variables in integration. As this is a first transvectant it is actually simpler than the
example of the Hessian covariant. A yet simpler case is the zeroth transvectant of a set of forms, which is merely the product
of the forms.

In similar fashion, transvection can generate the entanglement measures of a three-qubit system using the covariants of
a single polynomial ¥ in six variables [80]:

Y= apXiyjzi
= @oXoY0Zo + A1X0Y0Z1 + G2X0Y1Z0 + A3X0Y12Z1 (A.13)
+ a4X1Y0Zo + A5X1Y02Z1 + sX1Y120 + A7X1Y121,
where the usual binary to decimal conversion has been performed on the coefficients. The form  is in fact a triform of
tridegree (1, 1, 1), which is to say it is a form of degree one in each of the X, y, Z variables when the other two are fixed.

This immediately suggests that one may form (n1, n,, n3)-transvectants of v, the first of which is trivially y itself. The next
covariants of interest arise from Hessian-like transvectants whose degree-sum is two:

Hy= SO,

Hy = %(w, ) O, (A.14)

1
Hy = o, ).
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Note that the H; transvectants are of degree three with two polynomials and six variables, hence they are complete and the
Omega processes are second order. Written out more explicitly these are:
Hi = (GoXo + agx1) (asXo + a7x1) — (@1Xo + asx1) (A2Xo + AsX1)
= (aoa3 — a107) Xy + (G304 — G305 — Q10 + Goa7) XoX1 + (4407 — AsUg) X7,
Hy = (aoyo + a2y1) (asyo + azy1) — (a1yo + asy1) (aayo + asy1)
= (aols — a1a4) Y + (—A3a4 + 205 — a105 + Aoa7) Yoy1 + (0207 — a30s) V7,

Hs = (aozp + a1z1) (aszo + a7z1) — (A220 + a321) (aaZp + as21)

(A.15)

2 2
= (aos — a2a4) Z§ + (—a3a4 — G205 + a10s + Aoa7) Z0Z1 + (a107 — A30s) Z7.

The H; are closely related to the 2-tangles of a three qubit system. Next there is a single Jacobian-like covariant which may
be obtained from each of the three H;

T = (¥, H)"*0
= (Y. H) "0
= (Y, Hy) %Y. (A.16)

This is a large expression when written in full:

T= ( 2a10,a4 — Ggaza4 — GpA05 — dod10s + 0(2)(17 ) XoY0Zo
+( @1a304 + 10205 — 2a0a305 —  Ajds  + AoA1a7 ) XoYoZ1
+( aazay — aﬁas + 410205 — 200030 + Apa207 ) XoY120
+( a§a4 — 0305 — 1030 + 2a10207 — AgA307 ) XoY121
+ (= a30; + 020405 + 10405 — 200050s + Aodady ) X1Y0Z0
+ (= a30405 + @G — A10505 + 210407 — AoAsA7 ) X1YoZ1
+ (= 30405 — G20505 + 1A% + 2020407 — Aosa7 ) X1Y1Z0
+ (— 2430506 + A30407 + 020507 + A146a7; — o035 ) X1Y1Z1,

(A17)

which is related to the Kempe invariant [71]. Finally there is the hyperdeterminant invariant whose absolute value is
proportional to the 3-tangle

1
A= E(T, )LD = Deta. (A.18)

Expressed entirely in terms of ¥ this is ;((v, (¥, y)©@1D)(1:00 y)@.1.D Interpreting the x, y, z variables as qubits, the
LU-invariants can be generated by the self-overlaps of the six polynomials v, Hy, Hy, H3, T, and A. According to [80], there
is an additional LU-invariant (Avr?|T?).

Rather than generate the three-qubit invariants through iterated complete transvection, they may alternatively be
obtained as partial transvectants. In this case the Omega processes are partitioned into three sets, the first of which act on
the x variables, the second on the y’s and the third on the z’s (remembering that each polynomial’s arguments are initially
unique and only reduce to x, y, z when the trace is applied). In the case of complete transvectants, there was no ambiguity
in the variables involved in the Omega process, but now there is the freedom to choose which polynomials the processes
are associated with. Recalling that v/d = m, we find that since the Omega processes for our triform (A.13) are second order,
the processes need two labels referring to the polynomials involved (and of course there must be at least two polynomials
since p > m). Consequently, we may adopt the notation:

Qqp = det (giﬁ gx) , (A.19)

where x and y correspond to xg, x; if the process appears in the first partition, yo, y; if it appears in the second partition, etc.
There is also a bracket notation we may employ:

[@B] == Q245 = —[Ba], (A.20)

where the LHS is called a bracket factor of the second kind.'? While Cayley introduced the Omega notation, he also employed
« B for bracket factors. The covariants that are written in terms of bracket factors are referred to as bracket polynomials and

12 The bracket factors of the first and third kinds are also determinants, but involving the variables themselves. The former are denoted («X) and
correspond to scaling processes, whereas the latter look like [« S]] and are ordinary determinants of variables.
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we can rewrite three-qubit covariants as bracket polynomials. To begin with, the H; are given by

H,

1
5w MDD ¥ @ ¥,
1
Hy = o (2hC H2hy @ v, (A21)

1
H; = i (2npazpc vy,
where in each case there is a single empty partition (cf (A.15)). Next, T can be obtained in multiple ways as

)
T = tr (12D ([23D([23]) ¥ = —tr (23D (12D ([12]) ¥ **
tr ([23)([12D)([23]) ¥** = —tr (12D (23D ([12]) ¥ **

= tr ([23D)([23D([12]) ¥** = —tr ([12])([12])([23]) ¥*°, (A22)
where the new polynomial is linked to the remaining ones in the previously empty slot of any of the H;. Finally, the
hyperdeterminant is realised as

1
A= 3 tr ([12][34])([14][23])([14][23]) ¥ **. (A.23)
There are of course several bracket polynomials corresponding to the hyperdeterminant, and they are obtained by linking
the previously untouched polynomial in each slot with the new polynomial using the appropriate bracket factor.
Appendix B. Supergravity compactifications

B1. N=1,D=11

In this appendix we look at superalgebras [32] for M-theory in D = 11, Type IIA theory on D = 10 and Type IIB theory
in D = 10 in order to see how the central charges give rise to the black hole charges in D = 4 after compactification on
either T7 or TS. To get the right central charges, we need to know the symmetry properties of Dirac matrices for SO(1, 2n)
and SO(1, 2n — 1) [239] which obey the Clifford algebra:

{I'a, T8} = 2nag, (B.1)
whereA=0,...,2n — 1and n = diag(—1, +1, ..., +1).

(FMlMZ'”Mr C)aﬁ — (_])(n—r)(n—r+l)/2 (rM]Mz---M,— C)ﬂo(, (B.z)
where C is the charge conjugation matrix

C=Tliln2 - Ton-11o- (B.3)

Here the symmetric gammas are '™ C, I'NC and ™M so the D = 11 supersymmetry algebra is

{Qu. Qp} = (FMC)M; Py + (FMNC)aﬂ Zun + (FMNPQRC)aﬁ ZMNPQR- (B.4)
That is, there is a two-form and a five-form charge. The total number of components of all charges on the RHS of (B.4) is

11 4+ 55 + 462 = 528, (B.5)

which is, algebraically, the maximum possible number since the LHS is a symmetric 32 x 32 matrix.
Consider an 11 = 4 + 7 split with

SO(1, 10) D SO(1, 3) x SO(7), (B.6)
under which

PM - P/l. + Pia

11— 41)+Q1,7),

ZMN i Z/w + Z//.i + Z,",
55— (6,1)+@4,7)+(1,21),

ZMNPQR = Zyvpoi T Zuvpij T Zuvijke + Zyijkt + Zijkim

462 — (1,7) + (4, 21) + (6, 35) + (4, 35) + (1, 21).
The 56 0-brane charges are

P~ (1,7),

Zij ~ (1,21),

Zyvpoi = Epvpo *Zi ~ (1, 7), (B.8)

(B.7a)
(B.7b)

(B.7¢)

1 >no
Zijim = Egijklmnoz ~ (1, 21),
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Table 37
S0(1, 3) x SO(7), and SO(1, 3) x SO(6) representations appearing in compactifications of (4 = 1, D = 11), and (~# = 2, D = 10), respectively.
N=1D=11 N =2A,D =10 N =2B,D=10
R-R NS-NS R-R NS-NS
Pi~@,7) Z~(1,1) P~ (1,6) Zi~ (1,6) P~ (1,6)
Zi ~ (1,21) Zi ~ (1,15) Z; ~ (1,6) Zix ~ (1,10 + 10) Zi ~ (1,6)
*Zi ~ (1,7) *Z ~ (1,1) *Z; ~ (1, 6) *Z} ~ (1,6) *Zt ~(1,6)
Zj~Q,21) Zj~(1,15) Zi~(1,6) ZF ~(1,6)
P/L ~@4,1) /Ll ~ (4, 6) P[L ~(4,1) Z/L ~(4,1) P}L ~ (4,1
Zi~ @47 wk ~ (4, 10) Z,~ @4,1) Z“ ~ (4,1) zu ~ (4,1
Zyik ~ (4, 35) Zy ~ (4,10) Z,i ~ (4,15) M,J ~ (4,15) Z5 ~ (4,15)
*Z,ij ~ (4,21) *Z,i ~ (4, 6) *Z,ii ~ (4, 15) H, ~ (4,15) Zt ~ (4,15)
Zyw ~ (6,1) Zw ~ (6,1) *Z;mjk (6, 10) Mk ~ (6, 10) :ka ~ (6, 10)
*Ziik ~ (6, 35) *Z} i ~ (6,15) *Z, i ~ (6,10) Zi ~ (6, 6) Zt i ~ (6,10)
528 256 272 256 272
which combine into a (1, 28 + 28) of SO(1, 3) x SU(8). The 256 1-brane charges are
Py~ (4, 1),
Zui~ 4,7,
1 ~Z mno (B.9)
Zyijl = ggijklmnoz,u ~ (4, 35),
Z;l_vpij = Epvpo *Z° ij (47 21)7
which combine into a (4, 1 + 63) of SO(1, 3) x SU(8). The 216 2-brane charges are
Zuw ~ (6,1),
1 (B.10)
*prijk = Eguvpazpaijk ~ (6, 35),
which combine into a (6, 36) of SO(1, 3) x SU(8). These results are summarised in Table 37.
The D = 11 gamma matrices are related the four- and seven-dimensional gamma matrices by
Ny= e ®1, 95 @Y, (B.11)
where
{yon yﬂ} :znaﬂ5 (B]Z)
and ¢ = 0, 1, 2, 3, and where
{vi, v} = 28y, (B.13)
andi=1,...,7.InD =7, yi, y‘j are antisymmetric and yij" is symmetric, while in D = 4C, y*C, y5C are antisymmetric,

while y#"C, y*y5C are symmetric. So the D = 4, & = 8 algebra is in four-component notation is

(r50)apPi(y)®
(V VS)aﬂZ;u(V )ab
+ (yHe VSC)aﬁZuu,om(V )
+(Vl p)aﬂzuvpu(yj) + (V VS)aﬂZ;wyk(y

{Q.° Q") = (Y")apP 8
+ ()/lwc)aﬁz;wa
+  (©apZi(yH™

)ab

+ "apZuija ™+ (50 apZiim (™),

wherenowo =1,2,3,4anda=0,1,...,

7. Rewriting in terms of dualised variables:

Q% Q" = [(Y")apPu + " O)apZun18™
+ [(50)apPi + V" ¥5)apZui + (Oap *Zi) (yH™
+ [(OapZi + (V"¥5)ap *Z s +(y5CapZi) (y )™
+ (" Cap *Z i + (M apZuiil (v )P,

or

Q% Q" = (O)ap*Zi(y )“b +Zi(y")™]
+ (Vsc)aﬂ[P(V) +z(y”)“”]
+  (r")aplPu 8 +Z,w (y“")“b]
+ (V"y5)aplZ w(y) +*Zw()/”)“b]
+ (" C)aplZn8™ + *Z i (™) ™1

(B.14)

(B.15)

(B.16)



204 L. Borsten et al. / Physics Reports 471 (2009) 113-219

Defining
71 = (P 4+ i+Z) (V)™ + 5+ iZ) ()™,
ZaB) @b) .— Z(AB)5ab + *Z(AB)ijk()’ijk)ab’ (B.17)
Zaw® = Zawi (YY) + *Zawig V") + Zawige (Y "),
the algebra in two-component spinor notation is

{Q4%, Q") = eapZ! ™ + Z (),
{Qa", Q") = Pa8%p + Zaars (B.18)
{Q wa, Q"pb} = eanZ (ab) + 27 W) ap) -

In terms of SO(3, 1) x SU(8) representations, we have
1 1
~,0;8) x(=,0,8)=(1,0;28+36),
2 2
108 0 ! 114—63 (B.19)
=, U X , S ) , .
2 2 2
1 _ _
<0, - 8) X <0,

;8>=(0,1;Ts+%).
B2. N =2A,D=10

o0l

)

N
N|= N| =

Consider next the &/ = 2A, D = 10 supersymmetry algebra. Allowing for all algebraically inequivalent p-form charges
permitted by symmetry, we have

{Qu. Q) = (IMC)yyPu  +  (ImOapl,
+ (FMFHC)aﬂ Zy + (FMNC)aﬂ ZuN s (B.20)
+ (FMNPQFHC)MS Zyneq + (FMNPQRC)aﬂ ZpMNPQR-

The supersymmetry charges are 32 component non-chiral D = 10 spinors, so the maximum number of components of
charges on the RHS is 528, and this maximum is realised by the above algebra since

10 + 1+ 10 + 45 + 210 + 252 = 528. (B.21)

Note that in this case the I'j; matrix distinguishes between the term involving the 10-momentum P and that involving the
one-form charge carried by the type IIA superstring. This means that on compactification to D = 4 we obtain an additional
six electric central charges from this source, relative to the &/ = 1 case. These are balanced by an additional six magnetic
charges due to the fact that the five-form charge is no longer self-dual as it is in the & = 1 case. Thus, there is now a total of
24 D = 4 central charges carried by particles of KK, string, or fivebrane origin. These are the charged particles in the NS-NS
sector of the superstring theory.

Consider 10 = 4 + 6 split with

50(1,9) D S0(1, 3) x SO(6), (B.22)
under which

Py — Pu + P,

10 > (4,1) +(1,6), (B.23a)

Iy — Zu + 7,

10—~ (4,1)+(1,6), (B.23b)

Zunpr = Zuvpoi + Zuvpij + Zuvijk + Zyigkt + Zijeamn, (B230)

252 — (1,6) + (4, 15) + (6,10 + 10) + (4, 15) + (1, 6). )
The 24 NS-NS 0-brane charges are

P~ (1,6),

Zi~ (1,6), 524

prpo‘i - 8/w,o£ *Zi ~ (17 6):
Zijim = &ijimnZ" ~ (1, 6),
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which remaina (1,6 + 6 + 6 + 6) of SO(3, 1) x SU(4). The 128 NS-NS 1-brane charges are
P, ~ (4, 1),
Z,~ (4,1),
Z;/,vpij = Epvpo *Zg' ~ (4, 15),
Zyijk ~ (4, 15),

which remaina (4,1+ 1+ 15+ 15) of SO(3, 1) x SU(4). The 120 NS-NS 2-brane charges are

(B.25)

1

Z;\,,'jk = Eg;wpa AL ijk ™ (6, 10),

1 (B.26)

Z;:uijk = Eg;wpa *Z~ P ijk ™ (6, 10),

which remain a (6, 10 4 10) of SO(3, 1) x SU(4).
The remaining 32 D = 4 0-brane central charges of the D = 4, & = 8 supersymmetry algebra have their D = 10 origin in

the zero-form, two-form and four-form charges of the D = 10 algebra (B.20). The IIA p-branes with p = (0, 6), (1, 5), (2, 4)

are the (electric, magnetic) sources for the one-form, two-form and three-form gauge fields, respectively, of type IIA

supergravity.

77— Z,
1—-(1,1),

ZMN g Z;,w + Z/.Lﬂ + me
45 — (6,1) + (4,6) + (1, 15),

(B.27a)

(B.27b)

Zunrq —> ZIWPU + Z/wpq + Z;wpq + Z/mpq + Zmnpq’
210 — (1,1) + (4, 6) + (6, 15) + (4, 20) + (1, 15).

The 32 R-R 0-brane charges are

(B.27¢)

Z~1,
Zmp ~ (1,15),
Z/J,v,oa = &uvpo *Z~(1,1), (B.28)

Zmnpq = Egmnpqrszrs ~ (1,15),
which remaina (1, 1+ 15+ 1+ 15) of SO(3, 1) x SU(4). The 128 R-R 1-brane charges are

Z/.U‘l ~ (47 6)7
Zuv,oq = Suv,an; ~ (4,6),

B.29
Z} e ~ (4,10), (B.29)

Z;:npq ~ (45 10)5

which remain a (4, 6 4+ 6 + 10 4+ 10) of SO(3, 1) x SU(4). The 96 R-R 2-brane charges are

Z/w ~ (6,1),
Z;wpq ~ (6, 15)7

which remain a (6, 15) of SO(3, 1) x SU(4). These results are summarised in Table 37.

(B.30)

B3. N =2B,D=10

Consider next the & = 2B, D = 10 supersymmetry algebra. Allowing for all algebraically inequivalent p-form charges
permitted by symmetry, we have

(Q.Qp} = 87 (prMc), Py + (P1VC),, 2y
+ EU (J)FMNPC)O[ ZMNP
+ &Y (f/’FMNPQRC)aﬁ (Z" )mpor
+ (?FMNPQRC)aﬂ @ wpars

(B.31)

where the tilde indicates the tracefree symmetric tensor of SO(2), equivalently a U(1) doublet. One component is NS-NS
and the other R-R. The total number of components of all charges on the RHS of (B.31) is

10 +2 x 10 + 120 + 126 + 2 x 126 = 528. (B.32)
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Under the same 10 = 4 + 6 split, we have

PM — Pl/« + Pi,
10— 4,1+ (1,6), (B.33a)
e ZES tE (B.33b)
10— (41 +(1,6),
e = Cavpad)™ + Clo)™ + )™, (B.33¢)
126 — (1, 6) + (4, 15) + (6, 10),
(A AR LS AN LB AR LS .
126 — (1,6) + (4, 15) + (6, 10).

The 24 NS-NS 0-brane charges are
P~ (1,6),
Z}® ~(1,6),

s

@)™ = EpupexZi " ~ (1,6), (B.34)
i ~+NS
(Z:vpai)Ns = euvpoe*Z;  ~ (1,6),

which remain a (1, 6 + 6 + 6 + 6) of SO(3, 1) x SU(4). The 128 NS-NS 1-brane charges are
Pu ~ (4, 1)7
2~ (41), o
(g_;vplj NS = 8/4‘1/)(7 (£+U)NS ~ (4, 15), .
(Z;vpij)NS = Suva(Z+a)NS ~ (4, 15),

which remaina (4,1 + 1+ 15 + 15) of SO(3, 1) x SU(4). The 120 NS-NS 2-brane charges are
(Eljuijk)NS ~ (6, 10),
> NS (B.36)
(Z/rvijk) ~ (6’ 10)

The remaining 32 D = 4 0-brane central charges of the D = 4, & = 8 supersymmetry algebra have their D = 10 origin
in the one-form, three-form and five-form charges of the D = 10 algebra (B.31). The IIB p-branes with p = (1, 5) are the
(electric) sources for the one-form, and five-form gauge fields and the p = 3 is the dyonic source of the three-form charge,
respectively, of type IIB supergravity.

i — R+ 2%,

10 > (4,1) + (1,6), (B.37)
ZMNP i Z/wp + Z/wi + Z/u'j + Zijky (B 38)
120 — (4,1) + (6, 6) + (4, 15) + (1, 10 4 10), :
Gnpar)™ = @yopo)™ + Zoip)™ + @)™, (B.39)
126 — (1, 6) + (4, 15) + (6, 10).
The 32 R-R 0-brane charges are
Zf* ~(1,6),
Zig ~ (1,10 + 10), (B.40)
(Z;rupgi)RR = Epvpo *Z;HT ~ (1,6)
which remain a (1, 6 + 6 + 10 + 10) of SO(3, 1) x SU(4). The 128 R-R 1-brane charges are
Z\~ @40,
prp = Euupazc ~ (47 1),
B.41
Zy) ~ (4.15), (B41)

@} )™ = Epnpe (2T ~ (4,15),
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Table 38
Coset properties for SL(2).
G Fund dim G H dimH dim G/H
Eg(C) 248 248 SL(2, C)® 24 224
E;(C) 56 133 SL(2, ©)? 21 112
50(12, C) 32 66 SL(2, C)® 18 48
S0(8, C) 38 28 SL(2, ©)* 12 16
Sp(6, C) 6 21 SL(2, C)? 9 12
Sp(4, ©) 4 10 SL(2, ©)2 6 4
which remaina (4,1+ 1+ 15 + 15) of SO(3, 1) x SU(4). The 96 R-R 2-brane charges are
+ \RR _
i) ~ (6,10), (B.42)
Z/wi ~ (6, 6),

which remain a (6, 6 + 10) of SO(3, 1) x SU(4). These results are summarised in Table 37.

Appendix C. More hidden symmetries

The SLOCC group for an n-qudit state is given by G = [SL(d, C)]", but subspaces of the d"-dimensional Hilbert space
may display hidden symmetries not contained in G. We have already seen that these include an E;(C) symmetry of a 56
dimensional subspace of seven qutrits and Eg(C) symmetry of a 27-dimensional subspace of three 7-dits. Here we explore
some more possibilities. We thank Peter Levay for his input on early stages of these results.

C.1. SL(2) decompositions

Consider for example the groups Eg(C), E;(C), SO(12, C), SO(8, C), Sp(6, C) and Sp(4, C) and their SL(2, C)" subgroups
as in Table 38. The decomposition of their adjoint and fundamental representations are given as follows

Es D SL(2)4 x SL(2)g x SL(2)c x SL(2)p x SL(2)r x SL(2)F X SL(2)¢ X SL(2)y, (C.1)
under which
248 -~ (3,1,1,1,1,1,1,1)+(2,2,2,1,2,1,1,1) +(1,1,1,2,1,2,2, 2)
+(1,3,1,1,1,1,1,1)+(2,1,2,2,1,2,1,1) + (1,2,1,1,2,1, 2, 2)
+(1,1,3,1,1,1,1,1)+2,1,1,2,2,1,2,1)+(1,2,2,1,1,2,1,2)
+1,1,13,1,1,1,1)+(2,1,1,1,2,2,1,2) + (1,2,2,2,1,1,2, 1) (€2)
+(1,1,1,1,3,1,1,1)+2,2,1,1,1,2,2,1)+(1,1,2,2,2,1,1,2) ’
+1,1,1,1,1,3,1,1)+2,1,2,1,1,1,2,2) + (1,2,1,2,2,2,1, 1)
+(1,1,1,1,1,1,3,1)+(2,2,1,2,1,1,1,2) +(1,1,2,1,2,2,2,1)
+(1,1,1,1,1,1,1, 3),
and
E; D SL(2)4 x SL(2)g x SL(2)c x SL(2)p x SL(2)g x SL(2)F x SL(2)¢, (C.3)
under which
56 > (2,2,1,2,1,1,1)
+(1,2,2,1,2,1,1)
+(1,1,2,2,1,2,1)
+(1,1,1,2,2,1,2) (C4)
+2,1,1,1,2,2,1)
+(1,2,1,1,1,2,2)
+2,1,2,1,1,1,2),
13- 3,1,1,1,1,1,1)+(1,1,2,1,2,2,2)
+(1,3,1,1,1,1,1) +(2,1,1,2,1,2,2)
+(1,1,3,1,1,1,1)+(2,2,1,1,2,1,2)
+(1,1,1,3,1,1,1)+(2,2,2,1,1,2,1) (C5)
+(1,1,1,1,3,1,1)+(1,2,2,2,1,1,2)
+(1,1,1,1,1,3,1)+(2,1,2,2,2,1, 1)
+(1,1,1,1,1,1,3)+(1,2,1,2,2,2, 1),
and

SO(12) O SL(2)a x SL(2)s % SL(2)c x SL(2)p x SL(2)r x SL(2)r, (C6)



208 L. Borsten et al. / Physics Reports 471 (2009) 113-219

under which
32 —>

+++

66 —

- NN
N =N
- NN
NN =
NN =
CICXS

+++

—_ ek e e WON = =N
-k ek WO e = NN
—_m ek W = NN =
- W e e = N =N
W e N =N =
W ot ek ok ek md NN ek

+++++

and
SO(8) D SL(2)a4 x SL(2)¢ x SL(2)p x SL(2)g,
under which

8> (
28 —> (
+(

21,2,
37 17 17
2,2,2

’

+(1,2,1,2),
+(1,3,1,1)

s Xy

N e
N’ N N

) &y )

and
Sp(6) D SL(2)g x SL(2)c x SL(2)p,
under which

6—> 1,1,2)+2,1,1D)+(1,2,1),
21> 3 1,H+(1,3,1HD+(1,1,3)
+2.2,1)+1,2,2)+2,1,2),

and

Sp(4) D SL(2)g x SL(2)c,
under which

44— (2,1)+(1,2),

10— 3, 1)+ (1,3)+(2,2).

C.2. Qutrit interpretation

C.2.1. Sp(4) symmetry from two qutrits
Under

SL(3)a x SL(3)g D SL(2)4 x SL(2),
we have
3,3) - 2,2)+2,HD+(1,2)+(1,1).
In particular we find the 4-dimensional subspace
2,1+ (1,2),
or
|¥)4 = aa|Ae) + bp| @ B),

and the 4-dimensional subspace describing the bipartite entanglement of two qubits

2,2),
or
|¥') 4 = appl|AB).

+(1,1,3,1)+(1,1,1,3)

(C.7)

(C8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C17)

(C.18)

(C.19)

(C.20)

From Appendix C.1, we may assign the | )4 to the fundamental of Sp(4, C) and the |¥’), to the coset Sp(4, C)/[SL(2, C)]°.

C.2.2. Sp(6) symmetry from three qutrits
Under

SL(3)a x SL(3)p x SL(3)¢c D SL(2)a x SL(2)p x SL(2)c,

(C21)
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we have

3,3,3) > (2,2,2)
+2,2,1)+(2,1,2)+(1,2,2)

FLL2)+ (L2 +211) (€22)
+1,1,1).
In particular we find the 6-dimensional subspace
2,1,1H)+01,2,1)+(1,1,2), (C.23)
or
|W)s = as|A e e) + bg| @ Be) +cc| @ oC), (C.24)
and the 12-dimensional subspace describing the bipartite entanglement of three qubits
2,210+ (1,2,2) +(2,1,2), (€.25)
or
|¥)12 = aap|ABe) + bpc| ® BC) + ccalA o C). (C.26)

From Appendix C.1, we may assign |¥ ) the to the fundamental of Sp(6, C) and the |¥ ), to the coset Sp(6, C)/[SL(2, C)]?.

C.2.3. SO(8) symmetry from four qutrits

Under
SL(3)a x SL(3)p x SL(3)c x SL(3)p
D SL(2)4 x SL(2)g X SL(2)¢c x SL(2)p, (C.27)
we have
3,3,3,3) > (2,2,2,2)
+(2,2,2, 1)+ (2,2,1,2) +(2,1,2,2) + (1,2, 2, 2)
+2,2,1,1H)+(2,1,2,1)+(1,2,1,2) + (1,1, 2, 2) (C.28)
+2,1,1,1H)+1,2,1,1)+(1,1,2,1)+ (1,1, 1, 2)
+1,1,1,1)
In particular we find 8-dimensional subspace describing the bipartite entanglement of four qubits
2,1,2,1H)+(1,2,1,2), (C.29)
or
|¥)s = aac|A e Ce) + bgp| @ B e D), (C.30)
and the 16-dimensional subspace describing the four-way entanglement of four qubits.
(2,2,2,2), (C.31)
or
|¥)16 = dapcp|ABCD). (C.32)

From Appendix C.1, we may assign the | )g to the fundamental of SO(8, C) and the |¥ )1 to the coset SO(8, C)/[SL(2, C)]*.

C.2.4. SO(12) symmetry from six qutrits
Under

SL(3)4 x SL(3)g x SL(3)¢c x SL(3)p x SL(3)g x SL(3)F
D SL(2)a x SL(2)p x SL(2)¢ x SL(2)p x SL(2)g x SL(2)F, (C.33)
we have
3,3,3,3,3,3) —> 1 term like (2, 2,2
+ 6 terms like (2, 2,2
+ 15 terms like (2,2,2,2,1
+ 20 terms like (2,2,2,1,1
+ 15 terms like (2,2,1,1,1,
2,1,1,1,1
1,1,1,1

9 &y

2
, 2,
2

)

’

)
)
)
) (C.34)
)
+ 6 terms like (2, , )
+ 1 term like (1,

)

s Ay
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In particular, we find the 32-dimensional subspace describing the tripartite entanglement of six qubits
1,1
2,1,2, 1
2,2,1,2) (C.35)
1,1,2,2)

or

)32 = asp|ABeDe e)
+bBCE |.BC.E 0)
~+ Ccpr |0.CD. F)
~+ €rra |A...EF>.

(C.36)

and the complementary 48-dimensional subspace describing the 4-way entanglement of six qubits

(2,2,2,1,1,2)
+2,1,2,2,2,1) (C37)
+(1,2,1,2,2,2),

’

or

|¥)ss = dpapc [ABC @@ F)
+ facoe |A® CDE o) (C.38)
+ &pper |@ B e DE F).

From Appendix C.1, we may assign |¥ )3, to the fundamental of SO(12, C) and the complementary |¥ ) g states to the coset
50(12, C)/[SL(2, ©)]°.

C.2.5. E; symmetry from seven qutrits

Under
SL(3)4 x SL(3)g x SL(3)¢ x SL(3)p x SL(3)g x SL(3)r x SL(3)¢
D SL(2)4 x SL(2)g x SL(2)c x SL(2)p x SL(2)g x SL(2)F x SL(2)g, (C.39)
we have

3,3,3,3,3,3,3) > 1 term like (2,2,2,2,2,2,2)
+ 7 terms like (2,2,2,2,2,2,1)
+ 21 terms like (2,2,2,2,2,1,1)
+ 35 terms like (2,2,2,2,1,1,1) (C.40)
+ 35 terms like (2,2,2,1,1,1,1) .
+ 21 terms like (2,2,1,1,1,1,1)
+ 7 terms like (2,1,1,1,1,1,1)
+ 1 term like (1,1,1,1,1,1, 1).

In particular, we find the 56-dimensional subspace describing the tripartite entanglement of seven qubits
(2,2,1,2,1,1,1)

+(1,2,2,1,2,1,1)

+(1,1,2,2,1,2,1)

+(1,1,1,2,2,1,2) (c41)

+2,1,1,1,2,2,1)

+(1,2,1,1,1,2,2)

+2,1,2,1,1,1,2),

or

|¥)ss = aupp|ABeDee o)
+bBCE |.BC.E. .)
+ccpr |[eeCDeF o)
+dDEG |...DE. G) (C42)
+ exps [Ao@ @ EF @)
+fFGB |.B...F G)
+8cc|AeCooe(),



L. Borsten et al. / Physics Reports 471 (2009) 113-219 211

and the complementary 112-dimensional subspace describing the 4-way entanglement of seven qubits, obtained by
exchanging 2’s and 1's:

2,2)

2,2)

1,2)
,2,1) (C43)
1,2)

1,1

2,1

or

)12 = dcerc |[@@ C @ EF G)
+ bprga |Ae @ D e F G)
+ Cecas |ABOOE. G>
+ dpapc JABC @ @ F o)
+ eceep |.BCD.. G)
+ facoe |A®CDE o @)
+ 8gpper (@ Be DEF

o).
From Appendix C.1, we may assign |¥)s¢ to the fundamental of E;(C) and the complementary |¥ ), states to the coset
E;(C)/[SL2, O)".

(C.44)

C.2.6. Eg symmetry from eight qutrits

Under
SL(3)4 x SL(3)g x SL(3)c x SL(3)p x SL(3)g x SL(3)F x SL(3)¢ x SL(3)y
D SL(2)a x SL(2)p x SL(2)¢ x SL(2)p x SL(2)g x SL(2)r x SL(2)gx, SL(2)y (C.45)
we have
3,3,3,3,3,3,3,3) > 1 term like (2,2,2,2,2,2,2,2)
+ 8 terms like (2,2,2,2,2,2,2,1)
+ 28 terms like (2,2,2,2,2,2,1,1)
+ 56 terms like (2,2,2,2,2,1,1,1)
+ 70 terms like (2,2,2,2,1,1,1,1) (C.46)
+ 56 terms like (2,2,2,1,1,1,1,1)
+ 28 terms like (2,2,1,1,1,1,1, 1)
+ 8 termslike (2,1,1,1,1,1,1,1)
+ 1 term like (1,1,1,1,1,1,1,1).
In particular, we find the 224-dimensional subspace describing the 4-way entanglement of eight qubits
2,2,2,1,2,1,1,1)+(1,1,1,2,1,2,2,2)
+2,1,2,2,1,2,1,1)+(1,2,1,1,2,1,2,2)
+2,1,1,2,2,12,1)+(1,2,2,1,1,2,1,2)
+2,1,1,1,2,2,1,2)+(1,2,2,2,1,1,2,1) (C.47)
+@2,2,1,1,1,2,2,1)+(1,1,2,2,2,1,1,2)
+2,1,2,1,1,1,2,2)+(1,2,1,2,2,2,1, 1)
+2,2,1,2,1,1,1,2) +(1,1,2,1,2,2,2, 1),
or
|W)24 = ayapp |HABeDe e e) (crr; |[e@eC @ EFG)
+bHBCE |HQBCOE.0> bDFGA |.A..D.FG>
—+ Cycepr |H..CD.F ) ECAB |.AB. OE.G)
+dHDEG|H0..DE.G> FAgc|.ABCO.F > (C48)
+ eyera |[HA@ @ @ EF @) € CGBCD |eeBCDeoe)
+fHFGB |H.B. ° .FG>fACDE |.A.CDE..>
)

+ghcac |HAeC o0 0G) Zpprr |00 BeDEF @

The 112 are associated with quadrangles of the Fano plane and the other 112 with the quadrangles of the dual Fano plane.
From Appendix C.1, we may assign |¥),,4 to the coset Eg(C)/[SL(2, C) 1.

We have confined these qubit G/H coset constructions, with H = [SL(2, C)]" to the Appendix because we have as yet no
good application of them within quantum information theory.
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Table 39
Coset properties for SL(3).
G Fund dim G H dimH dim G/H
Es 248 248 SL(3, ©)* 32 216
Es 27 78 SL(3, C)* 24 54
C.3. SL(3) decompositions
Consider the groups Eg and Eg and their SL(3, C)" subgroups as in Table 39.
The decomposition of their adjoint and fundamental representations are given as follows.
Eg D SL(3)4 X SL(3)g X SL(3)¢ x SL(3)p, (C.49)
under which
248 —- (8,1,1,1) +(1,8,1,1) +(1,1,8,1) +(1,1,1,8)
+(1,3,3,3)+(1,3,3,3)+(3,3,3,1) +(3,3,1,3) (C50)
+(3.1,3,3)+3.3.3.1)+(3.3,1,3)+3,1,3,3),
and
Es D SL(3)a x SL(3)g x SL(3)c, (C51)
under which
27— (3,3,1)+@3,1,3) +(1,3,3)
78— (8,1,1)4+(1,8,1) +(1,1,8) (C52)
+(3.3,3)+(3.3.3).
C4. 7-dit interpretation
C4.1. Eg symmetry from three 7-dits
Under
SL(7)a % SL(7)g x SL(7)c — SL(3)4 x SL(3)p x SL(3)c, (C53)
we have
(7,7,7 - (3,3,3)+@3,3,3) +(1,1,1)
+(3.3.3)+(3.,3.3)+3,3.3)
+@3,3,3)+@3,3,3) +@3,3,3)
+(3.3,1) +(3.1,3)+(1.3.3)
+@3,3,1) +3,1,3) +(1,3,3) (C.54)
+@. 1) +(1.3,1)+(1.1,3)
+@,1,1) +(1,3,1) +(1,1,3)
+3,1,3) +3.3.1) +(1,3,3)
+@3,1,3) +@3,3,1)+(1,3,3).
In particular we find the 27-dimensional subspace describing the bipartite entanglement of three qutrits, namely
3.3, 1)+@3.1,3)+(1,3,3), (C55)
or
|¥)27 = axp|A'B) 4 bpc|BC) + coar|C'A), (C.56)
and the 54-dimensional subspace describing the tripartite entanglement of three qutrits
(3.3,3)+@3.3.3), (C57)
or
|¥)s4 = aapc’|ABC’) + bupc|A'B'C). (C.58)

From Appendix C.3, we may assign the |¥),; to the fundamental of Eg(C) and the |¥)s, to the coset Eg(C)/[SL(3, C)1°.
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CA4.2. Eg symmetry from four 7-dits

Under
SL(7)4 x SL(7)g x SL(7)¢ x SL(7)p — SL(3)a x SL(3)p x SL(3)c x SL(3)p, (C.59)
we have
7,7,7,7) —

(3,3,3,3)+(3,3,3,3) +(1,1,1,1)
+@3,3,3,3)+@3.,3,3,3)+@3.,3,3,3)+@3.3,3.,3)
+(3,3,3,3) +(3,3,3,3) +(3,3,3,3) +(3,3,3,3)
+(1,3,3,3)+(3,1,3,3) +(3,3,1,3)+ (3.3,3., 1)
+(1,3,3,3) +(3,1,3,3) +(3,3,1,3) +(3,3,3,1)
+3.1,1,1) +(1,3,1,1) +(1,1,3,1) +(1,1,1,3)
+3,1,1,1) +(1,3,1,1) +(1,1,3,1) +(1,1,1,3)
+(3.3,3,3) +(3.3.3.3) +(3,3,3,3) +(3.3,3,3) + (3,3,3.,3) + (3,3.3,3)
+(1,1,3,3) +(3,1,1,3) +3,3,1,1) +(1,3,3,1) +(1,3,1,3) + 3,1,3,1) (C.60)
+(1,1,3,3) +(3,1,1,3) +(3,3,1,1) +(1,3,3,1) +(1,3,1,3) +(3,1,3,1)
+(1,3,3,3) +(3,1,3.,3) +(3,3,1,3) +(3.3,3,1) +(1,3,3,3) +(3,1,3,3)
+(3,3,1,3) +(3,3,3,1) +(1,3,3,3) +(3,1,3,3) +3,3,1,3) +(3,3,3,1)
+(3,3,1,1) +(1,3,3,1) +(1,1,3,3) +3,1,1,3) +3,1,3,1) +(1,3,1,3)
+(3,1,3,1) +(1,3,1,3) +3,1,1,3) +(3,3,1,1) +(1,3,3,1) +(1,1,3,3)
+(1,3,3,3) +(3,1,3,3) +3,3,1,3) +3,3.,3,1) + (1,3,3,3) + 3,1,3,3)
+(3,3,1,3) +(3,3,3,1)+(1,3.,3.,3) +(3,1,3,3) + (3.3,1,3) + (3.,3.3,1).

In particular we find the 216-dimensional subspace describing the tripartite entanglement of four qutrits, namely

(1,3,3,3)+(1,3,3,3)+(3,3,3,1) +(3,3,1.3) (C61)
+(3.1,3,3)+(3.3.3.1+(3.3,1,3)+(3.1,33), '

or

|¥)216 =  depcry | @ BCD') + bopcrpy | @ BC'D') + capce  |AB'Ce) + dppup |AB @ D) (C62)
+ eaec'y |A @ C'D') + fapcre |A'BC'®) + gupep |A'B @ D') + hprecp |A @ CD). '

From Appendix C.3, we may assign |¥ )1 to the coset Eg(C)/[SL(3, C)]*.
Again we have confined these qutrit G/H coset constructions, with H = [SL(3, C)]" to the Appendix because we have as
yet no good application of them within quantum information theory.

Appendix D. Discrete symmetry of the Fano plane

It ought to be clear by now that the Fano plane plays a central role in the seven qubit interpretation of &* = 8 black holes.
It is therefore natural ask how the symmetries of the Fano plane are manifested in the 56 dimensional seven qubit state.

D.1. Projective geometry, the Fano plane and PSL(2, ;)

Let Vo = V(n+1, F)/{0} be an-+ 1-dimensional vector space, defined over a field F, with the additive identity O removed.
Note, F may be a finite field with characteristic g, in which case we denote it by F,. The n-dimensional projective space over
F, which we write as PG(n, IF), is the space of equivalence classes defined by the relation, x ~ y iff x = oy, where « € F/{0}
and x,y € V. The set of projectivities'* of PG(n, IFy) is the projective general linear group PGL(n + 1, IFy), i.e. the group of
non-singular linear transformations on Vj up to an overall multiplicative factor (see for example, [240]).

The Fano plane is the projective plane over the finite field of order two, PG(2, F,). It is the smallest example of a
projective plane. In this case the projective general linear group, PGL(3, IF,), is isomorphic to the projective special linear
group PSL(3, F,),'* the set of determinant one projectivities. In fact, in this particular instance, we have a second useful
isomorphism, PSL(3, F,) =~ PSL(2, F;). PSL(2, IF7) is second smallest finite non-abelian simple group, after the alternating
group #As, with 168 elements. It has many guises, but, perhaps most significantly, it is the automorphism group of the Klein
quartic. Further, it is the only finite simple subgroup of SU(3) and consequently, in light of the recently measured neutrino
mixing patterns, it has been receiving increasing attention as a candidate finite non-abelian flavour group [241,242].

13 5 projectivity is a linear bijection PG(n, F) — PG(n, F) that preserves incidence.
14 More generally, PGL(n, Fy) >~ PSL(n, Fy) iff gcd(n 4+ 1,q) = 1.
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Table 40

Character table for PSL(2, F;). The number in square brackets on each conjugacy class C, corresponds to the order of the elements in that class. A simple
representative for each class is given in the parentheses. Note that geometrical interpretation of the 6 is given by its action on the Fano plane [241]. The
final row corresponds to the compound characters of the reducible 56 dimensional representation described here.

@ 21c(s) 56C(t) 42c1([s, 1) 24c(st) 24c(st?)

x 1 1 1 1 1 1
X 3 -1 0 1 1(=1+iv7) 1(=1-iv7)
X3 3 =il 0 1 1(=1-iv7) 1(-1+iv7)
X6 6 2 0 0 =il =il
x7 7 —1 1 -1 0 0

(8] 8 0 =1l 0 1 1
%561 56 3 2 0 0 0

D.2. The 56-dimensional representation

PSL(2, F7) admits a two generator presentation [243,242],
(st ==t =[st]"=e), (D.1)

where the commutator, [s, t], is defined as s~ 't~ !st.
It has six conjugacy classes and, therefore six irreps, as summarised in Table 40. It has a convenient action defined on the
Fano plane given by the permutation of its points. For example, we may consider the permutations,

Sfano = (AC)(B) (DE) (F)(G)7 tano = (ADB) (C) (EFG)7 (DZ)
which are automorphisms of the un-oriented Fano plane. This yields a 7 dimensional real representation for which it is easily
verified that (D.1) is satisfied. This representation is reducible,

7% — 146, (D.3)

as can be checked from its characters. The Fano planes initial overall labelling is associated with the singlet [241].
These permutations also interchange the lines of the Fano plane and, consequently, may be considered as permutations
of the points of the dual Fano plane,

Sdualfano = (ab) (Ce) (d) (f) (g) P tdualfano = (a) (ng) (efd) . (D-4)

This Fano plane representation may be used to build a 56-dimensional representation of the PSL(2, F;) generators,
denoted ssg and tsg, acting on our particular seven-qubit state,

|¥) = aapplABD) + bpce|BCE) + ccpr|CDF) + dpec| DEG)
+ egra|EFA) + frp| FGB) + 8cac|GAC), (D.5)

which leaves quartic entanglement measure, I4, invariant.
Begin by considering the action on both the Fano and dual Fano planes together,

aasp = bese aasD = agpa
bpce P> dpap bpce P> Cpcr
Ccpr = CAEF Ccor P> 8cac
dprc P> depg dpeg P> €AFE (D.6)
€EFA P> Cprc €EFA P> frcs
froB = fros fres P> deep
8cac = 8aca 8aac P> besc

where Sgano and Squaifano (tfano and tquaifano) respectively permute the upper and lower case letters (points and lines) in a
consistent manner. Note, however, that the points on each line are permuted away from their original ordering, for example,
in (D.6) we find aupp > bcpe as opposed to bpcg. There is, in addition, a corresponding action on the quadrangles of the dual
Fano plane. Label each quadrangle by its excluded qubit as in Table 41. Using this labelling and the composition rule,

(bedf) - (cdeg) = (efgb), (D.7)

where the common letters are “contracted” over, reproduces the Fano plane. Consequently, the quadrangles transform
into each under Sgn, and tepne or, equivalently, under Sguafano and tauaifan. However, the ordering of the four points within
each quadrangle is not left invariant. For example, Squaifano : cdeb — edcg, which is an odd permutation of the original
ordering cdeg. This is the case whenever the quadrangle contains g due to the fact that the permutation Sqyaifano is defined
by the quadrangle, abce, excluding George. Similarly, for t4yarano the points of each quadrangle containing ¢ receive an odd
permutation since tquaifano is associated with the quadrangle, defa, excluding Charlie.
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Table 41
The seven quadrangles, identified with points as described here, form an equivalent representation of the Fano plane using the composition rule (D.7).
A B C D E F G
bcdf cdeg defa efgb feac gabd abce
1 20 40 56 1 20 40 56
1 _| .. T T I_ 1 1 _l T T \_ 1
l. .
.I n =
-
C . "
20+ - o 420 20 120
L | = -
n n
| | . -
.-
40+ " . 140 40F 140
| |
I. =
56|, . ‘ "eis6  s6F, " . l 456
1 20 40 56 1 20 40 56

Fig. 15. Graphical representation of the generators of the 56 dimensional representation of PSL(2, IF;). These are the 56 x 56 matrices ssg (left) and tsg
(right). The gridlines partition the matrices into 8 x 8 blocks that transform a single letter, while the filled squares correspond to the non-zero unit entries.
Clearly each letter octet is transformed into another, without mixing between octets. One can read off, for example, that ssg converts a’s to b’s and vice
versa, while tsg transforms the a’s amongst themselves.

In defining a 56-dimensional action leaving I, invariant one must account not only for the (dual) Fano plane permutations
but also the ordering of the points on each line and quadrangle. This is achieved by a composite transformation, first
performing the (dual) Fano plane permutations as in (D.6), then reordering the points on each line to their standard form.
Finally, to account for the quadrangles, we must bit flip each qubit not appearing on the line given by the quadrangle
associated with the dual Fano plane permutation. For example, the permutation Squaifano is defined by the quadrangle, abce,
excluding George and, hence, we bit flip the qubits B, D, E, and F, that is those qubits not lying on the line ggac. Similarly,
for tyuaifano the relevant quadrangle is given by excluding Charlie and so we bit flip the qubits A, B, E, and G, i.e. those not
included in the line ccpr.

As an explicit example let us consider the action of ss¢ on aj,0,1,. Note, we have labelled the indices to keep track of
orderings. The composite transformation is given by,

relabel permute

1c01g

bit flipBE
——— b1p1008>

(D.8)

where the relabelling is done according to the Sgin and Squaifano Permutations. We bit flip B and E (but not C) as they do not
appear in the line GAC. Therefore the complete transformation, for this example, is a1g; + b110. All in all this yields a 56
dimensional real representation of PSL(2, F;), see Fig. 15.

S56 - A14051p * 0g1ciEp

D.3. Decomposition of the 56-dimensional representation

PSL(2, F7) has six classes and therefore six irreps, as summarised in Table 40 [241]. Note, the final row corresponds to the
compound characters of the 56 described here. This 56 dimensional representation is clearly reducible and, to determine
how it decomposes, we may use,

1
G = D gaxd A,
o

where a,, counts the number of times irrep u appears in the 56. Note, g and g, are the dimension of the group and conjugacy
class, C,, respectively. Using Table 40 one finds,

a, =1{2,0,0,4,2,2},

(D.9)

(D.10)
and, hence, we have

56=1+1+6+6+6+6+7+7+8+8. (D.11)
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This is consistent with the breaking of the fundamental 56 of E; under PSL(2, F7), which goes as,
56 ~>14+14+6+6+64+64+7+7-+848. (D.12)

In [16] the PSL(2, F7) symmetry of the & = 8 black hole entropy has been related, via a special set of 63 three-qubit
operators, to the generalised hexagon of order two using the dictionary constructed in Section 10.2.1. They further suggested
that the full G, (2) symmetry of the hexagon may be preserved by the black hole entropy.
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